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Abstract

We apply Lie symmetry analysis of partial differential equations (PDEs) to the Euler—Lagrange
equations of the two-Higgs-doublet model 2HDM)), to determine its scalar Lie point symmetries. A
Lie point symmetry is a structure-preserving transformation of the spacetime variables and the fields
of the model, which is also continuous and connected to the identity. Symmetries of PDEs may, in
general, be divided into strict variational, divergence and non-variational symmetries, where the first
two are collectively referred to as variational symmetries. Variational symmetries are usually
preserved under quantization, and variational Lie symmetries yield conservation laws. We
demonstrate that there are no scalar Lie point divergence symmetries or non-variational Lie point
symmetries in the 2HDM, and re-derive its well-known strict variational Lie point symmetries, thus
confirming the consistency of our implementation of Lie’s method. Moreover, we prove three general
results that may simplify Lie symmetry calculations for a wide class of particle physics models. Lie
symmetry analysis of PDEs is broadly applicable for determining Lie symmetries. As demonstrated in
this work, the method can be applied to models with many variables, parameters, and reparametriza-
tion freedom, while any missing discrete symmetries can be identified through the automorphism
groups of the resulting Lie symmetry algebras.

1. Introduction

The discovery of the Standard Model (SM) Higgs boson at the LHC in 2012 by the ATLAS [1] and CMS [2]
collaborations has motivated a broad exploration of theories with extended scalar sectors. Such extensions may
help explain the observed matter-antimatter asymmetry of the Universe, starting from Sakharov’s conditions
for baryogenesis [3] and their possible realization in electroweak baryogenesis scenarios. In particular, multi-
Higgs-doublet models such as two-Higgs-doublet models 2HDMs) [4] and three-Higgs-doublet models
(3HDMs) [5] can provide additional sources of CP violation and may strengthen the electroweak phase
transition.

Extended scalar sectors can also provide viable dark matter candidates. Gauge singlet scalars offer a mini-
mal realization [6], whereas inert-doublet models provide an alternative framework [7]. The inert-doublet sce-
nario has been analysed in detail in [8], while associated gamma-ray line signatures were investigated in [9].
Additional realizations arise in mixed doublet—singlet models, such as singlet-extended 2HDMs [10], and in
multi-doublet constructions with stabilizing symmetries, e.g. U(1)-stabilized SHDMs [11]. As indicated, phe-
nomenological studies have largely focused on additional complex SU(2); doublets [12] and on scalar gauge
singlets. A comprehensive textbook treatment is given in [ 13], while a more recent review can be found in [ 14].

The introduction of such fields greatly enlarges the number of viable particle physics models. One of the
most important characteristics of a model is its set of symmetries. By a symmetry we mean a structure-preser-
ving transformation of objects such as field equations, Lagrangians, and action integrals. Symmetries may

© 2026 The Author(s). Published by IOP Publishing Ltd
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imply conservation laws, relate apparently distinct models, reduce the number of free parameters, protect para-
meters from large quantum corrections, ensure that parameter relations are stable under quantum corrections
and stabilize dark matter candidates against decay.

Symmetry properties have been studied extensively for multi-Higgs-doublet models NHDMs), with the
2HDM as the simplest and most widely analysed example. In particular, the 2HDM can accommodate CP
violation in the scalar sector [15], making it a natural framework for scenarios of electroweak baryogenesis. It
also plays a central role in dark matter model building and in supersymmetric extensions of the SM. A two-
Higgs-doublet structure is, for example, an essential ingredient of minimal supersymmetric models; see [16]
and the subsequent discussion in [17], as well as the detailed analysis in [ 18].

Continuous symmetries connected to the identity, also known as Lie symmetries, may be studied in general
by a method originally introduced by Norwegian mathematician Sophus Lie [19], and subsequently developed
by his successors. The method, Lie symmetry analysis of partial differential equations (PDEs), can be utilized to
find all infinitesimal (sometimes called ‘local’) symmetries of a system of PDEs A, which correspond to the Lie
symmetry algebra g of A. This method is the original context in which the concepts now known as Lie algebras
and Lie groups emerged [19]. The Lie symmetry algebra g of A determines, to a large extent, the maximal global
symmetry group G of A, because the Lie algebra of G must equal g. Lie symmetry analysis may be applied to
almost any kind of system of PDEs, for example a system of Euler—Lagrange equations E(£) = 0 for a theory
given by a Lagrangian £. When the dependent variables of £ are fields, the Euler—Lagrange equations are also
referred to as the field equations of the field theory given by L. Particle physics models, such as multi-Higgs
models, are examples of field theories given by Lagrangians.

The field equations follow from the Lagrangian £ via a variational principle. Consider the action S,

S = fQ L d*x. (1.1)

Then, by varying the fields y* of £ infinitesimally, with vanishing variations &y’ on the boundary 99 of 2, and
by demanding stationary values of S to first order of the infinitesimal parameter, the result is the Euler—
Lagrange equations. For a Lagrangian containing at most first-order derivatives (as in the 2HDM)), the Euler—
Lagrange equations read

oL oL
- d,—
oy' oy’

N7

=0, (1.2)

for each field (i.e. dependent variable) y’ and derivative y ’;L = 0y'/0x* occurringin £, whered, =d/dx"isa
total derivative. Then, there are three types of symmetries of the field equations (1.2): First, the strict variational
symmetries (SVSs) that leave the action S strictly invariant, that s,

AS=8-S=0, (1.3)

where & is the action transformed by the symmetry. Second, the divergence symmetries, where
AS= [ d.prdt= [ grdE, = o, (1.4)
Q o0

is the integral of a total divergence d,,3", with non-vanishing, local functions 3*. Here, AS is, by the divergence
theorem, converted to a boundary term, which vanishes under the usual boundary conditions on the fields, as
shown in the last equality of (1.4). These first two types of symmetries are the variational symmetries, symmetries
of theaction §. Variational symmetries are typically preserved in the corresponding quantum theory, provided
both the action S and the measure of Feynman’s path integral remain invariant. Moreover, variational Lie
symmetries lead to conserved currents by Noether’s theorem [20]. The third type of symmetries are the non-
variational symmetries that preserve the structure of the field equations, but do not leave the action S invariant.

When a symmetry only transforms free and dependent variables (x, y), it is called a point symmetry. The
derivatives of the dependent variables are also transformed under a point symmetry, however, these transfor-
mations are dictated by the transformations of the variables (x, ). This implies that a point symmetry cannot,
for instance, interchange a dependent variable with its derivative.

The possible, inequivalent (real) scalar point SVS groups of the 2HDM were determined in [21], using a
formalism of gauge invariant scalar bilinears. A new discrete point transformation in the 2HDM that leads to
parameter relations respected by quantum corrections, characteristic of variational symmetries, was identified
in [22]. As suggested in [22], this transformation may be regarded as a complex, discrete symmetry. Such trans-
formations may be a generic feature of quantum field theories, although they do not necessarily need to be
interpreted as complex symmetries [23]. However, complex symmetries of real structures are not unknown in
the context of symmetry analysis of differential equations, see e.g. [24] or [25] for examples of complex, discrete
symmetries of real differential equations. An overview of the 2HDM can be found in [26]. The possible scalar
point SVSs of the 3HDM have been classified in stages: Abelian symmetry groups were analysed in [27], and the
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full classification was completed in [28]. The corresponding categorization of scalar symmetry groups in the
4HDM has only recently been initiated, with extensions of cyclic groups studied in [29] and extensions by
rephasing groups in [30]. In these works, finite group theory plays a central role.

The scalar point SVSs of the 2HDM and 3HDM, including custodial symmetries, have also been classified.
For the 2HDM, this programme was initiated in [31] and completed in [32]. For the 3HDM, the corresponding
classification was obtained in [33], using bilinear and tensor-product methods. Finally, the scalar, Lie point
SVSs of the general NHDM kinetic terms were determined in [34], including the corresponding symmetries in
the custodial limit.

The purpose of this work is twofold: First, inspired by the aforementioned discovery in [22] of a new, com-
plex 2HDM symmetry, we want to investigate the possibility of having Lie point divergence and non-varia-
tional symmetries in a 2HDM. Because all Higgs doublets carry the same quantum numbers (i.e., the same
isospin and hypercharge), unitary linear combinations of the original doublets, accompanied by appropriate
redefinitions of parameters to keep the Lagrangian invariant, relate different parameterizations that describe
the same physics. This phenomenon is known as basis freedom or reparametrization freedom. In our analysis,
we will choose specific bases where certain parameters vanish, in order to minimize the occurrence of equiva-
lent symmetries across different bases. Second, we would like to demonstrate how to classify all Lie point sym-
metries in models with many variables, parameters and reparametrization freedom, like the 2HDM. Both of
these aims will be pursued by applying Lie symmetry analysis to the field equations of the general 2HDM.

Structure of the paper Sections 2.1-2.3 review the relevant theory of Lie symmetry analysis of PDEs, while
we present three new results in sections 2.4 and 2.5, where the first result, theorem 1, is crucial for section 4.3.
We then provide a simple, concrete example of how the theory of sections 2.1-2.5 may be applied in section 3.
Section 3 is not necessary for reading section 4, and may be skipped by readers familiar with Lie symmetry
analysis of PDEs or readers who want to go straight to the main application in section 4. In section 4, we recall
standard formalism of the 2HDM, and in sections 4.2—4.3 we perform the Lie symmetry analysis of the 2HDM.
A summary and outlook is given in section 5, while a proof of a result of section 2.5, proposition 1, is delegated
to Appendix A.

Conventions and notation In this article we adopt the mathematicians’ convention for Lie algebras, which
means that a matrix Lie group G with Lie algebra g is generated by exp(g), and not by exp(ig) which would
correspond to the physicists’ convention. Moreover, d,, = d/dx" denotes the total derivative, whereas D, is
reserved for the covariant derivative (2.55), unless the index is a multi-index J, see section 2.2, or a function P,
implying a Fréchet derivative Dp. Repeated indices are implicitly summed over, while a check over the indices
implies that the summation convention is dispensed so that, for instance, 7'0,,_only consists of one term.
Finally, we will use respectively R and J for real and imaginary parts of expressions, e.g. will
As =R(As) +1T(Ns).

2. Lie symmetry analysis of PDEs

In this section, we provide a brief overview of the Lie symmetry theory for systems of PDEs. A classical
introduction is given by Olver [35], with a more concise account in his lecture notes [36]. Further treatments
are available in the textbooks by Hydon [24], Bluman and Kumei [37], and Cantwell [38].

2.1. Point symmetries of systems of PDEs
Consider an nth-order system of PDEs given by

A, y, y D, y™y =0, Vie{l,..,m}, (2.1)

with d independent variables x = (x’, ..., x~") (spacetime coordinates) and g dependent variables
y=(", ...,y (the fields), where y* © denotes derivatives of order k of the dependent variables y with respect to
the independent variables x*. We abbreviate (2.1) as A = 0 or just A.

Then, a point symmetry S of the system of PDEs (2.1) is a diffeomorphism' on the space of variables (i.e., it
is a point transformation), which maps solutions of (2.1) to solutions. More precisely, this means

S: UC R*¥1 — R4, S((x, y) = &, 9) (2.2)
for an open set U, such that the transformed system of PDEs,

A&, 9, 9D, 9M) =0, Vie{l,..,m}, (2.3)
holds whenever equation (2.1) holds. In (2.3), the action of S is prolonged to the derivatives, such that they are

mapped to the corresponding derivatives in the transformed variables, that is,

1 . _ . . . . .
Which means that Sand S~ ! exist and have at least continuous first-order derivatives, but are often taken to be smooth, that is, C .
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S dkyi _ dkyf\i 2.4)
Aot - doct AR - dei

to preserve the structure of the original system of PDEs (2.1). The condition for a diffeomorphism Stobea
symmetry of the system (2.1) may now be expressed in compact form as

A=0=A=0, (2.5)

where A = A(2), with z representing all the arguments of A, including the derivatives.

The expressions A;in (2.1) can also be regarded as functions on the nth jet space] ", which in the present
setting can be identified with Euclidean space R with formal coordinates (x, y, ..., ™) corresponding to all
independent and dependent variables and their distinct derivatives up to order n. This implies

s=d+q ( ¢ : " ) Each PDE can then be viewed as a smooth map

A J" — R, (2.6)
and the system (2.1) can be described by the solution submanifold Ma C J*,
Ma = {(% pre oy € J" | Ai(x, py..p™) = 0 foralli}, 2.7)

which consists of all points (x, y, ..., »* ) € J " that satisfy the system.

2.2. Infinitesimal generators and their prolongations
An infinitesimal generator of a point transformation is a vector field
0
OxH

X = &(x, y) + n'(x, y)ii, (2.8)
Oy

where g1 is implicitly summed from 0 to d — 1 and likewise i is summed from 1 to q. The infinitesimal generator
of a point symmetry S shows how an infinitesimal version of S acts on the variables z = (x, y),

S(z) =z=z+ eX(2), (2.9)

for an infinitesimal €. The kth prolongation of X, denoted pr(k)X, is the vector field on the kth jet space J k
obtained by extending the action of X to the derivatives of the dependent variables, namely
;0
prOX=Xx+ S Ui (2.10)
1<|JI<k Yy

where the multi-index J = (jg, ..., j4_1) encodes the distinct derivatives, with norm

Il :joJr"'Jrjd_p (2.11)
where the derivatives of (2.10) are given by
, iy
= - — 2.12
Yy (0x%o -+ (OxT~Van (2.12)
with coefficients
D@y + e (2.13)
m =4y 3 Dl .
where the iterated total derivative
d Jo d Jao
Dy=|—]| - |[—=—]|, 2.14
! (dxo) (dxdl) @19
and the characteristic
. . 8yi
il oen 2l 2.15
Q=n -0 2.15)
We define the (infinite) prolongation
prX = pr®Xx (2.16)

as the formal vector field obtained by extending (2.10) to all derivatives of arbitrary order, so that prXis the
extension of X to the infinite jet space J . If £/ = 0 for all  the infinitesimal point transformation generator X
is said to be in evolutionary form, and for a general X the infinitesimal generator
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Xq=Q'd, (2.17)

is called its evolutionary representative. In the case Q includes derivatives, X will be a so-called generalized
symmetry of the system of PDEs if X is a symmetry thereof [35], but we will only consider cases where X isa
point symmetry due to £ = 01n (2.15). For a point transformation given by X already in evolutionary form
(£=0), its prolongation simply becomes

prX = prXq = Z(DJQi)ii = Z(Dmf)ii. (2.18)
iJ Oy 7 iJ dy T

In case of a very simple generator X = yd, and only one independent variable x the 1-prolongation
pr(X) = yd, + y'0,/,and it hence just extends the infinitesimal transformation y — (1 + eX)y =y + ey to
the first-order derivative, since y’ — (1 + epr'P(X))y’ =y’ + €y’.Iftheindependent variables also
transform, that is, £ = 0 for some p, the prolongations may become much more complicated, as testified by
the formulas above.

Now, let G be a connected Lie group acting (locally) on R*+7 with coordinates (x, y), where x € R are the
independent variables and y € RYthe dependent variables, and let g be its Lie algebra. Then G is a symmetry
group” of a fully regular’ system of m PDEs, written as A = 0, ifand only if

(PrX(A))a=o =0 Vie {1,.,m}, (2.19)

for all infinitesimal generators X € g[36]. The condition (2.19) is equivalent to requiring that, for a system A
of order n, the prolongation pr™X (or prX) is a vector field tangent to the solution manifold My defined in
(2.7), which can also be taken as a geometric definition of a (Lie point) symmetry.

The elements of G are (Lie point) symmetries of the system A. When no confusion can arise, we will also
refer to a generator X € gasasymmetry whenever it satisfies (2.19). Moreover, all Lie point symmetries of a
system of PDEs will be found by Lie symmetry analysis, because (2.19) holds for all symmetry generators in any
connected symmetry group. We will only consider point symmetries, implemented by only applying point
transformation generators (2.8) in (2.19), but (2.19) may be generalized to higher-order symmetries [36]. Of
course, we only have to consider prolongations pr™(X) up to the order 1 of A, when applying (2.19). If we
perform a Lie symmetry analysis of the system A = 0 we may for example find that the Lie symmetry algebra is
g = 50(6). Then, a (global) symmetry group of the system A = 0 may be SO(6). However, if — acts identically
toIon A, the corresponding faithful symmetry group is the projective group PSO(6) = SO(6)/{+I}. Both
groups have the same Lie algebra g. However, the maximal, faithfully (or effectively) acting symmetry group
may be alarger group than the latter, such as PO(6) = 0(6)/{+£I}, also with Lie algebra g, but with two compo-
nents, due to the presence of an additional discrete reflection symmetry. Generally, if the symmetry algebrais g,
the maximal symmetry group of A may, a priori, be any group G with Lie algebra g. The identity component of
Gisthenaquotient G/N ofthe unique simply connected group G with Lie algebra g, where Nis a normal
subgroup [39]. The identification of the maximal symmetry group G, including any missing discrete symme-
tries, can be achieved by studying the automorphism groups of the Lie symmetry algebras obtained through Lie
symmetry analysis. For ordinary differential equations, Hydon [40] describes how discrete point symmetries
can be constructed from the continuous symmetry algebra, and extends this approach to discrete contact sym-
metriesin [41], while in [42] similar methods are applied to partial differential equations. A systematic applica-
tion of these techniques to determine the full symmetry group G for the models considered here would,
however, require a separate analysis and is beyond the scope of the present work.

Condition (2.19) is known as the linearized symmetry condition, and the resulting concrete equations are
called the determining equations of g (or, less precisely, G). Combining equations (2.10) and (2.19) shows that
the set of determining equations yields an extensive, over-determined system of linear PDEs in the coefficients
£"(x, y) and n'(x, y). This system may almost always be explicitly solved, and hence we can determine the
symmetry algebra g, i.e. the infinitesimal symmetries. In this work we, most of the time, will apply the Mathe-
matica package SYM [43] to calculate determining equations.

2.3. Symmetries of the action S
Of particular interest are symmetries of the action integral

S = f L, Ysorosy™) dx® -+ dxd=1, (2.20)
Q

2 Possiblyalocal group, i.e. only defined in a neighbourhood of the identity.

? ‘Fully regular’ here means that the system A is locally solvable and has a non-vanishing Jacobian determinant. In practice, most systems
are fully regular [36].
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since they, if they are of Lie type, generate Noether currents and are usually preserved in the quantized theory.
As mentioned in section 1, a transformation is called a variational symmetry of a theory, if the transformation
leaves the action integral of the theory invariant,

S=8= fQ L&, P ™) dRO - did1, 2.21)

A Lie-type point transformation exp (e X) for ¢ € R will be a variational symmetry if and only if
prX (L) + £ d,&" = d, 3", (2.22)

where 3" isalocal’ function of x, y and derivatives of y up to some order, and where d,, = d/dx" is a total
derivative. If we can choose 3/ = 0 for all i, and hence

prX (L) + L d,&¢ =0, (2.23)

the Lie point symmetry will be a strict variational symmetry, and if we cannot choose 5 = 0 for all i, it willbe a
divergence symmetry. For an infinitesimal Lie point divergence symmetry the action, due to the divergence
theorem, transforms as

S=5+ ej;Q B, + O(e?), (2.24)

for a small parameter €, where dF,, are the components of the differential outward normal vector of the
boundary 092 of ). Then, S is invariant if and only if the boundary term vanishes,

fa  BrdE, =0, (2.25)

which will be the case if the fields vanish sufficiently fast at infinity or obey certain periodic properties. Note that
this boundary term does not depend on variations of the fields; therefore, it is not automatically zero, unlike
variations at the boundary. Furthermore, it could be tempting to apply the criterion (2.22) directly to find all
divergence symmetries, but it typically will lead us to very difficult, if not unsolvable, differential equations, and
we are advised to proceed via the Euler—Lagrange equations [44].

AlLagrangian £' = L + ed, " willyield the same Euler—Lagrange equations as £, since a total divergence
(also denoted a null Lagrangian) will always produce trivial Euler—Lagrange equations. In this study, the system
of PDEs A = O isa set of Euler-Lagrange equations of a Lagrangian £. We define the Euler operator
E=(Ey, ..., Ey) with components given by a formal infinite series

Ei=). (—l)mD,ii = ii - #ﬁi+..., ie{l,...q} (2.26)
>0 dy, Oy 9,

where ], y]i and Djare given by (2.11), (2.12) and (2.14), respectively. Then, the Euler—Lagrange equations of a
Lagrangian £ can be written as
E(L) = 0. (2.27)

A direct calculation shows that each E; annihilates any total divergence d,, 3", as previously implied. In fact, it
can be shown that a function fis a total divergence if and only if it is annihilated by the Euler operator [35],

E(f)=0. (2.28)
Therefore, if
prX (L) + L d, &' = f, (2.29)

for a non-vanishing f, the infinitesimal generator X generates a divergence symmetry if and only if (2.28) holds
and hence f=d, 3" for some local functions 3",

The strict variational Lie point symmetries, given by the symmetry algebra g, , are obviously variational.
The general variational Lie point symmetries, including divergence symmetries, also generate a Lie symmetry
algebra, which we denote g, . Finally, all Lie point symmetries of the Euler-Lagrange equations of £ will
generate a Lie symmetry algebra g, , which will contain the two other algebras, because it can be shown that all
variational symmetries are symmetries of the Euler—Lagrange equations of the theory (the converse does not
hold in general). Hence, the following symmetry algebra inclusions always hold:

Y svar g Gvar g 9EL- (230)

The symmetries of gp; thatare notincluded in the subalgebra g . are non-variational Lie point symmetries.
In section 4 we will demonstrate that for the 2HDM, the inclusions in (2.30) actually are equalities.

4 - . . . . e [25
The #s will be functions on the jet space /", hence non-local expressions such as fydx cannot occur in the F's [35].
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According to Noether’s theorem, variational Lie point symmetries generate conserved currents. In the case
of a first-order Lagrangian L(x, y, y'")) a symmetry given by (2.8) induces a conservation law d,j* = 0 with a
conserved current

, _ oL
]p, — (nt _ guy’ly)a}/_i + gﬂﬁ — ﬂl{ (2.31)

N

The quantized version of the theory defined by the classical action S, is determined by Feynman’s path
integral Z,

Z = f Dy ¢S], (2.32)

Variational symmetries leave the action invariant, and if the measure Dy = [], _dy’(x) of Zisalso invariant
under the transformation, the symmetry will also be a symmetry of the quantized theory.

2.4. Theories with potentials
One of the goals of this work is to demonstrate how Lie symmetry analysis of PDEs can be applied to the Euler—
Lagrange equations of particle physics models with potentials, such as multi-Higgs models. In this section we
present three results which may simplify the symmetry analysis of such models.

We start by defining the Fréchet derivative [35] of an r-tuple P[y] = P(x, y, ..., ' ) of differential functions
as the operator Dp that maps any g-tuple of differential (smooth) functions U'to

d

Dp[U] = — Ply + € U] . (2.33)
d€ e=0

Then, the Fréchet derivative of an r-tuple of functions P= (P, ..., P,) is the g X r matrix with elements [35]

OP;
(Dp)ij = Y, ;
1710 37]

D;. (2.34)

The adjoint Dj of the Fréchet derivative is an operator with similar properties [35],
OP;
(D} = 3 (-D'Dp - =,

7120 )/]

(2.35)

where e.g. D, - u(x) = u, + uD, on the right-hand side of equation (2.35). Let X be an infinitesimal generator
with coefficients

=0, Vpe{0,..,d—1)} (2.36)
' =n'h..p0, Vie {l...q} (2.37)

where the )’ are polynomials in the fields (i.e., the dependent variables). Then, X has characteristic
Q' =7y, (2.38)

cf. (2.15), and Xis in evolutionary form because of (2.36). The adjoint of the Fréchet derivative of Q then
becomes
mi(y...yD

(Do) =
) 6}/1

= Ji =T} (2.39)
where 7 is the Jacobian matrix of 7, since only the |J| = 0 term contributes to (2.35). Derivatives such as d,, and
1o} y} do not commute. However, the following, useful commutation formula holds [35]
E(prXq(L)) = prXq(E(L)) + DSE(L), (2.40)
for a g-tuple of general, smooth functions Q, cf. (2.17). Moreover, let
L=T-V (2.41)

be the Lagrangian density of a theory, where T denotes the kinetic part (the sum of the kinetic terms), while
V1, ..., pm) s a potential, i.e. a real polynomial in a subset of the dependent variables. Specifically, let

© = Pt C Y5y} =y (2.42)
For convenience, we assume that the dependent variables are ordered such that
gpizyi, Vie{l,?2,..,m} (2.43)

An nth-order Lagrangian £ may be viewed as a function on the jet space J”, £: J" — R. Note that ¢ may
consist of any of the fields of y, although the intention is to let V() = V(¢), that is, let V'be a scalar potential.
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Also note that the ‘kinetic’ part There actually may consist of any terms complementary to V. Moreover, we
assume E(L) = 0 does not imply any polynomial consequences of the form

pp) =0, (2.44)

where p is a non-trivial, multivariable polynomial in the same fields as the potential V.” This means that we
cannot derive any relation of the form (2.44), from the Euler-Lagrange equations. We will call such a theory a
polynomial potential theory. Practically any multi-Higgs model is an example of a polynomial potential theory,
including the 2HDM. One reason is that each Euler—Lagrange equation E;(£) = 0 in multi-Higgs models will
include distinct, second-order derivatives of the field y* that do not appear in any other Ej(£) = Oforj=i,and
hence cannot be eliminated to produce some polynomial consequence (2.44). Here, we assume the
multivariable polynomial V may include any terms of any degree in the fields ¢, but in some cases we will regard
potentials without linear terms (but a constant in Vis allowed). However, in these cases, the linear terms are not
forbidden among the kinetic terms. We now prove the following, useful result regarding evolutionary
symmetries of polynomial potential theories:

Theorem 1. Let L = T — V bea polynomial potential theory and let the infinitesimal generator
X=n'(yh...yDa,

where eachm' is a polynomial, be a symmetry of E(L) = 0. Moreover, assume that either V(@y, ..., pm) does not
contain any linear terms oy\p;, or that o =0 =n'(y', ..., y%) does not contain a constant term.
Then,

(i) IfprX(T) =0, the symmetry generated by X is strictly variational.

(ii) IfprX(T) =d,B" for some non-vanishing current 3", i.e. a total divergence, the symmetry generated by X is a
divergence symmetry.

Proof. The linearized symmetry condition (2.19) applied on the Euler—Lagrange equations E(L) = 0 yields
(PrX(Ei(L)ecy=0 =0,  Vie {l,...q} (2.45)
while (2.40) implies
prX (E(L)) = E(prX (L)) — DSE(L), (2.46)
since prX = prXq, because the former is already in evolutionary form. Assume
prX(T) = d, (", (2.47)
for a possible vanishing current (3. Substituting (2.39) into (2.46) then yields,
prX (E(L)) = —E(prX (V) — JTE(L), (2.48)
because E(d,,3") = 0 cf. (2.28), and where 7 is the Jacobian matrix of ). Then, if E(L) = 0, the first and last
terms in (2.48) vanish, cf. (2.45), that is, for any 1

EprX(V)) = —prX(V) = 0, (2.49)
y

because there are no derivatives in the potential. The polynomial equation (2.49) will also hold when
E(L) = 0,because E(L) = 0 does notimply any polynomial relations (i.e., consequences) between the fields
of V, as L isa polynomial potential theory. But then prX(V') = Cfor constant C, and C = 0 because all terms of

prX (V) = X(V) = /0 ;V (2.50)
are, if non-vanishing, at least linear in the fields, because if ay,- V includes a constant term for an 7, then n "does
not, per assumption. This means that the potential V'is annihilated by the prolongation of X,

prX (V) = 0, (2.51)
and hence

prX (L) = prX(T) = d,B". (2.52)

Thus, if 3= 0 then X generates a strict variational symmetry, cf. (2.23) with { = 0. Furthermore, if 3is non-
vanishing, X generates a divergence symmetry, cf. (2.29) with £ =0. d

5 In differential algebra language, I (E(L))NR[pys. ..., ] = {0}, where I (E(L)) is the differential ideal generated by the Euler—Lagrange
expressions E(L) (it encodes all formal consequences of the Euler-Lagrange-equations), see for example [45],and R[¢,,...,,,] is the ring
of all polynomials in the variables ¢ with real coefficients.
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We will apply theorem 1 in section 4 to demonstrate that symmetries must be strictly variational, without
having to consider all the numerous, different conditions on the parameters of the potential.

2.5. Scalar, variational symmetries in any spacetime dimension
It turns out that the purely scalar, variational Lie point symmetries of a multi-Higgs model with any number of
doublets and singlets are the same for any spacetime dimension d. This may imply computational advantages,
because if we are only interested in scalar, variational symmetries we may reduce the number of spacetime
variables and gauge fields, and hence reduce the computational cost of finding the determining equations of the
scalar, variational symmetries.

Let the most general NHDM+KS Lagrangian in d spacetime dimensions be given by

d-1( N K
1
La(x05. . >Xd—1) :E(Z(D@JD#@” + > Eausmaﬂsm) — V(®, s) + Tgs (2.53)
pn=0\n=1 m=1
with ® = (P, ..., Py) and s = (sy, ..., Sx), and where the kinetic terms of the gauge bosons read

-1 4 1

Tep =— ), (—WﬁVW“/”’ + —BWB/“’). (2.54)
=0 4 4

The covariant derivatives, gauge boson field strength tensors and Higgs doublets are given by:

a
D, =08, + ig%Wﬁ + ig'YB,, (2.55)
We, = 0, Wy — 9,Wi + ge™Whwg, (2.56)
B/u/ = 6/181/ - 6113/1) (257)

1 [ Pag—vy+1 T 1Pu-1y42
O = — , , (2.58)
V2 Paiimryes + 10 j1y4a
where o are the Pauli matrices, 1 < a < 3 and Y denotes the U(1)y hypercharge of the corresponding field.
Geometrically, W), can be viewed as the local components of an SU(2),, principal connection, while B, are the
local components of a U(1)y principal connection. Here, we also include the case where K= 0, that is, where the
theory is a pure NHDM with no gauge singlets.
Then, the variational, scalar symmetries of theories given by £, are independent of 4:

Proposition 1. The variational Lie point symmetries transforming only the scalars are the same for all NHDM+KS
Lagrangians L, regardless of the spacetime dimension d € N.

Proof. The proof of this is provided in appendix A. O
An immediate consequence of proposition 1 is then

Corollary 1. To find all scalar, variational Lie point symmetries of an NHDM+KS Lagrangian L, it is sufficient to
consider the simplified Lagrangian L, because such symmetries are exactly the same for the two theories.

The simplified Lagrangian £; will only contain four gauge fields and one free variable and is hence compu-
tationally much less demanding than £, that contains 16 gauge fields and four free variables. The validity of
proposition 1 is confirmed by performing the analysis of section 4 on the d = 2 variant of the 2HDM Lagran-
gian £,, in addition to the d = 4 2HDM Lagrangian L,.° After specializing to scalar transformations, the two
approaches yield exactly the same equations, and hence exactly the same symmetry algebras (all Lie symmetries
of the 2HDM turn out to be strictly variational and will hence be shared by the two Lagrangians according to
proposition 1). However, in the d = 2 case, the number of free variables and gauge fields are halved, that is, the
field equations

E(Ly) =0 (2.59)

The even simpler case d = 1 causes some SYM-related technical issues, because the kinetic terms of the gauge bosons vanish in this case.
However, we could have added arbitrary dummy derivatives to circumvent this, as the kinetic gauge terms are annihilated by scalar
symmetries prX, and therefore become irrelevant for determining scalar symmetries.
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form a system of 16 equations with 16 dependent and two free variables, whereas the field equations
E(Ly) =0 (2.60)

form a system of 24 equations with 24 dependent and four free variables. The computation time for SYM to
calculate the determining equations was reduced to a small fraction in the d = 2 case.”

In Appendix A, we argue that proposition 1 and corollary 1 cannot be extended to scalar, non-variational
symmetries.

3. Anillustrative example: real, scalar ¢4 theory

The following section may be skipped by readers familiar with Lie symmetry analysis of PDEs. The aim is here
to illustrate the general theory of sections 2.1-2.5, using a simple example, namely real, scalar ¢* theory.

3.1. ¢* theory in one dimension
Real scalar ¢* theory in 1d has a Lagrangian density

1 1 A
L= —() — —m2p? — 2, 3.1
5 (@) 5 ¢ al ¢ (3.1
where ¢ = ¢(x) is a scalar field that depends on one free variable x, with a nonlinear field equation
" + mPp + %cf = 0. (3.2)

In the standard real ¢* model (3.1) one usually imposes a discrete Z, symmetry ¢ — — ¢ in order to forbid
linear and cubic terms This yields a simple, renormalizable model with a symmetric vacuum structure and a
potential containing only the even powers ¢* and ¢*. The relevant prolongation (2.10) of the infinitesimal
symmetry generator X in (2.8) is

pr&X = &(x, )0y + n(x, §)0y + (P'ny + 1, — P'(P'Ey + £,))Dy
+ (¢”77¢ + ¢/77x¢ + ¢/(¢/77¢¢ + 77,@) + Ny — 2¢”(¢/§@ + &)
— @M@y + P&y + DD Eyp + &) + Ex)) O (3.3)

where subscripts indicate partial derivatives. We then apply (3.3) to (3.2), and thereafter use the substitution
n 2 )\ 3
@' — —m?¢p — gqb (3.4)

everywhere we can, cf. the linearized symmetry condition (2.19), with the following determining equation as
result:

0= ()‘iz + mz) — l()«;s3 + 6m2p)(n, — 3¢'E, — 2£))
15 n 6 Ny é x
— @D (—nyy + '€y + 2615) — 20y + §) F e (3.5)

Here, each coefficient of each distinct power of ¢’ must vanish for (3.5) to hold for any solution of the original
field equation (3.2) (remember, £ and 17 do not contain ¢’), and we then obtain a larger system of determining
equations:

2
¢ 0= ()‘% + mz)n - é()\qu + 6m*¢) (1, — 2&,) + Ny

o 0= %Q(W + 6m%) + 2, — £

P 0= Moo — zfxq;r

d)’sz 0= gd‘)d‘). (3.6)
The determining equations (3.6) are a second-order system of homogeneous, linear PDEs in the coefficients of
the infinitesimal generator X, that is, £ and 7. The system can be solved by elementary methods, and the

solutions will depend on whether the parameters > and ) vanish, as the vanishing parameters will yield
simpler equations with more solutions.

7 For the 2HDM the calculation of the determining equations of £4 took nearly 14 hours on a desktop computer, whereas the
corresponding calculation for £, on the same computer took only 45 minutes.
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3.1.1. Massive &* theory

Assuming
m* A=0 (3.7)
the solutions of the set of four determining equations (3.6) are
£x @) =a 1k @) =0, (3.8)
for a constant ¢;, which gives us the 1d Lie algebra defined by the generator
Xi = O, (3.9)

which generates the translational symmetry x — x 4 € and abstractly spans the one-dimensional Lie algebra R.
The generator (3.9) is here a strict variational symmetry, because

d-1

proy(L) + L —— = 0.(L) =0, (3.10)
dx
cf. (2.23), since £ does not contain x explicitly.
3.1.2. Massless &* theory
If
m=0 and A=0 (3.11)
in (3.2) and (3.6), the solutions to (3.6) are
§x 9)=a+ax, 1K ¢)=-a¢, (3.12)
for arbitrary, real constants ¢; and ¢,. Hence, the Lie symmetry (3.9) is enhanced to a 2d Lie algebra
X1 = Oy,
Xo = x0y — 90y, (3.13)
where the commutator equals
(X1, Xo] = X5, (3.14)

and we therefore have the 2d, non-abelian Lie algebra a(1). The generator X is strictly variational in the same
manner as before. Concerning X,

prD Xy (L) + Lde& = (x0y — ¢Oy — 20'04)L + L Z—x = AL+ L =-3L, (3.15)
X

where E(—3L) = —3E(L) isnon-zero and is proportional to the left-hand side of the field equation. Hence,
the symmetry is non-variational, cf. (2.28), which means that it is a symmetry of the field equation, but not the
action. That X, is actually a symmetry of the field equation is confirmed by checking the linearized symmetry
condition (2.19) for the field equation:

prOX,(E(L)) = (x0x — ¢p0y — 26/ — 3¢"d4)E(L) = —3E(L), (3.16)

which vanishes when E() = 0, that is, when the field equation (3.2) (with m = 0) holds, and X, ishence a
symmetry of the equation. In 4d, the corresponding symmetry will be strictly variational, cf. (3.44).

3.1.3. Free, massive scalar theory
Now, if we let

A=0 and m=0 (3.17)
in (3.2) and (3.6), the solutions to (3.6) are
é‘(x) ¢) - dl(-x) + ¢d2(x))

n(x, @) = ds(x) + ¢pda(x) + $2dj(x), (3.18)
where
6 sin(2 mx) c4 c0s(2 mx) 4
di(x) = — 4
ix)=a+ m 2m? 2m?

dy(x) = ¢s5 cos(mx) + cgsin(mx),
d;(x) = ¢ cos(mx) + cgsin(mx),

di(x) = — ¢ sin?(mx) + ¢ + M. (3.19)

2m
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Then the infinitesimal generator (2.8) is given by

X =YX (3.20)
i=1
where the generators X; may be taken as
Xi = (1/m)0,
X, = (1/m)sin(mx) cos(mx) D, — sin?(mx) pd,
X3 = ¢0;,

X4 = (1/m)sin?(mx) 0, + sin(mx)cos(mx) pdy,

X5 = (1/m)cos(mx) p0y — sin(mx) p>0y,

Xo = (1/m)sin(mx) pdy + cos(mx)p*0y,

X7 = cos(mx) Dy,

Xg = sin(mx) 0, (3.21)
where the factors (1/m) ensure that there are no occurrences of the mass parameter m in the commutator table.
Here, X, corresponds to translations and X; corresponds to scaling symmetries. Some occurrences of the

parameter 7~ ' have been absorbed in the constants ¢j, which should be kept in mind if we want to explore the
symmetries corresponding to the case m = 0. The commutator table of (3.21) can then be calculated by applying

SYM [43]

X1 Xo X3 X4 X5 X X7 Xs
X1 0 X1 —2Xy 0 2X9 + X3 — X X5 —Xg X7
Xo | 2X4— X4 0 0 X4 —X5 0 0 Xg
X3 0 0 0 0 X5 Xe —X7 — X3
Xy | —2Xo — X3 —X4 0 0 — X6 0 — X3 0
X5 Xe X5 —X5 Xs 0 0 X4 — X4 X3 — Xo
X —X5 0 —Xs 0 0 0 —Xo —2X3 —Xy
X7 X3 0 X7 Xs X1 — X4 | Xo+2X3 0 0
Xs — X7 — X3 Xg 0 X9 — X3 X4 0 0

(3.22)
Note that { X, X7, Xg}, {X1, X5, X6} and { X}, X3, X7, Xg} are subalgebras. The subalgebra { X3, X¢} = a(1)is
non-compact; thus, the ambient algebra is non-compact as well. We show that the Lie algebra generated by
(3.21) s sl(3) in section (3.1.4). The only scalar symmetry X5 has a prolongation that acts as

pr Xs(£) = (60, + ¢'9)(L) = 2L, (3.23)

and is hence not a variational symmetry, because the Euler operator of the result of (3.23) is evidently not zero:
E(2L) = 2E(L)is amultiple of the Euler—Lagrange-expression, which is not identically zero. Of course, the
expression vanishes when assuming that the Euler—Lagrange equation holds; however we do not assume this on
the level of variational (also called ‘off-shell’) symmetries.

3.1.4. Free, massless scalar theory

In case
m=\=0 (3.24)

the solutions of the determining equations (3.6) still yield a Lie algebra that is 8d, with generators

Xy = 0Oy

X = x0y,

X3 = x20 + x¢0;,

Xy = @0y,

X5 = x¢p0y + %0y,

X = 0p»

X; = ¢0y,

Xg = x0y) (3.25)
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X1 X X3 X4 X5 X6 X7 X3
X1 0 X1 2X9 + X7 0 X4 0 0 X6
X —-X1 0 X3 — Xy 0 0 0 Xg
X3 | —2X9 — X7 | — X3 0 —X5 0 — X3 0 0
Xy 0 X4 X5 0 0 —-Xi Xy | X7 —Xo
X5 —X4 0 0 0 0 —Xo —2X7 | — X5 —X3
X 0 0 Xg X1 X5 4+ 2X7 0 X 0
X7 0 0 0 X4 X5 — X6 0 —Xg
X3 —Xs —Xg 0 Xo — X7 X3 0 X3 0
(3.26)

We again note that the algebrahasan a(1) = {X;, X;} subalgebra, so the 8d algebra cannot be a compact
algebra, because the subalgebra a(1) is not compact. This algebra is s1(3) (cf. Olver’s no 6.8 basis, e.g. in [46]).

Lie himself showed that a second-order equation with an 8d algebra, is always equivalent to the massless
equation ¢ =0. Equation (3.2) with A = 0, m® = 0 is equivalent to the massless equation &” = 0 through the
point transformation (see e.g. [47])

o (3.27)

X = tan(mx), gAb = R
cos(mx)

which makes the massless equation hold if and only if the massive equation holds, as long as cos(mx) = 0. Note
that the transformation (3.27) is not a symmetry, because the structure of the equation is not conserved.
Moreover, the algebra corresponding to (3.21) and (3.22) is s1(3), which is the same algebra as in the case
m = 0. First, it is the only possible 8d algebra for any second-order ODE. Second, the generators (3.21) may be
transformed to generators yielding the same commutator table as for m = 0 (3.26), by a basis shift:
By applying the transformations (3.27) and their inverses

$

arctan(X)

. , = —2 (3.28)
m 1+ %2
in combination with chain rules
Oy = (0:8) 0z + (0:0)9;,
05 = (0p2) 0z + (99$) 9, (329)

we obtain a correspondence between the generators (3.21) related to m = 0, and the generators (3.25)
corresponding to m = 0. Here, we will denote the latter as hatted quantities, consistent with the transformation
(3.27). For instance,

1

cos?(mx)
=01+ 2|0z + ia;
( x )( 1 + 3’(‘:2 D)

= 0; + %20z + £60;

X = (1/m)d; = (D% + ¢ sin(mx) ;)

=X+ X, (3.30)
where the last line refers to the generators of (3.25). Subsequently, the generators of (3.21) and (3.25) are
connected through

X = TX, (3.31)
where the matrix T equals
10100000
01 00O0O0O0O
0000O0OO0OT1D0
1001 0000O00O0
T=1o0o0010000f (3-32)
000O01O0O00O0
0000O0OT1O00O0
0000O0O0O0OT1
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and we can express the generators (3.21) in a new basis given by
X' =T7X. (3.33)

Then, a calculation of the commutation table in the basis X’, shows that the table is identical to that in (3.26),
the m = 0 case. Hence, we have shown explicitly how the Lie symmetry algebra of the free, massive equation is
the same as that of the corresponding massless equation, namely s[(3, R).

Asin the massive case, the generator X; = ¢0,, will correspond to a non-variational symmetry because its
prolongation will again map £ to a multiple of itself. The new scalar symmetry Xs = 0,, equals its own pro-
longation and annihilates £ = (1/2)(¢’)?, and is thus a strict variational symmetry. The accordance with theo-
rem 1 is trivial, because V= 0.

3.2. ¢* theoryin (3+1)d spacetime
Real scalar ¢* theory in 4d has a Lagrangian density

_1 Lo A
L= 28#@5 oHe M @ 4!¢ , (3.34)
with a nonlinear field equation
0,000 + m’s + 26 =0, (3.35)

for ¢ = ¢(x). We may now analyze the symmetries of (3.35), for example by applyingMathLie [48] or
SYM [43]. Equation (3.35) then yields 19 determining equations.

3.2.1. The casem, \ =0
In the case m, A = 0, the Lie symmetry algebra consists of 10 generators, the first six of which correspond to the
Lorentzalgebra so(1, 3),

Xy = x00y + x10x,

Xo = x00x, + %0y

X5 = x00yx; + %304,

X4 = %0y, — x304,

X5 = x36x1 — X 8x3)

X6 = x10x, — %0y, (3.36)
where the first three generators are the boosts in x1, x, and x; directions, and the last three are the rotations
about the x, x, and x; axes, respectively. Together with the four translations

X; = Oxy»
Xs = Oy
Xg = 0y,
X10 = Oxs (3.37)

(3.36) yields the Poincaré algebra iso(1, 3), which is the symmetry algebra for the case m, A = 0.

3.2.2. Thecasem =0and X =0
In the case of ¢* theory in (3-+1)d spacetime with 7 = 0 and A = 0SYM [43] reveals that the symmetry algebra
iso(1, 3)is enhanced with the five genera‘(ors8

X1 =S 1xi0x, — 0,
Xip = —2¢x0 Oy + 2x0%1 Ox, + 2%0% Ox, + 2x0X3 Oy, + (xg + xf 4+ x3 + x32) Oxy>
Xi3 = —20¢x1 Oy + 2x0x1 Ox, + 2X1% Oy, + 2x1%3 Ox, + (xo2 + xl2 — x22 — x32) Oxp>
Xia = —2¢% 0y + 2x0% Ox, + 2x1% Oy + 2%x3 Ox, + (xo2 —xP 4 x} — x32) Oxy»
Xi5 = —2¢x3 Oy + 2x0x3 Ox, + 2%1%3 O, + 250%3 O, + (xg — X7 — X3 + x3) Oy (3.38)
Scaling symmetries such as X;; are known not to be preserved in the quantum theory, due to the regulator
introducing a scale. We now demonstrate that the scaling symmetry generated by X1, is, nevertheless, strictly

variational, in contrast to the situation in the 1d case. The generator X;; corresponds to infinitesimal symmetry
transformations

8 Thanks to Stylianos Dimas for providing a tutorial Mathematica notebook demonstrating equations (3.36)—(3.38) and (3.45)—(3.46)
using SYM.
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xt— (1 + e)x', ¢ — (1 —¢)op. (3.39)
Then the derivative transforms as
99 L, A-99 __,,9 (3.40)
OxH (1 + €)oxH OxH
while the measure transforms as
d* — (1 + 4¢e)d*x (3.41)
to first order in the infinitesimal parameter ¢, cf. (3.39). Then, suppressing ¢, 6¢ = — ¢, dx = x,
8(0,¢)=—20,¢and 8(d*x) = 4d*x, which gives a first-order variation
S(Ld*) 0L oL L6(d*)  Ao*
— = — ¢ + 6(0 + = — 20,00 + 4L = 0, 3.42
dx Do ¢ 3(9,9) (09 dx 6 h00"0 (-42)
of the Lagrangian of ¢* theory. We obtain the same result by applying the 1-prolongation of X1,
0
rVX,; = x*0, — ¢p0, — 2(0 , 3.43
p 11 1 ¢ b ( H¢)8(8#¢) ( )
to L, because the definition (2.23) of a strict variational symmetry then holds,
prX (L) + L d, " = —4L + 4L =0, (3.44)
where £# =x", in contrast to the 1d case (3.15). There are no scalar symmetries, as in the case of the
corresponding 1d theory in section 3.1.2. This is in accordance with corollary 1, which states that scalar
variational symmetries will be the same for the 1d and 4d theories.
3.2.3. Thecasem =0and X\ =0
In the case of ¢* theory in (3+1)d spacetime with 1 = 0 and A = 0SYM [43] shows the symmetry algebra
is0(1, 3)is enhanced by the generators
X1 = 90y,
Xio = Fi(x) Oy, (3.45)
where Fi(x) is an arbitrary function of the spacetime variables, satisfying
0,0"Fy + m*F = 0. (3.46)

Hence the symmetry algebra in this case becomes infinite dimensional, with iso(1, 3) as a finite subalgebra. The
only scalar symmetry X, here is the same as for the 1d case in section 3.1.3. By Corollary 1, the scalar,
variational symmetries of the 4d theory must be the same as those of the 1d theory, which can easily be
confirmed: As for the 1d case, the prolongation of X;; maps £ to a multiple of itself, and is hence again non-
variational.

3.2.4. Thecasem =X\ =0
In the case m = A =0, the Poincaré algebra iso(1, 3) is enhanced by both sets of generators given in (3.38) and
(3.45); hence the algebra once again becomes infinite-dimensional. The symmetry X;; = ¢0,, will still map £ to
amultiple of itself, as in section 3.1.4, and is hence non-variational as before. The 4d, scalar symmetry is thus of
the same nature as in the 1d case, in harmony with corollary 1.

No divergence symmetries were found in the analysis in section 3, but they occur e.g. in scalar gauge singlet
extensions of the SM [49]. Finally, we also note that all three cases, m = 0, A= 0 and A = m = 0 may be imposed
by symmetries, as all cases correspond to distinct symmetries.

4.2HDM

The Lagrangian of a 2HDM is defined by (2.53) with N=2and K= 0,

2
L= = Wa, W — 2B, B + 3 (D,0) (D'R) = V (@, ), 1)
i=1
with Higgs doublets
1 (¢ + i, 1 (@5 + i
(D = — . 5 @ = —F= . > (4'2)
1 ﬁ(¢3+z¢4 1T 2\, + iy
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where the covariant derivatives and gauge boson field strength tensors are given by (2.55)—(2.57). The most

general, renormalizable 2HDM potential can be written as
V (D, &) = mf &[®, + m} LD, — [m} [P, + h.c.]
A A
+ @B+ TH@IP)” + (D] B)(B)P2) + Ny (B[ 8) (21 )

A .
+ [75@1* B2)2 + \g(B] D) (D] Dy) + A7 (PP,) (P D,) + hec. ]

(4.3)

where ‘h.c.’ means Hermitian conjugate, i.e. conjugate transpose, with complex parameters 15, As, A¢and Ay,

other parameters real. Applying a basis shift (i.e. a reparametrization) of the doublets,

(@1, D)7 — (B}, )T = U@}, D)7

(4.4)

with” U € U(2), we can diagonalize the mass-squared matrix and remove the complex phase of e.g. s, which

means that
mp =0, J(Xs) =0,
in the potential V (&, ®,) = V (®,, ¥,) written in the new, hatted basis.
The 24 Euler-Lagrange equations E(£) = 0in (4.1) are of the form
oL oL
- —d,——
9y Iy,

Nu

with

2 = {bp.-»dg Bose.sBs, Wy, Wi, W3
These equations will be variants of the interacting (i.e., nonlinear) Klein-Gordon and Proca equations.
4.1. A bilinear formalism

The 2HDM potential may also be written in a particularly useful manner by gauge invariant bilinears, a
formalism first introduced in [50] and subsequently developed for the general 2HDM in [51].

V = Moty + Mur, + Aor¢ + Latory + ralapty
by employing bilinears in the fields,
n=od, =320,

wherea € {1,2,3} and bilinears r, are given in terms of the Pauli matrices o, which imply
n= %(‘I)f P, + ®L®), n= —;—'(<I>I<I>z - By,
= %(qﬁ@l — BiDy).

The parameters of (4.8) are given by

1
My = mj + mp, Nog= E(/\l + )+ A,

T
L= (—‘ﬁ()\s + A7) T(Xe + M), %(/\2 - )\1))

M= (29%(’”122)) —2J (m122)’ m222 - m121)T)

Ay + R(As) =T (Xs) RAs — A7)
=Ts) A —ROs) =T — M)

A= .
~ 1
R — A7) =T (e — N) 5()\1 + ) - A

Under a change of basis
b, — (J,]¢], U € suU(2),

° Orwith U € SU(2), if we absorb the complex phase of U(2) into U(1)y hypercharge symmetry.
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1o 1s a singlet while r, transforms under the adjoint representation of SU(2),

o — 1o Ta — Rab(U) b (4 16)
with
R (U) = %Tr(UU\a UNp). (4.17)
To keep the potential invariant, the coupling constants are transformed as follows under this change of basis:
A — R(U)ART(U), (4.18)
L — R(U)L, (4.19)
M — R(U)M. (4.20)

Because Ad g2y = SO(3) all matrices of SO(3) correspond to an SU(2) Higgs basis transformation, and we
may always diagonalize the matrix A of (4.14) by a basis transformation. Given an arbitrary potential, we can
change the basis in such a way that A is diagonalized. This means that

TAs) =0, XN =g (4.21)

in the new basis. The basis shift will, of course, depend on the values of the parameters of A in the original basis,
hence we have reduced the number of parameters by three. A slightly different bilinear formalism was applied
in the beautiful derivation of the strict variational symmetries of the 2HDM in [21]. A crucial part of the proofis
the aforementioned diagonalizability of A, which does not carry over to the analogous matrix A for higher N,
because Adgynvy & SO(N? — 1) is dramatically smaller when N > 2. This again makes the classification of
symmetries using bilinear formalisms much harder for N > 2.

4.2, Finding and solving determining equations

We now find the determining equations (2.19) of the system of PDEs given by (4.6) by applying SYM [43]. This
yields a system of 1733 determining equations for the coefficients £ and i° of the point-symmetry

generator (2.8).

These determining equations follow from the symmetry condition (2.19), that is, by computing prX (E;(L))
forallias functions on the relevant jet space and then imposing E(L) = 0 by substituting 24 of the highest-
order derivatives, cf. (3.4). In geometric terms, this ensures that the change of the functions E;(£) along the
direction prX vanishes when starting on the solution manifold Mg, so that prXis tangent to Mg,y Hence X
generates a Lie point symmetry, since it moves us infinitesimally from one solution to another. Finally, by
demanding that the coefficients of all linearly independent monomials in the remaining derivatives of the fields
vanish, we obtain a linear overdetermined system of PDEs for the functions £ and 17’, cf. (3.6).

Aswe are interested only in scalar symmetries, we set

&=0, forall
7' =0, forall

3)

0
i <24, (4.22)

0<sp<
9<i<
This means that the spacetime variables and gauge bosons are kept constant under the considered
transformations. Then the simplest (shortest) of the remaining determining equations are

99,06 =0, forall 1<i,j, k<8, (4.23)
and
d,m =0 forall j>8A1<i<8, (4.24)

which means that the s are affine (or sometimes referred to as linear) in the scalar fields and do not depend on
the gauge fields. For strict variational symmetries, (4.23) is natural: any quadratic or higher dependence
7' = O(¢?) would generate higher-order monomials (such as ¢” or ¢°) in the transformed potential, which
would spoil the invariance of the potential.

Hence, we can proceed by solving the determining equations by substituting

ni =a; + bl] is (4.25)
with an implicit sum over jranging from 1 to 8 into the determining equations. We do not include explicit
spacetime variables in (4.25) because we are only considering pure scalar symmetries, although it would have

been a principal possibility for non-scalar symmetries. After substituting (4.25), we obtain a system of 353
polynomial equations

Pk(}/ly--;}/q) = 0) (426)
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for the g =24 fields (4.7), with 1 < k < 353. All derivatives of the fields were eliminated when deriving the
general determining equations for the functions 5’ and £/. The polynomials Py depend on the parameters of the
Lagrangian, as well as on the unknown constants a; and b;;, which we wish to determine for the different possible
choices of Lagrangian parameters. For a symmetry to be present, all equations (4.26) must hold for all field
values, in complete analogy with the requirement that (3.6) must hold for all values of ¢ (and x). This implies
that, in each equation (4.26), the coefficients of all distinct monomials in the fields must vanish.

More precisely, let a general monomial 77 in the g = 24 fields be written as:

m(m,...ng) = (YY" - (yD",  nj € N,, (4.27)
where Ny = N U {0}. Then
C(my,...,ng) € Pp= C=0 (4.28)
when C = me,nq(a, b, m?, )\, g, g'Y) is the maximal coefficient of m(ny,...,n,), thatis
Di(ny,...,ng) & (P — Cii(my,...,ng)), (4.29)

for any, non-zero coefficient D = Dy, (a, b, m?, A\, g, ¢'Y). This splitting into monomials yields 1412
equations of the form C = 0, some of which are very simple. The 80 simplest equations are of this type:

ha;=0, and hb; =0, with he{g ¢V, g'Y}, (4.30)

and may be solved with solutions
a;=0 Vie{l,...,8}, (4.31)
and
bij =0 (4.32)
forall 4, j except for indices corresponding to any of the following 24 parameters

Blz{blb blS) b16) bZl) bZS) b26> b34> b377 b38) b43) b47) b48)
bsi, bsy, bses bers bezs bess b7, bras brg, bss, bgs, gz, (4.33)

parameters that did not vanish at this stage. We also could have considered the case g’ = 0 here, and hence
investigated custodial symmetries [52], but we will refrain from it, as these are not exact symmetries of the
considered Lagrangian (4.1), and as this could have doubled the analysis. "’

Equation (4.31) means that there cannot be any pure scalar shift symmetries of the field equationsina
2HDM. We continue our process of solving the determining equations by substituting the solutions (4.31) and
(4.32) into the 1412 determining equations, where only the parameters (4.33) are kept non-zero among the b;’s.

At this stage, we also implement (4.5), that is, set 15 = 0 and J(\s) = 0, although we just as well could have
done so from the start, before calculating the Euler—Lagrange equations. Then, we end up with a system

D=0 (4.34)

of 548 determining equations.

4.3. Parameter cases and reductions of the potential

Leta reduced potential be a potential in which one or more parameters have been eliminated by transforming to
aspecific scalar basis through a U(2) Higgs-basis transformation (4.4). Such reduced potentials have been used,
for example, in early studies of CP violation in the 2HDM [15], in basis-independent analyses [54], in the
Minkowski-space formulation of the Higgs potential [21], and in tensor-product-based classifications of scalar
symmetries [32].

We proceed by considering different parameter cases, and try to optimally reduce the potential in each case.
This means that we eliminate as many parameters as possible through an appropriate basis transformation, and
hence, more or less, lock the basis and thereby discard reparametrization freedom. We do this to avoid that the
same symmetry manifests itself in different bases of the doublets excessively, typically by Lie algebras with gen-
erators involving potential parameters. Although all these manifestations of the same symmetry will be detec-
ted by the Lie symmetry analysis (for a clarification of this, see Appendix B), we want to avoid this as much as
possible, because we would otherwise have to show that two different manifestations of the same symmetry are
equivalent, which may imply extra work.

10 See [53] for conditions for the canonical custodial symmetry (CCS) in the 2HDM, while [32] classifies non-canonical 2HDM
symmetries. The Lie symmetry analysis used in this work would detect all such symmetries, including the non-canonical ones.
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4.3.1. The case my = m#
In addition to the diagonalization of the mass-squared matrix, and hence the reduction (4.5) of the potential,
we now assume that

my) = ms, (4.35)
Then the 164 simplest determining equations are of the forms
(my — m3)bij =0 = b;j = 0 (4.36)
h(b; & by) = 0 = b; = Fby (4.37)
forh > 0cf. (4.30) and certain indices , j, k and I. Solving these equations yields:

—biy = —b3y = byz = by,
bse = —bes = —bg; = by,
bj =0, forother i, j, (4.38)

which means that we have only two free parameters: b,; and byg. Inserting (4.38) into the full set of determining
equations and then applying Mathemat i ca’s built-in Reduce function, we obtain

by +bs=0 (4.39)
or
R(As) =RNe) =RN) =T (X)) =T(N) =0 (4.40)

Here, substituting (4.39) into (4.25) and then into the infinitesimal generator (2.8) results in a 1-dimensional
algebra that is present for all'' potentials, given by the generator

Xy = —$,04, + 0,00, — 0,00, + 0304, — @04, + ¢50¢, — 9304, + ;04 (4.41)
which again implies the symmetry algebra
u(l)y = span(Xy), (4.42)
that s, the Lie algebra of the hypercharge symmetry group U(1)y. The only other possibility (4.40) corresponds

toa 2-dimensional algebra, parametrized by the two now free parameters b,,, b,s, because there are no
restrictions on by}, b7g in (4.40). Equations (4.25) and (2.8) then yield a symmetry algebra

U(l)y ©® u(l)pQ = span(Xy, XPQ), (443)

where
Xpq = ¢28¢1 — ¢18¢2 + ¢48¢3 — ¢38¢4 — ¢68@5 + d)sa% — ¢88¢7 + ¢78¢,8, (4.44)

which spans the Lie algebra u(1) pq of the Peccei-Quinn U(1) symmetry. We demonstrate that this is a strict
variational symmetry by applying the fact prXpo(T) = 0 (i.e., the Peccei-Quinn symmetry is an SVS of the
kinetic terms), together with theorem 1. Alternatively, we can show (2.23) holds for potential parameters (4.5)
and (4.40), or we can simply check the consistency with the resultsin [21] or table 5 of [26].

4.3.2. The case mp, = m%

We now assume
2 2
my = My, (4.45)

and substituting (4.45) in the determining equations (4.34). The 148 simplest of these equations are of the form
(4.37), and we solve and substitute the resulting equations in the total system of determining equations. The
only free parameters b;; in the determining equations can now be taken as:

By = {by, bas, bsy, brs). (4.46)

Because of (4.45), the mass-squared matrix will remain diagonal under any additional Higgs basis
transformations, hence, we have the freedom to further reduce the potential, without introducing a new m122
parameter. Therefore, we choose to diagonalize the matrix A in (4.14), which means that

)\6 = )\77 ‘7()\5) = 0) (447)
cf. (4.21), where the latter reduction J(\s) = 0 is the same as before, cf. (4.5).

11 . L L
This corresponds to the fact that there are no restrictions on the parameters of the potential in (4.39).
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Assuming R()\s) = 0 Additionally, we will now assume
R(\s) = 0, (4.48)

since R(As) = 0 would also have let us reduce the potential by eliminating J(\s). By substituting (4.47) into the
determining equations and solving for the parameters (4.46), with assumption (4.48), we obtain three different
solutions for the parameters By, cf. (4.46), hence three possible Lie symmetry algebras: Let

H = ¢68®1 - @5(9@2 + ¢88¢‘>3 - ¢78¢4 + ¢28@‘5 - ¢1a¢6 + (;548@7 - ¢38¢)8’
H,= ¢56®1 + ¢680’52 + ¢78¢3 + ¢ga®4 - ¢1a¢5 - ¢28¢6 - ¢38¢7 - ¢46<s‘>g' (4.49)

Then, the Lie algebra of the reparametrization group SU(2) (i.e. the basis transformations), denoted su(2) yr
(where ‘HF’ stands for ‘Higgs Family’), will be spanned by the latter generators and

H; = Xpq, (4.50)
c.f. (4.44), namely
su(2)yr = span(H,;, H,, Ha). (4.51)
The Lie algebra in this basis has the commutation rules'”
[H;, Hj] = —2¢'*H. (4.52)
Now, the first solution for the b’s is

I: b25 =0, b78 - _bzla
When )\2 = )\3 + )\4 + 9‘{(/\5) A Al = )\2 (453)

with b5, free, and this holds for the displayed parameter conditions, in addition to the other conditions as in
(4.5). The other two solutions are as follows:

II: bs] =0, b78 = —bzl III: b25 = b51 = 0, b78 = —bZ] (454)

where both solutions hold for several, different conditions on the potential parameters, similar to those given in
(4.53). Then, the three symmetry algebras are as follows:

g; = span(H,, Xy), (4.55)
gy = span(H, Xy), (4.56)
u(l)y = span(Xy). (4.57)

We can conclude that all these algebras are strict variational symmetries, without considering all the distinct
sets of conditions on the parameters of the potential: The prolonged infinitesimal elements prX of all generators
Xin (4.55) will annihilate the kinetic terms when applied to the most general £. This may be verified explicitly,
but it also follows from the well-known fact that SU(2) g is a strict variational symmetry group of the kinetic
terms of the 2HDM, see [34] for a proof that the strict variational symmetries of the kinetic terms are su(N) for
ageneral NHDM. Then, theorem 1 guarantees that these symmetries are strictly variational, independent of the
parameter constraints of the potentials. Moreover, in section 4.3.3, we will show that the symmetries given by
g; and gy are equivalent, which means that there is a new Higgs basis where g will be the same as g ; in the old
basis.

Assuming R(As) = 0 We now consider the special case where

R(As) =0, (4.58)
in addition to the conditions (4.45) and (4.47). By arephasing of the doublets, we may now eliminate J(\¢),
T(e) =0, (4.59)
without introducing any new parameters.
Assuming R(As) =0and A} + A, = 2(A3 + A If A} + A\, = 2(\s + A\y) the matrix A will be proportional to
identity, and we can perform SO(3) rotations without altering the elements of A. Then, we can freely rotate L

while M remains zero, such that L points in a desired direction, for example, in the x-direction, and then will
A1 = \,. Hence, we first consider the case in which:

)\1 + )\2 = 2()\3 + )\4), (460)

in addition to all the previous assumptions, such as (4.58) and (4.59). By solving the determining equations for
this case, we obtain three solutions for the surviving parameters B,, cf. (4.46). In the same manner as in earlier
sections, the resulting Lie symmetry algebras are

12 . e s . .. . . .
Remember we are employing the mathematicians’ definition of a Lie algebra, and are hence working in an anti-Hermitian basis.
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g, = span(H;, Xy), (4.61)
u(l)y = span(Xy), (4.62)

where two different solutions for the &’s correspond to the same algebra 1(1)y, while g, is isomorphic to to
u(1) @ u(l)y.Inthe same manner as before, all symmetries given by (4.61) are, by theorem 1, strictly
variational because they annihilate the kinetic terms of the 2HDM.

Assuming R(\s) =0and A\ + A\, = 2(\; + A\y) We now consider the last case with, as explained at the
beginning of the last paragraph,

Nt d=20+ ) AN =\, (4.63)

in addition to (4.45), (4.47), (4.58) and (4.59). Under these conditions we obtain two solutions for the &’s. In the
first solution, R(\e) is free, and the corresponding symmetry algebra is

9 = Span(I_Il: XY): (464)

which again is isomorphic to u(1) & u(1)y. The second solution is that all the four parameters of B, are free,
cf. (4.46), while 3(\g) = 0. In this case, the symmetry algebra is

su(2)ur © w(l)y = span(H,, Hy, H;, Xy). (4.65)

Both symmetry algebras correspond to strict variational symmetries, due to theorem 1.

4.3.3. The inequivalent Lie point symmetries of the 2ZHDM
All the 2-dimensional Lie algebras found in the analysis are equivalent, because a rotation

I_Il — H2 — H3 — Hl (466)

of su(2) yr generators will be an inner automorphism of su(2) 5, which means it may be implemented by a
matrix conjugation by a matrix U € SU(2), thatis, UH, U" = H,, etc. Moreover, a conjugation by a SU(2) matrix
U corresponds to a change of Higgs doublet basis, which means all the 2-dimensional symmetries we found
really are the same symmetry transformation, expressed in different Higgs bases. Here the other element Xy of
the 2-dimensional algebras corresponds to a complex phase, and commutes with all other (series of) generators,
including U, and is not affected by the automorphism. Finally, the rotation of generators (4.66) is an
automorphism because it conserves the commutator, and it is inner because all automorphisms of su(2) are
inner (its Dynkin diagram is just a dot with no non-trivial diagram automorphisms). Hence, we have shown
that there are only three possible, inequivalent scalar Lie point symmetry algebras of the 2HDM, namely

su2) @ uly, uw@d) & uly, u(ly (4.67)

and they are all strictly variational according to theorem 1, consistent with the results in [21] and [32]. Gauge
symmetries are not included in (4.67) because we considered only (purely) scalar symmetries. In addition, we
have demonstrated something new, namely, that there are no scalar divergence or scalar non-variational Lie
point symmetries in the 2HDM, as Lie’s method finds all symmetries of systems of PDEs, cf. (2.19). The absence
of divergence and non-variational Lie point symmetries in the 2HDM stands in contrast to the situation in
singlet extensions of the SM, where such symmetries do appear [49].

Furthermore, we have tested the soundness of our implementation of Lie symmetry analysis for models
with many parameters, variables and reparametrization freedom by applying the method to a well-understood
example and replicating well-known results. Of course, the derivation in [21] of the strict variational point
symmetries of the 2HDM is more effective, transparent and elegant, and includes discrete symmetries in the
same proof. However, the method applied in this section has the advantage that it is universal and detects all
divergence and non-variational symmetries as well as strict variational symmetries. Lie symmetry analysis
could, atleast in principle, be applied to any model, including any NHDM, in contrast to methods that only
consider the possible symmetry transformations of gauge invariant scalar bilinears, cf. (4.9). The method
applied in this study also yields the exact parameter conditions for all symmetries, although this may not be an
essential feature in a classification of symmetries.

5. Summary and outlook

We have demonstrated, by example, how Lie symmetry analysis of field equations can be applied to particle
physics models with many variables, parameters, and reparametrization freedom. In our analysis of the two-
Higgs-doublet model 2HDM), we reproduced its well-known strict variational Lie point symmetries and, for
the first time, showed that the model admits neither divergence nor non-variational Lie point symmetries.
Hence, the maximal realizable Lie point symmetry algebras of the 2HDM are generated exhaustively by the
strict variational symmetries. This observation is essential: Under the usual boundary conditions, divergence
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symmetries are symmetries of the action and, provided that the path-integral measure is invariant, they should
be preserved under quantization in the same way as strict variational symmetries.

Moreover, we proved three general results that can simplify Lie symmetry analysis for a wide class of particle
physics models. The most relevant result for the present work is theorem 1, which enables us to decide whether
scalar Lie point symmetries are variational for a large class of theories, simply by considering the actions of the
symmetries on the kinetic terms. This criterion is independent of the specific parameter conditions associated
with the often numerous potentials that realize the same symmetry algebra. The other two results, proposition
1 and corollary 1, were not strictly necessary for the present analysis, but they may substantially simplify the
computations of variational, scalar Lie point symmetries of other, larger models of the type NHDM+-KS. This is
done by reducing the spacetime dimension, and hence the number of spacetime variables and gauge fields,
while obtaining exactly the same results for scalar variational symmetries. Lie symmetry analysis detects only
continuous (Lie) symmetries. Nevertheless, any discrete symmetries not detected by Lie’s method may be iden-
tified by considering the automorphism groups of the Lie symmetry algebras computed through Lie symmetry
analysis. In this way, the set of possible maximal, faithfully acting variational symmetry groups of a generic
model can be determined. A systematic study of such automorphisms and their role in identifying the discrete
symmetries of large quantum-physical models is left for future work.
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Appendix A. A proof of proposition 1

The most general NHDM-+KS Lagrangian in d spacetime dimensions is given by (2.53). We can expand the
Lagrangian (2.53) in purely scalar terms and terms linear and quadratic in the gauge fields, as follows:

Li(xpr...x4-1) = 0,8, 01D, + (0'¥])G, D, + PG, 0"D, + DG G+,

n~u n~pu

+ %@smaﬂsm — V(®, s) + Tgg, (A1)

where
G = ig(ai/DW!' + ig'YB" (A2)

represent the gauge bosons and wheree.g. € {0, 1,2,3} for £4and = 0 for £;. Moreover, Tgp is the sum of
the kinetic terms of the gauge bosons given by (2.54), which is irrelevant for the proof of proposition 1, because
we only consider scalar symmetries. The relevant 1-prolongation of the scalar infinitesimal generator for the d-
dimensional case is given by

d—14N+K 3%; om. P
1) — J i
pr Xd = 7]18 ; + - 5 (AS)
;;) i,jzzl § 83(?,1 8¢] 8(8¢i/axﬂ)
where we identify
Gunik = Sk for k> 1. (A4)

The 1-prolongation (A3) is of the given form since we only consider symmetries not involving x,,, i.e. £ =0
and niﬂ = 0forall0 < p<d—1land 1 <j<AN+K,since )’ =n’(¢y, ..., any S1> - - -» SK)- Because we do not
consider symmetries transforming the gauge bosons, 17’s corresponding to the gauge fields are zero as well.
Moreover, if K=01in L;(xo,...,Xi_1), we have a pure NHDM, and if N = 1 we have the SM augmented with K
real scalar gauge singlets. Then, the scalar, variational symmetries of a theory given by a Lagrangian £, are
independent of d:

Proposition 1. The variational Lie point symmetries transforming only the scalars are the same for all
NHDM+KS Lagrangians £, regardless of the spacetime dimension d € N.
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Proof. First we consider strict variational symmetries, that is, symmetries with pr X, £; = 0 (no sum over d),
cf. (2.23) with £=0.

Wedenote 04 ®; = ®;;, and similar for Hermitian conjugated fields. Then e.g. <I>f, 4+ = (0, —i). The effect of
prVX, of (A3) on Ly, given by (A1), can be written as

prOX, Ly = n;(0"¥) G, D, + 0, ¥, ;G 01D, + 1D G G'D, + 1,DLG! G'D,;

nmi [ n,i
ovV(®,s) 0% an, dp; 0% o, .
-2 4 2 Ly 2 l(I)TG‘I’n—I—‘I’,;G%I)ni—&—(Smi_ O0,uSm
i 8¢, 8xu a¢] OxH 8xu 8(125]( et pen o(i=4N) O )

=0, (A5)

where 0 <t <d—1and 1 < K. Assume that pr'VX; £; = 0 holds, we would like to show that then
prYX,; L, = 0holds, with the same 7)’s. This means that a scalar symmetry of the d = 1 theory also is a scalar
symmetry of the theory with arbitrary dimension d. Now, 7,04 V (®) = 0, because all other terms are
proportional to gauge bosons G or derivatives d¢;/0x,, (which includes terms 0,,s,,), and hence cannot cancel
;04 V (®, s5). Thisimplies that 7,0,V (®) = 0in prV X, L, as well, because it is the same expression when
suppressing spacetime variables. The other terms all depend on i, and since they cancel for = 01in pr®V X, £;,
they also have to cancel for each 1 in prV X, £,, because the structure of the terms is the same for all .
Conversely, assume prlV X, £, = 0, that is, we have a symmetry of the theory of some fixed but arbitrary
dimensiond > 1.Then, (A5) holds where p this time is a sum from 0 to d — 1. We will show that then
prYX; £, = 0 for the same 17’s, which means that the d = 1 theory has the same symmetry. Again, because all
other terms are proportional to gauge bosons or derivatives, 7,04V (®) = 0,and the same is truein thed = 1
theory. Moreover, the other terms have to cancel for each y individually, because terms involving gauge bosons

G cannot be canceled by terms involving gauge bosons G” for v = 1, because they are independent fields.

96, on,
Moreover, the term %3—2’% for a specific, fixed p cannot be canceled by a term of the same type with a fixed

]
spacetime index v = 1, because 1); does not involve spacetime derivatives of fields. No other terms can cancel
these terms either. Therefore, terms containing 1 in (A5) cancel for each choice of i separately, and hence they
will cancel for yo = 0 in the d = 1 theory as well, and the symmetry for thed > 1 theory is also a symmetry for the
d=1theory. Thus, the scalar, SVSs for £; and £, are the same. Hence, they are the same for £, forall d € N.
We now turn to the case where prVX, £, = Div3 = d, 8" for somelocal vector fields 5/ (x, ¢, ¢,> @,03),

which are not identically zero. The first-order infinitesimal variation §£; = prV X, L, is a divergence if and

only if the Euler operator E applied to prV X, L, is zero (cf. (2.28)), which means that

0 d o0
Ei(prWX L) = | — — —_— WX, Ly =0, A6
i(pr'VXaLy) oy dv o) (pr'VXaLa) (A6)

forall 1 <j < (4N + K + 4d), where the dependent variables y’ are the 4N + K Higgs field components and the
4d gauge field components, and where d again is the number of independent variables (the dimension). First,
assume E(prlVX; £;) = 0,1i.e. we have a divergence symmetry in the d = 1 theory. The term 7, 95V (®, 5)
depends only on undifferentiated scalars; hence, if E; corresponds to a Higgs field y = ¢j, then

E; (prV X, £y) = 0implies a@_(ni 04V (P, 5)) = 0. Thisis because the term ao}_(nia@v (P, s)) cannotbe
canceled by any other term in E;(prV X, £;) because they are all proportional to either terms of the type G,
0,¢rorad,0" ¢ (allwith ;= 0), in contrast to the term 8@,»(771'8@ V (P, s)). Hence, 8@],(771- 0,V (@, 5)) = O will
alsobe trueinthed > 1 theory, as these terms are the same for all d, suppressing spacetime variables. All the
remaining terms of (A5) have obtained two factors of the type G, or 9 ,¢ for 11 = 0, and regardless of which E;
we apply, at least one such factor survives in each non-annihilated term; therefore, all these terms are tagged
with the index ;4 = 0. Because the d > 1 dimensional theory has d copies of these terms, where each copy is
tagged with an index 1, 0 < p < d — 1, each of the d copies has to vanish separately because they are structurally
the same, only distinguished by the index . Thus, E(prV X, £,) = 0.

Conversely, assume E(prV X, L,;) = 0, thatis, we have a divergence symmetryind > 1 spacetime
dimensions. By the same reason as before the terms 8G)j(ni8¢)‘ V(®, s)) = Ointhed > 1theory, and hence the
same is true in the d = 1 theory, since those terms are the same for all choices of d. The remaining terms of
E(prV X, L) can be grouped into d distinct, non-overlapping categories determined by the value of 1 in factors
of the types G,,, 9,,¢x or 9,0"¢,.. The terms in each category must be canceled separately, since all terms in one
category are linearly independent of any other term in another category.'’ Hence the terms in the category
1= 0 cancel,and hence E(pr(VX; £;) = 0. Therefore, the scalar symmetries of £ are the same for all d, because
L has the same scalar symmetries as £; for all 4. Finally, we note that the arguments hold equally well if K=0,
that s, we have a pure NHDM. O

13 i . - . . .
Note that the conditions for variational symmetries, including divergence symmetries, do not presuppose that the Euler—Lagrange
equations of the Lagrangian hold. Hence, there is no relation between 9;0"¢; and 9,,0”¢, for i = .
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We do not expect proposition 1 to hold in general for non-variational symmetries, since the kinetic terms of
the gauge bosons consist of cross terms of different spacetime derivatives, and these terms will now matter,
because a symmetry of the Euler-Lagrange equations here implies that

prPX, (E(Ly)) =0 when E(L;) =0, (A7)

and the kinetic terms of the gauge bosons will be involved in the ‘on-shell’ condition E(L;) = 0, while this was
not the case for the ‘off-shell’ (i.e., variational), scalar symmetries in proposition 1. In contrast, the condition
for a variational symmetry here is

E(prVXa(La)) = 0, (A8)

with no assumption on the validity of the Euler—Lagrange equations. Moreover, for d = 1 the kinetic terms of
the gauge bosons are zero because of the antisymmetry of the spacetime indices, whereas they are non-zero for
d > 1,which induces an asymmetry between thed =1andd > 1 casesin the on-shell condition E(L;) = 0
for the two cases. Finally, the Euler—Lagrange equations imply dependencies between derivatives such as
0,0"¢, and 9,,0” ¢, for ji = I, in contrast to the off-shell situation in proposition 1 (cf. footnote appendix A).

Appendix B. Symmetries and changes of Higgs bases

To what extent does a change of Higgs basis change the symmetry of an equation or a Lagrangian £, and how is
it still detectable by Lie’s method? As an example, consider a linear transformation of the scalars given by a
matrix S, which is a strict variational symmetry if

L(¢) = L(S). (B1)

If we then consider a Higgs basis shift ¢’ = Ug, this possibly obfuscates a symmetry S, manifest in the
unprimed basis ¢. The symmetry will still be present as an infinitesimal symmetry in the primed basis, although
it may not be manifest (i.e. it is hidden). For if

L(¢) = LU = L1(¢), (B2)
then §' = USU" is a symmetry of the transformed Lagrangian £’
L'(o") = LS9, (B3)
if Sis a symmetry of the original Lagrangian, since
L'(S'¢") = LUTUSUTY) = L($) = L'(¢)). (B4)

If Sis an infinitesimal symmetry, S’ is of course infinitesimal as well: For if S = I 4 eX with € an infinitesimal
parameter, then S’ = I + ¢ UXUT. Then the one-parameter group exp(tUXU), for t € R, is continuous and
connected to the identity, and is hence a Lie symmetry that will be detected by Lie symmetry analysis, albeit not
amanifest symmetry.
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