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Abstract

We study the generalized Grover’s algorithm with an arbitrary amplitude vector
to find the optimal phase change for maximizing the gain in probability for the
target of each iteration. In the classic setting of Grover’s algorithm with a real
initial amplitude vector, we find that a phase change of 7 stays optimal until
the probability of observing the target is quite close to 1. We provide a formula
for identifying this cut-off point based on the size of the data set. When the
amplitude is truly complex, we find that the optimal phase change depends non-
trivially on the complexity of the amplitude vector. We provide an optimization
formula to identify the required optimal phase change.
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1 Introduction

Search algorithms are an important tool in mathematics, computer science, and other
related areas, as they allow for a space to be searched for either one or multiple target
elements that match a given criteria. Applications of this include optimization, root
finding, or any problem where verification of a solution is easy but finding a solution
is difficult. Two broad categories we can break search algorithms into are structured
search algorithms, where we have some prior knowledge of the underlying data set,
and unstructured search algorithms, where we do not. Unstructured search is of par-
ticular interest in the field of quantum computation because it shows a clear advantage
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that quantum computers provide. Proved by Grover in 1996 [1], by exploiting quan-
tum superposition and entanglement, the time required to perform an unstructured
search can be brought down from &(N) to &(v/N) for a database of size N. Grover’s
algorithm is an example of an amplitude amplification method, and it has been shown
to have the optimal complexity level a quantum unstructured search can achieve, that
of 0(V'N)[2].

There are other major methods adjacent to unstructured search in quantum com-
putation that arise from different settings, such as quantum walk search and the
collision detection method. Similar to the use of random walks in classical computing,
quantum random walks can be used for searching unstructured spatial data in quan-
tum computing. A good use of this is in simulating controlled dynamics in quantum
systems. Collision detection algorithms are named for their use in collision identifica-
tion problems where we seek to identify the inputs that map to the same output for a
non-injective function. One of the most well-known of this approach is the Brassard-
Hgyer-Tapp algorithm [3]. Grover’s algorithm and these other unstructured search
algorithms altogether leverage entanglement and superposition to achieve the speedups
we see over classical algorithms.

In this paper, we focus on Grover’s algorithm and its generalizations. These
approaches are all types of amplitude amplification algorithms, which take an initial
amplitude vector and increase the amplitude for a target state in certain ways. Since
in a quantum computing setting, the probability of observing a given state is the mod-
ulus squared of its amplitude, this process will increase the probability of observing
the target state. Grover’s algorithm does this by utilizing Householder reflections to
increase the amplitude of a target element iteratively. The system is initialized using
the Hadamard gate to induce a uniform distribution on the data set to begin with.
This choice is natural, considering that we do not know the underlying distribution of
the data.

Grover’s algorithm is the subject of much research from various points of view.
Some research has focused on implementation by using distributed quantum com-
puting [4], others have focused on limiting what the user has control over while still
implementing the algorithm [5], and some have researched using partial oracles to
speed up the algorithm [6]. There has also been continued interest in understanding
the mathematics of Grover’s algorithm. This sort of research includes comparisons
of different generalizations of Grover’s algorithm [7], and how the algorithm behaves
when searching a database that contains multiple targets [8][9]. Another area of inter-
est has been research into phase matching, and its implications on a multiple target
search [10][11][12].

We will discuss the details of our research shortly, but to first touch upon areas
adjacent to the work we did, we need to mention the studies of arbitrary initial ampli-
tudes, and phase changes that differ from 7. Both of these have been studied for
different purposes. Arbitrary initial amplitudes, both pure and mixed states, have been
studied to show the robustness of Grover’s algorithm [13][14]. Research into phase
changes that are different from 7 have been done to understand their effects on ampli-
tude amplification [15] and to improve the performance of Grover’s algorithm when
the size of the database is small and accuracy becomes more important [16]. Other



research has also been done that considers both non-uniform initial amplitudes and
phase changes that differ from 7 to analyze Grover’s algorithm and its generaliza-
tions [9]. However, as far as we know, there have not been any results in the direction
of optimizing the phase change at each iteration to maximize the probability of the
target state.

Speaking to our research, we are interested in optimizing the phase change chosen
at every step of the iteration based on the current amplitude vector. What we have
done is to calculate the amplitude vector after any given iteration as a function of the
size of the database, the previous amplitude, and the phase change chosen. This is
proved in Theorem 1. We then optimize this function over the phase change using this
single lever of control we have to maximize the probability of observing the target,
presented in Corollary 1. We find that in the case of an initial state induced by the
Hadamard gate, regular Grover’s algorithm is the optimal choice for a sufficiently large
database until the probability of observing the target gets close to 1. The specific region
where the optimal phase change strays away from = is identified as Ro in Theorem 2.
If the initial state is induced differently though, and the initial amplitude is complex,
then the optimal phase change depends on the complexity of that initial amplitude,
and it is non-trivially different from 7. This relationship is shown in Figure 1, and the
optimization formula is found in (8).

Having identified Ry, we further investigate when this region is reached for
Hadamard initialized states in Corollary 2. This study was motivated by the unex-
pected observation that the optimal phase change remained 7w for longer than
anticipated. We therefore determine the exact threshold at which the optimal phase
change drifts away from , resolving this completely in section 4.

Lastly, we want to provide a brief description on how the rest of the paper is
structured, to help the readers. In section 2, we provide necessary preliminaries on
Grover’s algorithm, and Long’s generalization. In section 3, we derive the optimization
formula for the probability of our target state given an arbitrary amplitude vector,
found in (8). We discuss the relationship we find here in figures 1 and 2. In section 4
we apply this approach to the regular Grover’s algorithm setting with an initialization
performed by the Hadamard gate. And in section 5, we discuss the conclusion and our
further research interests and directions.

2 Preliminaries

Consider the space S with |S| = 2" = N which contains all elements we are searching
over. We will assign each element in S a unique number between 0 and N —1 (ordering
does not matter). Let 7 € S be the target element we are searching for. Consider the
standard basis for C2, renamed as e; = |0) and ey = |1). |-) and (-] are called the Dirac
Bra-Ket notation, with |-) being a column vector and (-| being a row vector intuitively.
We also can use the Dirac Bra-Ket notation in discussion of binary representation.
Take for example |5),, with the subscript 3 standing for the number of binary places
we are working with. So we have that |5), = [101), = [1)®[0)®[1) =[0000100]".

Consider the space C?®". Its basis will be {|z), } with z € {0,1,...,N — 1}
and written in binary format. We will consider the subspace E, C C2®" st.



Yo<oen Gz |2), =a € E, if o\ laz|? = 1. In the context of quantum mechan-
ics, our n-qubits are in E,,, and we define a, to be the amplitude associated with |z)
and |a,|? is the probability that upon observation, our n-qubit will collapse to |z),, .
Consider a € Ey. Then a = ag [00),, + aq |01), + as [10), + a3 [11), = [ag a1 a2 a3]"
Thus we can translate an element from E,, € C2®” to one in C?".

The last crucial aspect of quantum computing we need to cover are gates and
how we do operations on states. Firstly, we have that all gates can be represented as
matrices that act on states, which as we showed just before, can be represented as
column vectors in C2”. Next, there can be no information loss in the system, meaning
that all gates must be reversible, and hence the matrices must be Hermitian.

Now we will have a more in-depth discussion of Grover’s algorithm, and a gener-
alized Grover’s algorithm proposed by Long. Grover’s algorithm is comprised of the
following steps [1],

1. Use the Hadamard gate to equalize the amplitude for all qubits

2. Rotate the amplitude of the target element |7) by = radians. This process is
represented by the operator I77,. We do this using the Uy operator.

3. Apply the product of operators FI, |7(r)>F . F' is the Fourier transform matrix, and is
defined as 27™/2(—1)"7 with n being the number of qubits in the system, i-j being
the binary dot product of ¢ and 7, and our index starting at 0. We refer to this
product of operators as the operator W.

Steps 2 and 3 are repeated until P(|7)) is sufficiently large. We call this the Grover
iterate, and write it as G = WUy ® I5. It can be shown that the optimal number of
iterations with the classical Grover’s algorithm is %\W . Note, that if we were to do
more than this, the probability for the target would in fact start to decrease, so it is
important that we know the optimal number of times the Grover iterate is applied. In
fact, Grover also showed that this search can be used with any unitary gate [17].

Building off of this work, Long generalized this by allowing for a phase change
that is not strictly 7 [16]. His motivation for this was from the case that the database
is relatively small, hence accuracy becomes most important, a phase change of 7 is
not optimal. The way he implemented these arbitrary phase rotations is by using the
following operator which generalizes classical Grover’s algorithm with arbitrary phase

o.
17 =T+ (e =1)|r) (7]

We can see here that if ¢ = 7, then we get a so-called Householder reflection,
which is the exact reflections used in the classical Grover’s algorithm. To simplify
the computation further, we reduce the iteration into 2-dimensional linear maps by
adopting the approach used by Long. We condense the non-target elements into a single
basis vector |a), observing that they all go through the same change in amplitude in
each iteration. Note that it is properly normalized so that the existing computations
get simpler. This new basis vector |a) is defined as

1 .
|la) = \/ﬁzm
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This condenses our amplitude vector into a vector of C2, and lets us calculate the
amplitudes after one iteration using the following linear map,

—e"?(1+ (e —1)sin® B) —(e" —1)sinBcos B | [Ampyr, 1

—e'?(e! — 1)sinBcos B —e'® + (¢ — 1) sin? ﬂ] [Amp|a>] (1)
where ¢ is the phase rotation, and Amp,;y and Amp, are the amplitudes for the
target element |7) and the other element |a) made of the non-target elements properly
normalized. For further simplification in future computations, we introduce § defined

as
Sinﬁ:\/% cosﬁzy/% (2)

From (1), note that if the initial amplitude is known, then the amplitude and prob-
ability of observation can be calculated at any step of the iteration mathematically,
which allows further optimization through classical computing.

3 Optimizing the probability of a generic step

Before fully investigating optimal phase change for generalized Grover’s algorithm,
let us go over optimizing phase change for the very first step when starting from
the Hadamard gate. In this simple computation, we can easily identify the classical
Grover’s phase change arising as optimal in the first iteration. This straightforward
derivation serves as motivation and a preindication of the broader task addressed in
this section.

Recall the generalized Grover’s updating linear map glven in as well as the

corresponding initial vector v{! given as v} = [sin Bcos 3] " \F /AT (see (
from the Hadamard gate.
From (1) and (2), we acquire the probability of the target |7) as

P(|7)) = |€*((1 — ) sin? B — 1) sin f — (€' — 1) cos® Bsin S|

which simplifies to
P(|7)) = sin? B|((1 — €%)sin? B — 1) + (=% — 1) cos? B|?

Letting 1 denote the quantity inside the norm, we compute its real and imaginary
parts

Re(n) = sin® B(1 — cos ¢) — 1 + cos? B(cos ¢ — 1)
= cos(23) cos ¢ — cos(2) — 1
Im(n) = —(sin? 8 + cos® B) sinp = — sin ¢
Thus, the target probability becomes

P(|7)) = sin? B((cos(2f) cos ¢ — cos(23) — 1)* + sin? @)



Recalling that sin 8 = \/% and cos B = /X, we let a = cos(28) =1— % € (0,1)
and rewrite P(|7)) accordingly.

P(r)) = 1_Ta((acosqb —a— 1) 41— cos® ¢)

Since the dependence on ¢ is only through cos ¢, by letting u = cos ¢ € [—1, 1], we get
the probability P(|7)) as a function of v on [—1,1].

1—a
P(7)) = ((a* = )u? —2a(a+Du+ (a +1)* +1)
—1)2 1 1)2 41
_ 1P+, o a1
2 a—1 a?—1
This quadratic polynomial in u is maximized when v = %5 =1 — % Since
maximization is done on the interval [—1,1], if N > 4, which ensures -2 =1 — & <
—1, then the maximum is achieved when u = —1, in other words, ¢ = 7. This proves

that in the generalized Grover’s algorithm initialized with the Hadamard gate, the
optimal phase change in the very first iteration is 7, which is the phase used in the
classical Grover’s algorithm.

However, after each iteration, the amplitude vector evolves, meaning subsequent
phase changes must be optimized for arbitrary complex input vectors. We now turn
to this general case.

To calculate the optimal angle for the probability of our target at any step, we
first need to derive a formula for the probability. Let us start with describing the
amplitude of a generic state, and for this, we will be using the setup made in section
2. We remind the reader that the amplitudes satisfy the following:

1. The amplitudes are complex,
2. The sum of their modulus squared is equal to 1, i.e. [Ampjy|* + |[Amp|q|* = 1.

Therefore, we know there exists an a and 6y, 62 in R such that Ampy = sin(a)e’
and Amp,) = cos(a)e?®2. Using this as our amplitude vector, we get

sina et] 0i0> sin a ?(01702)
cosa €2 | cos v
Then because the shared phase changes on both vectors do not impact the proba-
bility, we will drop €2, leaving us with our generic amplitude vector of the following
form,

v, = [sin(a)eiq 3)

cos(a)
where 6 = 6; — 0, and « € [0, §]. From (1) note that the generalized Grover’s iteration
matrix is as follows:

(e’ —1)sin® B) —(e*® — 1)sin 3 cos 3

A® — —ei‘ (1 + : .
T | —e?(e' —1)sinfcos f —e'? + (e — 1)sin? 3



e (1562 1) N=1(1 _ ¢i)
Aot ) (f+ (1 4)e) Y

2|

Theorem 1 Suppose we carry out the generalized Grover’s iteration defined in (4) with the
general initial vector given by v, = [sin(a)e?? | cos(a)]T from (3), then P(|7)), the probability
of the target vector |T), is given by the following function of ¢, o, and N,

P(r)) = 2 ]]\if_ ! [< NN_ ! cos(2a) + %sin(Zoz) cos(¢ + 9)) (1 —cos¢)—

VN -1 2
N

sin(2a) cos(0) + sin” «

1.
~3 sin(2a) cos(¢ + 6)] +

Proof To calculate the updated probability for our target element after one iteration, we find
the first element of A®v,, and square the modulus, which is

o (1 — el? /N — 1 .
sin o ewem(Te—l)—kcosa ~ (1— ')

2

P(r) =

2

sina e (sin? B(1 — €'?) — 1) + cos o cos Bsin Be P — 1)

With further algebraic simplification, this reduces to

P(|r)) = %’— sin a(cos(28) + l)ew — cosasin(28) + H0+9) (cos(28) — 1) sina+

2 ()
+e ®cosa sin(20)

To organize the modulus calculation, we denote
t = — sina(cos(28) + 1)e” — cosasin(28) + '+ (cos(28) — 1) sin a+
+ 7" cos asin(2B)
Re(f) = — [sin a{(cos 0+ cos(¢+0))+cos(28)(cos 0—cos(¢+9))}+cos a{ sin(28)(1—cos ¢)}]
Im(t) = — [sin a{ (sin + sin(¢ + 0)) + cos(23)(sin @ — sin(¢ + e))} + cos a{ sin(24) sin qS}]

Calculating the modulus squared of }, we get
| |2 = sin’ {(2 cos(6 + %) cos(g) + 2cos(2p) sin(8 + %) sin(
¢

g) COS(i) + 2cos(2p) sin(0 +

[ IRSS

2
)] + cos? asin® (28)(1 — cos gb)z—i—

+ 2sin acos a {(2 cos(0 +

ICIRSS

)sin(%)} sin(28)(1 — cos ¢)+

2
+ sin’ o {(2 sin(6 + g) sin(g) — 2cos(28) cos(0 + ¢) sin(%)} + cos? o sin2(26) sin? ¢+

2
+ 2sin acos a {(2 sin(0 + ?) sin(?) — 2cos(283) cos(0 + ?) sin(?)} sin(20) sin ¢
2 2 2 2 '



Grouping related terms together, we get

2
|1]? = 4sina |:((COS(9 + g) cos(%) + cos(208) sin(6 + q225) sm(?)) +

2
+ <(sin(0 + g) sin(%) — cos(28) cos(0 + %) sin(?))

+ cos® a {sm (2/3)(2sin* ?) + sin?(28)(2 sin(%) cos(%))Z] +

¢ ¢
E)cos(f

+4sinacosa{ [(cos(@—l— 2)

¢ ¢)

5) sin(§

+ cos(28) sin(6 + %) sin(g)] sin(28)(1 — cos &)+

+ {(sin(@ + — cos(28) cos(6 + g) sin(%)} sin(28) sinqb}

If we use some trigonometric identities to express this in terms of %,

¢

2
|t |2 = 4sin’ o |:((COS(0 + %) cos(%) + cos(20) sin(6 + 5) sin(%)) +

2
+ ((sm(a + g) sin(%) ~ cos(2) cos(0 + g) sin(%)) ]+

+4cos’ o {sin2 (28) sin? g + sin2(25) sin’ % cos? g} +

¢
35)

sin(%) — cos(20) cos(f + g)

+ cos(28) sin(6 + g) sin(?)] (2sin® ?)

%)}QSin(g)cos(%)}.
)

Now we return to calculating the probability of our target |7).

+ 4sinacos o sin(Q/J’){ [(cos(@ + %) cos(

¢

+ {(sinw + 5) sin(

[CIRSE

P(r)) = f| 1% = (sin® @)a + (cos® a)b + 251no¢coso¢<sm(2ﬂ) sin(

))e

, where the a, b, and c are defined as follows.

2
¢ cos(?) + cos(20) sin(f + g) sin(g)} +

- {cos(6' +2)cos(?

¢
2

2
+ {sin(@ + %) cos(=) — cos(28) cos(f + g) sm(%)}

b = sin?(28) sin’(2) + sin?(2) sin?(2) cos? (2)

+ Cos(%) (Sin(9 +

¢

5) cos(

+
d)) — cos(28) cos(0 + q;) sm(%))

Below we simplify these three terms (a, b, and ¢) a little more.



¢ 2<z5

a = cos ( %) 6052(25) sin2(0+ )sm =

o w\@
<

¢

5) sin

+ c052(25) 0052(9 + 2 f—f—

N
5) sm(E)—
) cos(28) cos(0 + %) sin(é)

2
= cos® % + cos?(23) sin® %

—cos2?—|—(1—sm( B)

+ sin ( +

[VIRSS

¢

+ 2cos(0 + 5) cos(—=) cos(20) sin(f +

NS o0 N

— 2sin(f + g) cos(

vl

) sin
=1—sin (2,3) sin (%)
b = sin®(2) sin <§>

[CIRSH

%)(cos(?,@) sinz(g) + cos(

%)

)cos(g)(l —cos(2f)) + sin(0 +
[
2

¢ = cos(f + %) sin(
¢

. P
5)5111(5)005(

6. .
)sin(2)co

= cos(f + cos(28) + (1 —sin

(1 —cos(2B)) + sin(0 + g)(— sin (g)(l —cos(28)) +
{005(9 + ¢)COS(§ %)sm(%

¢
5)

)(1 — cos(2B)) + sin(f + g)(sin2(
_ ¢
= cos(f + (5)
4 )|+ sin(o + %)

= (1 — cos(28)) sin( ) — sin(0 +

= cos(f + ¢) sin(g)(l — cos(28)) + sin(0 +
Putting these all together, our target probability becomes

P(r)) = sin? o [1 — sin2(2ﬁ) sin2(§):| + cos? asin2(25) sin2(§)+

¢

+ 2sin a cos asin(203) sin( 5)

%) [005(6’ + ¢) sin(%)(l — cos(2p)) + sin(0 +

= sin? o + sin?(28) cos(20) SiHQ(%) + sin(2a) sin(2/3) {2 cos(¢ + 6) sin2(§) sin? B+

+ sin(g +0) sin(g)}

which reduces to

P(|7)) = sin® a + sin®(28) cos(2a) (1 - ;05 ¢> +
(6)
Fein(a)sin(20) [cos(¢ +0)(1 = cos ¢) sin” B— % cos(¢p+0) + % cos 0

We then use (2) to incorporate sin§ = Tlﬁ and sin(23) = L%*l Substituting these

values into (6),



P(|r)) = 2vN 1 [( V-1 cos(2a) + sin(QQ)% cos(¢ + 0)) (1 —cos¢)—

N N )
1 vVN —1
-5 sin(2a) cos(¢ + 9)] L v sin(2a) cos(6) + sin®
This completes the proof. O

Now we can address our goal to find the optimal phase to maximize P(|7)), the
probability of the target vector |7) in the following Corollary.

Corollary 1 For the one-step iteration of the generalized Grover’s algorithm in equation (4)
with the general initial vector v,}, = [sin(a)e’?, cos(a)] ", the optimal phase change for the
target probability P(|7)) is given as follows
argmaz ge(—r x| (% cos(2a) + % sin(2a) cos(¢ + 9)) (1 —cos(¢))
(®)
1
—3 sin(2a) cos(¢ + 0).

This optimal phase change is identified in Figure 1.

Proof The statement of (8) can be seen directly by examination of equation (7). Recall that
«a and 0 are from the amplitude vector v, before update.

To visualize this computationally, we utilize the optimization and global optimization
toolboxes of MATLAB. Because o and 6 are values that come from the description of the
original amplitude vector, we create a grid of 100 values of « and of 6 ranging over [0, 7/2]
and [—, 7] respectively.

We use a Golden-section search (fminbnd) due to its speed when doing many examples.
To account for the fact that this might give us local maximums, we utilized the global
optimization toolbox to run interior-point methods for randomly selected starting points to
find our global maximum, or at least provide a better optimization than the golden-section
search. What we found is that the differences between these two searches were negligible as
seen in Figure 1.

O

Remark 1 As can be seen in Figure 1, the optimal ¢ is in fact related to the value of 6 found
in (3), the amplitude vector. This relationship roughly is

9)

pr~-—-mT—0, 0<0
o= —0, 0>0

This generalization does not hold when « is an extreme value, either being too
close to 0 (corresponding to an amplitude close to 0 for our target), or too close to 7 /2
(corresponding to an amplitude close to 1 for our target). In these cases, the optimal
¢ cannot be estimated in the same way, and does require use of an optimization
algorithm to find.

10



Optimal ¢

Fig. 1 Comparison of optimal phase change found by local search (left) and global search (right)
for N = 210

It is important to note that the relationship described in (9) is a rough estimate.
While it is a good approximate, the global search does differ, and the difference is
shown in Figure 2 where we compare the optimal phase identified in Corollary 1 with

—-T—0, 60<0
= 10
¢ {W@, 0>0 (10)

Remark 2 By using the optimal ¢ as the phase change rather than 7, we find a range of
improvement in the probability increase provided by one iteration. This improvement depends
on the amplitude vector’s a and 6 values. This comparison results in Figure 3.

As can be seen in Figure 3, when 6 is close to 0, there is little improvement over
the probability attained by Grover’s algorithm. However, as # moves away from 0,
the improvement provided by the optimized phase change increases, with the bigger
improvements as 6 gets closer to w. This agrees with the relationship seen in Figure 1
and also observed in (9), since they suggest an optimal phase change would be close
to ¢ = 0 when 6 gets close to m, while Grover’s algorithm would be using a phase
change of ¢ = 7.

In the next section, we try to use this framework to understand the optimality
of classical Grover’s algorithm in much more precise terms, and determine when the
optimal phase change strays away from 7, the phase from classical Grover’s algorithm.

11



Difference in optimal phase change
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Fig. 2 Difference between phase change determined by (10) and optimal phase change found by
global search for N = 210

o

Difference in probability improvement
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5

Fig. 3 Difference in probability improvement from one iteration between the optimal phase change,
and 7 for N = 210
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4 Optimizing when initializing with the Hadamard
gate

Adopting the Hadamard gate at the beginning is part of the standard procedure
when using Grover’s algorithm since it initializes all states with the same amplitude,
mimicking the lack of underlying structure in the database (or potentially, our lack of
understanding information about it). This leaves us with an initial amplitude vector
based on |7) and |a)

1

VN
vy = = Véi (11)
N-_1
N

As can be seen in (11), the vector is completely real, i.e. vo € R?, hence our § = 0,
when compared to the general amplitude vector (3). Recall that |vi|? + |va|? = 1 for
v = [v; vo]T. Let us first consider a general but real amplitude vector. First of all,
note the Hadamard gate, which is how most of the unstructured search algorithms
begin in general, is real, and we want to first explore how and when the vector derails
from real, while updated with the optimal phase change.

Theorem 2 Consider a general but real initial vector v| = [sin(a), cos(a)]’ to start the
generalized Grover’s iteration given in (4). Then the optimal phase change for the target
probability P(|T)) behaves differently depending on the region o belongs to of three different
regions { R; }1<i<3. More precisely,

T, a € Ry
argmazP(|7))ge[—r.x = cos_l(%(fN +2—-2y/N —1cot(2a)), o € Ry
0, « € R3

where

Ry
Ry

1
2
R3 = [% cot™? ( —IV 2

Il

=

N =
Q

o

=+
v
|~
|

=z

+

(=
N—
[i—

Proof Consider a general but real initial vector

{sin a}
v = .
cos a
We then apply Grover’s iterate matrix (4) to this general but real amplitude vector. Then
the updated amplitude vector is

ew(# - 1) sina + ¥ ]X,_l (1—e?)cosa

AL (1= ) sina — & (1+ (N = 1)) cosa

13



Now we look at the real and imaginary parts of each coordinate in (12). Note that the
imaginary parts for both are multiplied by either sin¢ or sin(2¢). Therefore, if ¢ = =, as
in the classical Grover’s algorithm, the imaginary part becomes 0. This means that if the
amplitude vector is real, and a Grover iterate matrix with a phase change of 7 (i.e. classical
Grover’s iterate) is applied to it, the resulting amplitude vector will remain real. Hence if the
system is initialized with a Hadamard gate, giving us the real initial amplitude vector (11),
the amplitude vector will remain real throughout all of the iterations.

With this in mind, we return to our amplitude vector after one iteration (12). We can
calculate the resulting probability of observing our target

o (1 — e VN —1
el¢<Te—1> sina—&-T

2
1- e“ﬁ) cos o

P(r) =

Substituting in our notation with § in (2) and factoring out —e'® from the amplitude, we get

P(lr)) = ’((ew —-1) sin? B + 1) sin v + sin S cos B(1 — eii(b) cos a‘Q, (13)

To calculate the probability, we break down the transformed amplitude as follows.

&= ((ew —1)sin® B+ 1)sina + sin B cos B(1 — eiiqb) cosa
Re(§) = Acos¢p + B
Im(§) =Csing

, where

A:sinQﬂsina—sinﬂcosBcosa
B :sinacosz/j—l—cosasinﬂcosﬁ
CzsinQBsinaJrsinﬁcosﬁcosa

We can then rewrite the probability (13) as

P(|m)) = (A% — C?)cos® ¢ + 24B cos ¢ + B> + C*?

To simplify our notation, let us define a and b as follows.

a=C?-A%= sin* Bsin2 -+ sin? Bcos2 B8 cos® a + 2sin® [sin a cos o cos B—
— sin* 8 sin? a — sin? 8 cos> B cos® a + 2sin® [B'sin a cos a cos B
= 45in? B(sin B cos B)(sin a cos @)
=sin? 3 sin(20) sin(2«)
b= —2AB = —2sin  cos B(sin 8 sin o — cos 3 cos o) (sin « cos 3 + cos asin 3)
= sin(208) cos(a + B) sin(a + )
= % sin(20) sin(2« + 28)

Note that a > 0 since « € [0, 5]. Letting u = cos ¢, P(|7)) becomes a quadratic polynomial
in u which is concave down.

P(7)) = —a v —bu+ B> +C?

b 2
= —a(u + —) + constant
2a
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Note that if \%| > 1, then the optimality for maximization is acquired at the boundary,
that is when ©u = —1 or u = 1, meaning ¢ is 7 or 0. Hence, we now determine when we achieve
the condition |%| < 1 since this is when the optimal ¢ maximizing P(|7)) differs from 7 or

0. Recall that sin 8 = ﬁ, sin(28) = L%—l’ and see that cos(28) = %

b % sin(2p) sin(2a + 28)

2a  2sin® Bsin(20) sin(20)
By utilizing the angle addition identity, this turns into

b _ N (sin(?a) cos(2f3) + cos(2a) sin(ZB))
2a 4 sin(2«)

Again recalling how f is defined, we can simplify % further as
B E(N—2 2N — 1

=7 N + N cot(Qa))

_ %(N ~ 24 2VN —1cot(2a))

Returning to the inequality \%| < 1, the equivalent inequality becomes

—4 < N—-2+4+2VN —1cot(2a) < 4

This is equivalent to the following condition for the angle «

1ot <ﬂ> o< Lot (ﬂ) (14)
2 2N -1 2 UN -1

This leads us to consider the following three regions {R;};<3 for a,

Ry = (0,5 cot™! (2_\/%”
Ry = (gcot™! (2_\/]%) 3 cot™ (2_17\!_—21)) (19)
R3 = [% cot ™" (27\/%)’ %)

Note that if & € Ry, then cot(2a) > 2:/]%, hence i(N — 2+ 2y/N —1cot(2a)) > 1.

This means g—;’ < —1, hence P(|r)) is maximized when v = —1, which corresponds to ¢ = 7.
This implies that in the region Ry, classical Grover’s algorithm is optimal. But once o € R,
then P(|7)) is maximized by a non-trivial phase change ¢maz (), and we will identify this
Omaz (@) (= argmaxz P(|7))) more precisely below (see (16)). Finally, when a € Rg, then
cot(2a) < 2_\/%, hence %(N — 2+ 2y/N —1cot(2a)) < —1. This means 5—5 > 1, hence
P(|7)) is maximized when u = 1, which corresponds to ¢ = 0. This means no rotation should
occur once ¢ comes into this region.

Now let us identify the precise optimal phase change necessary in case a € Rg. Recall
that if o € Rag, then ¢maz () is such that

COS(¢maw(a)) = %al,) = i(—N +2—-2vV/N — 1C0t(2a)).

Since a € [0, 5],

15



bmaz(a) = cos_l(i(fN 42— 2V N —1cot(2a)) (16)
0

Corollary 2 Suppose we begin the generalized Grover’s iteration from the Hadamard vector

g
(vg‘r)T = [ﬁ, \/ % , and continue to use the optimal phase change at each step to

maximize the target probability P(|7)). Then the classical Grover’s algorithm stays optimal

until the target probability P(|7)) reaches the threshold Pr(N) = 3 (1 + \/%M).

Proof Recall that starting from a Hadamard initial condition, of which # = 0, the optimal
phase change for generalized Grover’s algorithm stays 7 (i.e. classical Grover’s algorithm)

. 1 —1, —N+6 .. . . .
until a reaches 5 cot (2 m) In other words, the first non-trivial optimal phase differing
. ) . : _ 1. .-1, —N+6 :
from that of classical Grover’s begins with ag = 3 cot (2\/ﬁ) Noting that the target

probability is sin? o, this shows that the optimal phase change stays with classical Grover’s

2
algorithm till the target probability reaches P(|7)) = [sin(% cot_l(g/]%))] . We then see
that

pim = (b (7240)) (o4 Nt
O

Remark 3 Note that the threshold P(N) = & (1 + \/%J?H-BQ) converges to 1 as N — oo.

One can see that that Pr(N) converges to 1 in the order of 1/N. This shows that the classical
Grover’s algorithm stays optimal till P(|7)) gets close to 1 as N grows large.

5 Conclusion & Further Research

We have found that in the setting of generalized Grover’s algorithm allowing a general
phase change at each step of iteration, with a sufficiently large database, and an
initialization set as the Hadamard gate, the optimal phase change stays m for the vast
majority of the iterations. The optimal phase change differs from 7 as P(|7)) gets
quite close to 1. We also identify this threshold when the optimal phase change strays
away from 7 as a function of N, the size of the data space (16). However, if the initial
amplitude vector is complex, and we know how to describe it, then the optimal phase
change depends non-trivially on the complexity of the target state’s amplitude and it
can be found by solving the equation (8) at each iteration.

Moving forward there are a few areas of research we plan to investigate further.
The first is identifying scenarios in which initializing with a non-Hadamard gate could
become more beneficial for possible speed-up, and if those lead to amplitude vectors
that are complex. If this occurs, then a generalized Grover’s algorithm with a phase
change that differs from 7 and that non-trivially depends on the complexity of the
amplitude vector would outperform ¢ = m (The phase change used in the classical
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Grover’s iterate) as seen in Figure 3. A non-Hadamard initial gate would imply that
there is some underlying knowledge of the data set that we can take advantage of so
as to choose a specific class of probability distributions in the beginning, rather than
a uniform one (as in Hadamard’s gate).

The second is identifying if there is an improvement to be made if the algorithm
is fully generalized in the sense that ¢ # 1 in [ fi ) and [, \%)' As mentioned previously,
there has been much research in this area, but we wish to approach it from a similar
perspective as this paper. We wish to see if there is any speedup or optimization to
be made if considering the optimal phases at every step of the algorithm, as well as
considering a fully generalized initial amplitude vector.

The third is better understanding of quantum random walks. Justified by numerous
applications, classical random walks are an area of interest to us, and naturally we
wish to understand their quantum counterparts, both as tools to search spatial data,
and as stochastic objects in and of themselves. We look forward to pursue the above
research directions to understand both unstructured and structured search algorithms
arising in quantum computation.
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