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ABSTRACT

We study distance functions from geodesics to points on Riemannian sur-
faces with Holder continuous Gauss curvature, and prove a finiteness prin-
ciple in the spirit of Whitney extension theory for such functions. Our
result can be viewed as a finiteness principle for isometric embedding of a
certain type of metric spaces into Riemannian surfaces, with control over
the Holder seminorm of the Gauss curvature.

1. Introduction

Consider a function p measuring the distance from a unit-speed geodesic v on
a Riemannian surface (M,g) to a point p € M. Certain analytic properties
of p are related to the Gauss curvature K of the metric g. For instance, if K
is nonpositive, then p is convex; and if K is a-Holder, which will be the case
throughout this paper, then p is C%®, assuming that + is contained in a punc-
tured strongly convex neighborhood of p, see, e.g., Lemma 2.16 below.

Given a 1-Lipschitz, positive function p on an interval I C R, is it possible to
tell whether p arises as a distance function from a unit-speed geodesic vy : I — M
to a point p € M, for an ambient surface M having bounded geometry in some
sense?
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For example, consider the function p(t) = v1+t2 —cfor 0<c< 1. Ifc=0
then p is the distance function from the line v(¢) = (1,¢) to the point p = (0,0)
on the Euclidean plane. But if we take ¢ which is very close to 1 and try to
construct a Riemannian surface admitting p as a distance function from a unit-
speed geodesic to a point, we will find that the Gauss curvature of the surface
will have to be very large somewhere. This follows for example from Lemma 4.3
below.

As a slightly more delicate example one can take p(t) = v/e2 + 12 + 318
for 0 < 8 <1and 0 < € < 1. The function p is very close to a Euclidean
distance function. However, if we wanted to realize p as a distance function on
a Riemannian surface M, then the a-Holder seminorm of the Gauss curvature
of M would have to be of order at least =%, for every 0 < a < 1 (this too can
be shown using Lemma 4.3). In particular, the 8-Holder seminorm of K must
be bounded below by a constant independent of €.

By a C*® Riemannian surface we mean a two-dimensional Riemannian
manifold with bounded, a-Holder continuous Gauss curvature, and with injec-
tivity radius bounded from below. We use the same parameter H to bound
all three quantities, see Definition 2.1 below for the precise definition of a C*®
Riemannian surface with constant H.

1-Lipschitz continuity and C'?®-smoothness are properties which can be de-
tected by looking at 2 and 4-point samples from the function p, respectively.
Does the property of being a distance function on a C*% surface, together with
a quantitative bound on the constant H, also boil down to some condition on
the values of p on k-point subsets, for some universal k?

Our main result is the following finiteness principle, which answers this ques-
tion to the affirmative assuming that p is bounded by a small enough constant.

THEOREM 1: There exist universal constants C7,Cy such that the following
holds:

Let p : I — (0,C4], where I C R is an open bounded interval. Assume
that for every subset S C I consisting of at most 12 points, there exists a %
Riemannian surface (Mg, gs) with constant 1, a point ps € Mg and a unit-speed
geodesic vs : I — Mg such that dgg (vs(s),p) = p(s) for every s € S.

Then, there exists a C*“ Riemannian surface M with constant Cs, a
point p€ M and a unit-speed geodesic vy : I — M such that dg(v(t),p) = p(t)
for every t € I.
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Remark 1.1: The condition on the twelve points in Theorem 1 is essentially
given in Proposition 5.1. The fact that twelve points suffice can be roughly
understood in the following way: using three nearby points, one can evaluate
the second derivative of p at a given point; two such “three-point clusters”
are required in order to estimate the radial derivative of a quantity depending
on p, p and p; and twelve points are required in order to evaluate the difference
between the value of this radial derivative at two different scales. Thus verify-
ing the conditions in Proposition 5.1 requires arranging the twelve points in a
configuration involving three different scales.

We do not know whether the number 12 in Theorem 1 is sharp. Since ev-
ery four-point metric space containing one collinear triple always embeds in a
surface of constant curvature (see below), the sharp number is at least 4.

Theorem 1 is inspired by finiteness principles from the theory of extensions
of functions, initiated by Whitney [18]. For a comprehensive survey of Whitney
extension theory, including finiteness principles, we refer the reader to Fefferman
and Israel [10].

Theorem 1 can be viewed as a special case of the following problem: is there a
finiteness principle for isometric embeddings of metric spaces into Riemannian
manifolds? i.e., can embeddability of a given metric space into a sufficiently
regular Riemannian manifold be detected by examining its finite subspaces of
cardinality bounded by some constant depending on the dimension and the
regularity class alone? While it is hard to believe that the answer is generally
yes, it might be the case that some classes of metric spaces do admit such a
finiteness principle.

The problem of embedding a metric space into Euclidean space goes back to
Cayley [6]. Menger [14] and Blumenthal [3] considered isometric embeddings
into spaces of constant curvature, and proved that a metric space X embeds
isometrically into the n-dimensional space of constant curvature Ky € R if and
only if every finite subspace of X consisting of at most n+ 3 points admits such
an embedding. Wald [17] studied isometric embeddings of four-point metric
spaces into surfaces of constant curvature, and proved that if X is a metric
space consisting of four points, of which exactly three points are collinear (i.e.,
embed isometrically in R), then there exists a unique Ky € R such that X
embeds isometrically into the surface of constant curvature K. Berestovskii
[2] characterized length spaces with two-sided curvature bounds in the sense of
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Alexandrov (see, e.g., [5]) in terms of the embedding curvatures of their four-
point subspaces. Approximate interpolation of metric spaces by Riemannian
manifolds of bounded geometry was studied in [11].

In order to construct the surface M from the conclusion of Theorem 1, we
use the following characterization of the coefficients of C%* metrics (see Defi-

nition 2.4) in polar normal coordinates, which we prove in Section 3.

THEOREM 2: Let 0 < a < 1, let R > 0 and let G be a positive function defined
on Br(0)\ {0} C R2. The two statements below are equivalent in the following
sense: if (1) holds for some H < 72/4R2, then (2) holds with H = CH, and
if (2) holds for some H < 72 /64R?, then (1) holds with H = CH, where C > 0

is a universal constant.

(1) The metric
(1) g =dr* + G*do?

on Bg(0) is a strongly convex C*® metric with constant at most H.
(2) The following conditions hold:
(a) The function G is C? in r.
(b) G—=0and G/r =1 asr — 0.
(¢) The function
K := -9*G/G
satisfies | K ||oo < H and ||K ||, < H'T/2,

Note that beyond the bound on the Hoélder seminorm of K, no regularity in
the variable 6 is required. This agrees with the observation of Hartman [13]
that metrics with C?% coefficients in some coordinate system may fail to be
even differentible in polar coordinates, except in the radial direction.

Outline of the proof of Theorem 1. Let p satisfy the hypothesis of Theorem 1.
We construct a metric g on a disc D C R?, which in polar normal coordinates
takes the form ¢ = dr24+G2d#?. Theorem 2 provides us with sufficient conditions
for such a metric to be C%% with constant O(H). We also need to construct
a curve v : I — D of the form v = pe’® for some function ¢ : I — [—, ).
For ~ taking this form, the relation d,(y(t),0) = p(¢) automatically holds, as
we are in polar normal coordinates and within the radius of strong convexity.
The functions G and ¢ now need to be chosen such that ~ is a unit-speed ge-
odesic with respect to g. To this end we make some preliminary “guess” ¢q
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for the function ¢, and define first 79 = pe’®°. Using the geodesic equation,
we determine the function h := 9,G/G on the curve 79. We then extend h
to the entire disc D (more precisely, we extend the function f := h — cotg, r
for some Ky € R, see §2.2 for the definition of coty). This is done in Propo-
sition 5.2. In order to prove that there exists such an extension satisfying the
estimates required by Theorem 2, we use the hypothesis of Theorem 1 together
with results on distance functions on C?* surfaces which we prove in Section 4.
After the function h has been extended, we determine the function ¢, deform g
into the final curve v and obtain G by integration.

The rest of the paper is organized as follows. In Section 2 we mention relevant
facts about polar normal coordinates on Riemannian surfaces, prove a stability
lemma for the Riccati equation (Lemma 2.13) which will serve as a technical
tool in subsequent sections, and state a version of Whitney’s extension theorem
which will be used in the proof of Theorem 1. In Section 3 we prove Theorem 2.
In Section 4 we study functions of the form p := d,(v(-),p), where g is a C%©
Riemannian metric, p is a point on M and ~ is a unit-speed geodesic, and in
some sense characterize functions arising in this way. In Section 5 we prove
Theorem 1.

ACKNOWLEDGEMENTS. The author would like to express his deep gratitude to
his advisor at the Weizmann Institute of Science, Prof. Bo’az Klartag, for close

guidance and support. Partially supported by the Israel Science Foundation
(ISF).

2. Preliminaries

For two quantities A, B, we write A < B or A = O(B) if there is a positive
constant C such that
A< CB,
and A ~ B if there is a positive constant C such that
C'B<A<CB.

Unless stated otherwise, the constant C' is universal.

For a point p in a metric space, and a positive number R, the open ball of
radius R centered at p is denoted by Br(p).

A curve on a manifold is a path which has a well defined continuous tangent.
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Let 0 < @ < 1. A function f on a metric space (X,d) is a-Hoélder if there
exists a constant C' such that

|f(z) = f(y)| < C-d(z,y)*,

and the minimal C' with this property is called the Holder seminorm of f and
will be denoted by || f|lo. We record the following trivial, yet useful, properties
of the Holder seminorm:

1fglla < [Ifllallglloot [ fllcligllas  IIf © gllas < [ fllallgls, 0<a,B<1,
I £lle < diam(X)*=|1f]5 0<a<p<I.

Here
diamX = sup{d(z,y) | z,y € X}
is the diameter of X and

[ flloo = sup [f(z)]
reX

(all the functions in this paper are continuous).
For a function f:R—R we write f € C*(R) if f € C*(R) and f*) is a-Hélder.
We use both the notation u' and 1 for the derivative of a function u of one
variable.

2.1. C%% RIEMANNIAN SURFACES. A Riemannian manifold (M, g) is said to be
C? if each point of M is contained in the domain of a coordinate chart in which
the coefficients of the metric g are C? functions (the manifold M is assumed to
possess a smooth structure).

Definition 2.1: Let H >0and 0 < a < 1. A C?>® Riemannian surface with
constant H is a complete two-dimensional C? Riemannian manifold satisfying

1Ko < H, Ko <H™?,  inj(M)>n/VH,

where K is the (Gaussian) curvature of (M, g), and its Holder seminorm is taken
with respect to the Riemannian metric.

We say the (M, g) is a C?® Riemannian surface (or simply a C*® surface)
if there exists some H > 0 such that the requirements of Definition 2.1 are
satisfied.

Remark 2.2: If a surface (M, \%g) is obtained from a surface (M,g) by mul-
tiplication of the metric g by a scalar A> > 0, and g is a C*® surface with
constant H, then (M, \?g) is C*“ with constant A\™2H.
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Examples of C*® Riemannian surfaces include simply-connected, complete
surfaces of constant curvature, graphs of C?® functions and level sets of of C%
functions from R? to R whose gradient is bounded away from zero, and metrics
obtained from the Euclidean metric on R? by introducing a C%% conformal
factor which is bounded away from zero.

The coefficients g;; of the metric of a C%* surface are C*® functions in some
coordinate system:

THEOREM 2.3 (DeTurck and Kazdan [8]): Let (M,g) be a C*“ Riemannian
surface. Then any point in M is contained in the domain of a coordinate chart
in which the components of g are C*% functions.

Definition 2.4: A Riemannian metric on an open disk D C R? is said to be a
C?* metric with constant H if it satisfies the coditions of Definition 2.1,
excluding completeness and bounded injectivity radius.

2.2. POLAR COORDINATES, THE RICCATI EQUATION AND CURVATURE COM-
PARISON. About any point p in a Riemannian surface (M, g) one can introduce
normal coordinates, in which the coordinate map is the exponential map exp,,
and lines through the origin correspond to geodesics emanating from p. Using
polar coordinates in R?, one obtains a set of coordinates (r,6), called polar
normal coordinates. As a consequence of the Gauss lemma, the metric g can

be written in polar normal coordinates as
(3) g = dr* + G*d§?

for some function G = G(r, ).

When working in polar normal coordinates, we shall use the complex
notation re? to denote a point whose coordinates are (r,6). The coordinate
will vary between —m and 7.

A normal disc on a Riemannian surface is a Riemannian disc on which nor-
mal coordinates may be defined (i.e., a disk Br(p) such that exp,,: Br(0)—Br(p)
is a homeomorphism, where Br(0) C7T,M). When M is C** with constant H,
then by definition, any point is the center of a normal disc of radius m/v/H.
Whenever polar normal coordinates are used, the domain will be such a disc.

Polar normal coordinates are not optimal in terms of regularity. Indeed,
by Theorem 2.3, if M is a C*® surface, then there exists a coordinate chart
about p in which the coefficients of g are C%®, however polar normal coordinates
do not always serve as such a chart - the coefficient G is only C® in general [13].
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However, it is differentiable twice with respect to r and satisfies:

(4) G(r,0) 2% 0 and G(r,@)/rﬂl for all § € S*,
as well as the Jabobi equation
(5) 0?G + KG = 0.
Differentiating (5) with respect to r and setting
o0,G
"=
gives the Riccati equation
(6) Oh+h*+K=0
with the initial condition
(7) h=1/r+0O(r) asr—O0.

In the case where K is constant, the solution to (6), (7) is

vV —K coth(v/—Kr), K <0,r>0,
cotyg r = 1/r, K=0,r>0,
VK cot(vVKr), K>0,0<r<n/VK,
and the solution to the Jacobi equation (5) with the initial conditio
sinh(v—-Kr)/v/-K, K <0,
sing r = q 7, K =0,
sin(vVKr)/VK, K >0.
It is also useful to introduce the functions
V—zcoth(y/—z), =<0,
(8) P(x) =41, x =0,
vV cot(y/z), 0<z<m?
and
sinh(yv/—z)/v/—z, =<0,
U(r):=<1, x=0,
sin(v/z)/v/z, 0<ax<n?

which are strictly decreasing and analytic. Note that

zeotg(z) = ®(Kz?) and sing(z)/z = U(Kz?).

Isr. J. Math.

n (4) is
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The following formula for the geodesic curvature of a unit-speed curve in
polar normal coordinates will be useful:

LEMMA 2.5: Let (M,g) be a C*® Riemannian surface and let (r,0) be polar
normal coordinates centered at p € M. If v is a unit speed curve lying in
a normal disc centered at p, and the function p(t) := dy(v(t),p) is C* and
satisfies |p| # 1, then

(9) Vii=—v1-2(, pfh)N

where N is the inward-pointing unit normal to ~y, which is defined to be the
unique unit vector field along ~ such that (¥, N} =0 and (J,, N) < 0.

Proof. Write g = dr? + G?d6?. When g is smooth, the Christoffel symbols for

polar normal coordinates are
_rﬂ,_r‘) =7, =0,

(10)
59 - 7G . aTG, F‘g,,, 7,9 - 3 G/G F99 - (%G/G

For C% surfaces, however, the partial derivative 99G may not exist, thus Fge
and subsequently the covariant derivative Vy,0p may not be defined. For
this reason it is useful to introduce the oriented orthonormal frame (8T,<§9),
where 39 := 0p/G is the normalized version of the vector field 9p. Fortun-
ately, dp can be covariantly differentiated with respect to both 9, and itself, even
when the metric is merely C?. To see this, let us first calculate the Christoffel
symbols corresponding to the frame (9, (%) for smooth metrics. As 8, and 9y
are both parallel along radial geodesics, we have V. 0, = Varég = 0, and
using (10) we see that

Vs, 0r = G'V5,0, = (0,G/G*)0p = (0,G/G)Dy

Differentiating the identities ((99,59> =1 and (59,6T> = 0 with respect to Dy
then gives

V,00 = —(0.G/G)0,
Hence the Christoffel symbols for the frame (8, ) are

) r,=rf =0, I7,=r%=0,
11 ! T T )
r o 0 _ ro_ 0
r;o=o0, % =0G/G, Ii,=-9,G/G, TI%=0.
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Now suppose that ¢ is only C%® and consider the affine connection given
by (11) with respect to the frame (8,,d). By the computations above, and the
fact that

[0y, 05 = —(0-G/G)Do,
we see that this connection is symmetric and compatible with the metric g,
hence coincides with the Levi-Civita connection of g. This proves that all the
covariant derivatives involving 0, and dp are well defined for any normal disc
in a C?? surface. Recalling that h = 9,G/G, we can write

(12) Vo,0r = V5,09 =0, V0, =hds, Vy d9=—ho.

Write v(t) = (p(t),0(t)). Since + is unit-speed and |p| # 1, the function @
cannot vanish. Reversing the parametrization of v does not alter either side
of (9), so we may assume that 6 o~y is strictly increasing. The tangent to - is
then expressed in the orthonormal frame (8, dg) as

(13) Y= por + /1 - p2 0y,
while the inward-pointing normal N is given by
(14) N =—\/1- 4208, + pdp.

Differentiating (13) covariantly along ~y gives
Vid = por + pVs0p + ﬁ”p? 3o + /1 $2V5 Do
—p
Using (12) and (13), linearity of the covariant derivative then yields

(15) Vid = (5= b= ), + (/1 -2 = 7 d,.
V1=
Equation (9) then follows from (14) and (15).

The function h has some intrinsic geometric interpretations, which are worth
mentioning, but which shall not be used directly here. If we set p = const
in (9), we see that h is (up to a sign) the geodesic curvature of a unit-speed
circle. Moreover, h is the Laplacian of the distance function from the point p:
if A is the Laplace—Beltrami operator of g, then

h = Ar.

The Riccati equation (6) satisfies the following well-known comparison prin-
ciple ([16, Proposition 25]):
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LEMMA 2.6: Let h: (0, R] — R be differentiable and satisfy
B (z) +h3(z) + K(z) =0, h(z)=1/z+0(zx) asxz—0,
where K : (0, R] — R satisfies |K| < H for a constant 0 < H < w2/R?. Then
cotg x < h(x) <cot_gx
for all x € (0, R].

COROLLARY 2.7: Let G be a solution of (4) and (5) on some disc Br(0), and
assume |K| < H for some constant H > 0. Then

singr < G(r,0) <sin_gr forall0<r <R andfc S
In particular, if R < /2y H then
G(r,0)/r ~1 forall0<r <R andfc S
Proof. The first assertion follows Lemma 2.6 by integration, since
h=(0/0r)(logG) and cotg r = (d/dr)logsing r.
If R < 7/2vH then
1
5 < U(HR?) < U(Hr?)
_ sing r < G < sin_gr
r r r
= U(—Hr*) < ¥(-m?/4) < 2.

A subset U of a Riemannian manifold is said to be strongly convex if
every p,q € U are joined by a unique minimizing geodesic in M, which lies
entirely in U. The following classical theorem ([7, Theorem 5.14]) asserts that
every point has a strongly convex neighborhood.

THEOREM 2.8 (Whitehead): Let (M,g) be a complete Riemannian mani-
fold with sectional curvature < H and injectivity radius > Z. For every
R < }min{r/VH,Z} and every p € M, the disc Br(p) is strongly convex.

COROLLARY 2.9: In C?® Riemannian surfaces with constant H, open discs of
radius < 7/(2v/ H) are strongly convex.

Combining this with Corollary 2.7, one obtains
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COROLLARY 2.10: Let (M,g) be a C*% Riemannian surface with constant H
and let p € M. For every v,w € T,M with max{|v|,|w|} < 7/2VH,

|v —w|y ~ dy(exp, v, exp, w)
where | - |4 := \/(, )¢ is the Riemannian norm on T, M.

It is useful to have a criterion for strong convexity of a disc without reference
to a complete surface containing it.

LEMMA 2.11: Let R, H > 0 satisfy HR? < 7n2/4. Let g = dr? + G%d#* be
a C* metric with constant H on D := Bgr(0) C R?, given in polar normal
coordinates centered at the origin. Then (D, g) is strongly convex.

Proof. Let Ry < R and let v : [0,1] — D be a constant-speed curve whose
endpoints lie on 0Bg,(0) and which lies outside Bg,(0). Write 7 in polar
coordinates as v = pe’®. By the inequality Va2 + b2 > |a| + b?/2Va2 + b2
(equality iff b = 0), we have

1 . 1 X p2
Len(y) = [ i+ Glooré = [ (600,003 + |
0 0 2/ + Glp, )22

= [ 1600131+ #/2Len(r).

By Lemma 2.6, the function h = 9,G/G is positive, so G and increasing in r
(and positive by Corollary 2.7), and therefore

1 1
166,031 = [ 16(t0,6)9] = Lenw),
0 0
where 7o := Rpe'® is the radial projection of 7 to the circle Bg, (0). Therefore

1 ! 1
L >d 2 > d . 2
en(vy) > d(p,q) + Ien(7) /0 p° >d(p,q) + 2en(y) (max p — min p)

From this calculation we conclude that if two points p, g are contained in a disc
of radius Ry < R, and 7 is a curve joining p to ¢ which leaves the disc Bg,+(0),
for some & > 0, then the length of v is larger than d(p, ¢) by a positive constant
depending on ¢ alone. It follows that any sequence of curves =, joining p to ¢
whose length tends to d(p, ¢), remains in a compact subset of Dr(0) and so has
a subsequence which converges to a length-minimizing curve, which must be a
geodesic (see [5]).
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It remains to prove the uniqueness of the minimizing geodesic joining two
points. Suppose by contradiction that p,q € D are joined by two different
minimizing geodesics. Then, in the region bounded between the two geodesics,
there will be a point ¢’ which is a cut point of p of minimal distance to p.
By the assumption HR? < 72/4, the metric (D,g) has no conjugate points,
so the argument in [7] implies that there is a smooth geodesic v : [0,T] — D
with v(0) = (T") = p. The 6 coordinate of v must attain a local extremum at
a point ¢t € (0,T), whence (6 o)’ (t) = 0. But then, by uniquess of solutions to
the geodesic equation, v must be a radial geodesic—a contradiction.

In the proof of Theorem 1, we will construct a metric g on a disc D C R?,
rather than a complete surface, but the following lemma guarantees that this is

not an issue.

LEMMA 2.12: Let R, H > 0 satisfy HR? < n%/4. Let dr? 4+ G?d0? be a C*
metric with constant H on D := Br(0) C R2. Then there exists a C*® sur-
face (M, g) with constant H and a point p € M such that g = dr® + G*df? in
polar normal coordinates on a strongly convex disc Br(p) C M.

The straightforward proof of Lemma 2.12 is omitted. The idea is to extend the
Gauss curvature function K : D — R to an a-Holder function which is constant
outside some larger disc D’, then solve the Jacobi equation (5) along lines
through the origin, thus obtaining an extension of g to a metric ¢’ on D’, and
finally glue the disc (D’,¢’) to a surface of constant curvature. This procedure
is carried out in detail in [1, Section 2.6].

The next lemma, regarding stability of solutions to the Ricatti equation, will
play a key role.

LEMMA 2.13: Let h; : (0, R] — R (i = 1,2) be solutions to the Riccati equation:

(16) R+ hI+ K;=0
(17) hi(z)=1/z+0O(z) asz—0 i=1,2,

where K; : (0, R] — R are functions satisfying:
(1) [[Kill < H,
(2) 1Kl < L,
(3) [[K1 = Kallo < T,
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for constants H,L,R,T > 0 and 0 < o < 1. Assume HR?> < 7%?/4. Then,
for every r > 0, the function f := h; — he has the following properties on the
interval [r, R]:
(a) fle S TR,
(b) [1f'lee ST,
(© Iflla TR,
(d) [f'la SL+TR™ 1+ R/r).
Proof. By (16), we have
f'(z) = hi(z) = hy(z) = ha(2)? = hu(2)? + Ka2(2) — K1 ()
(18) = (hale) ~ b () (o () + P (&) + K(a) — K (0)
2\ 2f(z)

= = (@) (halw) + () = ) = 7 Kaa) - Ka (o).

Set
g(x):=2%f(x) for0<z<R
and
g(0) :=0;
then g is C! on [0, R] by (17), and (18) implies
g'(x) =2z f(z) +2* f'(x)
2
= —22f (@) (ha(e) + ha(x) = ) +2%(Ka() — Ka (@)

By the Riccati comparison principle (Lemma 2.6 above), for all 0 < z < R,

(19)

(20) cotgx < hi(z) <cot_gz, i=1,2,
whence
(21) ®(H2?) = xcotgx < whi(z) < zcot_pgx = ®(—Ha?).

By assumption, HR? <7?/4, and its not hard to show that |®(t) — 1| <4|t| /7>
for |t| < 7?/4 (e.g., by convexity of the nonnegative functions 1/ — cotx and
cothz — 1/ on the intervals [0,7/2] and [—7/2, 0], respectively). Thus

|vhi(z) — 1] < 4H2?/n2, x € [0, R].
This, together with (19) and assumption 3, imply that
(22) ¢'(z) < 8Hz|g(x)|/7* + Tx>.
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Fix r € [0, R] and « € [r, R], and let
zo = sup{t € [0, z] | g(t) = 0}.

Since ¢(0) = 0, necessarily g(xg) = 0. Exchanging hy and hs if necessary, we
may assume that g is positive on (zo,x). Hence (22) becomes

(23) g (t) < 8Htg(t)/n* + Tt*, t€ [vo,7].

Setting o = 4/, this last equation can be written as

d
dt
Integrating this we get

(efJthg(t)) < Tef"HﬂtQ, t € [xo, x].

x
efaH:czg(l,) < T/ 670Ht2t2dt

xo

T
gT:z:/ e~ H 1t
0

Tx —oHz2 T 3
— 1 _ omnxr <
2ot TSy
where the identity 1 — e® < —a was applied in the last passage. It follows that
T T
(24) g(:c) < 260HI2:173 < ) eaHRzzB 5 T:C3

because HR? < 72 /4. Conclusion (a) follows, as
(25) f(@) = g(x)/a* STz <TR.
Now, by (23) and (24),

, "(x) 2g(x
=] ) -2

< 20H|g(x)| 2|g()]

+T+ 700
STHa?> +T <T(HR*+1) < T,
hence (b) holds; it also follows that
[f(z1) = fa2)] S Ty — a2
STRY™ |21 — 9|*

which proves (c).
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To obtain (d), we shall bound the C* seminorm of each term in (18) sep-
arately. Since |K;| < H, and 1/z is the solution to the Riccati equation
with K = 0, we can apply the estimates (a) and (c), which we have already
proved, to the pairs hy,1/x and hg, 1/x, with T replaced by H, and get

| <nHR
X oo

1
hi —

xT

< HR'™™,

(e

This last estimate, together with (a), (c), and the inequality

letlla < ll@llall$lloo + l¢lloollllas

gives

Hf(x)(hl(:c) - i + ho(z) — i)

. <TR-HR'"™+TR'"™ . HR
<(HR?)- TR <TR™™.
As for the second term in (18), we have by (a) and (b) and the fact that
1/zlla S r i

on [r, R]
||f/'r||a 5 TR- 7’7170‘ + Tlea . 7»*1 5 Tlearfl.

Finally, the last two terms have, by assumption, C'* seminorms bounded by L.
This finishes the proof of (d).

COROLLARY 2.14: Let H > 0. For any continuous function
K :[0,7/(2VH)) — [-H, H]

there is a unique solution to the Riccati equation (6), (7) and to the Jacobi
equation (5), (4) on the interval (0, 7/(2v H)).

Proof. Follow the proof of Lemma 2.13 with H = 0.

Lemma 2.13 implies the following bounds on the difference between h and its

constant-curvature counterpart.

COROLLARY 2.15: Let H,R > 0, 0 < a < 1, and suppose that HR? < 7% /4.
Let g be a C*% metric with constant H on Br(0) C R? given by g = dr?+G2d6?,
and let h = 0,G/G.
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Suppose that there is some Ky € [—H, H] such that the curvature K satisfies
|K(q) — Ko| <T for all ¢ € Bg(0).

Then the function f := h — cotg, r satisfies for all Ry € (0, R]:

(A) [[flloc £ TRo on Br,(0),
(B) 10-flloc £ T on Brg,(0),
(C) l[flla S LRo on Br,(0),
(D) 18- flla < LAY on Br,(0) \ Bag, (0) for all A < 1.

where the Holder seminorms are with respect to the Euclidean metric, and

L= H'to/?,

Proof. Let Ry € (0,R]. By Corollary 2.10, the Riemannian metric and the
Euclidean metric on B, (0) are comparable on the disc Br(0) up to a universal

factor, and so ||K||o < L with respect to the Euclidean metric on this disc.
Thus

|K(z) — K(z")] Smin{T, Lr*} for all r € (0, R] and z, 2" € B,(0)

(recall that by Definition 2.1, ||K|l, < H'+t*/2 = L). Fix § € (—m,7]. The
function h(re') is a solution to the Riccati equation (6), (7), whereas coty, r is
the solution to the same equation for K = K. The hypotheses of Lemma 2.13
thus hold, with h;(z) = h(ze®) and ha(z) = cotg, (z) .

From conclusions (a) and (b) we obtain on By, (0)

[flle STRo and (|- fllec ST,

thus (A) and (B) hold. Moreover, for all § € (—m, 7] and 0 < 71 < 13 < Ry,
it follows from conclusions (c¢) and (d) of Lemma 2.13 with r = r;, R = 1
and T' = r§ that

|f(rie®) — f(r2e™)| < Lrafry — 12|,

|00 f(r1€") = Or f(roe™)| S L(L+ r2/r1))|r1 — 72|
Now fix 0 < r < Ry, let 61,0, € S*, and note that for s € [0, 7],

|K (se'1) — K(se'2)| < Ld, (5™, 5e%2)% ~ L|se™ — se™2|* < Lr®|0; — 5]
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This time, we apply Lemma 2.13 to the pair h;(x) := h(ze®®). By conclu-
sions (a) and (b) thereof
@) [f(re’®) = f(re'®)| = [h(re'™) = h(re'®)| S Lrott6; — 65]%,
27 . , . .
00 (re™) = 0,/ (re"™)| = |0, (h(re™) — h{re® )| < Lr|6y — o],
Putting together (26) and (27), we get that for z; = rje?%, 0 < r; <7y < Ry,
[F(21) = f(22)| < |f(re™) = F(rae™) [ + | (re™®) = f(rae™™)]
5 LT?+1|91 - 92|a + LT2|7’1 — T2|a
S Lra(r7 |00 — 02| + |1 — 72|%)
S LRo|z1 — 2%,
and if >\R0 S 1 S T2 S Ro, then
10 f(21) = 0, f (22)] < 10, f (r1€™™) = 0y f (11€%)| + |0, f (11%) — 0, f (r2?)]
5 LT?|91 — 92|0‘ + L(l + T2/T1)|T1 - 7“2|a
S (Lra/r1) (7101 — 02 + |r1 — r2[*)
5 )\71L|21 — Zgla,

completing the proof of (C) and (D) and of the corollary.

Using Corollary 2.15, we can give a C%“ estimate for the distance function
from a point to a unit-speed geodesic on a C>* surface.

LEMMA 2.16: Let H, R > 0 satisfy HR? < 72/4 and let 0 < o < 1. Let
g = dr* + G*db*

be a C*“ metric with constant H on Bgr(0) C R?, given in polar normal
coordinates, and let h = 0,G/G. Let v : I — D be a unit-speed curve not
passing through zero, and denote p(t) = dg(y(t),0),t € I.

(1) The curve v is a minimizing geodesic if and only if p is C*% and
(28) () = h(y(t)(1 = p'(t)*), tel

(2) If v is a geodesic, then
(29) |Alle S m ™ (1 + R/m) and |pllc Sm™",

where m = minp > 0.
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Proof. Suppose p € C*“ and (28) holds. By Lemma 2.5, the curve v is a
geodesic provided that p is never 1 or —1. If p = +1 then ~ is a geodesic
by the definition of normal coordinates. Those are the only possibilities: sup-
pose |p/(t)| < 1 for some t € I and let J be the maximal relatively open subin-
terval containing ¢ such that |p| < 1 on J. Then by the above | is a geo- desic.
If J # I then p(a) = £1 for some a € 9J. By Gauss’s Lemma, (¥(a),d,) = £1
and (§(a),d9) = 0 (the curve v has no corners because p € C?). It follows by
uniqueness of geodesics that v|; is a radial geodesic so p = =1 on J, a con-
tradiction. Thus any curve satisfying (28) is a geodesic, and is minimizing by
Corollary 2.9.

It remains to prove the other implication and the estimates (29). By a stan-
dard approximation argument, it suffices to prove that (28) and (29) hold when ¢
is a smooth metric.

Let v : I — Br(p) \ Bm(p) be a unit-speed minimizing geodesic. We assume
that v does not pass through the origin (for radial geodesics (28) and (29)
hold trivially). Then p is smooth because g is, and it satisfies (28) because of
Lemma 2.5.

By Corollary 2.15 with Ky = 0, we have that h = 1/r + f where f satisfies
on Br(0)

[ flla < HY2R = (HR?)'/2R~1-> < R717e,

~

Ifllee SHR = (HR)R ' <R

~

Since [|1/7]la S m~™17% on Br(0) \ B, (0) we get that

~

1h oyl $m™I = .

~

and ||ho7|oe Sm™

~

From the triangle inequality and the fact that v is a minimizing geodesic, it
follows that |I| < 2R. Thus by (28) and the above estimates,

1Allse < 170 Allocl1=52lloe S m~,

and
Alla < 1170 Allalll=plloo + 1B 0 Ylloo[1=57]a
SmT T |plloo I
< m—l—a + m—2R1—a

<Sm™' 1+ R/m),

and (29) is proved.
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2.3. WHITNEY’S EXTENSION THEOREM. Whitney’s extension theorem [18]
gives, for every k € N, necessary and sufficient conditions for the extendability
of a function f defined on a closed set S C R, to a function F' defined on all
of R satisfying F|s = f and f € C*(R). We will use a version of Whitney’s
extension theorem for C*® functions, due to Merrien [15], with the notation
of A. Brudnyi and Y. Brudnyi ([4, Theorem 2.52]).

For a finite set X C R and a function f : X — R we define f[X], the divided
difference of f with respect to X, by recursion on the size of X

fH{wo}] := f(=o),

f[{zo,..-7$k}] = f[{‘rO’---axk—l}] - f[{l'l,,xk}]

To — Tk
THEOREM 2.17 (Whitney): Let 0 < oo < 1. Let S C R be a closed set and let
f:S — R. Assume that

A = sup{|f[X]|(diamX )" | X C S, #X =k + 2} < cc.
Then f admits an extension F' € C*<(R) satisfying F|s = f and
17 Pl < A,
with the implied constant depending on k alone.

COROLLARY 2.18: Let F be defined on an interval I C R, let L > 0 and
suppose that for every subset S C I consisting of at most k + 2 points, there
is a function Fg € C** which agrees with F on S and satisfies ||Fék)|\a < L.
Then F € C** and |F®|, < L, with the implied constant depending on k
alone.

COROLLARY 2.19: Let T1,T5,C > 0 and 0 < a < 1, and let I C R be an
interval of length |I| < (Ty/T)"/®. Let f be defined on a closed subset S C I.
Suppose for every distinct x,y,z € S,

[f(x) = f(y)|l < Talz —y|

and

fl@)=fly) _ fly) - f(z)

Then f admits an extension F : I — R with ||F'||cc S T1 and ||[F' || S To.

| < Ty - diam{z,y, z}*.
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Proof. Let A = (T1/T»)*/® and define fy : A™1S — R by fi(z) := f(\x) (where
for a set A and a scalar ¢t we let tA := {ta | a € A}). Our assumptions on f
imply that, for z <y < z € A71S,
(30) Ix(@) =)l S Td - |lz—yl,
and
@) =fry)  aly)—fa(z) < DA+ . diam{z, g, 2}°
(31) -y y—z
=T - diam{z, y, z}°.
Dividing inequality (31) by z — = we obtain
|f)\[{SC, Y, Z}” <TiA- diam{za Y, Z}ail'

By Theorem 2.17, f) admits an extension Fy : A~'I — R which is C'® with

<Ti

~

[T\
By the mean value theorem and (30), there is a point w € A~ satisfying
[Fy(w)| < TWA
The function F' : I — R defined by
F(z) = Fx(A\'2)
STAA* =T, and |F'(Aw)| < Ty. Since |I] S A,

~

extends f and satisfies ||F’||q
it follows that
HF/HOO <Ti+Ty-X*<Th.

~

3. Coefficients of C*® metrics in polar coordinates
In this section we prove:

THEOREM 2: Let 0 < a < 1, let R > 0 and let G be a positive function defined
on Br(0)\ {0} C R%. The two statements below are equivalent in the following
sense: if (1) holds for some H < 72/4R?, then (2) holds with H = CH, and
if (2) holds for some H < 72 /64R?, then (1) holds with H = CH, where C > 0

is a universal constant.

(1) The metric
(1) g = dr* + G*do?

on Br(0) is a strongly convex C*® metric with constant at most H.
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(2) The following conditions hold:
(a) The function G is C? inr.
(b) G—>0and G/r -1 asr — 0.
(¢) The function

K = -0*G/G
satisfies || K ||oo < H and ||K||o < H't®/2,

Note that in this theorem, the coordinates r, # denote the usual polar coordi-
nates on R2, which coincide with the polar normal coordinates of the metric g
given in (1).

The implication (1) = (2) follows immediately from the facts mentioned in
Subsection 2.2.

Assume now that condition 2 holds. We will show that g = dr? + G2d6? is
a C%% metric with constant < 16 H on the disc D := Bg(0). From Lemma 2.11
and our assumption H < 72 /64 it will then follow that (D, g) is strongly convex.

In order to reveal the C%® regularity of ¢ we need to pass to isothermal
coordinates. Let

D = BQR(O)

PROPOSITION 3.1: There is a C? function v : D — R such that (D,g) is
isometric to (D, §), where § is a metric on D given by

§:= e%dzdz = e“(dz? + dy?).

Moreover,

[ufloo S 1.

~

Proof. First, we may extend the function K to the disk D, maintaining the esti-
mates ||K||oo < H and || K|, < H'T*/2. By solving the Jacobi equation (5), (4),
we obtain an extension of G to D with properties 1-3 in the hypothesis of the
theorem.

Let K, : D — R be a sequence of smooth functions satisfying

o |Kplloo < H and || Ko < Hi+e/2,
n— o0

o |K, — K||.o——0o0n D,
[ Kn|B1/n,(0) EK(O)

Such a sequence can be obtained using mollifiers. Let Gy, : D\ {0} — R be the
solution to the Jacobi equation (5), (4) with K replaced by K,. Then G, is
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smooth, and positive by the assumption HR? < 72/64 and Corollary 2.7. Thus
gn = dr* + G2 d6?

is a well-defined smooth metric on ﬁ, whose curvature is K,, and is constant
near the origin. For each n we now introduce an isothermal coordinate chart
on (f), gn), consisting of a diffeomorphism ¢, : D — D and a smooth func-

tion u, : D — R such that ¢, (0) =0, (dD) = dD, and
Jn = ©ngn = €""dzdz

(the asterisk denotes pullback). Such a coordinate transformation always exists
(see, e.g., [8]).

LEMMA 3.2: The functions u,, satisfy

(32) sup |u,| <1
D
and
(33) ||’u,n||025(D) < C(H, R, ﬁ) for all 5 < a.

Proof. The estimate (32) is an immediate consequence of the following theorem
by Eilat [9]:

THEOREM 3.3 (Eilat): Let H,R > 0 satisfy HR?> < 7w2/8. Let (M,g) be a
complete Riemannian surface with injectivity radius inj(M) > 2R and curva-
ture K satistying |K| < H, and let p € M. Suppose that the metric g has
the expression e“dzdz in an isothermal coordinate chart z : Br(p) — Bg(0)
satistying z(p) = 0 and z(0Bgr(p)) = 0Bgr(0). Then

(34) l[ufloo < 1.

(The completeness and injectivity radius requirements do not pose a problem:
thanks to Lemma 2.12, we may extend (D, Jn) to complete surfaces with these
properties.) To obtain (33), we recall Liouville’s equation

(35) Auy, = =2 (K, o0¢,) e

and make use of the following elliptic regularity estimates (see [12, Theorems 3.9
and 4.8]):
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LEMMA 3.4: Let 0 < 8 < a and 0 < Ry < Ry and let Q; = Bg,(0).
Let u € C?(Qg). Then

(36) sup [Vu| < sup [u] + sup | Aul,
Q1 92 Q2

(37) [ullczs0,) S sup [ul + [[Aul|co.s(q,),
2
with the implied constants depending on Ry, Re and (3.

The implied constants in the rest of this proof may depend on (3, H
and R. From (35), (32) and the fact that |K,,| < H, it follows that |Au,| < 1.
Let D" := By5r(0). The estimate (36) then implies that supp. |Vu,| < 1,
whence [[un||co.s(pry S 1. Now (35), (32) and the fact that || K, |la < H'"*/2
imply that

|Aun|cospry ST,

o (33) follows from (37).

By Lemma 3.2 and the Arzela—Ascoli theorem, we may assume that u, — u
uniformly on D for some u € C?2. Set

g = e"dzdz.

We finish the proof of Proposition 3.1 by proving that the sequence ¢,, converges

uniformly to an isometry
p:(D,g) = (D,9g).

CrLAaM: The distance functions dg, and dj,, corresponding to the metrics gy
and g, converge uniformly on D x D to d, and dg, respectively.

Proof. Let ¢ > 0 and let n € N be so large that supp |K — K,| < . By
Lemma 2.13, the functions h := 0,G/G and h,, := 9,G,,/G satisty

(38) sup |h — hy| Ser on B.(0) for all 0 < r < 2R.
D

Therefore, for all § € S* and 0 < r < 2R,

ret? r .
Cif(re“’)) = exXp (/0 (h— hn)(sele)d5> = exp(O(er?)) = 14 O(er?).

By Corollary 2.7, if n is large enough, then G,, ~ G ~ r whence

(39)

(40) G?* -G =G%((G)G,)? = 1) Sert
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It follows that for every tangent vector v = v?0y + 079, € T(D \ {0}),
(41) Jolg = [olf, = ()7 + G*(0")? = (V") = G (") S er'(v”)? < er’[uf?,

where |v|g,|v]g, and |v| denote the norm of v with respect to g, ¢, and the
Euclidean metric, respectively. Thus

[vlg = [vlg, < er?lol-

~

For any « : [0,1] — D, we then have that

(42) Leny () — Leng, (7) < max([ly — [1ls.) < eR? max [3].
Now, since G ~ r ~ Gy, there is a universal constant Z > 0 such that for
every p,q € D,

dg(p,q) = inf{Leng () [ v :[0,1] = D,~(0) = p,7(1) = ¢, 3] < Z}

and
dg, (p,q) = inf{Leng, (v) | v:[0,1] = D,v(0) = p,y(1) = q,|¥| < Z}

(in words: to measure the distances in g and g,, between p and g, it suffices to
consider curves whose tangents are no larger than Z in Euclidean norm).

By (42), these two infima differ by at most CR?Ze, where C' is a universal
constant. This proves uniform convergence of dg, to d4. Convergence of d,
to dj is similar: by uniform convergence of w, to u, we have |v|g, — |v|; uni-
formly in v, where v is a tangent vector with Euclidean norm bounded by some
universal constant; the metrics g, and g are all comparable to the Euclidean
metric by a universal factor because of (32); and the rest of the argument is
analogous. The claim is proved.

The metrics dy,d,, ,dz and dj, are all comparable to the Euclidean met-
ric by a universal factor, and therefore the functions ¢,,, which are isometries
from (D, gy,) to (D, gn), are uniformly bi-Lipschitz with respect to the Euclidean
metric. By the Arzela—Ascoli theorem, (a subsequence of) ¢, converges uni-
formly to a function ¢ : D — D, and by the claim, for all p,q € D,

(43)  dy(p.q) = limdy, (p,q) = limdg, (¢ (p), ¥ (9)) = d3(¢(p), ¥ (q))-

This proves that ¢ : (D,g)— (D, g) is an isometry. Proposition 3.1 is proved.
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Proposition 3.1 shows that g is a C? Riemannian metric on D. It follows
from (5) that the curvature of g is K. By (c), we have that [|K|. < H,
and | K|, < H't*/2 with respect to the Euclidean metric on D. By Corol-
lary 2.7, G ~ r on D, so the Euclidean metric on D is equivalent, up to a
universal factor, to the metric d, induced by g, whence || K|, < H'T%/2 with
respect to the metric d;. Theorem 2 is proved.

4. Properties of distance functions on C?*“ surfaces

In this section, we fix 0 < o < 1 and H, R > 0 satisfying HR? < 72/16, and
a C2% metric g with constant < H on the disc
D = Bg(0) C R?,
given in polar normal coordinates about 0 by the formula
g = dr* + G*db*.
Again we set
oG
G
We also fix a unit-speed geodesic v : I — D, defined on an open, bounded

(44) h=

interval I C R, which is non-radial, i.e., not of the form 6 = const. By unique-
ness of geodesics with given initial conditions, this implies that |p/(¢)| < 1 for
all t € I. Denote

p(t) = dy(1(1),0) = r(1(t), te L.

This section is devoted to proving various properties of the function p.
LEMMA 4.1: We have
(45)

In particular, p > 0.

Proof. Since h satisfies the Riccati equation (6), (7) on radial geodesics,
Lemma 2.6 implies that

D(Hp()?) = plt) cotn(p(t)) < ptIh(¥()) < p(t) cot_p(p(t)) = B(—Hp(t)?),
so by (28) and monotonicity of @,
1/2 < ®(n?/16) < p(t)p" (t)/(1 = p'(£)*) < ®(—72/16) < 2.
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The estimate (45) implies that

d TR A
46 — log(1—p'(t)?) = ~ = logp(t).
(46) oL p @) =7 P o)

This gives us the following relationship between the change in the r and 6

coordinates of ~:
LEMMA 4.2: Let ¢(t) = 6(y(t)). Then for every subinterval J C I,
(¢ t)\¢
(47) max (b(l)SC( max a4 1>) ,
tit2€7 ¢/ (t2) t1,t267 p(t2)
where C,C’ are positive universal constants.
Proof. Let

t
M = max a 1).
t1,t2€J p(tg)

Since v is unit-speed, ¢' = /1 — p2/G (we may assume that ¢’ > 0). Hence by
Corollary 2.7,

8 /1= =
It therefore suffices to prove (47) with ¢’ replaced by w. By (46),
d 1d d d
4 } 1 ‘:‘ log(1— p/(0)?2) — “1 }<‘ 1 } L.
(48) | j logw(t)| =, , log(l=p'(t)") = , logp(t)] S|, logp(t)] t€

Let J C I be an interval and let t; < to € J. Since p is convex, it attains a
unique minimum on [¢1,t2] at some ¢y € J (possibly ¢ or ¢2) and is monotone
on the intervals [t1, o] and [to,t2]. Therefore by (48),

w(tl) d
log 5/ log p(s ’ds—i—/
w(t2) ™ St 10 1 ds ) [

to,t2]

d d
= ‘ logp(s)ds‘ + ’/ log p(s)ds
/[751,150] ds [to,t2] ds

p(t1) p(to)
= |log ‘—f—‘log ‘glogM,
‘ p(to) p(t2)

d
ot
s og p(s)|ds

which implies (47).
Define k : I — R by
Lo~ _af PP
49 = et ()
( ) K p2 1— p2 ’
where @ is defined in (8). As the next lemma asserts, k(t) equals the Gauss
curvature at some point between 0 and ~y(¢).
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Let [z,y] denote the geodesic segment joining two points = and y.
LEMMA 4.3: For every t € I there exists g € [0,v(t)] such that K(q) = k(t).

Proof. By (28), the formula (49) is equivalent to

which by the definitions of ® and cotx is equivalent to

cotu(n) p(t) = h(¥(1)).

Since h satisfies the Riccati equation (6), (7) on the geodesic segment [0, v(¢)],
it follows from Lemma 2.6 that K cannot be strictly smaller nor strictly larger
than x(¢) on the entire segment; the Lemma now follows from continuity
of K.

From Lemma 4.3 and the assumptions |K| < H, we immediately get that

(50) |k| < H onl.
Set
(51) to := argminp,
(52) K() = K(to),
¢
_ [ V1=

(5% o= [ Vo s ver

to

The motivation behind the definition of ¢g is that it can be expressed in
terms of p and its derivatives alone, and it provides a good approximation of
the function ¢ = 6 o v, according to the following lemma.

LEMMA 4.4: sup; ¢ /¢h = exp(O(HR?)1+e/2),
Proof. Recall that
¢ =/1-/?/G

since +y is unit-speed, and

0 = V1 - 9/ sing, p.
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The logarithmic derivatives of sing, r and G in the radial direction are cotg, r
and h, respectively, and both G and sing, r vanish at » = 0. Thus

|log(¢' () /¢ (t))| = | log sin, p(t) — log G(p(t)e™))|
p(t) ,
= ‘ / cotg, u — h(ue™®®)du
0
< H1+a/2R2+o¢,

where in the last passage we have used Lemma 2.15 with 7' = 2H't®/2Re
since K differs from Ky by at most 2H'T*/2R® on the disc Bg(0).

COROLLARY 4.5: sup; ¢/dp = exp(O(HR?)1+e/2),
COROLLARY 4.6: For every subinterval J C I,

Po(t) _ C( p(tl))cl,

max < max
t1,t2€J ¢6(t2) t1,t2€J p(tg)
where C,C’ > 0 are universal constants.

Proof. This follows from Lemma 4.2 and Corollary 4.4 since HR? < 1.
Let

(54) o= 7

= - 2 — cotk, p-

By the geodesic equation (28), we have
(55) fo=1fo,
where the function f: D — R is defined by
f=h—cotg,r.
The Riccati equation (6) implies that f satisfies the differential equation
(56) f2+2fcotg,r+0,f = Ko — K.

The following proposition is the main result of this section. It gives some
estimates on fy which, in some sense, characterize p as a distance function
from a point to a unit-speed geodesic on a C% surface. To avoid carrying the
constant H around we set

H=1.
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ProrosiTioN 4.7: Let J C I be an interval, and suppose that there
exists r > 0 such that

(57) r/2<p<2r on.l.

Define fy by (54). Then for every t,t1,ta,t3,t4 € J,

(58) [fo(t)] S e,
(59) ’AAJZ) (tl,tg)’ 5 ro‘+§(t1,t2),
(60) AA‘}Z) (tlatQ) - AAJZ) (t3;t4)‘ 5 diam{t17t25t3at4}a +§(t15t2) +§(t37t4)7

where diam is diameter, and we denote
Afo,, o fo(t) = fo(t')
(t,t) = 7,
Ap p(t) — p(t')
If J,J' C I are two subintervals, and there exist r,r’ such that r/2 < p < 2r
on J and v’ /2 < p < 2r' on J', then for every t1,to € J and t3,t4 € J',

Afo
(61) I Ap

£t ) = p(t) g ()|t — | /p(t) — p(t')].

AAJZ) (t3,ta) — 2fo(t3) cotr, p(t3)

S diam{ty, to, t3,ta}* + E(t1, t2) + &(t3,14).

(tl, tg) + 2f0(t1) COtKUp(tl) -

Proof. Since g is a C*% metric with constant 1, we have |[K| < 1 and || K|, < 1.
By Lemma 4.3, the value Ky is attained by K on the disc B,,(0), so on the
disc Bs,-(0), we have |K — Ko| < 7. Applying Corollary 2.15 with T < r%, we
have

(@) [[flloc < 7 on Ba(0), (©) [Iflla S 7 on B (0),
(b) 107 flloc S 7 on Bar(0), (d) [19-flla ST on Bar(0)\ By2(0),

where the distances are measured in the Euclidean metric.
Below we should make use of the fact that

|t = t] = dg(y(t),7(t)) ~ (&) =), t,t el

From (a) and (55), inequality (58) follows at once. Recall the notation

v = pe
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Write p; = p(t;) and ¢; = ¢(¢;) for i = 1,2,3,4. Then by (55), (57) and the
estimates (c) and (d),
Afo, o F(ie®)=f(pac®) | f(pac™®)—f(pac®)
A (tlat2) - +
P p1=p2 p1—p2
= O, f(p1e") + O(lp1—p2|®) + O(r|p2e’® —pae™®*|* /| p1—p2l)
=0, f(7(t1)) + O(|p1—p2|* + plte Hlle |¢/|a|t1*t2|a/|p17p2|).

By Lemma 4.4 and Corollary 4.6, we have maxy ¢/ ~ maxy ¢y ~ ¢o(t1), and
therefore

A0(tt2) =0.£0(12)) + Ollor — pa + €lt1,12).

Inequality (59) follows from (62), (b) and (57).
If we replace t1, t2 in (62) by t3 and t4, substract this new inequality from (62)

(62)

and use (d), then we get

Afo Afo
Ap Ap

Since p is 1-Lipschitz, (60) follows.

(t1,t2)— (t3,ta)| S [t1—t3]|%+|p1—p2|® +|p3—pa]| “+E(t1, ta) +E (T3, ta).

The inequalities (a) and (c) imply that
1£20la S W flcllflla S 27 <1
on By, (0), which together with (56) and the assumption | Ko < 1 gives
(63) 12f cotgy ™+ O flla S 1 on Byr(0).
Inequality (61) now follows from (63) and (62).

Up to now we have considered the function p = r o y. We conclude this
section with a property of ¢ = 6 o, namely, that it does not exceed 7/2 by

much, which is not surprising.
LEMMA 4.8: There is a universal constant C; > 0 such that if HR? < C4, then
max{|p(t)],|do(t)|} < 3w/4 for allt € I.

Proof. Fix t € I. For definiteness we assume ¢ > tg, and hence ¢(¢) > 0. The
case t < tg is identical. Consider the triangle A bounded by the three geodesics
[0,70(t0)], Y0ljto,g and [y0(t),0] (see Figure 1). By the Gauss-Bonnet formula,

(64) o(t) = 7 — B(t) — 9+ /A K,
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where integration is with respect to the Riemannian area form, and ¢ and S3(t)
are the interior angles of A at vo(to) and ~o(t) respectively

Figure 1. Proof of Lemma 4.8.

Since p attains a minimum at ¢, the angle ¢ is at least m/2 (if ¢o is not an
endpoint of I then in fact ¢ = 7/2), and so m — B(t) — 9 < «/2.

The Rlemanman area form is given in polar coordinates by G - dr A df. Us-
ing (5) and (4), Lemma 2.6 and Corollary 2.7, we have

(t) 1<0>>
/ / / K(r,0)G(r,0)drdf
(t) p(e7"(0))
- / / 02G(r,0)drdd
0 0

@(t)

@ / 1 - 0,G(p(¢71(0), 0)d0
0

(

IIE

o(t)
) / 1~ (hG)(p(6~(0), 0)do
0
2.6

IN

()

/0 1 — sing (o6~ (8))) cotrr (o(67(6)))d8
o(t)

/0 1 —cos(VHp(¢~(6)))do

257 é(t)(1 — cos VHR),
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and therefore

/2
o) < COS\/HR.

Thus ¢(t) < 3r/4 if HR? is sufficiently small, and by Corollary 4.5, the same
holds for ¢y.

5. Proof of Theorem 1

In this section we prove Theorem 1. Let 0 < R < (4, where C} is a universal
constant to be determined later. For now we require C; < min{x?/16,C},
where C; is the constant from Lemma 4.8. Let p : I — (0, R] satisfy the
hypothesis of Theorem 1:

(x) For every subset S C I consisting of at most 12 points, there exists
a C%2 Riemannian surface (Mg, gs) with constant < 1, a point pg € Mg
and a unit-speed geodesic vg : I — M such that

p(t) = ps(t) :=dgs(vs(t),ps) foralltel.

The following estimates, which were proved in Section 4 for distance functions
on C%< surfaces, apply also to the function p.

PROPOSITION 5.1: The function p satisfies the following properties:

~1
(65) Rt
(66) k| < H,
olt 1)\
(67) max ¢?( ) < C( max a 1)) for every subinterval J C I,
ti,ta€J ¢0(t2) t1,ta€J p(tQ)
(68) |po| < 3w/4 foralltel.

Here k and ¢q are defined by (49) and (53), respectively, and C,C’ are universal
constants. Moreover, Proposition 4.7 holds verbatim for p.

Proof. For every S C I of cardinality at most 12, let pg be as in the hypothe-
sis (x). By Lemma 2.16, we have that || s||cc and ||ps||o are bounded uniformly
over all such S. Since the restriction of p to any 4-point subset S agrees with pg
on S, the function p itself is also C*% by Corollary 2.18. In order to prove the
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estimates above for the function p, we can replace the derivatives of p by di-
vided differences, apply the results of Section 4 to the function pg for a suitable
choice of S, and conclude the same claim for p up to an error which can be
made arbitrarily small.

For example, consider (66). We have already asserted this inequality in (50)
when p was of the form p = d,(y(-),p) for some C** surface (M, g) with con-
stant < H. Fix t € I and € > 0, choose s1, s3 € I such that diam{t, s1, s2} < ¢,
and denote T' = {t, 51,52} and S = {s,s'}. Since p € C%?,

1 i p(t)p[T]
"0 = o (1 pise) 0O

where the implied constant does not depend on the choice of s;. The divided dif-
ference p[X] is defined in §2.3. Now use (%) and obtain a C*“ surface (Mr, gr),
a point pr € M7 and a unit-speed geodesic yr such that

dg, (yr(t), pr) = p(t)

and
dgT (’VT(Si)apT) = P(Si), i=1,2.

By applying (50) to the function pr = dg, (vr(-), pr), we see that

L __p®plT)N 1 __/pr(t)pr[T)
Pz(t)q) (1 —P[S]) a pQT(t)(I) (1 —pT[S]2) < H+0(e),

which proves that p satisfies (66).

Each of the estimates mentioned in the Proposition involves the derivatives
of p up to order two, evaluated at 4 points or less, so 12 points are sufficient
to replace all the necessary derivatives by divided differences. Since all of the
above estimates were proved in Section 4 when p is an actual distance function,
we may conclude them for the the function p.

A simple consequence of the assumption (%) and the triangle inequality is
that

(69) p(t) —p(t') <[t =t < p(t) + p(t') t.t' €l
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In particular, p is 1-Lipschitz. We may assume that p #Z +1, because oth-
erwise the conclusion of Theorem 1 is trivial. By (65), we have p > 0 which,
since p is 1-Lipschitz, also implies that |p| < 1. It also follows that p has a
unique minimum, which without loss of generality is attained at 0. Set

m := min p = p(0).

As before, we work in polar coordinates (r,#) in R%. We shall construct

(1) a positive function G on the disk D := Bpg(0), satisfying conditions
(a)—(c) of Theorem 2, and
(2) a curve vy = pe'® : [ — D satisfying

(70) P+ (Gon)2 =1
and
(71) j=(hom)(1— ).
It will then follow from Theorem 2 that the metric
(72) g = dr* + G*d?

is a strongly convex C%% metric on D with constant < 1, and, by Propo-
sition 2.16, that the curve 7 is a unit-speed minimizing geodesic in (D, g).
Since g takes the form (72), it will follow that

By Lemma 2.12, the metric g is extendable to a C%“ surface with constant < 1,
and so the proof of Theorem 1 will be complete.

Define the functions &, Ky, ¢o and fy as in (49), (52), (53) and (54). Define
a curve v : I — D by

Yo = pe'.

PROPOSITION 5.2: There exists a function f : D — R which is C! in the
r-coordinate, extends fy from g to D in the sense that

(73) J o = Jo,
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and satisfies

(74) f1B,, 200 = 0,
(75) 1f/rlle S 1,
(76) ”f2 +2f cotg, r + arf”tl S L

Let us first proceed with the proof of Theorem 1, assuming Proposition 5.2.
The latter provides us with a function f satisfying f o vy = fo. Now, the
function G should be defined by the relation f = 0,G/G — cotg,r. But we
must also bear in mind that + should satisfy (70). In order to achieve both
goals, we first construct G on 7, then adjust the 6-coordinate of 7y to obtain
the final curve 7, and then extend G from v to the disc D. Set

p(t)
Go(t) == (sing, p(t)) exp / fue®)du, tel.
0
Then G is positive, since p < R < /2 < m/(2v/Ky) by (66). Let

_ V102

ORI

tel,
0
and define the curve v by
v = pe'?.
Thanks to the properties of f, the change from ¢( to ¢ is not too dramatic.

LEMMA 5.3: For every € > 0 there exists C' > 0 such that if R < C, then the
functions ¢ o qﬁal and ¢g o ¢! are both 1 + e-Lipschitz.

Proof. By the chain rule and (75), for every t € I,
e

¢6(t)
By Lemma 5.3 and (68) , there exists a universal constant Cy > 0 such that

if R < C, then there is a homeomorphism F : D — D, bi-Lipschitz with
universal constants, which preserves the r-coordinate and satisfies

p(t) ,
(60651 (1) = exp / f(ue®)du = exp(O(R?)).

F(re'®®) = 1M for every t € I;

thus
Fory=n.
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Define G : D — R by
(77) G(re?) == (sing, r exp/ e du.
0

Then by Proposition 5.2, G is C? in the r variable, and satisfies G — 0
and G/r — 1 as r — 0. The logarithmic derivative of G in the r direction is

(78) h = af =cotg,r+ foF L
Differentiating with respect to r again and rearranging we have
(79) ‘9;(; (f*+2fcotg,r+ 0rf — Ko) o F'.
Set
082G
K=- G-

By (79), (76) and the fact that F~! is Lipschitz with a universal constant,
we have

(80) Ko < Lo

with respect to the Euclidean metric on D, where L is a universal constant.
Moreover, K(0) = Ky < 1 by (79) and (75), and so, since R < 1 we also have

Let
~ T
C =
P76 V1 + Lo
and

Cl = min{él, 62, 63},

where C is the constant from Lemma 4.8, and assume that R < C. By (80)
and (81),

2
64R2’

Thus G satisfies conditions (a)—(c) of Theorem 2. It remains to verify (70)
and (71).

1
min{[| Koo, | K|la™"?} <1+ Lo <
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By (77) and (53),

() + G(y()?¢ (1) = o' (1) + ¢/ (t)* (sing, p(t))
X exp <2 /P(t) f(u6i¢1(¢(t)))du)
0

— (1) + ' (£)2(sing, p(1))?

p(t)
5 i90(t))g >
X exp < /0 fue )du
=p'(t)* + ¢/ (t)*Go(t)

By (54), (73) and (78),

P () = (fo(t) + cotr, (p()(1 = p'(1)?)
= (f(v0(1)) + cotr, (p() (1 = p'()?)
= h(F(%(t)))(1 = ¢'()?)
=h(y(t)(1 =o' (t)*).
This finishes the proof of Theorem 1.

Proof of Proposition 5.2. We shall construct the extension f at each scale of r
separately, and then glue the extensions together using a partition of unity.
For k € Z, let Ay, denote the annulus

Ay = {28 < < 2MFY

and write
I = 761(Ak)

Thus p ~ 2% on Ij.. By (67), there exists a constant \;, > 0 such that
¢6 ~ /\k on Ik.
By Corollary 2.7,

¢y = /1 — p2/sing, p ~ /1 - %/,

(82) V1=p2~2)\ on I
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LEMMA 5.4: For each k € Z such that I, # @, there is a function fj : Ay — R
satistying fr(v0(t)) = fo(t) for all t € I, as well as
83)  lfulloe S20F% ifilla S 25 10fullee S2°%, 1100 filla S 1.
Proof. Recall that by (67),
(84) |do| < 69 for some universal constant 8y < 7.
Let k € Z. By (84), it suffices to define fi on the sector
Ay = {ret®® | e 2k 2M Yt e L} C Ay

(see Figure 2). Indeed, once an extension to Ay has been constructed, it is
straightforward to extend it further to Ay maintaining the estimates (83).

Yo

Figure 2. The set A} .

Since I, # @, and p is convex by (65), I consists of either one or two
relatively open subintervals of I. Assume first that I is connected.

To describe the extension fx, we consider several cases.

Casg I : |p/(s)] < 1/2 for some s € I.

In this case, (82) implies that

(85) V1I—p ()2 ~2°N ~1 foralltely.
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We apply Proposition 4.7 with J = Ij; (recall that Proposition 4.7 applies
to p by Proposition 5.1. It follows from (59) that for every t1,t € I,
[fo(tr) = folt2)] S 25(p(t1) — plta)| + 25 TN [t1 — 22|
< 28p(t) = p(t2)|™ + 28|ty — t2]*
< 28t — o],

where in the second passage we have used p ~ 2¥ and 2¥)\, ~ 1, and in the
third passage we have used |p| < 1. Thus

(86) I folla S 2° on I.
Define fi : A), — R by
(87) Fru(re'®®) = fo(t), re 281 281 t e I,
Then
| filloo < 20+

by (58). The last two inequalities in (83) are trivial since fi does not depend
on r. It thus remains to prove that || fx|lo < 2% on 4}.

~

From (85) and (86) and (2) it follows that

Ifella = llfoo dg " o Olla < 1011F 15 151 folla
S 27 folla S 2

~

(83)

(here ||-||1 is Lipschitz seminorm). Thus || fx|la < 2% on A}, which finishes the
proof of case I.

Denote the length of an interval J C R by |J|.

CASE 11 : |I] < (2FA2)1 e

In this case we define fi by (87) again. It follows from (59) that for ev-
ery ty,ty € Iy,

[folt) = folt2)] S 2"[p(tr) — p(t2)] + 2" FINR [t — ta|
< 2Rty — | 4 2RUTON [y — to]”.
The assumption |I;]| < (QkAz‘)lia implies that the first term is dominated by

the second, and therefore || folla < 2F0FA¢, and we can repeat the calcula-
tion (88).
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Cask 111 : |p/(t)] > 1/2 for all t € I, and |I;| > A@2k(1+e),

This case is the most involved. The idea is to first find a C%< function
depending only on r, and which agrees with f, on a discrete net, and then
to add to it a correction which is purely a function of 6 so that the resulting
function agrees with fy on all of v9p N Ax. Our tools will be Proposition 4.7
and Whitney’s extension theorem in one dimension. Note that we may use
Propostion 4.7 thanks to Proposition 5.1. Set

O), 1= Agok(+a)

and let {s;};e7 be adg-net in I;. By dx-net we mean that |s;—s;/| 2 0y, for every
J,j" € J and that for every t € I there is some j € J such that |s; —t| < dy.
Since I > §j, we may assume that there are at least two distinct s;’s. Let

(89) zj = p(s;).
Note that the x; are distinct since p is monotone; in fact, since p ~ 1,
(90) |sj — sjr| ~ |x; — x| foralljeJ.
Define a function
y:{zjljes > R
by
(91) y(z;) = fols;), jeJ.

CramM: The function y can be extended from the set {x;} to the interval
[2k_1, 2k+1] while satisfying

(92) [yl S 2705, Iy lloe S 2% Nl lla S 1.
Proof. By (58), we have for all j € 7,
ly(;)| S 20+,
By (59), for j # j' € J,
() — y(a;)] S 25wy — ajr] + 2M0FN |5 — 5]
< 2Rz —ap| 4|5 — st T ({s;j} is a 0x-net)
S 2%z — @yl + oy — | (90)

< 2Maj — wypl (2,250 ~ 2°).
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By (60) and (90), for distinct 7, ', 5" € J we have

y(zy) —ylzy)  ylzy) —ylzr)

xj— X Tj— T

< diam{s;, 550,550} 4+ 20T ON (|55 — 55007 4 sy — 5507 7)

S diam{s;, sj7, 850} + 2k(1+°‘)>\g5g_1 ({s;j} is a 0x-net)
= diam{s;, sj7, s }* + 0%

S diam{x;, xjr, z0 }* ({s;} is a dx-net + (90)).

Corollary 2.19 now implies that we can extend y from the set {z;};es to the
interval [Rg_1, Riy1] with [|t/]|eo < 25 and [|y/]la < 1. Since y(z;) < 2F0+)

~ ~

it also follows that [|y[lec < 2¥(1T%). We have proved (92). By (89) and (91),
the function y o 7 0 vy agrees with fy on the net {s;},ecs:

(yor)(vo(s;)) = ylp(s;)) = y(x;) = fo(s;) forall j€J.
We now define f : A}, — R by letting

(93) fk(reid’o(t)) =y(r)+ fot) —y(p@®), re [2’“71, 2k+1], tel.

We have

fe(o(t) = y(p(t)) + fo(t) —y(p(t)) = fo(t) for all t € I,
and by (92), fi is C® in r with

(94) 10r filloo S 27 and |0, filla S 1.

~

To see that || fx]leo < 21T note that each point on A, is joined to a point
on 7o by a radial line segment of length < 2%, and |fo| < 28+ on I, by (58),
S0

1filloo S Ifolnlloc + 25 - 100 ficlloo S 2810 4 28 2k < gki+e),

~

It remains to estimate || fx|lo. Fix r € [2571, 28+1]; we now prove that

(95) Il fu(re®O)||la < 65 on Iy
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Let t,¢' € Iy, and assume first that [t — /| < 0. Take s; # s; with
diam{t,#, s;, s} < 205. Then
| fr(re®®) — fi(rei®o®)|
= ly(r) = fo(t) = y(p(t)) — y(r) + fo(') + y(p(t")]
= |fo(t) — fo(t') —y(p(t)) +y(p(t))]

(
p(t) — pt') Tj —
(because ||y/[|o <1 and diam{p(t), p(t"), z;,zj } S o)

1To® = fol®)  folsi) = Folsi)| o
=10 =k Dy Z oty = ooy = ooy | %)

S [p(®)=p() (6 +25HONE(jt =17 4|5 —s5071))  (by (60) and (90))

SOt — ]+ ot — '] (90)

t) - fO(t/) y(zj) - y(zj/) | + 6&)

S Oft — | (Jt =t < ).
Now assume |t — /| > d, and let s; # s, satisfy |t — s;|, [t — sj/| < dk. Since

y(p(s;)) = fo(s;) forallje J,
we have that

| fr(re’®0®) — fi,(rei®o®))]
= |fo(t) —y(p(t)) = fo(t") +y(p(t"))|
< fo(t) = folsy) +y(p(s5)) = y(p(O)|+fo(t') — folsi) +ylp(sir)) — y(p(t))]
SOkt — 5™ + [t —s5]%)
,S 5i+a

S Okt — tl|aa

where in the third passage we have applied the previous calculation to the pairs
t,s; and t', s;;. We have proved (95).
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Let 21,22 € A and write z; = rje’®0 (i) for r; € 2871 28] and t; € I;.
Then
|fi(21) = fr(z2)]

< [fielrie'® ) = fu(re'® ) 4 | fr(r1e?0)) — fi(rae'0 )|

S Okt — to]™ 4+ 27¥|ry — 1o ((94) and (95))

S 6k ALl do(ts) — do(t2)|* 4+ 27 - |ry — 1y (do ~ A on I)

< 25-(25go (1) = do(t2)[* +[r1—72[) (6 =2"0FNY and |ry—ro| $2¥)

~ 2k|2’1 — 22|a.

This finishes the proof of (83) in case III.

CASE IV: |p/(t)] > 1/2 for all t € I, and (2FA2) 170 < || < A@2K(+0),

In this case, the extension is in fact the same as in Case III, with the in-
terpolant y taken to be affine-linear. Let s1,s0 € I satisy |s1 — sa2| ~ I.
Let

y(x) = fo(s1) + (fo(s2) — fo(s1)) (= — p(s1))/(p(s2) — p(s1)), € [2F71, 2841,
and define fx by (93). Then fo = fi oy on Ix, and

_Afo
arfk = Ap

in the notation of Proposition 4.7, so by (58) and the fact that p ~ 1 we have

(s1,52)

(96) 105 flloo S 28 + 2RIFINY 5y — 5o @71 < 2Fe,

where the second inequality holds because |s1 — so| ~ |[Ij| > (QkAz‘)lia. We
also have trivially ||y fx|la = 0. Since fi oy = f, and every point in Aj can
be joined to a point on g by a radial segment of length < 2%, (96) implies that
| filloo < 2F049) . The proof that || fi|la < 2% is as in case IIL

It remains to deal with the case where I consists of two distinct intervals.
Recall that

Io =g (1257 < r < 21 = pol( L 2,

The function p attains a minimum at 0, and so we can write I, = I, U I,j'
where I,” C (—00,0) and I;” C (0,00) are intervals.

We may assume that p(0) < 23, Indeed, otherwise, by Corollary 4.6
and (82) we have 1 — p/(t)? ~ 1 — p'(0)2 =1 for t € I, and we can proceed as
in Case L.
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So assume that p(0) < 2F73, whence p(t) > 4p(0) for all t € I. We claim
that

(97) || > 61 on I, for a universal constant 6; > 0.

We prove (97) on I ,:r , and the proof is identical for I, . There exists a
unique #; > 0 satisfying p(t1) = 2p(0). Note that t; < inf ;. By (65), we
have that 1 — $? decreases by at most some constant factor on the interval [0, ¢1]
(see the computation (46)). Since p/(0) = 0, it follows that p < 1 — ¢ on [0, 1],
whence

dlogp/dt < (1—c)/p < (1—2¢)/p(0) on [0,t],

for some universal 0 < ¢ < 1. Thus

log2 = /Otl (log p)'(s)ds < t1(1 —¢)/p(0).
Since
Bh(0) = /1 — p'(0)2/ sing, m = 1/sing, m ~ 1/m
by Corollary 2.7, where m = min p = p(0), the estimate (67) implies that
Go ~1/m on[0,t].
Since ¢y is increasing, it follows that for every ¢ € I, ,:r ,

bo(t) > po(t1) = ; 1 bo(s)ds ~ t1/m >log2/(1 — c).

Thus (97) is proved. Write A} = A, U A)", where
A;i = {rew“(t) |re 281281t e I,f} C A

Then (84) and (97) imply that the distance between the sets A}f and A~
is > 2%, Therefore, we can construct the extension fi on I ,:r and I, separately,
according to the cases above, and it is not hard to see that since the function fi
satisfies (83) on A;" and A}, it will satisfy (83) on their union A4j. This finishes
the proof in the case where Ij consists of two intervals, and thus Lemma 5.4 is
proved.

We now glue together the local extensions f; obtained via Lemma 5.4. We
also define

(98) fe =0 whenever I, = @.
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Let ¢ : R?2 — [0,1], k € Z be smooth functions satisfying

(99) suppyr C Ay, Z(pk =1, |Vp| <27 |Hessp| <27
k

(take @ = p(27Fr), where ¢ : (0,00) — [0,1] is a suitable bump function).
Note that each point of R? lies in the support of at most two such functions.
Define

(100) = Zsﬂkfk-

k

Since Y, pr =1, and fi 0 v9 = fo on each I, we have that f o~y = fo.
The function f is C! in r, and

(101) o f = Z(8T<Pk)fk + (0r fr)-
K

By (99) and (83), and the local finiteness of the sums in (100) and (101),
(102) IfI <t and |0, S r*.

In particular, condition (75) holds, while (74) follows from (98).

To finish the proof it remains to prove (76), i.e., that ||I'||, < 1, where
I':= f2+2fcotg,r+ 0,f.
It follows from (2), (99), (83), (100) and (101), that
(103) Iflalle <28 and |0, f]a,lla <1 forall k € Z.
Putting together (102), (103), the estimates
llcotry rla,lloe S27% and |jcotx, 7a, [|a S 27F0F),

and the fact that f is supported on a disc with radius < 1, we get
(104) IT|aulle S1 forall k € Z.

Our goal is to make this estimate global. We also note that by (102),
(105) 104, oo S 2°%.

Given any z, 2’ € R2, we would like to show that

(106) IP(z) =T()| S |z = 2"
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Let k, k' satisfy z € Ay and 2’ € Ay, where without loss of generality k' > k.
By (104), we may even assume that &’ > k+ 2. This implies that |z — 2/| > 2%,
and therefore it suffices to prove that

(107) ID(z) - D(')] < 2

By (104), we may also replace z and z’ by any other pair of points lying
in Ay, Ay respectively.

If A N~y = @, then by (98), we may assume that fr =0 in a neighborhood
of z, and then by (105),

ID(2) — ()] = [D(z)] < 2%

We can argue similarly if Apr Ny9 = &. So from here on we can assume that
both Ai N~y and Agr N 7g are nonempty, and that z, 2’ both lie on vo. Write

z2=(1), 2 =(t).

There is no loss of generality in assuming that 0 < ¢ < ', because if ' < 0 < ¢
we can compare both I'(z) and I'(z") to I'(7(0)). The rest of the cases follow
by symmetry. So, to summarize, we must prove that

IT(z) —T(2")] S 2, where 2 = vo(t) € Ay, 2 =~0(t') € Ap ,0< ' <.
To this end we would like to use (61). Since
p(t') =|2'| > 2571 > 2K > 9]z = 2p(1),

there are t < s < &' < t/ such that p(s) = 2p(t) and p(s’") = p(t')/2. Tt follows
that

(108) ot — p(s)] ~ plt) ~ 2 and  [p(t) — p(s")] ~ p(#) ~ 2.
Using (108), (73) and the local estimates (103), we have
fo(t) = fols) _ f(2) = f(r0(s))

p(t) — p(s) p(t) — p(s)
_ flp(t)e'®®) — f(p(t)e'®)) L (p(t)e'®=)) — f(p(s)e™0(=))
p(t) = p(s) p(t) — p(s)
=0, f(z) + O(2**)

and similarly
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Thus by (61),

10, f(2) 4+ 2f(2) cote, (|2]) =0 f(2") =2 (2") cotx, (12])]
_|fo)=fols)  op p_ Jot)=fo(s')

plt)—p(s) A O PO
SIE—t]* + 250N [t |/ | p(t) — p(s)| +2% CTONG |5 |/ |p(t ) — p(s) |+ 2%
Szk/a + 2k(1+o¢))\g . 2ka/2k + 2k/(1+a))\g/ . 2k/a/2k/ + 2k/o¢

5216'(1

—2fo(t') cot, p(t')|+0 (2% )

(we have used (69) and (108) in the third passage, and (82) in the penultimate
one).
By (102) and (103), we have that

||f2||a < ok(1+a) 9k < R2ta <1 on Ay
and
|0 ()] S 2¥ 0 oM S R <1 on By (0),

SO
[F(2)2 = F)2 = 1f(2)° = f()? + O@2") 2,
where Z is any point in Ay lying on the same radial ray as z’. Putting to-

gether the last two calculations, we obtain (107) and finish the proof of the
proposition.
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