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Abstract
Weapply Lie symmetry analysis of partial differential equations (PDEs) to the Euler–Lagrange
equations of the two-Higgs-doubletmodel (2HDM), to determine its scalar Lie point symmetries. A
Lie point symmetry is a structure-preserving transformation of the spacetime variables and the fields
of themodel, which is also continuous and connected to the identity. Symmetries of PDEsmay, in
general, be divided into strict variational, divergence andnon-variational symmetries, where the first
two are collectively referred to as variational symmetries. Variational symmetries are usually
preserved under quantization, and variational Lie symmetries yield conservation laws.We
demonstrate that there are no scalar Lie point divergence symmetries or non-variational Lie point
symmetries in the 2HDM, and re-derive its well-known strict variational Lie point symmetries, thus
confirming the consistency of our implementation of Lie’smethod.Moreover, we prove three general
results thatmay simplify Lie symmetry calculations for awide class of particle physicsmodels. Lie
symmetry analysis of PDEs is broadly applicable for determining Lie symmetries. As demonstrated in
this work, themethod can be applied tomodels withmany variables, parameters, and reparametriza-
tion freedom,while anymissing discrete symmetries can be identified through the automorphism
groups of the resulting Lie symmetry algebras.

1. Introduction

The discovery of the StandardModel (SM)Higgs boson at the LHC in 2012 by theATLAS [1] andCMS [2]
collaborations hasmotivated a broad exploration of theories with extended scalar sectors. Such extensionsmay
help explain the observedmatter-antimatter asymmetry of theUniverse, starting fromSakharov’s conditions
for baryogenesis [3] and their possible realization in electroweak baryogenesis scenarios. In particular,multi-
Higgs-doubletmodels such as two-Higgs-doubletmodels (2HDMs) [4] and three-Higgs-doubletmodels
(3HDMs) [5] can provide additional sources of CP violation andmay strengthen the electroweak phase
transition.

Extended scalar sectors can also provide viable darkmatter candidates. Gauge singlet scalars offer amini-
mal realization [6], whereas inert-doubletmodels provide an alternative framework [7]. The inert-doublet sce-
nario has been analysed in detail in [8], while associated gamma-ray line signatures were investigated in [9].
Additional realizations arise inmixed doublet–singletmodels, such as singlet-extended 2HDMs [10], and in
multi-doublet constructionswith stabilizing symmetries, e.g.U( )1 -stabilized 3HDMs [11]. As indicated, phe-
nomenological studies have largely focused on additional complex SU( )2 L doublets [12] and on scalar gauge
singlets. A comprehensive textbook treatment is given in [13], while amore recent review can be found in [14].

The introduction of such fields greatly enlarges the number of viable particle physicsmodels. One of the
most important characteristics of amodel is its set of symmetries. By a symmetrywemean a structure-preser-
ving transformation of objects such as field equations, Lagrangians, and action integrals. Symmetriesmay
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imply conservation laws, relate apparently distinctmodels, reduce the number of free parameters, protect para-
meters from large quantum corrections, ensure that parameter relations are stable under quantum corrections
and stabilize darkmatter candidates against decay.

Symmetry properties have been studied extensively formulti-Higgs-doubletmodels (NHDMs), with the
2HDMas the simplest andmost widely analysed example. In particular, the 2HDMcan accommodateCP
violation in the scalar sector [15], making it a natural framework for scenarios of electroweak baryogenesis. It
also plays a central role in darkmattermodel building and in supersymmetric extensions of the SM.A two-
Higgs-doublet structure is, for example, an essential ingredient ofminimal supersymmetricmodels; see [16]
and the subsequent discussion in [17], as well as the detailed analysis in [18].

Continuous symmetries connected to the identity, also known as Lie symmetries, may be studied in general
by amethod originally introduced byNorwegianmathematician Sophus Lie [19], and subsequently developed
by his successors. Themethod, Lie symmetry analysis of partial differential equations (PDEs), can be utilized to
find all infinitesimal (sometimes called ‘local’) symmetries of a systemof PDEsΔ, which correspond to the Lie
symmetry algebra g ofΔ. Thismethod is the original context inwhich the concepts nowknown as Lie algebras
and Lie groups emerged [19]. The Lie symmetry algebra g ofΔdetermines, to a large extent, themaximal global
symmetry group GofΔ, because the Lie algebra of Gmust equal g. Lie symmetry analysismay be applied to
almost any kind of systemof PDEs, for example a systemof Euler–Lagrange equations ( ) =LE 0 for a theory
given by a Lagrangian L.When the dependent variables of L are fields, the Euler–Lagrange equations are also
referred to as the field equations of the field theory given by L. Particle physicsmodels, such asmulti-Higgs
models, are examples of field theories given by Lagrangians.

The field equations follow from the Lagrangian L via a variational principle. Consider the action S ,

( )=S L d x. 1.14

Then, by varying the fields y i of L infinitesimally, with vanishing variations δy i on the boundary∂Ω ofΩ, and
by demanding stationary values of S to first order of the infinitesimal parameter, the result is the Euler–
Lagrange equations. For a Lagrangian containing atmost first-order derivatives (as in the 2HDM), the Euler–
Lagrange equations read

( )=µ
µ

L L

y
d

y
0, 1.2

i i
,

for each field (i.e. dependent variable) y i and derivative /µ
µy y xi i

, occurring in L, where dμ ≡ d/dx μ is a
total derivative. Then, there are three types of symmetries of the field equations (1.2): First, the strict variational
symmetries (SVSs) that leave the action S strictly invariant, that is,

ˆ ( )S S 0, 1.3

where Ŝ is the action transformed by the symmetry. Second, the divergence symmetries, where

( )= = =µ
µ µ

µS d d x dF 0, 1.44

is the integral of a total divergence dμβ μ, with non-vanishing, local functionsβ μ. Here, S is, by the divergence
theorem, converted to a boundary term,which vanishes under the usual boundary conditions on the fields, as
shown in the last equality of (1.4). These first two types of symmetries are the variational symmetries, symmetries
of the action S . Variational symmetries are typically preserved in the corresponding quantum theory, provided
both the action S and themeasure of Feynman’s path integral remain invariant.Moreover, variational Lie
symmetries lead to conserved currents byNoether’s theorem [20]. The third type of symmetries are the non-
variational symmetries that preserve the structure of the field equations, but do not leave the action S invariant.

When a symmetry only transforms free and dependent variables (x, y), it is called a point symmetry. The
derivatives of the dependent variables are also transformed under a point symmetry, however, these transfor-
mations are dictated by the transformations of the variables (x, y). This implies that a point symmetry cannot,
for instance, interchange a dependent variable with its derivative.

The possible, inequivalent (real) scalar point SVS groups of the 2HDMwere determined in [21], using a
formalismof gauge invariant scalar bilinears. A newdiscrete point transformation in the 2HDMthat leads to
parameter relations respected by quantumcorrections, characteristic of variational symmetries, was identified
in [22]. As suggested in [22], this transformationmay be regarded as a complex, discrete symmetry. Such trans-
formationsmay be a generic feature of quantumfield theories, although they do not necessarily need to be
interpreted as complex symmetries [23]. However, complex symmetries of real structures are not unknown in
the context of symmetry analysis of differential equations, see e.g. [24] or [25] for examples of complex, discrete
symmetries of realdifferential equations. An overviewof the 2HDMcan be found in [26]. The possible scalar
point SVSs of the 3HDMhave been classified in stages: Abelian symmetry groupswere analysed in [27], and the
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full classificationwas completed in [28]. The corresponding categorization of scalar symmetry groups in the
4HDMhas only recently been initiated, with extensions of cyclic groups studied in [29] and extensions by
rephasing groups in [30]. In theseworks, finite group theory plays a central role.

The scalar point SVSs of the 2HDMand 3HDM, including custodial symmetries, have also been classified.
For the 2HDM, this programmewas initiated in [31] and completed in [32]. For the 3HDM, the corresponding
classificationwas obtained in [33], using bilinear and tensor-productmethods. Finally, the scalar, Lie point
SVSs of the generalNHDMkinetic termswere determined in [34], including the corresponding symmetries in
the custodial limit.

The purpose of this work is twofold: First, inspired by the aforementioned discovery in [22] of a new, com-
plex 2HDMsymmetry, wewant to investigate the possibility of having Lie point divergence andnon-varia-
tional symmetries in a 2HDM.Because allHiggs doublets carry the same quantumnumbers (i.e., the same
isospin and hypercharge), unitary linear combinations of the original doublets, accompanied by appropriate
redefinitions of parameters to keep the Lagrangian invariant, relate different parameterizations that describe
the samephysics. This phenomenon is known as basis freedomor reparametrization freedom. In our analysis,
wewill choose specific bases where certain parameters vanish, in order tominimize the occurrence of equiva-
lent symmetries across different bases. Second, wewould like to demonstrate how to classify all Lie point sym-
metries inmodels withmany variables, parameters and reparametrization freedom, like the 2HDM.Both of
these aimswill be pursued by applying Lie symmetry analysis to the field equations of the general 2HDM.

Structure of the paper Sections 2.1–2.3 review the relevant theory of Lie symmetry analysis of PDEs, while
we present three new results in sections 2.4 and 2.5, where the first result, theorem1, is crucial for section 4.3.
We then provide a simple, concrete example of how the theory of sections 2.1–2.5may be applied in section 3.
Section 3 is not necessary for reading section 4, andmay be skipped by readers familiar with Lie symmetry
analysis of PDEs or readerswhowant to go straight to themain application in section 4. In section 4, we recall
standard formalismof the 2HDM, and in sections 4.2–4.3we perform the Lie symmetry analysis of the 2HDM.
A summary and outlook is given in section 5, while a proof of a result of section 2.5, proposition 1, is delegated
toAppendix A.

Conventions andnotation In this article we adopt themathematicians’ convention for Lie algebras, which
means that amatrix Lie group Gwith Lie algebra g is generated by ( )gexp , and not by ( )giexp whichwould
correspond to the physicists’ convention.Moreover, dμ ≡ d/dx μ denotes the total derivative, whereasDμ is
reserved for the covariant derivative (2.55), unless the index is amulti-index J, see section 2.2, or a functionP,
implying a Fréchet derivativeDP. Repeated indices are implicitly summedover, while a check over the indices
implies that the summation convention is dispensed so that, for instance, only consists of one term.
Finally, wewill use respectivelyR andI for real and imaginary parts of expressions, e.g. will
λ5=R(λ5) + i I(λ5).

2. Lie symmetry analysis of PDEs

In this section, we provide a brief overviewof the Lie symmetry theory for systems of PDEs. A classical
introduction is given byOlver [35], with amore concise account in his lecture notes [36]. Further treatments
are available in the textbooks byHydon [24], Bluman andKumei [37], andCantwell [38].

2.1. Point symmetries of systems of PDEs
Consider annth-order systemof PDEs given by

( ) { } ( )( ) ( )… = …x y y y i m, , , , 0, 1, , , 2.1i
n1

with d independent variables x = (x0,…, x d−1) (spacetime coordinates) and q dependent variables
y = (y1,…, y q) (the fields), where y( k) denotes derivatives of order k of the dependent variables y jwith respect to
the independent variables x μ.We abbreviate (2.1) asΔ = 0 or justΔ.

Then, a point symmetry S of the systemof PDEs (2.1) is a diffeomorphism1 on the space of variables (i.e., it
is a point transformation), whichmaps solutions of (2.1) to solutions.More precisely, thismeans

(( )) ( ˆ ˆ) ( )=+ +R RS U S x y x y: , , , 2.2d q d q

for an open setU, such that the transformed systemof PDEs,

( ˆ ˆ ˆ ˆ ) { } ( )( ) ( )… = …x y y y i m, , , , 0, 1, , , 2.3i
n1

holdswhenever equation (2.1)holds. In (2.3), the action of S is prolonged to the derivatives, such that they are
mapped to the corresponding derivatives in the transformed variables, that is,

1
Whichmeans that S and S−1 exist and have at least continuous first-order derivatives, but are often taken to be smooth, that is,C ∞.
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ˆ
ˆ ˆ

( )=
µ µ µ µ

S
d y

dx dx

d y

dx dx
, 2.4

k i k i

k k1 1

to preserve the structure of the original systemof PDEs (2.1). The condition for a diffeomorphism S to be a
symmetry of the system (2.1)maynowbe expressed in compact form as

ˆ ( )= =0 0, 2.5

where ˆ ( ˆ)z , with z representing all the arguments ofΔ, including the derivatives.
The expressionsΔi in (2.1) can also be regarded as functions on the nth jet spaceJ n, which in the present

setting can be identifiedwith Euclidean space Rs with formal coordinates (x, y,…, y( n)) corresponding to all
independent and dependent variables and their distinct derivatives up to order n. This implies

( )= + +s d q d n

n
. Each PDE can then be viewed as a smoothmap

( )RJ: , 2.6i
n

and the system (2.1) can be described by the solution submanifold M Jn,

{( ) ( ) } ( )( ) ( )= … … =M x y y J x y y i, , , , , , 0 for all , 2.7n n
i

n

which consists of all points (x, y,…, y( n)) ∈ J n that satisfy the system.

2.2. Infinitesimal generators and their prolongations
An infinitesimal generator of a point transformation is a vector field

( ) ( ) ( )= +µ
µ

X x y
x

x y
y

, , , 2.8i
i

whereμ is implicitly summed from0 to d − 1 and likewise i is summed from1 to q. The infinitesimal generator
of a point symmetry S shows how an infinitesimal version of S acts on the variables z = (x, y),

( ) ˆ ( ) ( )= = +S z z z X z , 2.9

for an infinitesimal ε. The kth prolongation ofX, denoted pr(k)X, is the vector field on the kth jet space J k

obtained by extending the action ofX to the derivatives of the dependent variables, namely

( )( ) = +X X
y

pr , 2.10k

J k
J
i

J
i

1

where themulti-index J = ( j0,…, jd−1) encodes the distinct derivatives, with norm

( )= + +J j j , 2.11d0 1

where the derivatives of (2.10) are given by

( ) ( )
( )y

y

x x
, 2.12

J
i

J i

j d j0 1 d0 1

with coefficients

( ) ( )= + µ
µ

D Q
y

x
2.13J

i
J

i J
i

where the iterated total derivative

( )=D
d

dx

d

dx
, 2.14J

j

d

j

0 1

d0 1

and the characteristic

( )= µ
µ

Q
y

x
. 2.15i i

i

Wedefine the (infinite) prolongation

( )( )X Xpr pr 2.16

as the formal vector field obtained by extending (2.10) to all derivatives of arbitrary order, so that prX is the
extension ofX to the infinite jet space J ∞. If ξ μ = 0 for allμ the infinitesimal point transformation generatorX
is said to be in evolutionary form, and for a generalX the infinitesimal generator
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( )=X Q 2.17Q
i

yi

is called its evolutionary representative. In the caseQ includes derivatives,XQwill be a so-called generalized
symmetry of the systemof PDEs ifX is a symmetry thereof [35], but wewill only consider caseswhereXQ is a
point symmetry due to ξ = 0 in (2.15). For a point transformation given byX already in evolutionary form
(ξ = 0), its prolongation simply becomes

( ) ( ) ( )= = =X X D Q
y

D
y

pr pr . 2.18Q
i J

J
i

J
i

i J
J

i

J
i

, ,

In case of a very simple generatorX = y∂y and only one independent variable x the 1-prolongation
( )( ) = +X y ypr y y

1 , and it hence just extends the infinitesimal transformation y → (1+ εX)y = y + εy to
the first-order derivative, since ( ( ))( )+ = +y X y y y1 pr 1 . If the independent variables also
transform, that is, ξ μ ≠ 0 for someμ, the prolongationsmay becomemuchmore complicated, as testified by
the formulas above.

Now, let Gbe a connected Lie group acting (locally) on +Rd q with coordinates (x, y), where Rx d are the
independent variables and Ry q the dependent variables, and let g be its Lie algebra. Then G is a symmetry
group2 of a fully regular3 systemofmPDEs, written asΔ = 0, if and only if

( ( )) { } ( )= …=X i mpr 0 1, , , 2.19i 0

for all infinitesimal generators gX [36]. The condition (2.19) is equivalent to requiring that, for a systemΔ
of order n, the prolongation pr(n)X (or prX) is a vector field tangent to the solutionmanifold M defined in
(2.7), which can also be taken as a geometric definition of a (Lie point) symmetry.

The elements of G are (Lie point) symmetries of the systemΔ.When no confusion can arise, wewill also
refer to a generator gX as a symmetrywhenever it satisfies (2.19).Moreover, all Lie point symmetries of a
systemof PDEswill be found by Lie symmetry analysis, because (2.19)holds for all symmetry generators in any
connected symmetry group.Wewill only consider point symmetries, implemented by only applying point
transformation generators (2.8) in (2.19), but (2.19)may be generalized to higher-order symmetries [36]. Of
course, we only have to consider prolongations pr(n)(X)up to the order nofΔ, when applying (2.19). If we
perform a Lie symmetry analysis of the systemΔ = 0wemay for example find that the Lie symmetry algebra is

( )g so= 6 . Then, a (global) symmetry group of the systemΔ = 0may be SO( )6 . However, if−I acts identically
to I onΔ, the corresponding faithful symmetry group is the projective group PSO SO( ) ( ) { }/ ±I6 6 . Both
groups have the same Lie algebra g. However, themaximal, faithfully (or effectively) acting symmetry group
may be a larger group than the latter, such as PO O( ) ( ) { }/= ±I6 6 , alsowith Lie algebra g, but with two compo-
nents, due to the presence of an additional discrete reflection symmetry. Generally, if the symmetry algebra is g,
themaximal symmetry group ofΔmay, a priori, be any group Gwith Lie algebra g. The identity component of
G is then a quotient G̃/N of the unique simply connected group G̃with Lie algebra g, whereN is a normal
subgroup [39]. The identification of themaximal symmetry group G, including anymissing discrete symme-
tries, can be achieved by studying the automorphism groups of the Lie symmetry algebras obtained through Lie
symmetry analysis. For ordinary differential equations,Hydon [40] describes howdiscrete point symmetries
can be constructed from the continuous symmetry algebra, and extends this approach to discrete contact sym-
metries in [41], while in [42] similarmethods are applied to partial differential equations. A systematic applica-
tion of these techniques to determine the full symmetry group G for themodels considered herewould,
however, require a separate analysis and is beyond the scope of the presentwork.

Condition (2.19) is known as the linearized symmetry condition, and the resulting concrete equations are
called the determining equations of g (or, less precisely, G). Combining equations (2.10) and (2.19) shows that
the set of determining equations yields an extensive, over-determined systemof linear PDEs in the coefficients
ξ μ(x, y) and η i(x, y). This systemmay almost always be explicitly solved, and hencewe can determine the
symmetry algebra g, i.e. the infinitesimal symmetries. In this workwe,most of the time, will apply theMathe-
matica packageSYM [43] to calculate determining equations.

2.3. Symmetries of the action S
Of particular interest are symmetries of the action integral

( ) ( )( )= …S L x y y dx dx, , , , 2.20n d0 1

2
Possibly a local group, i.e. only defined in a neighbourhood of the identity.

3
‘Fully regular’ heremeans that the systemΔ is locally solvable and has a non-vanishing Jacobian determinant. In practice,most systems

are fully regular [36].

5

Phys. Scr. 101 (2026) 035209 MASolberg



since they, if they are of Lie type, generateNoether currents and are usually preserved in the quantized theory.
Asmentioned in section 1, a transformation is called a variational symmetry of a theory, if the transformation
leaves the action integral of the theory invariant,

ˆ ( ˆ ˆ ˆ ) ˆ ˆ ( )
ˆ

( )= …S S L x y y dx dx, , , . 2.21n d0 1

ALie-type point transformation ( )Xexp for Rwill be a variational symmetry if and only if

( ) ( )+ =µ
µ

µ
µLX d dpr , 2.22

whereβ μ is a local4 function of x, y and derivatives of yup to some order, andwhere dμ ≡ d/dx μ is a total
derivative. If we can chooseβ μ = 0 for allμ, and hence

( ) ( )+ =µ
µLX dpr 0, 2.23

the Lie point symmetrywill be a strict variational symmetry, and if we cannot chooseβ μ = 0 for allμ, it will be a
divergence symmetry. For an infinitesimal Lie point divergence symmetry the action, due to the divergence
theorem, transforms as

ˆ ( ) ( )= + +µ
µS dF , 2.242

for a small parameter ε, where dFμ are the components of the differential outward normal vector of the
boundary∂Ω ofΩ. Then, S is invariant if and only if the boundary term vanishes,

( )=µ
µdF 0, 2.25

whichwill be the case if the fields vanish sufficiently fast at infinity or obey certain periodic properties.Note that
this boundary termdoes not depend on variations of the fields; therefore, it is not automatically zero, unlike
variations at the boundary. Furthermore, it could be tempting to apply the criterion (2.22)directly to find all
divergence symmetries, but it typically will lead us to very difficult, if not unsolvable, differential equations, and
we are advised to proceed via the Euler–Lagrange equations [44].

A Lagrangian = + µ
µL d will yield the same Euler–Lagrange equations as L, since a total divergence

(also denoted a null Lagrangian)will always produce trivial Euler–Lagrange equations. In this study, the system
of PDEsΔ = 0 is a set of Euler–Lagrange equations of a Lagrangian L.We define the Euler operator
E = (E1,…,Eq)with components given by a formal infinite series

( ) { } ( )= = +… …µ
µ

E D
y y

d
y

i q1 , 1, , 2.26i
J

J
J

J
i i i

0 ,

where |J|, y
J
i andDJ are given by (2.11), (2.12) and (2.14), respectively. Then, the Euler–Lagrange equations of a

Lagrangian L can bewritten as

( ) ( )=LE 0. 2.27

Adirect calculation shows that each Ei annihilates any total divergence dμβ μ, as previously implied. In fact, it
can be shown that a function f is a total divergence if and only if it is annihilated by the Euler operator [35],

( ) ( )=E f 0. 2.28

Therefore, if

( ) ( )+ =µ
µLX d fpr , 2.29

for a non-vanishing f, the infinitesimal generatorX generates a divergence symmetry if and only if (2.28)holds
and hence f = dμβ μ for some local functionsβ μ.

The strict variational Lie point symmetries, given by the symmetry algebra g svar , are obviously variational.
The general variational Lie point symmetries, including divergence symmetries, also generate a Lie symmetry
algebra, whichwe denote g var . Finally, all Lie point symmetries of the Euler–Lagrange equations of Lwill
generate a Lie symmetry algebra gEL , whichwill contain the two other algebras, because it can be shown that all
variational symmetries are symmetries of the Euler–Lagrange equations of the theory (the converse does not
hold in general). Hence, the following symmetry algebra inclusions always hold:

( )g g g . 2.30svar var EL

The symmetries of gEL that are not included in the subalgebra g var are non-variational Lie point symmetries.
In section 4wewill demonstrate that for the 2HDM, the inclusions in (2.30) actually are equalities.

4
Theβ’s will be functions on the jet space J n, hence non-local expressions such as ∫ydx cannot occur in theβ’s [35].
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According toNoether’s theorem, variational Lie point symmetries generate conserved currents. In the case
of a first-order Lagrangian ( )( )L x y y, , 1 a symmetry given by (2.8) induces a conservation law dμj μ = 0with a
conserved current

( ) ( )= +µ

µ

µ µL
Lj y

y
. 2.31i i

i,
,

The quantized version of the theory defined by the classical action S , is determined by Feynman’s path
integralZ,

( )[ ]= D SZ y e . 2.32i y

Variational symmetries leave the action invariant, and if themeasure ( )Dy dy xi x
i

, ofZ is also invariant
under the transformation, the symmetrywill also be a symmetry of the quantized theory.

2.4. Theorieswith potentials
One of the goals of this work is to demonstrate howLie symmetry analysis of PDEs can be applied to the Euler–
Lagrange equations of particle physicsmodels with potentials, such asmulti-Higgsmodels. In this sectionwe
present three results whichmay simplify the symmetry analysis of suchmodels.

We start by defining the Fréchet derivative [35] of an r-tupleP[y] ≡ P(x, y,…, y( n)) of differential functions
as the operatorDP thatmaps any q-tuple of differential (smooth) functionsU to

[ ] [ ] ( )= +
=

D U
d

d
P y U . 2.33P

0

Then, the Fréchet derivative of an r-tuple of functionsP = (P1,…,Pr) is the q× rmatrix with elements [35]

( ) ( )=D
P

y
D . 2.34P ij

J

i

J
j J

0

The adjoint *DP of the Fréchet derivative is an operator with similar properties [35],

( ) (( ) ) · ( )=*D D
P

y
1 , 2.35P ij

J

J
J

j

J
i

0

where e.g.Dx · u(x) = ux + uDx on the right-hand side of equation (2.35). LetX be an infinitesimal generator
with coefficients

{ } ( )µ= …µ d0, 0, , 1 2.36

( ) { } ( )= … …y y i q, , , 1, , 2.37i i q1

where the η i are polynomials in the fields (i.e., the dependent variables). Then,Xhas characteristic

( ) ( )= …Q y y, , , 2.38i i q1

cf. (2.15), andX is in evolutionary formbecause of (2.36). The adjoint of the Fréchet derivative ofQ then
becomes

( ) ( ) ( )=
…

= =J J*D
y y

y

, ,
, 2.39Q ij

j q

i ji ij
T

1

whereJ is the Jacobianmatrix of η, since only the |J|= 0 term contributes to (2.35). Derivatives such as dμ and

µy
i
,
do not commute.However, the following, useful commutation formula holds [35]

( ( )) ( ( )) ( ) ( )= +L L L*E X X E D Epr pr , 2.40Q Q Q

for a q-tuple of general, smooth functionsQ i, cf. (2.17).Moreover, let

( )=L T V 2.41

be the Lagrangian density of a theory, whereT denotes the kinetic part (the sumof the kinetic terms), while
V(j1,…,jm) is a potential, i.e. a real polynomial in a subset of the dependent variables. Specifically, let

{ } { } ( )= … … =y y y, , , , . 2.42m
q

1
1

For convenience, we assume that the dependent variables are ordered such that

{ } ( )…y i m, 1, 2, , . 2.43i
i

An nth-order Lagrangian Lmay be viewed as a function on the jet space J n, RL J: n . Note thatjmay
consist of any of the fields of y, although the intention is to letV(j) = V(f), that is, letV be a scalar potential.
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Also note that the ‘kinetic’ partThere actuallymay consist of any terms complementary toV.Moreover, we
assumeE(L) = 0 does not imply any polynomial consequences of the form

( ) ( )=p 0, 2.44

where p is a non-trivial,multivariable polynomial in the samefields as the potentialV.5 Thismeans that we
cannot derive any relation of the form (2.44), from the Euler–Lagrange equations.Wewill call such a theory a
polynomial potential theory. Practically anymulti-Higgsmodel is an example of a polynomial potential theory,
including the 2HDM.One reason is that each Euler–Lagrange equation ( ) =LE 0i inmulti-Higgsmodels will
include distinct, second-order derivatives of the field y i that do not appear in any other ( ) =LE 0j for j ≠ i, and
hence cannot be eliminated to produce some polynomial consequence (2.44). Here, we assume the
multivariable polynomialVmay include any terms of any degree in the fieldsj, but in some cases wewill regard
potentials without linear terms (but a constant inV is allowed). However, in these cases, the linear terms are not
forbidden among the kinetic terms.Wenowprove the following, useful result regarding evolutionary
symmetries of polynomial potential theories:

Theorem1. Let =L T V be a polynomial potential theory and let the infinitesimal generator

( )= …X y y, , ,i q
y

1 i

where each η i is a polynomial, be a symmetry of ( ) =LE 0. Moreover, assume that eitherV(j1, …, jm) does not
contain any linear terms αiji, or that αi≠ 0 ⇒ η i(y1, …, yq) does not contain a constant term.

Then,

(i) If prX(T) = 0, the symmetry generated byX is strictly variational.

(ii) If prX(T) = dμβ μ for some non-vanishing current β μ, i.e. a total divergence, the symmetry generated by X is a
divergence symmetry.

Proof.The linearized symmetry condition (2.19) applied on the Euler–Lagrange equations ( ) =LE 0 yields

( ( ( ))) { } ( )( ) = …=L LX E i qpr 0, 1, , , 2.45i E 0

while (2.40) implies

( ( )) ( ( )) ( ) ( )=L L L*X E E X D Epr pr , 2.46Q

since prX = prXQ, because the former is already in evolutionary form. Assume

( ) ( )= µ
µX T dpr , 2.47

for a possible vanishing currentβ. Substituting (2.39) into (2.46) then yields,

( ( )) ( ( )) ( ) ( )=L J LX E E X V Epr pr , 2.48T

becauseE(dμβ μ) = 0 cf. (2.28), andwhereJ is the Jacobianmatrix of η. Then, if ( ) =LE 0, the first and last
terms in (2.48) vanish, cf. (2.45), that is, for any i

( ( )) ( ) ( )= =E X V
y

X Vpr pr 0, 2.49i i

because there are no derivatives in the potential. The polynomial equation (2.49)will also holdwhen
( )LE 0, because ( ) =LE 0 does not imply any polynomial relations (i.e., consequences) between the fields

ofV, as L is a polynomial potential theory. But then prX(V ) = C for constantC, andC = 0 because all terms of

( ) ( ) ( )= =X V X V Vpr 2.50i
yi

are, if non-vanishing, at least linear in the fields, because if Vyi includes a constant term for an i, then η idoes
not, per assumption. Thismeans that the potentialV is annihilated by the prolongation ofX,

( ) ( )=X Vpr 0, 2.51

and hence

( ) ( ) ( )= = µ
µLX X T dpr pr . 2.52

Thus, ifβ = 0 thenX generates a strict variational symmetry, cf. (2.23)with ξ = 0. Furthermore, ifβ is non-
vanishing,X generates a divergence symmetry, cf. (2.29)with ξ = 0. aaa □

5
In differential algebra language, ( ( )) [ ] { }… =RLI E , , 0m1 , where ( ( ))LI E is the differential ideal generated by the Euler–Lagrange

expressions ( )LE (it encodes all formal consequences of the Euler–Lagrange-equations), see for example [45], and [ ]…R , , m1 is the ring
of all polynomials in the variablesjwith real coefficients.
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Wewill apply theorem1 in section 4 to demonstrate that symmetriesmust be strictly variational, without
having to consider all the numerous, different conditions on the parameters of the potential.

2.5. Scalar, variational symmetries in any spacetime dimension
It turns out that the purely scalar, variational Lie point symmetries of amulti-Higgsmodelwith any number of
doublets and singlets are the same for any spacetime dimension d. Thismay imply computational advantages,
because if we are only interested in scalar, variational symmetries wemay reduce the number of spacetime
variables and gauge fields, and hence reduce the computational cost of finding the determining equations of the
scalar, variational symmetries.

Let themost generalNHDM+KSLagrangian in d spacetime dimensions be given by

( ) ( ) ( ) ( )†… = + +
µ

µ
µ

µ
µ

= = =

L x x D D s s V s T, ,
1

2
, 2.53d d

d

n

N

n n
m

K

m m0 1
0

1

1 1
GB

withΦ ≡ (Φ1,…,ΦN) and s ≡ (s1,…, sK), andwhere the kinetic terms of the gauge bosons read

( )= +
µ

µ
µ

µ
µ

=

T W W B B
1

4

1

4
. 2.54

d
a a

GB
, 0

1

The covariant derivatives, gauge boson field strength tensors andHiggs doublets are given by:

( )= + +µ µ µ µD ig W ig YB
2

, 2.55
a

a

( )= +µ µ µ µW W W g W W , 2.56a a a abc b c

( )=µ µ µB B B , 2.57

( )( ) ( )

( ) ( )
=

+

+
+ +

+ +

i

i
1

2
, 2.58j

j j

j j

4 1 1 4 1 2

4 1 3 4 1 4

whereσ a are the Paulimatrices, 1� a � 3 andYdenotes the U( )1 Y hypercharge of the corresponding field.
Geometrically, µW a can be viewed as the local components of an SU( )2 L principal connection, whileBμ are the
local components of aU( )1 Y principal connection.Here, we also include the casewhereK = 0, that is, where the
theory is a pureNHDMwith no gauge singlets.

Then, the variational, scalar symmetries of theories given by Ld are independent of d:

Proposition 1.The variational Lie point symmetries transforming only the scalars are the same for all NHDM+KS
Lagrangians Ld , regardless of the spacetime dimension Nd .

Proof.The proof of this is provided in appendixA. aaa □

An immediate consequence of proposition 1 is then

Corollary 1.To find all scalar, variational Lie point symmetries of an NHDM+KS Lagrangian L4, it is sufficient to
consider the simplified Lagrangian L1, because such symmetries are exactly the same for the two theories.

The simplified Lagrangian L1will only contain four gauge fields and one free variable and is hence compu-
tationallymuch less demanding than L4 that contains 16 gauge fields and four free variables. The validity of
proposition 1 is confirmed by performing the analysis of section 4 on the d = 2 variant of the 2HDMLagran-
gian L2, in addition to the d = 4 2HDMLagrangian L4.

6 After specializing to scalar transformations, the two
approaches yield exactly the same equations, and hence exactly the same symmetry algebras (all Lie symmetries
of the 2HDM turn out to be strictly variational andwill hence be shared by the two Lagrangians according to
proposition 1). However, in the d = 2 case, the number of free variables and gauge fields are halved, that is, the
field equations

( ) ( )=LE 0 2.592

6
The even simpler case d = 1 causes someSYM-related technical issues, because the kinetic terms of the gauge bosons vanish in this case.

However, we could have added arbitrary dummyderivatives to circumvent this, as the kinetic gauge terms are annihilated by scalar
symmetries prX, and therefore become irrelevant for determining scalar symmetries.
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form a systemof 16 equationswith 16 dependent and two free variables, whereas the field equations

( ) ( )=LE 0 2.604

form a systemof 24 equationswith 24 dependent and four free variables. The computation time forSYM to
calculate the determining equationswas reduced to a small fraction in the d = 2 case.7

InAppendix A, we argue that proposition 1 and corollary 1 cannot be extended to scalar, non-variational
symmetries.

3. An illustrative example: real, scalarf4 theory

The following sectionmay be skipped by readers familiar with Lie symmetry analysis of PDEs. The aim is here
to illustrate the general theory of sections 2.1–2.5, using a simple example, namely real, scalarf4 theory.

3.1.f4 theory in one dimension
Real scalarf4 theory in 1d has a Lagrangian density

( )
!

( )=L m
1

2

1

2 4
, 3.12 2 2 4

wheref = f(x) is a scalar field that depends on one free variable x, with a nonlinear field equation

( )+ + =m
6

0. 3.22 3

In the standard realf4model (3.1) one usually imposes a discrete Z2 symmetryf → − f in order to forbid
linear and cubic termsThis yields a simple, renormalizablemodel with a symmetric vacuum structure and a
potential containing only the even powersf2 andf4. The relevant prolongation (2.10) of the infinitesimal
symmetry generatorX in (2.8) is

( ) ( ) ( ( ))
( ( ) ( )

( ( ) )) ( )

( ) = + + + +

+ + + + + +

+ + + +

X x xpr , ,

2

, 3.3

x x x

x x xx x

x x xx

2

where subscripts indicate partial derivatives.We then apply (3.3) to (3.2), and thereafter use the substitution

( )m
6

3.42 3

everywherewe can, cf. the linearized symmetry condition (2.19), with the following determining equation as
result:

( )( )

( ( ) ) ( )

= + +

+ + + +

m m0
2

1

6
6 3 2

2 2 . 3.5

x

x x xx xx

2
2 3 2

Here, each coefficient of each distinct power of must vanish for (3.5) to hold for any solution of the original
field equation (3.2) (remember, ξ and ηdo not contain ), andwe then obtain a larger systemof determining
equations:

( )( )

( )

( )

= + + +

= + +

=

=

m m

m

: 0
2

1

6
6 2 ,

: 0
1

2
6 2 ,

: 0 2 ,

: 0 . 3.6

x xx

x xx

x

0
2

2 3 2

1 3 2

2

3

The determining equations (3.6) are a second-order systemof homogeneous, linear PDEs in the coefficients of
the infinitesimal generatorX, that is, ξ and η. The system can be solved by elementarymethods, and the
solutionswill depend onwhether the parametersm2 andλ vanish, as the vanishing parameters will yield
simpler equationswithmore solutions.

7
For the 2HDMthe calculation of the determining equations of L4 took nearly 14 hours on a desktop computer, whereas the

corresponding calculation for L2 on the same computer took only 45 minutes.
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3.1.1. Massive f4 theory
Assuming

( )m , 0 3.72

the solutions of the set of four determining equations (3.6) are
( ) ( ) ( )= =x c x, , , 0, 3.81

for a constant c1, which gives us the 1d Lie algebra defined by the generator

( )=X , 3.9x1

which generates the translational symmetry x → x + ε and abstractly spans the one-dimensional Lie algebra R.
The generator (3.9) is here a strict variational symmetry, because

( ) · ( ) ( )+ = =L L
d

dx
pr

1
0, 3.10x x

cf. (2.23), since L does not contain x explicitly.

3.1.2. Massless f4 theory
If

( )=m 0 and 0 3.11

in (3.2) and (3.6), the solutions to (3.6) are
( ) ( ) ( )= + =x c c x x c, , , , 3.121 2 2

for arbitrary, real constants c1 and c2. Hence, the Lie symmetry (3.9) is enhanced to a 2d Lie algebra

( )
=
=

X
X x

,
, 3.13

x

x

1

2

where the commutator equals

[ ] ( )=X X X, , 3.141 2 1

andwe therefore have the 2d, non-abelian Lie algebra ( )a 1 . The generatorX1 is strictly variational in the same
manner as before. ConcerningX2,

( ) ( ) ( )( ) + = + = + =L L L L L LX d x
dx

dx
pr 2 4 3 , 3.15x x

1
2

where ( ) ( )=L LE E3 3 is non-zero and is proportional to the left-hand side of the field equation.Hence,
the symmetry is non-variational, cf. (2.28), whichmeans that it is a symmetry of the field equation, but not the
action. ThatX2 is actually a symmetry of the field equation is confirmed by checking the linearized symmetry
condition (2.19) for the field equation:

( ( )) ( ) ( ) ( ) ( )( ) = =L L LX E x E Epr 2 3 3 , 3.16x
2

2

which vanisheswhenE() = 0, that is, when the field equation (3.2) (withm = 0) holds, andX2 is hence a
symmetry of the equation. In 4d, the corresponding symmetrywill be strictly variational, cf. (3.44).

3.1.3. Free, massive scalar theory
Now, if we let

( )= m0 and 0 3.17

in (3.2) and (3.6), the solutions to (3.6) are
( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

= +
= + +

x d x d x

x d x d x d x

, ,

, , 3.18

1 2

3 4
2

2

where

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

= + +

= +
= +

= + +

d x c
c mx

m

c mx

m

c

m
d x c mx c mx

d x c mx c mx

d x c mx c
c mx

m

sin 2

2

cos 2

2 2
,

cos sin ,

cos sin ,

sin
sin 2

2
. 3.19

1 1
2 4

2

4

2

2 5 6

3 7 8

4 2
2

3
4
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Then the infinitesimal generator (2.8) is given by

( )=
=

X c X , 3.20
i

i i
1

8

where the generatorsXimay be taken as

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )
( ) ( )

/

/

/

/

/

=
=
=

= +

=

= +
=
=

X m

X m mx mx mx

X

X m mx mx mx

X m mx mx

X m mx mx

X mx

X mx

1 ,

1 sin cos sin ,

,

1 sin sin cos ,

1 cos sin ,

1 sin cos ,

cos ,

sin , 3.21

x

x

x

x

x

1

2
2

3

4
2

5
2

6
2

7

8

where the factors (1/m) ensure that there are no occurrences of themass parameterm in the commutator table.
Here,X1 corresponds to translations andX3 corresponds to scaling symmetries. Some occurrences of the
parameterm−1 have been absorbed in the constants cj, which should be kept inmind if wewant to explore the
symmetries corresponding to the casem = 0. The commutator table of (3.21) can then be calculated by applying
SYM [43]

ð3:22Þ

Note that {X1,X7,X8}, {X1,X5,X6} and {X1,X3,X7,X8} are subalgebras. The subalgebra { } ( )a=X X, 13 6 is
non-compact; thus, the ambient algebra is non-compact as well.We show that the Lie algebra generated by
(3.21) is ( )sl 3 in section (3.1.4). The only scalar symmetryX3 has a prolongation that acts as

( ) ( )( ) ( )( ) = + =L L LXpr 2 , 3.231
3

and is hence not a variational symmetry, because the Euler operator of the result of (3.23) is evidently not zero:
( ) ( )=L LE E2 2 is amultiple of the Euler–Lagrange-expression, which is not identically zero.Of course, the

expression vanisheswhen assuming that the Euler–Lagrange equation holds; however we donot assume this on
the level of variational (also called ‘off-shell’) symmetries.

3.1.4. Free, massless scalar theory
In case

( )= =m 0 3.24

the solutions of the determining equations (3.6) still yield a Lie algebra that is 8d, with generators

( )

=
=
= +
=
= +
=
=
=

X

X x

X x x

X

X x

X

X

X x

,

,

,

,

,

,

,

, 3.25

x

x

x

x

x

1

2

3
2

4

5
2

6

7

8
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and commutator table

ð3:26Þ

Weagain note that the algebra has an ( ) { }a = X X1 ,1 2 subalgebra, so the 8d algebra cannot be a compact
algebra, because the subalgebra ( )a 1 is not compact. This algebra is ( )sl 3 (cf. Olver’s no 6.8 basis, e.g. in [46]).

Lie himself showed that a second-order equationwith an 8d algebra, is always equivalent to themassless
equationf″ = 0. Equation (3.2)withλ = 0,m2≠ 0 is equivalent to themassless equation ˆ = 0 through the
point transformation (see e.g. [47])

ˆ ( ) ˆ
( )

( )= =x mx
mx

tan ,
cos

, 3.27

whichmakes themassless equation hold if and only if themassive equation holds, as long as ( )mxcos 0. Note
that the transformation (3.27) is not a symmetry, because the structure of the equation is not conserved.

Moreover, the algebra corresponding to (3.21) and (3.22) is ( )sl 3 , which is the same algebra as in the case
m = 0. First, it is the only possible 8d algebra for any second-orderODE. Second, the generators (3.21)may be
transformed to generators yielding the same commutator table as form = 0 (3.26), by a basis shift:

By applying the transformations (3.27) and their inverses

( ˆ) ˆ

ˆ
( )= =

+
x

x

m x

arctan
,

1
, 3.28

2

in combinationwith chain rules

( ˆ) ( ˆ )

( ˆ) ( ˆ ) ( )
ˆ ˆ

ˆ ˆ

= +

= +

x

x

,

, 3.29

x x x x

x

weobtain a correspondence between the generators (3.21) related tom ≠ 0, and the generators (3.25)
corresponding tom = 0.Here, wewill denote the latter as hatted quantities, consistent with the transformation
(3.27). For instance,

( )
( )

( ( ) )

( ˆ ) ˆ ˆ
ˆ

ˆ ˆ ˆ

ˆ ˆ ( )

ˆ ˆ

ˆ ˆ

ˆ ˆ ˆ

/= = +

= + +
+

= + +

= +

X m
mx

mx

x
x

x

x x

X X

1
1

cos
sin

1
1

, 3.30

x x

x

x x

1 2

2
2

2

1 3

where the last line refers to the generators of (3.25). Subsequently, the generators of (3.21) and (3.25) are
connected through

ˆ ( )=X TX , 3.31

where thematrixT equals

( )=T

1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1

, 3.32

13

Phys. Scr. 101 (2026) 035209 MASolberg



andwe can express the generators (3.21) in a newbasis given by

( )=X T X. 3.331

Then, a calculation of the commutation table in the basis X , shows that the table is identical to that in (3.26),
them = 0 case.Hence, we have shown explicitly how the Lie symmetry algebra of the free,massive equation is
the same as that of the correspondingmassless equation, namely ( )sl R3, .

As in themassive case, the generatorX7= f∂fwill correspond to a non-variational symmetry because its
prolongationwill againmap L to amultiple of itself. The new scalar symmetryX6= ∂f equals its ownpro-
longation and annihilates ( )( )/=L 1 2 2, and is thus a strict variational symmetry. The accordancewith theo-
rem1 is trivial, becauseV = 0.

3.2.f4 theory in (3+1)d spacetime
Real scalarf4 theory in 4d has a Lagrangian density

!
( )= µ

µL m
1

2

1

2 4
, 3.342 2 4

with a nonlinear field equation

( )+ + =µ
µ m

6
0, 3.352 3

forf = f(x).Wemay now analyze the symmetries of (3.35), for example by applyingMathLie [48] or
SYM [43]. Equation (3.35) then yields 19 determining equations.

3.2.1. The casem, λ ≠ 0
In the casem,λ ≠ 0, the Lie symmetry algebra consists of 10 generators, the first six ofwhich correspond to the
Lorentz algebra ( )so 1, 3 ,

( )

= +
= +
= +
=
=
=

X x x

X x x

X x x

X x x

X x x

X x x

,

,

,

,

,

, 3.36

x x

x x

x x

x x

x x

x x

1 0 1

2 0 2

3 0 3

4 2 3

5 3 1

6 1 2

1 0

2 0

3 0

3 2

1 3

2 1

where the first three generators are the boosts in x1, x2 and x3 directions, and the last three are the rotations
about the x1, x2 and x3 axes, respectively. Togetherwith the four translations

( )

=
=
=
=

X

X

X

X

,

,

,

, 3.37

x

x

x

x

7

8

9

10

0

1

2

3

(3.36) yields the Poincaré algebra ( )iso 1, 3 , which is the symmetry algebra for the casem,λ ≠ 0.

3.2.2. The casem= 0 and λ ≠ 0
In the case off4 theory in (3+1)d spacetimewithm = 0 andλ ≠ 0SYM [43] reveals that the symmetry algebra

( )iso 1, 3 is enhancedwith the five generators8

( )
( )
( )
( ) ( )

=

= + + + + + + +

= + + + + +

= + + + + +

= + + + + +

=X x

X x x x x x x x x x x x

X x x x x x x x x x x x

X x x x x x x x x x x x

X x x x x x x x x x x x

2 2 2 2 ,

2 2 2 2 ,

2 2 2 2 ,

2 2 2 2 . 3.38

i i x

x x x x

x x x x

x x x x

x x x x

11 1
4

12 0 0 1 0 2 0 3 0
2

1
2

2
2

3
2

13 1 0 1 1 2 1 3 0
2

1
2

2
2

3
2

14 2 0 2 1 2 2 3 0
2

1
2

2
2

3
2

15 3 0 3 1 3 2 3 0
2

1
2

2
2

3
2

i

1 2 3 0

0 2 3 1

0 1 3 2

0 1 2 3

Scaling symmetries such asX11 are knownnot to be preserved in the quantum theory, due to the regulator
introducing a scale.We nowdemonstrate that the scaling symmetry generated byX11 is, nevertheless, strictly
variational, in contrast to the situation in the 1d case. The generatorX11 corresponds to infinitesimal symmetry
transformations

8
Thanks to StylianosDimas for providing a tutorialMathematica notebook demonstrating equations (3.36)–(3.38) and (3.45)–(3.46)

usingSYM.
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( ) ( ) ( )+µ µx x1 , 1 . 3.39

Then the derivative transforms as

( )
( )

( ) ( )
+

=
µ µ µx x x

1

1
1 2 , 3.40

while themeasure transforms as

( ) ( )+d x d x1 4 3.414 4

to first order in the infinitesimal parameter ε, cf. (3.39). Then, suppressing ε, δf = − f, δx = x,
δ(∂μf) = − 2∂μf and δ(d4x) = 4d4x, which gives a first-order variation

( )
( )

( ) ( ) ( )= + + = + =
µ

µ µ
µL L L L

L
d x

d x

d x

d x 6
2 4 0, 3.42

4

4

4

4

4

of the Lagrangian off4 theory.We obtain the same result by applying the 1-prolongation ofX11,

( )
( )

( )( ) = µ
µ µ

µ
X xpr 2 , 3.431

11

to L, because the definition (2.23) of a strict variational symmetry then holds,

( ) ( )( ) + = + =µ
µL L LX dpr 4 4 0, 3.441

11

where ξ μ = x μ, in contrast to the 1d case (3.15). There are no scalar symmetries, as in the case of the
corresponding 1d theory in section 3.1.2. This is in accordancewith corollary 1, which states that scalar
variational symmetries will be the same for the 1d and 4d theories.

3.2.3. The casem≠ 0 and λ = 0
In the case off4 theory in (3+1)d spacetimewithm ≠ 0 andλ = 0SYM [43] shows the symmetry algebra

( )iso 1, 3 is enhanced by the generators

( ) ( )
=
= F

X

X x

,

, 3.45
11

12 1

where ( )F x1 is an arbitrary function of the spacetime variables, satisfying

( )+ =µ
µF Fm 0. 3.461

2
1

Hence the symmetry algebra in this case becomes infinite dimensional, with ( )iso 1, 3 as a finite subalgebra. The
only scalar symmetryX11 here is the same as for the 1d case in section 3.1.3. ByCorollary 1, the scalar,
variational symmetries of the 4d theorymust be the same as those of the 1d theory, which can easily be
confirmed: As for the 1d case, the prolongation ofX11maps L to amultiple of itself, and is hence again non-
variational.

3.2.4. The casem= λ = 0
In the casem = λ = 0, the Poincaré algebra ( )iso 1, 3 is enhanced by both sets of generators given in (3.38) and
(3.45); hence the algebra once again becomes infinite-dimensional. The symmetryX11= f∂fwill stillmap L to
amultiple of itself, as in section 3.1.4, and is hence non-variational as before. The 4d, scalar symmetry is thus of
the samenature as in the 1d case, in harmonywith corollary 1.

No divergence symmetries were found in the analysis in section 3, but they occur e.g. in scalar gauge singlet
extensions of the SM [49]. Finally, we also note that all three cases,m = 0,λ = 0 andλ = m = 0may be imposed
by symmetries, as all cases correspond to distinct symmetries.

4. 2HDM

The Lagrangian of a 2HDM is defined by (2.53)withN = 2 andK = 0,

( ) ( ) ( ) ( )†= +µ
µ

µ
µ

µ
µ

=

L W W B B D D V
1

4

1

4
, , 4.1a a

i
i i

1

2

1 2

withHiggs doublets

( )=
+
+

=
+
+

i

i

i

i
1

2
,

1

2
, 4.21

1 2

3 4
2

5 6

7 8
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where the covariant derivatives and gauge bosonfield strength tensors are given by (2.55)–(2.57). Themost
general, renormalizable 2HDMpotential can bewritten as

( ) [ ]

( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( )( ) ( )

† † †

† † † † † †

† † † † †

= + +

+ + + +

+ + + +

V m m m, h.c.

2 2

2
h.c. , 4.3

1 2 11
2

1 1 22
2

2 2 12
2

1 2

1
1 1

2 2
2 2

2
3 1 1 2 2 4 1 2 2 1

5
1 2

2
6 1 1 1 2 7 2 2 1 2

where ‘h.c.’meansHermitian conjugate, i.e. conjugate transpose, with complex parameters m12
2 ,λ5,λ6 andλ7,

other parameters real. Applying a basis shift (i.e. a reparametrization) of the doublets,

( ) ( ˆ ˆ ) ( ) ( )= U, , , 4.4T T T
1 2 1 2 1 2

with9 U( )U 2 , we can diagonalize themass-squaredmatrix and remove the complex phase of e.g. λ5, which
means that

( ) ( )I= =m 0, 0, 4.512
2

5

in the potential ˆ ( ˆ ˆ ) ( )=V V, ,1 2 1 2 written in the new, hatted basis.
The 24 Euler–Lagrange equations ( ) =LE 0 in (4.1) are of the form

( )=µ
µ

L L

y
d

y
i0, 1 24, 4.6

i i
,

with

{ } { } ( )= … … …=y B B W W W, , , , , , , , , . 4.7i
i 1
24

1 8 0 3 0
1

0
2

3
3

These equationswill be variants of the interacting (i.e., nonlinear)Klein–Gordon andProca equations.

4.1. A bilinear formalism
The 2HDMpotentialmay also bewritten in a particularly usefulmanner by gauge invariant bilinears, a
formalismfirst introduced in [50] and subsequently developed for the general 2HDM in [51].

( )= + + + +V M r M r r L r r r r 4.8a a a a a ab b0 0 0 0
2

0

by employing bilinears in the fields,

( ) ( )† †= =r r, , 4.9i i a i a ij j0

where a ∈ {1, 2, 3} and bilinears ra are given in terms of the Paulimatricesσa, which imply

( ) ( )

( ) ( )

† † † †

† †

= + =

=

r r
i

r

1

2
,

2
,

1

2
. 4.10

1 1 2 2 1 2 1 2 2 1

3 1 1 2 2

The parameters of (4.8) are given by

( ) ( )= + = + +M m m ,
1

2
, 4.110 11

2
22
2

0 1 2 3

( ) ( ) ( ) ( )IR= + +L , ,
1

2
4.12

T

6 7 6 7 2 1

( ( ) ( ) ) ( )IR=M m m m m2 , 2 , , 4.13T
12
2

12
2

22
2

11
2

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( )

I

I I

I

R R

R

R

=

+

+
1

2

. 4.14

4 5 5 6 7

5 4 5 6 7

6 7 6 7 1 2 3

Under a change of basis

SU( ) ( )U U, 2 , 4.15i ij j

9
Orwith SU( )U 2 , if we absorb the complex phase of U( )2 into U( )1 Y hypercharge symmetry.
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r0 is a singlet while ra transforms under the adjoint representation of SU( )2 ,

( ) ( )r r r R U r, , 4.16a ab b0 0

with

( ) ( ) ( )†=R U U U
1

2
Tr . 4.17ab a b

Tokeep the potential invariant, the coupling constants are transformed as follows under this change of basis:

( ) ( ) ( )R U R U , 4.18T

( ) ( )L R U L, 4.19

( ) ( )M R U M. 4.20

Because SOSU ( )( ) =Ad 32 allmatrices of SO( )3 correspond to an SU( )2 Higgs basis transformation, andwe
may always diagonalize thematrixΛ of (4.14) by a basis transformation.Given an arbitrary potential, we can
change the basis in such away thatΛ is diagonalized. Thismeans that

( ) ( )I = =0, , 4.215 7 6

in the newbasis. The basis shift will, of course, depend on the values of the parameters ofΛ in the original basis,
hencewe have reduced the number of parameters by three. A slightly different bilinear formalismwas applied
in the beautiful derivation of the strict variational symmetries of the 2HDM in [21]. A crucial part of the proof is
the aforementioned diagonalizability ofΛ, which does not carry over to the analogousmatrixΛ for higherN,
because SOSU ( )( ) NAd 1N

2 is dramatically smaller whenN > 2. This againmakes the classification of
symmetries using bilinear formalismsmuchharder forN > 2.

4.2. Finding and solving determining equations
Wenowfind the determining equations (2.19) of the systemof PDEs given by (4.6) by applyingSYM [43]. This
yields a systemof 1733 determining equations for the coefficients ξ μ and η i of the point-symmetry
generator (2.8).

These determining equations follow from the symmetry condition (2.19), that is, by computing ( ( ))LX Epr i

for all i as functions on the relevant jet space and then imposing ( ) =LE 0 by substituting 24 of the highest-
order derivatives, cf. (3.4). In geometric terms, this ensures that the change of the functions ( )LEi along the
direction prX vanisheswhen starting on the solutionmanifold ( )M LE , so that prX is tangent to ( )M LE . HenceX
generates a Lie point symmetry, since itmoves us infinitesimally fromone solution to another. Finally, by
demanding that the coefficients of all linearly independentmonomials in the remaining derivatives of the fields
vanish, we obtain a linear overdetermined systemof PDEs for the functions ξ μ and η i, cf. (3.6).

Aswe are interested only in scalar symmetries, we set

( )
µ=

=

µ

i

0, for all 0 3,

0, for all 9 24. 4.22i

Thismeans that the spacetime variables and gauge bosons are kept constant under the considered
transformations. Then the simplest (shortest) of the remaining determining equations are

( )= i j k0, for all 1 , , 8, 4.23i
j k

and

( )= >j i0 for all 8 1 8, 4.24y
ij

whichmeans that the η i’s are affine (or sometimes referred to as linear) in the scalar fields and do not depend on
the gauge fields. For strict variational symmetries, (4.23) is natural: any quadratic or higher dependence

( )= Oi 2 would generate higher-ordermonomials (such asf5 orf8) in the transformedpotential, which
would spoil the invariance of the potential.

Hence, we can proceed by solving the determining equations by substituting

( )= +a b , 4.25i
i ij j

with an implicit sumover j ranging from1 to 8 into the determining equations.We donot include explicit
spacetime variables in (4.25) becausewe are only considering pure scalar symmetries, although it would have
been a principal possibility for non-scalar symmetries. After substituting (4.25), we obtain a systemof 353
polynomial equations

( ) ( )… =P y y, , 0, 4.26k
q1
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for the q = 24 fields (4.7), with 1� k � 353. All derivatives of the fieldswere eliminatedwhenderiving the
general determining equations for the functions η i and ξ μ. The polynomialsPkdepend on the parameters of the
Lagrangian, as well as on the unknown constants ai and bij, whichwewish to determine for the different possible
choices of Lagrangian parameters. For a symmetry to be present, all equations (4.26)must hold for all field
values, in complete analogywith the requirement that (3.6)must hold for all values off (and x). This implies
that, in each equation (4.26), the coefficients of all distinctmonomials in the fieldsmust vanish.

More precisely, let a generalmonomial m̄ in the q = 24 fields bewritten as:

¯ ( ) ( ) ( ) ( )… = Nm n n y y n, , , , 4.27q
n q n

j1
1

0q1

where { }=N N 00 . Then

¯ ( ) ( )… =Cm n n P C, , 0 4.28q k1

when ( )…C C a b m g g Y, , , , ,n n, ,
2

q1
is themaximal coefficient of ¯ ( )…m n n, , q1 , that is

¯ ( ) ( ¯ ( )) ( )… …Dm n n P Cm n n, , , , , 4.29q k q1 1

for any, non-zero coefficient ( )…D D a b m g g Y, , , , ,n n, ,
2

q1
. This splitting intomonomials yields 1412

equations of the formC = 0, some ofwhich are very simple. The 80 simplest equations are of this type:

{ } ( )= =h a h b h g g Y gg Y0, and 0, with , , , 4.30i ij

andmay be solvedwith solutions

{ } ( )= …a i0 1, ,8 , 4.31i

and

( )=b 0 4.32ij

for all i, j except for indices corresponding to any of the following 24 parameters

{
} ( )

=B b b b b b b b b b b b b

b b b b b b b b b b b b

, , , , , , , , , , , ,

, , , , , , , , , , , , 4.33
1 12 15 16 21 25 26 34 37 38 43 47 48

51 52 56 61 62 65 73 74 78 83 84 87

parameters that did not vanish at this stage.We also could have considered the case =g 0 here, and hence
investigated custodial symmetries [52], but wewill refrain from it, as these are not exact symmetries of the
considered Lagrangian (4.1), and as this could have doubled the analysis.10

Equation (4.31)means that there cannot be any pure scalar shift symmetries of the field equations in a
2HDM.We continue our process of solving the determining equations by substituting the solutions (4.31) and
(4.32) into the 1412 determining equations, where only the parameters (4.33) are kept non-zero among the bij’s.

At this stage, we also implement (4.5), that is, set =m 012
2 andI(λ5) = 0, althoughwe just as well could have

done so from the start, before calculating the Euler–Lagrange equations. Then, we endupwith a system

( )=D 0 4.34i

of 548 determining equations.

4.3. Parameter cases and reductions of the potential
Let a reduced potential be a potential inwhich one ormore parameters have been eliminated by transforming to
a specific scalar basis through aU( )2 Higgs-basis transformation (4.4). Such reduced potentials have been used,
for example, in early studies of CP violation in the 2HDM [15], in basis-independent analyses [54], in the
Minkowski-space formulation of theHiggs potential [21], and in tensor-product-based classifications of scalar
symmetries [32].

We proceed by considering different parameter cases, and try to optimally reduce the potential in each case.
Thismeans that we eliminate asmany parameters as possible through an appropriate basis transformation, and
hence,more or less, lock the basis and thereby discard reparametrization freedom.Wedo this to avoid that the
same symmetrymanifests itself in different bases of the doublets excessively, typically by Lie algebras with gen-
erators involving potential parameters. Although all thesemanifestations of the same symmetrywill be detec-
ted by the Lie symmetry analysis (for a clarification of this, see Appendix B), wewant to avoid this asmuch as
possible, becausewewould otherwise have to show that two differentmanifestations of the same symmetry are
equivalent, whichmay imply extrawork.

10
See [53] for conditions for the canonical custodial symmetry (CCS) in the 2HDM,while [32] classifies non-canonical 2HDM

symmetries. The Lie symmetry analysis used in this workwould detect all such symmetries, including the non-canonical ones.
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4.3.1. The case m m11
2

22
2

In addition to the diagonalization of themass-squaredmatrix, and hence the reduction (4.5) of the potential,
we now assume that

( )m m 4.3511
2

22
2

Then the 164 simplest determining equations are of the forms

( ) ( )= =m m b b0 0 4.36ij ij11
2

22
2

( ) ( )± = =h b b b b0 4.37ij kl ij kl

for h > 0 cf. (4.30) and certain indices i, j, k and l. Solving these equations yields:

( )

= = =
= = =
=

b b b b
b b b b
b i j

,
,

0, for other , , 4.38ij

12 34 43 21

56 65 87 78

whichmeans that we have only two free parameters: b21 and b78. Inserting (4.38) into the full set of determining
equations and then applyingMathematica’s built-inReduce function, we obtain

( )+ =b b 0 4.3921 78

or

( ) ( ) ( ) ( ) ( ) ( )I IR R R= = = = = 0 4.405 6 7 6 7

Here, substituting (4.39) into (4.25) and then into the infinitesimal generator (2.8) results in a 1-dimensional
algebra that is present for all11 potentials, given by the generator

( )= + + + +X 4.41Y 2 1 4 3 6 5 8 71 2 3 4 5 6 7 8

which again implies the symmetry algebra

( ) ( ) ( )u = X1 span , 4.42Y Y

that is, the Lie algebra of the hypercharge symmetry groupU( )1 Y . The only other possibility (4.40) corresponds
to a 2-dimensional algebra, parametrized by the twonow free parameters b21, b78, because there are no
restrictions on b21, b78 in (4.40). Equations (4.25) and (2.8) then yield a symmetry algebra

( ) ( ) ( ) ( )u u = X X1 1 span , , 4.43Y YPQ PQ

where

( )= + + +X , 4.44PQ 2 1 4 3 6 5 8 71 2 3 4 5 6 7 8

which spans the Lie algebra ( )u 1 PQ of the Peccei-Quinn U( )1 symmetry.We demonstrate that this is a strict
variational symmetry by applying the fact prXPQ(T) = 0 (i.e., the Peccei-Quinn symmetry is an SVS of the
kinetic terms), together with theorem1. Alternatively, we can show (2.23)holds for potential parameters (4.5)
and (4.40), orwe can simply check the consistencywith the results in [21] or table 5 of [26].

4.3.2. The case =m m11
2

22
2

Wenow assume

( )=m m , 4.4511
2

22
2

and substituting (4.45) in the determining equations (4.34). The 148 simplest of these equations are of the form
(4.37), andwe solve and substitute the resulting equations in the total systemof determining equations. The
only free parameters bij in the determining equations can nowbe taken as:

{ } ( )=B b b b b, , , . 4.462 21 25 51 78

Because of (4.45), themass-squaredmatrix will remain diagonal under any additionalHiggs basis
transformations, hence, we have the freedom to further reduce the potential, without introducing a new m12

2

parameter. Therefore, we choose to diagonalize thematrixΛ in (4.14), whichmeans that

( ) ( )I= =, 0, 4.476 7 5

cf. (4.21), where the latter reductionI(λ5) = 0 is the same as before, cf. (4.5).

11
This corresponds to the fact that there are no restrictions on the parameters of the potential in (4.39).
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AssumingR(λ5) ≠ 0 Additionally, wewill now assume

( ) ( )R 0, 4.485

sinceR(λ5) = 0would also have let us reduce the potential by eliminatingI(λ6). By substituting (4.47) into the
determining equations and solving for the parameters (4.46), with assumption (4.48), we obtain three different
solutions for the parametersB2, cf. (4.46), hence three possible Lie symmetry algebras: Let

( )
= + + +

= + + +

H

H

,

. 4.49

1 6 5 8 7 2 1 4 3

2 5 6 7 8 1 2 3 4

1 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8

Then, the Lie algebra of the reparametrization group SU( )2 (i.e. the basis transformations), denoted ( )su 2 HF

(where ‘HF’ stands for ‘Higgs Family’), will be spanned by the latter generators and

( )H X , 4.503 PQ

c.f. (4.44), namely

( ) ( ) ( )su = H H H2 span , , . 4.51HF 1 2 3

The Lie algebra in this basis has the commutation rules12

[ ] ( )=H H H, 2 . 4.52i j
ijk

k

Now, the first solution for the b’s is

( ) ( )R

= =
= + + =

b b bI : 0, ,
when 4.53

25 78 21

2 3 4 5 1 2

with b51 free, and this holds for the displayed parameter conditions, in addition to the other conditions as in
(4.5). The other two solutions are as follows:

( )= = = = =b b b b b b bII : 0, III : 0, 4.5451 78 21 25 51 78 21

where both solutions hold for several, different conditions on the potential parameters, similar to those given in
(4.53). Then, the three symmetry algebras are as follows:

( ) ( )g = H Xspan , , 4.55YI 2

( ) ( )g = H Xspan , , 4.56YII 1

( ) ( ) ( )u = X1 span . 4.57Y Y

Wecan conclude that all these algebras are strict variational symmetries, without considering all the distinct
sets of conditions on the parameters of the potential: The prolonged infinitesimal elements prX of all generators
X in (4.55)will annihilate the kinetic termswhen applied to themost general L. Thismay be verified explicitly,
but it also follows from thewell-known fact that SU( )2 HF is a strict variational symmetry group of the kinetic
terms of the 2HDM, see [34] for a proof that the strict variational symmetries of the kinetic terms are ( )su N for
a general NHDM.Then, theorem1 guarantees that these symmetries are strictly variational, independent of the
parameter constraints of the potentials.Moreover, in section 4.3.3, wewill show that the symmetries given by
g I and g II are equivalent, whichmeans that there is a newHiggs basis where g I will be the same as g II in the old
basis.

AssumingR(λ5) = 0Wenow consider the special casewhere

( ) ( )R = 0, 4.585

in addition to the conditions (4.45) and (4.47). By a rephasing of the doublets, wemay now eliminateI(λ6),

( ) ( )I = 0, 4.596

without introducing any newparameters.
AssumingR(λ5) = 0 and λ1+ λ2≠ 2(λ3+ λ4) Ifλ1+ λ2= 2(λ3+ λ4) thematrixΛwill be proportional to

identity, andwe can perform SO( )3 rotationswithout altering the elements ofΛ. Then, we can freely rotate L
whileM remains zero, such that Lpoints in a desired direction, for example, in the x-direction, and thenwill
λ1= λ2.Hence, we first consider the case inwhich:

( ) ( )+ +2 , 4.601 2 3 4

in addition to all the previous assumptions, such as (4.58) and (4.59). By solving the determining equations for
this case, we obtain three solutions for the surviving parametersB2, cf. (4.46). In the samemanner as in earlier
sections, the resulting Lie symmetry algebras are

12
Rememberwe are employing themathematicians’ definition of a Lie algebra, and are henceworking in an anti-Hermitian basis.
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( ) ( )g = H Xspan , , 4.61Y1 3

( ) ( ) ( )u = X1 span , 4.62Y Y

where two different solutions for the b’s correspond to the same algebra ( )u 1 Y , while g1 is isomorphic to to
( ) ( )u u1 1 Y . In the samemanner as before, all symmetries given by (4.61) are, by theorem1, strictly
variational because they annihilate the kinetic terms of the 2HDM.

AssumingR(λ5) = 0 and λ1+ λ2= 2(λ3+ λ4)Wenow consider the last casewith, as explained at the
beginning of the last paragraph,

( ) ( )+ = + =2 , 4.631 2 3 4 1 2

in addition to (4.45), (4.47), (4.58) and (4.59). Under these conditionswe obtain two solutions for the b’s. In the
first solution,R(λ6) is free, and the corresponding symmetry algebra is

( ) ( )g = H Xspan , , 4.64Y1 1

which again is isomorphic to ( ) ( )u u1 1 Y . The second solution is that all the four parameters ofB2 are free,
cf. (4.46), whileR(λ6) = 0. In this case, the symmetry algebra is

( ) ( ) ( ) ( )su u = H H H X2 1 span , , , . 4.65Y YHF 1 2 3

Both symmetry algebras correspond to strict variational symmetries, due to theorem1.

4.3.3. The inequivalent Lie point symmetries of the 2HDM
All the 2-dimensional Lie algebras found in the analysis are equivalent, because a rotation

( )H H H H 4.661 2 3 1

of ( )su 2 HF generators will be an inner automorphismof ( )su 2 HF , whichmeans itmay be implemented by a
matrix conjugation by amatrix SU( )U 2 , that is,UH1U

†= H2, etc.Moreover, a conjugation by a SU( )2 matrix
U corresponds to a change ofHiggs doublet basis, whichmeans all the 2-dimensional symmetries we found
really are the same symmetry transformation, expressed in differentHiggs bases.Here the other elementXY of
the 2-dimensional algebras corresponds to a complex phase, and commuteswith all other (series of) generators,
includingU, and is not affected by the automorphism. Finally, the rotation of generators (4.66) is an
automorphismbecause it conserves the commutator, and it is inner because all automorphisms of ( )su 2 are
inner (its Dynkin diagram is just a dotwith no non-trivial diagramautomorphisms). Hence, we have shown
that there are only three possible, inequivalent scalar Lie point symmetry algebras of the 2HDM, namely

( ) ( ) ( ) ( ) ( ) ( )su u u u u2 1 , 1 1 , 1 4.67Y Y Y

and they are all strictly variational according to theorem1, consistent with the results in [21] and [32]. Gauge
symmetries are not included in (4.67) becausewe considered only (purely) scalar symmetries. In addition, we
have demonstrated something new, namely, that there are no scalar divergence or scalar non-variational Lie
point symmetries in the 2HDM, as Lie’smethod finds all symmetries of systems of PDEs, cf. (2.19). The absence
of divergence andnon-variational Lie point symmetries in the 2HDMstands in contrast to the situation in
singlet extensions of the SM,where such symmetries do appear [49].

Furthermore, we have tested the soundness of our implementation of Lie symmetry analysis formodels
withmany parameters, variables and reparametrization freedomby applying themethod to awell-understood
example and replicatingwell-known results. Of course, the derivation in [21] of the strict variational point
symmetries of the 2HDM ismore effective, transparent and elegant, and includes discrete symmetries in the
sameproof. However, themethod applied in this section has the advantage that it is universal and detects all
divergence andnon-variational symmetries as well as strict variational symmetries. Lie symmetry analysis
could, at least in principle, be applied to anymodel, including anyNHDM, in contrast tomethods that only
consider the possible symmetry transformations of gauge invariant scalar bilinears, cf. (4.9). Themethod
applied in this study also yields the exact parameter conditions for all symmetries, although thismay not be an
essential feature in a classification of symmetries.

5. Summary and outlook

Wehave demonstrated, by example, howLie symmetry analysis of field equations can be applied to particle
physicsmodels withmany variables, parameters, and reparametrization freedom. In our analysis of the two-
Higgs-doubletmodel (2HDM), we reproduced its well-known strict variational Lie point symmetries and, for
the first time, showed that themodel admits neither divergence nor non-variational Lie point symmetries.
Hence, themaximal realizable Lie point symmetry algebras of the 2HDMare generated exhaustively by the
strict variational symmetries. This observation is essential: Under the usual boundary conditions, divergence
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symmetries are symmetries of the action and, provided that the path-integralmeasure is invariant, they should
be preserved under quantization in the sameway as strict variational symmetries.

Moreover, we proved three general results that can simplify Lie symmetry analysis for awide class of particle
physicsmodels. Themost relevant result for the presentwork is theorem1, which enables us to decidewhether
scalar Lie point symmetries are variational for a large class of theories, simply by considering the actions of the
symmetries on the kinetic terms. This criterion is independent of the specific parameter conditions associated
with the often numerous potentials that realize the same symmetry algebra. The other two results, proposition
1 and corollary 1, were not strictly necessary for the present analysis, but theymay substantially simplify the
computations of variational, scalar Lie point symmetries of other, largermodels of the typeNHDM+KS. This is
done by reducing the spacetime dimension, and hence the number of spacetime variables and gauge fields,
while obtaining exactly the same results for scalar variational symmetries. Lie symmetry analysis detects only
continuous (Lie) symmetries. Nevertheless, any discrete symmetries not detected by Lie’smethodmay be iden-
tified by considering the automorphism groups of the Lie symmetry algebras computed through Lie symmetry
analysis. In this way, the set of possiblemaximal, faithfully acting variational symmetry groups of a generic
model can be determined. A systematic study of such automorphisms and their role in identifying the discrete
symmetries of large quantum-physicalmodels is left for futurework.
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AppendixA. A proof of proposition 1

Themost generalNHDM+KSLagrangian in d spacetime dimensions is given by (2.53).We can expand the
Lagrangian (2.53) in purely scalar terms and terms linear and quadratic in the gauge fields, as follows:

( ) ( )

( ) ( )

† † † † † †… = + + +

+ +

µ
µ µ

µ µ
µ

µ
µ

µ
µ

L x x G G G G

s s V s T

, ,

1

2
, , A1

d d n n n n n n n n

m m

0 1

GB

where

( ) ( )/= +µ µ µG ig W ig YB2 A2i i

represent the gauge bosons andwhere e.g. μ ∈ {0, 1, 2, 3} for L4 andμ = 0 for L1.Moreover,TGB is the sumof
the kinetic terms of the gauge bosons given by (2.54), which is irrelevant for the proof of proposition 1, because
we only consider scalar symmetries. The relevant 1-prolongation of the scalar infinitesimal generator for the d-
dimensional case is given by

( )
( )( )

/
= +

µ µ µ= =

+

X
x x

pr , A3d

d

i j

N K

i
j i

j i

1

0

1

, 1

4

i

wherewe identify

( )+ s k, for 1. A4N k k4

The 1-prolongation (A3) is of the given form sincewe only consider symmetries not involving xμ, i.e. ξ μ = 0
and =

µ
0x

j for all 0� μ � d − 1 and 1� j � 4N + K, since η j = η j(f1,…,f4N, s1,…, sK). Becausewe do not
consider symmetries transforming the gauge bosons, η’s corresponding to the gauge fields are zero aswell.
Moreover, ifK = 0 in ( )…L x x, ,d d0 1 , we have a pureNHDM, and ifN = 1we have the SMaugmentedwithK
real scalar gauge singlets. Then, the scalar, variational symmetries of a theory given by a Lagrangian Ld are
independent of d:

Proposition 1. The variational Lie point symmetries transforming only the scalars are the same for all
NHDM+KSLagrangians Ld , regardless of the spacetime dimension Nd .
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Proof. First we consider strict variational symmetries, that is, symmetries with ( ) =LXpr 0d d
1 (no sumover d),

cf. (2.23)with ξ = 0.
We denote j j i,i

, and similar forHermitian conjugated fields. Then e.g. ( )† = i0,1,4 . The effect of
pr(1)Xd of (A3) on Ld , given by (A1), can bewritten as

( )

( ) ( )

( )

( ) † † † † † † †

† † †
( )

= + + +

+ + + +

=

µ
µ µ

µ
µ

µ
µ

µ

µ
µ

µ
µ µ µ

LX G G G G G G

V s

x x x
G G s

pr

,

0, A5

d d i n n i i n i n i n i n i n n i

i
i

j i

j

i j i

j
n i n n n i m i N m

1
, , , ,

, , , 4

where 0� μ � d − 1 and 1� K. Assume that ( ) =LXpr 01
1 1 holds, wewould like to show that then

( ) =LXpr 0d d
1 holds, with the same η’s. Thismeans that a scalar symmetry of the d = 1 theory also is a scalar

symmetry of the theorywith arbitrary dimension d. Now, ( ) =V 0i i
, because all other terms are

proportional to gauge bosonsG μ or derivatives∂fj/∂xμ (which includes terms∂μsm), and hence cannot cancel
( )V s,i i

. This implies that ( ) =V 0i i
in ( ) LXpr d d

1 aswell, because it is the same expressionwhen
suppressing spacetime variables. The other terms all depend onμ, and since they cancel forμ = 0 in ( ) LXpr 1

1 1,
they also have to cancel for eachμ in ( ) LXpr 1

4 4, because the structure of the terms is the same for allμ.
Conversely, assume ( ) =LXpr 0d d

1 , that is, we have a symmetry of the theory of somefixed but arbitrary
dimension d > 1. Then, (A5) holdswhereμ this time is a sum from0 to d − 1.Wewill show that then

( ) =LXpr 01
1 1 for the same η’s, whichmeans that the d = 1 theory has the same symmetry. Again, because all

other terms are proportional to gauge bosons or derivatives, ( ) =V 0i i
, and the same is true in the d = 1

theory.Moreover, the other terms have to cancel for eachμ individually, because terms involving gauge bosons
G μ cannot be canceled by terms involving gauge bosonsG ν for ν ≠ μ, because they are independent fields.
Moreover, the term

µ
µx x

j i

j

i for a specific, fixedμ cannot be canceled by a termof the same typewith a fixed

spacetime index ν ≠ μ, because ηi does not involve spacetime derivatives of fields. No other terms can cancel
these terms either. Therefore, terms containingμ in (A5) cancel for each choice ofμ separately, and hence they
will cancel forμ = 0 in the d = 1 theory aswell, and the symmetry for the d > 1 theory is also a symmetry for the
d = 1 theory. Thus, the scalar, SVSs for Ld and L1 are the same.Hence, they are the same for Ld for all Nd .

We now turn to the casewhere ( ) = µ
µLX dpr Divd d

1 for some local vector fieldsβ μ(x,f,f,α,f,αβ),
which are not identically zero. The first-order infinitesimal variation ( )=L LXprd d d

1 is a divergence if and
only if the Euler operatorE applied to ( ) LXpr d d

1 is zero (cf. (2.28)), whichmeans that

( ) ( ) ( )( ) ( )= =
µ

µ

L LE X
y

d

dx y
Xpr pr 0, A6j d d j j d d

1

,

1

for all 1� j � (4N + K + 4d), where the dependent variables y j are the 4N + KHiggs field components and the
4d gauge field components, andwhere d again is the number of independent variables (the dimension). First,
assume ( )( ) =LE Xpr 01

1 1 , i.e. we have a divergence symmetry in the d = 1 theory. The term ( )V s,i i

depends only on undifferentiated scalars; hence, ifEj corresponds to aHiggs field y j = fj, then
( )( ) =LE Xpr 0j

1
1 1 implies ( ( )) =V s, 0ij i

. This is because the term ( ( ))V s,ij i
cannot be

canceled by any other term in ( )( ) LE Xprj
1

1 1 because they are all proportional to either terms of the typeGμ,
∂μfk or a∂μ∂μfk (all withμ = 0), in contrast to the term ( ( ))V s,ij i

. Hence, ( ( )) =V s, 0ij i
will

also be true in the d > 1 theory, as these terms are the same for all d, suppressing spacetime variables. All the
remaining terms of (A5) have obtained two factors of the typeGμ or∂μfk forμ = 0, and regardless of whichEi

we apply, at least one such factor survives in each non-annihilated term; therefore, all these terms are tagged
with the indexμ = 0. Because the d > 1 dimensional theory has d copies of these terms, where each copy is
taggedwith an indexμ, 0� μ � d − 1, each of the d copies has to vanish separately because they are structurally
the same, only distinguished by the indexμ. Thus, ( )( ) =LE Xpr 0d d

1 .
Conversely, assume ( )( ) =LE Xpr 0d d

1 , that is, we have a divergence symmetry in d > 1 spacetime
dimensions. By the same reason as before the terms ( ( )) =V s, 0ij i

in the d > 1 theory, and hence the
same is true in the d = 1 theory, since those terms are the same for all choices of d. The remaining terms of

( )( ) LE Xpr d d
1 can be grouped into ddistinct, non-overlapping categories determined by the value ofμ in factors

of the typesGμ,∂μfk or µ
µ

k. The terms in each categorymust be canceled separately, since all terms in one
category are linearly independent of any other term in another category.13Hence the terms in the category
μ = 0 cancel, and hence ( )( ) =LE Xpr 01

1 1 . Therefore, the scalar symmetries of Ld are the same for all d, because
Ld has the same scalar symmetries as L1 for all d. Finally, we note that the arguments hold equally well ifK = 0,
that is, we have a pureNHDM. aaa □

13
Note that the conditions for variational symmetries, including divergence symmetries, do not presuppose that the Euler–Lagrange

equations of the Lagrangian hold.Hence, there is no relation between µ
µ

k and k for µ .
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Wedonot expect proposition 1 to hold in general for non-variational symmetries, since the kinetic terms of
the gauge bosons consist of cross terms of different spacetime derivatives, and these termswill nowmatter,
because a symmetry of the Euler–Lagrange equations here implies that

( ( )) ( ) ( )( ) = =L LX E Epr 0 when 0, A7d d d
2

and the kinetic terms of the gauge bosonswill be involved in the ‘on-shell’ condition ( ) =LE 0d , while this was
not the case for the ‘off-shell’ (i.e., variational), scalar symmetries in proposition 1. In contrast, the condition
for a variational symmetry here is

( ( )) ( )( ) =LE Xpr 0, A8d d
1

with no assumption on the validity of the Euler–Lagrange equations.Moreover, for d = 1 the kinetic terms of
the gauge bosons are zero because of the antisymmetry of the spacetime indices, whereas they are non-zero for
d > 1, which induces an asymmetry between the d = 1 and d > 1 cases in the on-shell condition ( ) =LE 0d

for the two cases. Finally, the Euler–Lagrange equations imply dependencies between derivatives such as

µ
µ

k and k for µ , in contrast to the off-shell situation in proposition 1 (cf. footnote appendixA).

AppendixB. Symmetries and changes ofHiggs bases

Towhat extent does a change ofHiggs basis change the symmetry of an equation or a Lagrangian L, and how is
it still detectable by Lie’smethod? As an example, consider a linear transformation of the scalars given by a
matrix S, which is a strict variational symmetry if

( ) ( ) ( )=L S . B1

If we then consider aHiggs basis shift = U , this possibly obfuscates a symmetry S,manifest in the
unprimed basisf. The symmetrywill still be present as an infinitesimal symmetry in the primed basis, although
itmay not bemanifest (i.e. it is hidden). For if

( ) ( ) ( ) ( )†=L LU , B2

then †=S USU is a symmetry of the transformedLagrangian L

( ) ( ) ( )=L L S , B3

if S is a symmetry of the original Lagrangian, since

( ) ( ) ( ) ( ) ( )† †= = =L LS U USU . B4

If S is an infinitesimal symmetry, S is of course infinitesimal as well: For if S = I + εXwith ε an infinitesimal
parameter, then †= +S I UXU . Then the one-parameter group ( )†tUXUexp , for Rt , is continuous and
connected to the identity, and is hence a Lie symmetry that will be detected by Lie symmetry analysis, albeit not
amanifest symmetry.
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