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ABSTRACT

We study distance functions from geodesics to points on Riemannian sur-

faces with Hölder continuous Gauss curvature, and prove a finiteness prin-

ciple in the spirit of Whitney extension theory for such functions. Our

result can be viewed as a finiteness principle for isometric embedding of a

certain type of metric spaces into Riemannian surfaces, with control over

the Hölder seminorm of the Gauss curvature.

1. Introduction

Consider a function ρ measuring the distance from a unit-speed geodesic γ on

a Riemannian surface (M, g) to a point p ∈ M . Certain analytic properties

of ρ are related to the Gauss curvature K of the metric g. For instance, if K

is nonpositive, then ρ is convex; and if K is α-Hölder, which will be the case

throughout this paper, then ρ is C2,α, assuming that γ is contained in a punc-

tured strongly convex neighborhood of p, see, e.g., Lemma 2.16 below.

Given a 1-Lipschitz, positive function ρ on an interval I ⊆ R, is it possible to

tell whether ρ arises as a distance function from a unit-speed geodesic γ : I →M

to a point p ∈M , for an ambient surface M having bounded geometry in some

sense?
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For example, consider the function ρ(t) =
√
1 + t2 − c for 0 ≤ c < 1. If c = 0

then ρ is the distance function from the line γ(t) = (1, t) to the point p = (0, 0)

on the Euclidean plane. But if we take c which is very close to 1 and try to

construct a Riemannian surface admitting ρ as a distance function from a unit-

speed geodesic to a point, we will find that the Gauss curvature of the surface

will have to be very large somewhere. This follows for example from Lemma 4.3

below.

As a slightly more delicate example one can take ρ(t) =
√
ε2 + t2 + ε3+β

for 0 < β ≤ 1 and 0 < ε � 1. The function ρ is very close to a Euclidean

distance function. However, if we wanted to realize ρ as a distance function on

a Riemannian surface M , then the α-Hölder seminorm of the Gauss curvature

of M would have to be of order at least εβ−α, for every 0 < α ≤ 1 (this too can

be shown using Lemma 4.3). In particular, the β-Hölder seminorm of K must

be bounded below by a constant independent of ε.

By a C2,α Riemannian surface we mean a two-dimensional Riemannian

manifold with bounded, α-Hölder continuous Gauss curvature, and with injec-

tivity radius bounded from below. We use the same parameter H to bound

all three quantities, see Definition 2.1 below for the precise definition of a C2,α

Riemannian surface with constant H .

1-Lipschitz continuity and C2,α-smoothness are properties which can be de-

tected by looking at 2 and 4-point samples from the function ρ, respectively.

Does the property of being a distance function on a C2,α surface, together with

a quantitative bound on the constant H , also boil down to some condition on

the values of ρ on k-point subsets, for some universal k?

Our main result is the following finiteness principle, which answers this ques-

tion to the affirmative assuming that ρ is bounded by a small enough constant.

Theorem 1: There exist universal constants C1, C2 such that the following

holds:

Let ρ : I → (0, C1], where I ⊆ R is an open bounded interval. Assume

that for every subset S ⊆ I consisting of at most 12 points, there exists a C2,α

Riemannian surface (MS , gS) with constant 1, a point pS ∈MS and a unit-speed

geodesic γS : I →MS such that dgS (γS(s), p) = ρ(s) for every s ∈ S.

Then, there exists a C2,α Riemannian surface M with constant C2, a

point p∈M and a unit-speed geodesic γ : I → M such that dg(γ(t), p) = ρ(t)

for every t ∈ I.
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Remark 1.1: The condition on the twelve points in Theorem 1 is essentially

given in Proposition 5.1. The fact that twelve points suffice can be roughly

understood in the following way: using three nearby points, one can evaluate

the second derivative of ρ at a given point; two such “three-point clusters”

are required in order to estimate the radial derivative of a quantity depending

on ρ, ρ̇ and ρ̈; and twelve points are required in order to evaluate the difference

between the value of this radial derivative at two different scales. Thus verify-

ing the conditions in Proposition 5.1 requires arranging the twelve points in a

configuration involving three different scales.

We do not know whether the number 12 in Theorem 1 is sharp. Since ev-

ery four-point metric space containing one collinear triple always embeds in a

surface of constant curvature (see below), the sharp number is at least 4.

Theorem 1 is inspired by finiteness principles from the theory of extensions

of functions, initiated by Whitney [18]. For a comprehensive survey of Whitney

extension theory, including finiteness principles, we refer the reader to Fefferman

and Israel [10].

Theorem 1 can be viewed as a special case of the following problem: is there a

finiteness principle for isometric embeddings of metric spaces into Riemannian

manifolds? i.e., can embeddability of a given metric space into a sufficiently

regular Riemannian manifold be detected by examining its finite subspaces of

cardinality bounded by some constant depending on the dimension and the

regularity class alone? While it is hard to believe that the answer is generally

yes, it might be the case that some classes of metric spaces do admit such a

finiteness principle.

The problem of embedding a metric space into Euclidean space goes back to

Cayley [6]. Menger [14] and Blumenthal [3] considered isometric embeddings

into spaces of constant curvature, and proved that a metric space X embeds

isometrically into the n-dimensional space of constant curvature K0 ∈ R if and

only if every finite subspace of X consisting of at most n+3 points admits such

an embedding. Wald [17] studied isometric embeddings of four-point metric

spaces into surfaces of constant curvature, and proved that if X is a metric

space consisting of four points, of which exactly three points are collinear (i.e.,

embed isometrically in R), then there exists a unique K0 ∈ R such that X

embeds isometrically into the surface of constant curvature K0. Berestovskĭı

[2] characterized length spaces with two-sided curvature bounds in the sense of
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Alexandrov (see, e.g., [5]) in terms of the embedding curvatures of their four-

point subspaces. Approximate interpolation of metric spaces by Riemannian

manifolds of bounded geometry was studied in [11].

In order to construct the surface M from the conclusion of Theorem 1, we

use the following characterization of the coefficients of C2,α metrics (see Defi-

nition 2.4) in polar normal coordinates, which we prove in Section 3.

Theorem 2: Let 0 < α ≤ 1, let R > 0 and let G be a positive function defined

on BR(0) \ {0} ⊆ R
2. The two statements below are equivalent in the following

sense: if (1) holds for some H̃ < π2/4R2, then (2) holds with H = CH̃ , and

if (2) holds for some H < π2/64R2, then (1) holds with H̃ = CH , where C > 0

is a universal constant.

(1) The metric

(1) g = dr2 +G2dθ2

on BR(0) is a strongly convex C2,α metric with constant at most H̃ .

(2) The following conditions hold:

(a) The function G is C2 in r.

(b) G→ 0 and G/r → 1 as r → 0.

(c) The function

K := −∂2rG/G
satisfies ‖K‖∞ ≤ H and ‖K‖α ≤ H1+α/2.

Note that beyond the bound on the Hölder seminorm of K, no regularity in

the variable θ is required. This agrees with the observation of Hartman [13]

that metrics with C2,α coefficients in some coordinate system may fail to be

even differentible in polar coordinates, except in the radial direction.

Outline of the proof of Theorem 1. Let ρ satisfy the hypothesis of Theorem 1.

We construct a metric g on a disc D ⊆ R
2, which in polar normal coordinates

takes the form g = dr2+G2dθ2. Theorem 2 provides us with sufficient conditions

for such a metric to be C2,α with constant O(H). We also need to construct

a curve γ : I → D of the form γ = ρeiφ for some function φ : I → [−π, π).
For γ taking this form, the relation dg(γ(t), 0) = ρ(t) automatically holds, as

we are in polar normal coordinates and within the radius of strong convexity.

The functions G and φ now need to be chosen such that γ is a unit-speed ge-

odesic with respect to g. To this end we make some preliminary “guess” φ0
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for the function φ, and define first γ0 = ρeiφ0 . Using the geodesic equation,

we determine the function h := ∂rG/G on the curve γ0. We then extend h

to the entire disc D (more precisely, we extend the function f := h − cotK0 r

for some K0 ∈ R, see §2.2 for the definition of cotK). This is done in Propo-

sition 5.2. In order to prove that there exists such an extension satisfying the

estimates required by Theorem 2, we use the hypothesis of Theorem 1 together

with results on distance functions on C2,α surfaces which we prove in Section 4.

After the function h has been extended, we determine the function φ, deform γ0

into the final curve γ and obtain G by integration.

The rest of the paper is organized as follows. In Section 2 we mention relevant

facts about polar normal coordinates on Riemannian surfaces, prove a stability

lemma for the Riccati equation (Lemma 2.13) which will serve as a technical

tool in subsequent sections, and state a version of Whitney’s extension theorem

which will be used in the proof of Theorem 1. In Section 3 we prove Theorem 2.

In Section 4 we study functions of the form ρ := dg(γ(·), p), where g is a C2,α

Riemannian metric, p is a point on M and γ is a unit-speed geodesic, and in

some sense characterize functions arising in this way. In Section 5 we prove

Theorem 1.

Acknowledgements. The author would like to express his deep gratitude to

his advisor at the Weizmann Institute of Science, Prof. Bo’az Klartag, for close

guidance and support. Partially supported by the Israel Science Foundation

(ISF).

2. Preliminaries

For two quantities A,B, we write A � B or A = O(B) if there is a positive

constant C such that

A ≤ CB,

and A ∼ B if there is a positive constant C such that

C−1B ≤ A ≤ CB.

Unless stated otherwise, the constant C is universal.

For a point p in a metric space, and a positive number R, the open ball of

radius R centered at p is denoted by BR(p).

A curve on a manifold is a path which has a well defined continuous tangent.
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Let 0 < α ≤ 1. A function f on a metric space (X, d) is α-Hölder if there

exists a constant C such that

|f(x)− f(y)| ≤ C · d(x, y)α,
and the minimal C with this property is called the Hölder seminorm of f and

will be denoted by ‖f‖α. We record the following trivial, yet useful, properties

of the Hölder seminorm:

(2)
‖fg‖α ≤ ‖f‖α‖g‖∞+ ‖f‖∞‖g‖α, ‖f ◦ g‖αβ ≤ ‖f‖α‖g‖αβ , 0<α, β≤1,

‖f‖α ≤ diam(X)β−α‖f‖β 0<α≤β≤1.

Here

diamX = sup{d(x, y) | x, y ∈ X}
is the diameter of X and

‖f‖∞ = sup
x∈X

|f(x)|
(all the functions in this paper are continuous).

For a function f :R→R we write f ∈Ck,α(R) if f ∈Ck(R) and f (k) is α-Hölder.

We use both the notation u′ and u̇ for the derivative of a function u of one

variable.

2.1. C2,α
Riemannian surfaces. A Riemannian manifold (M, g) is said to be

C2 if each point ofM is contained in the domain of a coordinate chart in which

the coefficients of the metric g are C2 functions (the manifold M is assumed to

possess a smooth structure).

Definition 2.1: Let H > 0 and 0 < α ≤ 1. A C2,α Riemannian surface with

constant H is a complete two-dimensional C2 Riemannian manifold satisfying

‖K‖∞ ≤ H, ‖K‖α ≤ H1+α/2, inj(M) ≥ π/
√
H,

whereK is the (Gaussian) curvature of (M, g), and its Hölder seminorm is taken

with respect to the Riemannian metric.

We say the (M, g) is a C2,α Riemannian surface (or simply a C2,α surface)

if there exists some H > 0 such that the requirements of Definition 2.1 are

satisfied.

Remark 2.2: If a surface (M,λ2g) is obtained from a surface (M, g) by mul-

tiplication of the metric g by a scalar λ2 > 0, and g is a C2,α surface with

constant H , then (M,λ2g) is C2,α with constant λ−2H .
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Examples of C2,α Riemannian surfaces include simply-connected, complete

surfaces of constant curvature, graphs of C2,α functions and level sets of of C2,α

functions from R
3 to R whose gradient is bounded away from zero, and metrics

obtained from the Euclidean metric on R
2 by introducing a C2,α conformal

factor which is bounded away from zero.

The coefficients gij of the metric of a C2,α surface are C2,α functions in some

coordinate system:

Theorem 2.3 (DeTurck and Kazdan [8]): Let (M, g) be a C2,α Riemannian

surface. Then any point in M is contained in the domain of a coordinate chart

in which the components of g are C2,α functions.

Definition 2.4: A Riemannian metric on an open disk D ⊆ R
2 is said to be a

C2,α metric with constant H if it satisfies the coditions of Definition 2.1,

excluding completeness and bounded injectivity radius.

2.2. Polar coordinates, the Riccati equation and curvature com-

parison. About any point p in a Riemannian surface (M, g) one can introduce

normal coordinates, in which the coordinate map is the exponential map expp,

and lines through the origin correspond to geodesics emanating from p. Using

polar coordinates in R
2, one obtains a set of coordinates (r, θ), called polar

normal coordinates. As a consequence of the Gauss lemma, the metric g can

be written in polar normal coordinates as

(3) g = dr2 +G2dθ2

for some function G = G(r, θ).

When working in polar normal coordinates, we shall use the complex

notation reiθ to denote a point whose coordinates are (r, θ). The coordinate θ

will vary between −π and π.

A normal disc on a Riemannian surface is a Riemannian disc on which nor-

mal coordinates may be defined (i.e., a disk BR(p) such that expp :BR(0)→BR(p)

is a homeomorphism, where BR(0)⊆TpM). When M is C2,α with constant H ,

then by definition, any point is the center of a normal disc of radius π/
√
H .

Whenever polar normal coordinates are used, the domain will be such a disc.

Polar normal coordinates are not optimal in terms of regularity. Indeed,

by Theorem 2.3, if M is a C2,α surface, then there exists a coordinate chart

about p in which the coefficients of g are C2,α, however polar normal coordinates

do not always serve as such a chart - the coefficient G is only Cα in general [13].
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However, it is differentiable twice with respect to r and satisfies:

(4) G(r, θ)
r→0−−−→ 0 and G(r, θ)/r

r→0−−−→ 1 for all θ ∈ S1,

as well as the Jabobi equation

(5) ∂2rG+KG = 0.

Differentiating (5) with respect to r and setting

h :=
∂rG

G

gives the Riccati equation

(6) ∂rh+ h2 +K = 0

with the initial condition

(7) h = 1/r + O(r) as r → 0.

In the case where K is constant, the solution to (6), (7) is

cotK r :=

⎧⎪⎪⎨
⎪⎪⎩

√−K coth(
√−Kr), K < 0, r > 0,

1/r, K = 0, r > 0,√
K cot(

√
Kr), K > 0, 0 < r < π/

√
K,

and the solution to the Jacobi equation (5) with the initial condition (4) is

sinK r :=

⎧⎪⎪⎨
⎪⎪⎩
sinh(

√−Kr)/√−K, K < 0,

r, K = 0,

sin(
√
Kr)/

√
K, K > 0.

It is also useful to introduce the functions

(8) Φ(x) :=

⎧⎪⎪⎨
⎪⎪⎩

√−x coth(√−x), x < 0,

1, x = 0,
√
x cot(

√
x), 0 < x < π2,

and

Ψ(x) :=

⎧⎪⎪⎨
⎪⎪⎩
sinh(

√−x)/√−x, x < 0,

1, x = 0,

sin(
√
x)/

√
x, 0 < x < π2,

which are strictly decreasing and analytic. Note that

x cotK(x) = Φ(Kx2) and sinK(x)/x = Ψ(Kx2).
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The following formula for the geodesic curvature of a unit-speed curve in

polar normal coordinates will be useful:

Lemma 2.5: Let (M, g) be a C2,α Riemannian surface and let (r, θ) be polar

normal coordinates centered at p ∈ M . If γ is a unit speed curve lying in

a normal disc centered at p, and the function ρ(t) := dg(γ(t), p) is C2 and

satisfies |ρ̇| �= 1, then

(9) ∇γ̇ γ̇ = −
√

1− ρ̇2
( ρ̈

1− ρ̇2
− h

)
N,

where N is the inward-pointing unit normal to γ, which is defined to be the

unique unit vector field along γ such that 〈γ̇, N〉 = 0 and 〈∂r, N〉 < 0.

Proof. Write g = dr2 +G2dθ2. When g is smooth, the Christoffel symbols for

polar normal coordinates are

(10)
Γrθr = Γrrθ = Γθrr = Γrrr = 0,

Γrθθ = −G · ∂rG, Γθθr = Γθrθ = ∂rG/G, Γθθθ = ∂θG/G.

For C2,α surfaces, however, the partial derivative ∂θG may not exist, thus Γθθθ
and subsequently the covariant derivative ∇∂θ∂θ may not be defined. For

this reason it is useful to introduce the oriented orthonormal frame (∂r, ∂̂θ),

where ∂̂θ := ∂θ/G is the normalized version of the vector field ∂θ. Fortun-

ately, ∂̂θ can be covariantly differentiated with respect to both ∂r and itself, even

when the metric is merely C2. To see this, let us first calculate the Christoffel

symbols corresponding to the frame (∂r, ∂̂θ) for smooth metrics. As ∂r and ∂̂θ

are both parallel along radial geodesics, we have ∇∂r∂r = ∇∂r ∂̂θ = 0, and

using (10) we see that

∇∂̂θ
∂r = G−1∇∂θ∂r = (∂rG/G

2)∂θ = (∂rG/G)∂̂θ.

Differentiating the identities 〈∂̂θ, ∂̂θ〉 = 1 and 〈∂̂θ, ∂r〉 = 0 with respect to ∂̂θ

then gives

∇∂̂θ
∂̂θ = −(∂rG/G)∂r .

Hence the Christoffel symbols for the frame (∂r , ∂̂θ) are

Γrrr = Γθ̂rr = 0, Γr
rθ̂

= Γθ̂
rθ̂

= 0,

Γr
θ̂r

= 0, Γθ̂
θ̂r

= ∂rG/G, Γr
θ̂θ̂

= −∂rG/G, Γθ̂
θ̂θ̂

= 0.
(11)
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Now suppose that g is only C2,α and consider the affine connection given

by (11) with respect to the frame (∂r, ∂̂θ). By the computations above, and the

fact that

[∂r, ∂̂θ] = −(∂rG/G)∂̂θ,

we see that this connection is symmetric and compatible with the metric g,

hence coincides with the Levi-Civita connection of g. This proves that all the

covariant derivatives involving ∂r and ∂̂θ are well defined for any normal disc

in a C2,α surface. Recalling that h = ∂rG/G, we can write

∇∂r∂r = ∇∂r ∂̂θ = 0, ∇∂̂θ
∂r = h∂̂θ, ∇∂̂θ

∂̂θ = −h∂r.(12)

Write γ(t) = (ρ(t), θ(t)). Since γ is unit-speed and |ρ̇| �= 1, the function θ̇

cannot vanish. Reversing the parametrization of γ does not alter either side

of (9), so we may assume that θ ◦ γ is strictly increasing. The tangent to γ is

then expressed in the orthonormal frame (∂r , ∂̂θ) as

(13) γ̇ = ρ̇ ∂r +
√
1− ρ̇2 ∂̂θ,

while the inward-pointing normal N is given by

(14) N = −
√
1− ρ̇2 ∂r + ρ̇ ∂̂θ.

Differentiating (13) covariantly along γ gives

∇γ̇ γ̇ = ρ̈ ∂r + ρ̇∇γ̇∂r +
−ρ̈ρ̇√
1− ρ̇2

∂̂θ +
√
1− ρ̇2∇γ̇ ∂̂θ.

Using (12) and (13), linearity of the covariant derivative then yields

(15) ∇γ̇ γ̇ = (ρ̈− h(1 − ρ̇2))∂r +
(
hρ̇

√
1− ρ̇2 − ρ̈ρ̇√

1− ρ̇2

)
∂̂θ.

Equation (9) then follows from (14) and (15).

The function h has some intrinsic geometric interpretations, which are worth

mentioning, but which shall not be used directly here. If we set ρ = const

in (9), we see that h is (up to a sign) the geodesic curvature of a unit-speed

circle. Moreover, h is the Laplacian of the distance function from the point p:

if Δ is the Laplace–Beltrami operator of g, then

h = Δr.

The Riccati equation (6) satisfies the following well-known comparison prin-

ciple ([16, Proposition 25]):
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Lemma 2.6: Let h : (0, R] → R be differentiable and satisfy

h′(x) + h2(x) +K(x) = 0, h(x) = 1/x+O(x) as x→ 0,

where K : (0, R] → R satisfies |K| ≤ H for a constant 0 < H ≤ π2/R2. Then

cotH x ≤ h(x) ≤ cot−H x

for all x ∈ (0, R].

Corollary 2.7: Let G be a solution of (4) and (5) on some disc BR(0), and

assume |K| ≤ H for some constant H > 0. Then

sinH r ≤ G(r, θ) ≤ sin−H r for all 0 < r ≤ R and θ ∈ S1.

In particular, if R ≤ π/2
√
H then

G(r, θ)/r ∼ 1 for all 0 < r ≤ R and θ ∈ S1.

Proof. The first assertion follows Lemma 2.6 by integration, since

h = (∂/∂r)(logG) and cotK r = (d/dr) log sinK r.

If R ≤ π/2
√
H then

1

2
≤ Ψ(HR2) ≤ Ψ(Hr2)

=
sinH r

r
≤ G

r
≤ sin−H r

r

= Ψ(−Hr2) ≤ Ψ(−π2/4) ≤ 2.

A subset U of a Riemannian manifold is said to be strongly convex if

every p, q ∈ U are joined by a unique minimizing geodesic in M , which lies

entirely in U . The following classical theorem ([7, Theorem 5.14]) asserts that

every point has a strongly convex neighborhood.

Theorem 2.8 (Whitehead): Let (M, g) be a complete Riemannian mani-

fold with sectional curvature ≤ H and injectivity radius ≥ Z. For every

R ≤ 1
2 min{π/√H,Z} and every p ∈M , the disc BR(p) is strongly convex.

Corollary 2.9: In C2,α Riemannian surfaces with constant H , open discs of

radius ≤ π/(2
√
H) are strongly convex.

Combining this with Corollary 2.7, one obtains
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Corollary 2.10: Let (M, g) be a C2,α Riemannian surface with constant H

and let p ∈M . For every v, w ∈ TpM with max{|v|, |w|} ≤ π/2
√
H ,

|v − w|g ∼ dg(expp v, expp w)

where | · |g :=
√〈·, ·〉g is the Riemannian norm on TpM .

It is useful to have a criterion for strong convexity of a disc without reference

to a complete surface containing it.

Lemma 2.11: Let R,H > 0 satisfy HR2 ≤ π2/4. Let g = dr2 + G2dθ2 be

a C2,α metric with constant H on D := BR(0) ⊆ R
2, given in polar normal

coordinates centered at the origin. Then (D, g) is strongly convex.

Proof. Let R0 < R and let γ : [0, 1] → D be a constant-speed curve whose

endpoints lie on ∂BR0(0) and which lies outside BR0(0). Write γ in polar

coordinates as γ = ρeiφ. By the inequality
√
a2 + b2 ≥ |a| + b2/2

√
a2 + b2

(equality iff b = 0), we have

Len(γ) =

∫ 1

0

√
ρ̇2 +G(ρ, φ)2φ̇2 ≥

∫ 1

0

|G(ρ, φ)φ̇|+ ρ̇2

2
√
ρ̇2 +G(ρ, φ)2φ̇2

=

∫ 1

0

|G(ρ, φ)φ̇|+ ρ̇2/2Len(γ).

By Lemma 2.6, the function h = ∂rG/G is positive, so G and increasing in r

(and positive by Corollary 2.7), and therefore
∫ 1

0

|G(ρ, φ)φ̇| ≥
∫ 1

0

|G(R0, φ)φ̇| = Len(γ0),

where γ0 := R0e
iφ is the radial projection of γ to the circle ∂BR0(0). Therefore

Len(γ) ≥ d(p, q) +
1

2Len(γ)

∫ 1

0

ρ̇2 ≥ d(p, q) +
1

2Len(γ)
(max ρ−min ρ)2.

From this calculation we conclude that if two points p, q are contained in a disc

of radius R0 < R, and γ is a curve joining p to q which leaves the disc BR0+ε(0),

for some ε > 0, then the length of γ is larger than d(p, q) by a positive constant

depending on ε alone. It follows that any sequence of curves γn joining p to q

whose length tends to d(p, q), remains in a compact subset of DR(0) and so has

a subsequence which converges to a length-minimizing curve, which must be a

geodesic (see [5]).
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It remains to prove the uniqueness of the minimizing geodesic joining two

points. Suppose by contradiction that p, q ∈ D are joined by two different

minimizing geodesics. Then, in the region bounded between the two geodesics,

there will be a point q′ which is a cut point of p of minimal distance to p.

By the assumption HR2 ≤ π2/4, the metric (D, g) has no conjugate points,

so the argument in [7] implies that there is a smooth geodesic γ : [0, T ] → D

with γ(0) = γ(T ) = p. The θ coordinate of γ must attain a local extremum at

a point t ∈ (0, T ), whence (θ ◦ γ)′(t) = 0. But then, by uniquess of solutions to

the geodesic equation, γ must be a radial geodesic—a contradiction.

In the proof of Theorem 1, we will construct a metric g on a disc D ⊆ R
2,

rather than a complete surface, but the following lemma guarantees that this is

not an issue.

Lemma 2.12: Let R,H > 0 satisfy HR2 ≤ π2/4. Let dr2 + G2dθ2 be a C2,α

metric with constant H on D := BR(0) ⊆ R
2. Then there exists a C2,α sur-

face (M, g) with constant H and a point p ∈ M such that g = dr2 + G2dθ2 in

polar normal coordinates on a strongly convex disc BR(p) ⊆M .

The straightforward proof of Lemma 2.12 is omitted. The idea is to extend the

Gauss curvature function K : D → R to an α-Hölder function which is constant

outside some larger disc D′, then solve the Jacobi equation (5) along lines

through the origin, thus obtaining an extension of g to a metric g′ on D′, and
finally glue the disc (D′, g′) to a surface of constant curvature. This procedure

is carried out in detail in [1, Section 2.6].

The next lemma, regarding stability of solutions to the Ricatti equation, will

play a key role.

Lemma 2.13: Let hi : (0, R] → R (i = 1, 2) be solutions to the Riccati equation:

h′i + h2i +Ki = 0(16)

hi(x) = 1/x+O(x) as x→ 0 i = 1, 2,(17)

where Ki : (0, R] → R are functions satisfying:

(1) ‖Ki‖∞ ≤ H ,

(2) ‖Ki‖α ≤ L,

(3) ‖K1 −K2‖∞ ≤ T ,
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for constants H,L,R, T > 0 and 0 < α ≤ 1. Assume HR2 ≤ π2/4. Then,

for every r > 0, the function f := h1 − h2 has the following properties on the

interval [r, R]:

(a) ‖f‖∞ � TR,

(b) ‖f ′‖∞ � T ,

(c) ‖f‖α � TR1−α,
(d) ‖f ′‖α � L+ TR−α(1 +R/r).

Proof. By (16), we have

f ′(x) = h′1(x)− h′2(x) = h2(x)
2 − h1(x)

2 +K2(x)−K1(x)

= (h2(x) − h1(x))(h2(x) + h1(x)) +K2(x)−K1(x)

= −f(x)
(
h2(x) + h1(x) − 2

x

)
− 2f(x)

x
+K2(x)−K1(x).

(18)

Set

g(x) := x2f(x) for 0 < x ≤ R

and

g(0) := 0;

then g is C1 on [0, R] by (17), and (18) implies

g′(x) = 2xf(x) + x2f ′(x)

= −x2f(x)
(
h2(x) + h1(x)− 2

x

)
+ x2(K2(x)−K1(x)).

(19)

By the Riccati comparison principle (Lemma 2.6 above), for all 0 < x ≤ R,

(20) cotH x ≤ hi(x) ≤ cot−H x, i = 1, 2,

whence

(21) Φ(Hx2) = x cotH x ≤ xhi(x) ≤ x cot−H x = Φ(−Hx2).
By assumption, HR2≤π2/4, and its not hard to show that |Φ(t)− 1|≤4|t|/π2

for |t| ≤ π2/4 (e.g., by convexity of the nonnegative functions 1/x − cotx and

cothx− 1/x on the intervals [0, π/2] and [−π/2, 0], respectively). Thus
|xhi(x) − 1| ≤ 4Hx2/π2, x ∈ [0, R].

This, together with (19) and assumption 3, imply that

(22) g′(x) ≤ 8Hx|g(x)|/π2 + Tx2.
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Fix r ∈ [0, R] and x ∈ [r, R], and let

x0 = sup{t ∈ [0, x] | g(t) = 0}.
Since g(0) = 0, necessarily g(x0) = 0. Exchanging h1 and h2 if necessary, we

may assume that g is positive on (x0, x). Hence (22) becomes

(23) g′(t) ≤ 8Htg(t)/π2 + T t2, t ∈ [x0, x].

Setting σ = 4/π2, this last equation can be written as

d

dt
(e−σHt

2

g(t)) ≤ Te−σHt
2

t2, t ∈ [x0, x].

Integrating this we get

e−σHx
2

g(x) ≤ T

∫ x

x0

e−σHt
2

t2dt

≤ Tx

∫ x

0

e−σHt
2

tdt

=
Tx

2σH
(1 − e−σHx

2

) ≤ T

2
x3

where the identity 1− ea < −a was applied in the last passage. It follows that

(24) g(x) ≤ T

2
eσHx

2

x3 ≤ T

2
eσHR

2

x3 � Tx3

because HR2 ≤ π2/4. Conclusion (a) follows, as

(25) f(x) = g(x)/x2 � Tx ≤ TR.

Now, by (23) and (24),

|f ′(x)| =
∣∣∣g′(x)
x2

− 2g(x)

x3

∣∣∣
≤ 2σH |g(x)|

x
+ T +

2|g(x)|
x3

� THx2 + T ≤ T (HR2 + 1) � T,

hence (b) holds; it also follows that

|f(x1)− f(x2)| � T |x1 − x2|
� TR1−α|x1 − x2|α

which proves (c).
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To obtain (d), we shall bound the Cα seminorm of each term in (18) sep-

arately. Since |Ki| ≤ H , and 1/x is the solution to the Riccati equation

with K ≡ 0, we can apply the estimates (a) and (c), which we have already

proved, to the pairs h1, 1/x and h2, 1/x, with T replaced by H , and get∥∥∥hi − 1

x

∥∥∥
∞

� HR,

∥∥∥hi − 1

x

∥∥∥
α
� HR1−α.

This last estimate, together with (a), (c), and the inequality

‖ϕψ‖α ≤ ‖ϕ‖α‖ψ‖∞ + ‖ϕ‖∞‖ψ‖α,
gives ∥∥∥f(x)(h1(x) − 1

x
+ h2(x)− 1

x

)∥∥∥
α
� TR ·HR1−α + TR1−α ·HR

� (HR2) · TR−α � TR−α.

As for the second term in (18), we have by (a) and (b) and the fact that

‖1/x‖α � r−1−α

on [r, R]

‖f/x‖α � TR · r−1−α + TR1−α · r−1 � TR1−αr−1.

Finally, the last two terms have, by assumption, Cα seminorms bounded by L.

This finishes the proof of (d).

Corollary 2.14: Let H > 0. For any continuous function

K : [0, π/(2
√
H)) → [−H,H ]

there is a unique solution to the Riccati equation (6), (7) and to the Jacobi

equation (5), (4) on the interval (0, π/(2
√
H)).

Proof. Follow the proof of Lemma 2.13 with H = 0.

Lemma 2.13 implies the following bounds on the difference between h and its

constant-curvature counterpart.

Corollary 2.15: Let H,R > 0, 0 < α ≤ 1, and suppose that HR2 ≤ π2/4.

Let g be a C2,α metric with constantH onBR(0) ⊆ R
2 given by g = dr2+G2dθ2,

and let h = ∂rG/G.
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Suppose that there is some K0 ∈ [−H,H ] such that the curvature K satisfies

|K(q)−K0| ≤ T for all q ∈ BR(0).

Then the function f := h− cotK0 r satisfies for all R0 ∈ (0, R]:

(A) ‖f‖∞ � TR0 on BR0(0),

(B) ‖∂rf‖∞ � T on BR0(0),

(C) ‖f‖α � LR0 on BR0(0),

(D) ‖∂rf‖α � Lλ−1 on BR0(0) \BλR0(0) for all λ < 1.

where the Hölder seminorms are with respect to the Euclidean metric, and

L := H1+α/2.

Proof. Let R0 ∈ (0, R]. By Corollary 2.10, the Riemannian metric and the

Euclidean metric on BR0(0) are comparable on the disc BR(0) up to a universal

factor, and so ‖K‖α � L with respect to the Euclidean metric on this disc.

Thus

|K(z)−K(z′)| � min{T, Lrα} for all r ∈ (0, R] and z, z′ ∈ Br(0)

(recall that by Definition 2.1, ‖K‖α ≤ H1+α/2 = L). Fix θ ∈ (−π, π]. The

function h(reiθ) is a solution to the Riccati equation (6), (7), whereas cotK0 r is

the solution to the same equation for K ≡ K0. The hypotheses of Lemma 2.13

thus hold, with h1(x) = h(xeiθ) and h2(x) = cotK0(x) .

From conclusions (a) and (b) we obtain on BR0(0)

‖f‖∞ � TR0 and ‖∂rf‖∞ � T,

thus (A) and (B) hold. Moreover, for all θ ∈ (−π, π] and 0 ≤ r1 ≤ r2 ≤ R0,

it follows from conclusions (c) and (d) of Lemma 2.13 with r = r1, R = r2

and T = rα2 that

|f(r1eiθ)− f(r2e
iθ)| � Lr2|r1 − r2|α,

|∂rf(r1eiθ)− ∂rf(r2e
iθ)| � L(1 + r2/r1))|r1 − r2|α.

(26)

Now fix 0 ≤ r ≤ R0, let θ1, θ2 ∈ S1, and note that for s ∈ [0, r],

|K(seiθ1)−K(seiθ2)| ≤ Ldg(se
iθ1 , seiθ2)α ∼ L|seiθ1 − seiθ2 |α � Lrα|θ1 − θ2|α.
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This time, we apply Lemma 2.13 to the pair hj(x) := h(xeiθj ). By conclu-

sions (a) and (b) thereof

|f(reiθ1)− f(reiθ2)| = |h(reiθ1)− h(reiθ2)| � Lrα+1|θ1 − θ2|α,
|∂rf(reiθ1)− ∂rf(re

iθ2)| = |∂r(h(reiθ1)− h(reiθ2))| � Lrα|θ1 − θ2|α.
(27)

Putting together (26) and (27), we get that for zj = rje
iθj , 0 ≤ r1 ≤ r2 ≤ R0,

|f(z1)− f(z2)| ≤ |f(r1eiθ1)− f(r1e
iθ2)|+ |f(r1eiθ2)− f(r2e

iθ2)|
� Lrα+1

1 |θ1 − θ2|α + Lr2|r1 − r2|α
� Lr2(r

α
1 |θ1 − θ2|α + |r1 − r2|α)

� LR0|z1 − z2|α,
and if λR0 ≤ r1 ≤ r2 ≤ R0, then

|∂rf(z1)− ∂rf(z2)| ≤ |∂rf(r1eiθ1)− ∂rf(r1e
iθ2)|+ |∂rf(r1eiθ2)− ∂rf(r2e

iθ2)|
� Lrα1 |θ1 − θ2|α + L(1 + r2/r1)|r1 − r2|α
� (Lr2/r1)(r

α
1 |θ1 − θ2|α + |r1 − r2|α)

� λ−1L|z1 − z2|α,
completing the proof of (C) and (D) and of the corollary.

Using Corollary 2.15, we can give a C2,α estimate for the distance function

from a point to a unit-speed geodesic on a C2,α surface.

Lemma 2.16: Let H,R > 0 satisfy HR2 ≤ π2/4 and let 0 < α ≤ 1. Let

g = dr2 +G2dθ2

be a C2,α metric with constant H on BR(0) ⊆ R
2, given in polar normal

coordinates, and let h = ∂rG/G. Let γ : I → D be a unit-speed curve not

passing through zero, and denote ρ(t) = dg(γ(t), 0), t ∈ I.

(1) The curve γ is a minimizing geodesic if and only if ρ is C2,α and

(28) ρ′′(t) = h(γ(t))(1 − ρ′(t)2), t ∈ I.

(2) If γ is a geodesic, then

(29) ‖ρ̈‖α � m−1−α(1 +R/m) and ‖ρ̈‖∞ � m−1,

where m = min ρ > 0.
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Proof. Suppose ρ ∈ C2,α and (28) holds. By Lemma 2.5, the curve γ is a

geodesic provided that ρ̇ is never 1 or −1. If ρ̇ ≡ ±1 then γ is a geodesic

by the definition of normal coordinates. Those are the only possibilities: sup-

pose |ρ′(t)| < 1 for some t ∈ I and let J be the maximal relatively open subin-

terval containing t such that |ρ̇| < 1 on J . Then by the above γ|J is a geo- desic.

If J �= I then ρ′(a) = ±1 for some a ∈ ∂J . By Gauss’s Lemma, 〈γ̇(a), ∂r〉 = ±1

and 〈γ̇(a), ∂θ〉 = 0 (the curve γ has no corners because ρ ∈ C2). It follows by

uniqueness of geodesics that γ|J is a radial geodesic so ρ̇ ≡ ±1 on J , a con-

tradiction. Thus any curve satisfying (28) is a geodesic, and is minimizing by

Corollary 2.9.

It remains to prove the other implication and the estimates (29). By a stan-

dard approximation argument, it suffices to prove that (28) and (29) hold when g

is a smooth metric.

Let γ : I → BR(p) \Bm(p) be a unit-speed minimizing geodesic. We assume

that γ does not pass through the origin (for radial geodesics (28) and (29)

hold trivially). Then ρ is smooth because g is, and it satisfies (28) because of

Lemma 2.5.

By Corollary 2.15 with K0 = 0, we have that h = 1/r + f where f satisfies

on BR(0)

‖f‖α � H1+α/2R = (HR2)1+α/2R−1−α � R−1−α,

‖f‖∞ � HR = (HR2)R−1 � R−1.

Since ‖1/r‖α � m−1−α on BR(0) \Bm(0) we get that

‖h ◦ γ‖α � m−1−α and ‖h ◦ γ‖∞ � m−1.

From the triangle inequality and the fact that γ is a minimizing geodesic, it

follows that |I| ≤ 2R. Thus by (28) and the above estimates,

‖ρ̈‖∞ � ‖h ◦ γ‖∞‖1−ρ̇2‖∞ � m−1,

and

‖ρ̈‖α ≤ ‖h ◦ γ‖α‖1−ρ̇2‖∞ + ‖h ◦ γ‖∞‖1−ρ̇2‖α
� m−1−α +m−1‖ρ̈‖∞|I|1−α

� m−1−α +m−2R1−α

� m−1−α(1 +R/m),

and (29) is proved.



20 R. ASSOULINE Isr. J. Math.

2.3. Whitney’s extension theorem. Whitney’s extension theorem [18]

gives, for every k ∈ N, necessary and sufficient conditions for the extendability

of a function f defined on a closed set S ⊆ R, to a function F defined on all

of R satisfying F |S ≡ f and f ∈ Ck(R). We will use a version of Whitney’s

extension theorem for Ck,α functions, due to Merrien [15], with the notation

of A. Brudnyi and Y. Brudnyi ([4, Theorem 2.52]).

For a finite set X ⊆ R and a function f : X → R we define f [X ], the divided

difference of f with respect to X , by recursion on the size of X

f [{x0}] := f(x0),

f [{x0, . . . , xk}] := f [{x0, . . . , xk−1}]− f [{x1, . . . , xk}]
x0 − xk

.

Theorem 2.17 (Whitney): Let 0 < α ≤ 1. Let S ⊆ R be a closed set and let

f : S → R. Assume that

A := sup{|f [X ]|(diamX)1−α | X ⊆ S,#X = k + 2} <∞.

Then f admits an extension F ∈ Ck,α(R) satisfying F |S ≡ f and

‖f (k)‖α � A,

with the implied constant depending on k alone.

Corollary 2.18: Let F be defined on an interval I ⊆ R, let L > 0 and

suppose that for every subset S ⊆ I consisting of at most k + 2 points, there

is a function FS ∈ Ck,α which agrees with F on S and satisfies ‖F (k)
S ‖α ≤ L.

Then F ∈ Ck,α and ‖F (k)‖α � L, with the implied constant depending on k

alone.

Corollary 2.19: Let T1, T2, C > 0 and 0 < α ≤ 1, and let I ⊆ R be an

interval of length |I| � (T1/T2)
1/α. Let f be defined on a closed subset S ⊆ I.

Suppose for every distinct x, y, z ∈ S,

|f(x)− f(y)| ≤ T1|x− y|
and

|f(x)− f(y)

x− y
− f(y)− f(z)

y − z
| ≤ T2 · diam{x, y, z}α.

Then f admits an extension F : I → R with ‖F ′‖∞ � T1 and ‖F ′‖α � T2.



Vol. TBD, 2026 DISTANCE FUNCTIONS 21

Proof. Let λ = (T1/T2)
1/α and define fλ : λ−1S → R by fλ(x) := f(λx) (where

for a set A and a scalar t we let tA := {ta | a ∈ A}). Our assumptions on f

imply that, for x < y < z ∈ λ−1S,

|fλ(x)−fλ(y)| ≤ T1λ · |x−y|,(30)

and ∣∣∣fλ(x)−fλ(y)
x−y −fλ(y)−fλ(z)

y−z
∣∣∣ ≤ T2λ

1+α · diam{x, y, z}α

= T1λ · diam{x, y, z}α.
(31)

Dividing inequality (31) by z − x we obtain

|fλ[{x, y, z}]| ≤ T1λ · diam{x, y, z}α−1.

By Theorem 2.17, fλ admits an extension Fλ : λ−1I → R which is C1,α with

‖F ′
λ‖α � T1λ.

By the mean value theorem and (30), there is a point w ∈ λ−1I satisfying

|F ′
λ(w)| � T1λ.

The function F : I → R defined by

F (x) := Fλ(λ
−1x)

extends f and satisfies ‖F ′‖α � T1λ
−α = T2 and |F ′(λw)| � T1. Since |I| � λ,

it follows that

‖F ′‖∞ � T1 + T2 · λα � T1.

3. Coefficients of C2,α metrics in polar coordinates

In this section we prove:

Theorem 2: Let 0 < α ≤ 1, let R > 0 and let G be a positive function defined

on BR(0) \ {0} ⊆ R
2. The two statements below are equivalent in the following

sense: if (1) holds for some H̃ < π2/4R2, then (2) holds with H = CH̃ , and

if (2) holds for some H < π2/64R2, then (1) holds with H̃ = CH , where C > 0

is a universal constant.

(1) The metric

(1) g = dr2 +G2dθ2

on BR(0) is a strongly convex C2,α metric with constant at most H̃ .
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(2) The following conditions hold:

(a) The function G is C2 in r.

(b) G→ 0 and G/r → 1 as r → 0.

(c) The function

K := −∂2rG/G
satisfies ‖K‖∞ ≤ H and ‖K‖α ≤ H1+α/2.

Note that in this theorem, the coordinates r, θ denote the usual polar coordi-

nates on R
2, which coincide with the polar normal coordinates of the metric g

given in (1).

The implication (1) =⇒ (2) follows immediately from the facts mentioned in

Subsection 2.2.

Assume now that condition 2 holds. We will show that g = dr2 + G2dθ2 is

a C2,α metric with constant ≤ 16H on the disc D := BR(0). From Lemma 2.11

and our assumptionH < π2/64 it will then follow that (D, g) is strongly convex.

In order to reveal the C2,α regularity of g we need to pass to isothermal

coordinates. Let

D̃ := B2R(0).

Proposition 3.1: There is a C2 function u : D̃ → R such that (D, g) is

isometric to (D, g̃), where g̃ is a metric on D̃ given by

g̃ := eudzdz = eu(dx2 + dy2).

Moreover,

‖u‖∞ � 1.

Proof. First, we may extend the function K to the disk D̃, maintaining the esti-

mates ‖K‖∞ ≤ H and ‖K‖α ≤ H1+α/2. By solving the Jacobi equation (5), (4),

we obtain an extension of G to D̃ with properties 1–3 in the hypothesis of the

theorem.

Let Kn : D̃ → R be a sequence of smooth functions satisfying

• ‖Kn‖∞ ≤ H and ‖K‖α ≤ H1+α/2,

• ‖Kn −K‖∞ n→∞−−−−→ 0 on D,

• Kn|B1/n(0) ≡ K(0).

Such a sequence can be obtained using mollifiers. Let Gn : D̃ \ {0} → R be the

solution to the Jacobi equation (5), (4) with K replaced by Kn. Then Gn is
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smooth, and positive by the assumption HR2 ≤ π2/64 and Corollary 2.7. Thus

gn := dr2 +G2
ndθ

2

is a well-defined smooth metric on D̃, whose curvature is Kn and is constant

near the origin. For each n we now introduce an isothermal coordinate chart

on (D̃, gn), consisting of a diffeomorphism ϕn : D̃ → D̃ and a smooth func-

tion un : D̃ → R such that ϕn(0) = 0, ϕ(∂D̃) = ∂D̃, and

g̃n := ϕ∗
ngn = eundzdz

(the asterisk denotes pullback). Such a coordinate transformation always exists

(see, e.g., [8]).

Lemma 3.2: The functions un satisfy

sup
D̃

|un| � 1(32)

and

‖un‖C2,β(D) ≤ C(H,R, β) for all β < α.(33)

Proof. The estimate (32) is an immediate consequence of the following theorem

by Eilat [9]:

Theorem 3.3 (Eilat): Let H,R > 0 satisfy HR2 < π2/8. Let (M, g) be a

complete Riemannian surface with injectivity radius inj(M) > 2R and curva-

ture K satisfying |K| ≤ H , and let p ∈ M . Suppose that the metric g has

the expression eudzdz in an isothermal coordinate chart z : BR(p) → BR(0)

satisfying z(p) = 0 and z(∂BR(p)) = ∂BR(0). Then

(34) ‖u‖∞ � 1.

(The completeness and injectivity radius requirements do not pose a problem:

thanks to Lemma 2.12, we may extend (D̃, g̃n) to complete surfaces with these

properties.) To obtain (33), we recall Liouville’s equation

(35) Δun = −2 · (Kn ◦ ϕn) · eun

and make use of the following elliptic regularity estimates (see [12, Theorems 3.9

and 4.8]):
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Lemma 3.4: Let 0 < β < α and 0 < R1 < R2 and let Ωj = BRj (0).

Let u ∈ C2(Ω2). Then

sup
Ω1

|∇u| � sup
Ω2

|u|+ sup
Ω2

|Δu|,(36)

‖u‖C2,β(Ω1) � sup
Ω2

|u|+ ‖Δu‖C0,β(Ω2),(37)

with the implied constants depending on R1, R2 and β.

The implied constants in the rest of this proof may depend on β,H

and R. From (35), (32) and the fact that |Kn| ≤ H , it follows that |Δun| � 1.

Let D′′ := B1.5R(0). The estimate (36) then implies that supD′′ |∇un| � 1,

whence ‖un‖C0,β(D′′) � 1. Now (35), (32) and the fact that ‖Kn‖α � H1+α/2

imply that

‖Δun‖C0,β(D′′) � 1,

so (33) follows from (37).

By Lemma 3.2 and the Arzelà–Ascoli theorem, we may assume that un → u

uniformly on D for some u ∈ C2. Set

g̃ := eudzdz.

We finish the proof of Proposition 3.1 by proving that the sequence ϕn converges

uniformly to an isometry

ϕ : (D, g̃) → (D, g).

Claim: The distance functions dgn and dg̃n , corresponding to the metrics gn

and g̃n, converge uniformly on D ×D to dg and dg̃, respectively.

Proof. Let ε > 0 and let n ∈ N be so large that supD |K − Kn| < ε. By

Lemma 2.13, the functions h := ∂rG/G and hn := ∂rGn/G satisfy

(38) sup
D

|h− hn| � εr on Br(0) for all 0 < r < 2R.

Therefore, for all θ ∈ S1 and 0 < r < 2R,

(39)
G(reiθ)

Gn(reiθ)
= exp

(∫ r

0

(h− hn)(se
iθ)ds

)
= exp(O(εr2)) = 1 +O(εr2).

By Corollary 2.7, if n is large enough, then Gn ∼ G ∼ r whence

(40) G2 −G2
n = G2

n((G/Gn)
2 − 1) � εr4.
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It follows that for every tangent vector v = vθ∂θ + vr∂r ∈ T (D \ {0}),

(41) |v|2g − |v|2gn = (vr)2 +G2(vθ)2 − (vr)2 −G2
n(v

θ)2 � εr4(vθ)2 ≤ εr2|v|2,

where |v|g, |v|gn and |v| denote the norm of v with respect to g, gn and the

Euclidean metric, respectively. Thus

|v|g − |v|gn � εr2|v|.

For any γ : [0, 1] → D, we then have that

(42) Leng(γ)− Lengn(γ) ≤ max
[0,1]

(|γ̇|g − |γ̇|gn) � εR2 ·max
[0,1]

|γ̇|.

Now, since G ∼ r ∼ Gn, there is a universal constant Z > 0 such that for

every p, q ∈ D,

dg(p, q) = inf{Leng(γ) | γ : [0, 1] → D, γ(0) = p, γ(1) = q, |γ̇| ≤ Z}
and

dgn(p, q) = inf{Lengn(γ) | γ : [0, 1] → D, γ(0) = p, γ(1) = q, |γ̇| ≤ Z}

(in words: to measure the distances in g and gn between p and q, it suffices to

consider curves whose tangents are no larger than Z in Euclidean norm).

By (42), these two infima differ by at most CR2Zε, where C is a universal

constant. This proves uniform convergence of dgn to dg. Convergence of dg̃n
to dg̃ is similar: by uniform convergence of un to u, we have |v|g̃n → |v|g̃ uni-

formly in v, where v is a tangent vector with Euclidean norm bounded by some

universal constant; the metrics g̃n and g̃ are all comparable to the Euclidean

metric by a universal factor because of (32); and the rest of the argument is

analogous. The claim is proved.

The metrics dg, dgn , dg̃ and dg̃n are all comparable to the Euclidean met-

ric by a universal factor, and therefore the functions ϕn, which are isometries

from (D, g̃n) to (D, gn), are uniformly bi-Lipschitz with respect to the Euclidean

metric. By the Arzelà–Ascoli theorem, (a subsequence of) ϕn converges uni-

formly to a function ϕ : D → D, and by the claim, for all p, q ∈ D,

(43) dg(p, q) = lim
n
dgn(p, q) = lim

n
dg̃n(ϕn(p), ϕn(q)) = dg̃(ϕ(p), ϕ(q)).

This proves that ϕ : (D,g̃)→(D, g) is an isometry. Proposition 3.1 is proved.
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Proposition 3.1 shows that g is a C2 Riemannian metric on D. It follows

from (5) that the curvature of g is K. By (c), we have that ‖K‖∞ ≤ H ,

and ‖K‖α ≤ H1+α/2 with respect to the Euclidean metric on D. By Corol-

lary 2.7, G ∼ r on D, so the Euclidean metric on D is equivalent, up to a

universal factor, to the metric dg induced by g, whence ‖K‖α � H1+α/2 with

respect to the metric dg. Theorem 2 is proved.

4. Properties of distance functions on C2,α surfaces

In this section, we fix 0 < α ≤ 1 and H,R > 0 satisfying HR2 < π2/16, and

a C2,α metric g with constant ≤ H on the disc

D = BR(0) ⊆ R
2,

given in polar normal coordinates about 0 by the formula

g = dr2 +G2dθ2.

Again we set

(44) h =
∂rG

G
.

We also fix a unit-speed geodesic γ : I → D, defined on an open, bounded

interval I ⊆ R, which is non-radial, i.e., not of the form θ = const. By unique-

ness of geodesics with given initial conditions, this implies that |ρ′(t)| < 1 for

all t ∈ I. Denote

ρ(t) = dg(γ(t), 0) = r(γ(t)), t ∈ I.

This section is devoted to proving various properties of the function ρ.

Lemma 4.1: We have

(45)
ρρ̈

1− ρ̇2
∼ 1.

In particular, ρ̈ > 0.

Proof. Since h satisfies the Riccati equation (6), (7) on radial geodesics,

Lemma 2.6 implies that

Φ(Hρ(t)2) = ρ(t) cotH(ρ(t)) ≤ ρ(t)h(γ(t)) ≤ ρ(t) cot−H(ρ(t)) = Φ(−Hρ(t)2),
so by (28) and monotonicity of Φ,

1/2 ≤ Φ(π2/16) ≤ ρ(t)ρ′′(t)/(1− ρ′(t)2) ≤ Φ(−π2/16) ≤ 2.
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The estimate (45) implies that

(46) − d

dt
log(1− ρ′(t)2) =

ρ′(t)ρ′′(t)
1− ρ′(t)2

∼ ρ′(t)
ρ(t)

=
d

dt
log ρ(t).

This gives us the following relationship between the change in the r and θ

coordinates of γ:

Lemma 4.2: Let φ(t) = θ(γ(t)). Then for every subinterval J ⊆ I,

(47) max
t1,t2∈J

φ′(t1)
φ′(t2)

≤ C
(

max
t1,t2∈J

ρ(t1)

ρ(t2)

)C′

,

where C,C′ are positive universal constants.

Proof. Let

M = max
t1,t2∈J

ρ(t1)

ρ(t2)
.

Since γ is unit-speed, φ′ =
√
1− ρ̇2/G (we may assume that φ′ > 0). Hence by

Corollary 2.7,

φ′ ∼
√
1− ρ̇2/ρ =: ω.

It therefore suffices to prove (47) with φ′ replaced by ω. By (46),

(48)
∣∣∣ d
dt

logω(t)
∣∣∣ = ∣∣∣1

2

d

dt
log(1− ρ′(t)2)− d

dt
log ρ(t)

∣∣∣ � ∣∣∣ d
dt

log ρ(t)
∣∣∣ t ∈ I.

Let J ⊆ I be an interval and let t1 < t2 ∈ J . Since ρ is convex, it attains a

unique minimum on [t1, t2] at some t0 ∈ J (possibly t1 or t2) and is monotone

on the intervals [t1, t0] and [t0, t2]. Therefore by (48),

log
ω(t1)

ω(t2)
�

∫
[t1,t0]

∣∣∣ d
ds

log ρ(s)
∣∣∣ds+

∫
[t0,t2]

∣∣∣ d
ds

log ρ(s)
∣∣∣ds

=
∣∣∣
∫
[t1,t0]

d

ds
log ρ(s)ds

∣∣∣+
∣∣∣∣
∫
[t0,t2]

d

ds
log ρ(s)ds

∣∣∣∣
=

∣∣∣ log ρ(t1)
ρ(t0)

∣∣∣+
∣∣∣ log ρ(t0)

ρ(t2)

∣∣∣ � logM,

which implies (47).

Define κ : I → R by

(49) κ :=
1

ρ2
· Φ−1

( ρρ̈

1− ρ̇2

)
,

where Φ is defined in (8). As the next lemma asserts, κ(t) equals the Gauss

curvature at some point between 0 and γ(t).
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Let [x, y] denote the geodesic segment joining two points x and y.

Lemma 4.3: For every t ∈ I there exists q ∈ [0, γ(t)] such that K(q) = κ(t).

Proof. By (28), the formula (49) is equivalent to

Φ(κ(t)ρ(t)2) = ρ(t)h(γ(t)),

which by the definitions of Φ and cotK is equivalent to

cotκ(t) ρ(t) = h(γ(t)).

Since h satisfies the Riccati equation (6), (7) on the geodesic segment [0, γ(t)],

it follows from Lemma 2.6 that K cannot be strictly smaller nor strictly larger

than κ(t) on the entire segment; the Lemma now follows from continuity

of K.

From Lemma 4.3 and the assumptions |K| ≤ H , we immediately get that

(50) |κ| ≤ H on I.

Set

t0 := argminρ,(51)

K0 := κ(t0),(52)

φ0(t) :=

t∫
t0

√
1− ρ′(s)2

sinK0 ρ(s)
ds, t ∈ I.(53)

The motivation behind the definition of φ0 is that it can be expressed in

terms of ρ and its derivatives alone, and it provides a good approximation of

the function φ = θ ◦ γ, according to the following lemma.

Lemma 4.4: supI φ
′/φ′0 = exp(O(HR2)1+α/2).

Proof. Recall that

φ′ =
√
1− ρ̇2/G

since γ is unit-speed, and

φ′0 =
√
1− ρ̇2/ sinK0 ρ.
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The logarithmic derivatives of sinK0 r and G in the radial direction are cotK0 r

and h, respectively, and both G and sinK0 r vanish at r = 0. Thus

| log(φ′(t)/φ′0(t))| = | log sinK0 ρ(t)− logG(ρ(t)eiφ(t))|

=

∣∣∣∣
∫ ρ(t)

0

cotK0 u− h(ueiφ(t))du

∣∣∣∣
� H1+α/2R2+α,

where in the last passage we have used Lemma 2.15 with T = 2H1+α/2Rα,

since K differs from K0 by at most 2H1+α/2Rα on the disc BR(0).

Corollary 4.5: supI φ/φ0 = exp(O(HR2)1+α/2).

Corollary 4.6: For every subinterval J ⊆ I,

max
t1,t2∈J

φ′0(t1)
φ′0(t2)

≤ C
(

max
t1,t2∈J

ρ(t1)

ρ(t2)

)C′

,

where C,C′ > 0 are universal constants.

Proof. This follows from Lemma 4.2 and Corollary 4.4 since HR2 � 1.

Let

(54) f0 =
ρ̈

1− ρ̇2
− cotK0 ρ.

By the geodesic equation (28), we have

(55) f0 = f ◦ γ,
where the function f : D → R is defined by

f = h− cotK0 r.

The Riccati equation (6) implies that f satisfies the differential equation

(56) f2 + 2f cotK0 r + ∂rf = K0 −K.

The following proposition is the main result of this section. It gives some

estimates on f0 which, in some sense, characterize ρ as a distance function

from a point to a unit-speed geodesic on a C2,α surface. To avoid carrying the

constant H around we set

H = 1.
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Proposition 4.7: Let J ⊆ I be an interval, and suppose that there

exists r > 0 such that

(57) r/2 ≤ ρ ≤ 2r on J.

Define f0 by (54). Then for every t, t1, t2, t3, t4 ∈ J ,

|f0(t)| � r1+α,(58) ∣∣∣Δf0
Δρ

(t1, t2)
∣∣∣ � rα + ξ(t1, t2),(59)

∣∣∣Δf0
Δρ

(t1, t2)− Δf0
Δρ

(t3, t4)
∣∣∣ � diam{t1, t2, t3, t4}α + ξ(t1, t2) + ξ(t3, t4),(60)

where diam is diameter, and we denote

Δf0
Δρ

(t, t′) :=
f0(t)− f0(t

′)
ρ(t)− ρ(t′)

, ξ(t, t′) := ρ(t)1+α|φ′0(t)|α|t− t′|α/|ρ(t)− ρ(t′)|.

If J, J ′ ⊆ I are two subintervals, and there exist r, r′ such that r/2 ≤ ρ ≤ 2r

on J and r′/2 ≤ ρ ≤ 2r′ on J ′, then for every t1, t2 ∈ J and t3, t4 ∈ J ′,
∣∣∣Δf0
Δρ

(t1, t2) + 2f0(t1) cotK0ρ(t1)−
Δf0
Δρ

(t3, t4)− 2f0(t3) cotK0 ρ(t3)
∣∣∣

� diam{t1, t2, t3, t4}α + ξ(t1, t2) + ξ(t3, t4).

(61)

Proof. Since g is a C2,α metric with constant 1, we have |K| ≤ 1 and ‖K‖α ≤ 1.

By Lemma 4.3, the value K0 is attained by K on the disc Bm(0), so on the

disc B2r(0), we have |K −K0| � rα. Applying Corollary 2.15 with T � rα, we

have

(a) ‖f‖∞ � r1+α on B2r(0),

(b) ‖∂rf‖∞ � rα on B2r(0),

(c) ‖f‖α � r on B2r(0),

(d) ‖∂rf‖α�1 on B2r(0)\Br/2(0),

where the distances are measured in the Euclidean metric.

Below we should make use of the fact that

|t− t′| = dg(γ(t), γ(t
′)) ∼ |γ(t)− γ(t′)|, t, t′ ∈ I.

From (a) and (55), inequality (58) follows at once. Recall the notation

γ = ρeiφ.
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Write ρi = ρ(ti) and φi = φ(ti) for i = 1, 2, 3, 4. Then by (55), (57) and the

estimates (c) and (d),

Δf0
Δρ

(t1, t2) =
f(ρ1e

iφ1)−f(ρ2eiφ1)

ρ1−ρ2 +
f(ρ2e

iφ1)−f(ρ2eiφ2)

ρ1−ρ2
= ∂rf(ρ1e

iφ1) +O(|ρ1−ρ2|α) +O(r|ρ2eiφ1−ρ2eiφ2 |α/|ρ1−ρ2|)
= ∂rf(γ(t1)) +O(|ρ1−ρ2|α + r1+αmax

J
|φ′|α|t1−t2|α/|ρ1−ρ2|).

By Lemma 4.4 and Corollary 4.6, we have maxJ φ
′ ∼ maxJ φ

′
0 ∼ φ0(t1), and

therefore

Δf0
Δρ

(t1, t2) = ∂rf(γ(t1)) +O(|ρ1 − ρ2|α + ξ(t1, t2)).(62)

Inequality (59) follows from (62), (b) and (57).

If we replace t1, t2 in (62) by t3 and t4, substract this new inequality from (62)

and use (d), then we get∣∣∣Δf0
Δρ

(t1, t2)−Δf0
Δρ

(t3, t4)
∣∣∣ � |t1−t3|α+|ρ1−ρ2|α+|ρ3−ρ4|α+ξ(t1, t2)+ξ(t3, t4).

Since ρ is 1-Lipschitz, (60) follows.

The inequalities (a) and (c) imply that

‖f2‖α � ‖f‖∞‖f‖α � r2+α � 1

on B2r(0), which together with (56) and the assumption ‖K‖α ≤ 1 gives

(63) ‖2f cotK0 r + ∂rf‖α � 1 on B4R(0).

Inequality (61) now follows from (63) and (62).

Up to now we have considered the function ρ = r ◦ γ. We conclude this

section with a property of φ = θ ◦ γ, namely, that it does not exceed π/2 by

much, which is not surprising.

Lemma 4.8: There is a universal constant C1 > 0 such that if HR2 ≤ C1, then

max{|φ(t)|, |φ0(t)|} ≤ 3π/4 for all t ∈ I.

Proof. Fix t ∈ I. For definiteness we assume t > t0, and hence φ(t) > 0. The

case t < t0 is identical. Consider the triangle � bounded by the three geodesics

[0, γ0(t0)], γ0|[t0,t] and [γ0(t), 0] (see Figure 1). By the Gauss-Bonnet formula,

(64) φ(t) = π − β(t)− ϑ+

∫
�
K,
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where integration is with respect to the Riemannian area form, and ϑ and β(t)

are the interior angles of � at γ0(t0) and γ0(t) respectively.

Figure 1. Proof of Lemma 4.8.

Since ρ attains a minimum at t0, the angle ϑ is at least π/2 (if t0 is not an

endpoint of I then in fact ϑ = π/2), and so π − β(t) − ϑ ≤ π/2.

The Riemannian area form is given in polar coordinates by G · dr ∧ dθ. Us-

ing (5) and (4), Lemma 2.6 and Corollary 2.7, we have
∫
�
K =

∫ φ(t)

0

∫ ρ(φ−1(θ))

0

K(r, θ)G(r, θ)drdθ

(5)
= −

∫ φ(t)

0

∫ ρ(φ−1(θ))

0

∂2rG(r, θ)drdθ

(4)
=

∫ φ(t)

0

1− ∂rG(ρ(φ
−1(θ), θ)dθ

(44)
=

∫ φ(t)

0

1− (hG)(ρ(φ−1(θ), θ)dθ

2.6≤
∫ φ(t)

0

1− sinH(ρ(φ−1(θ))) cotH(ρ(φ−1(θ)))dθ

=

∫ φ(t)

0

1− cos(
√
Hρ(φ−1(θ)))dθ

2.7≤ φ(t)(1 − cos
√
HR),
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and therefore

φ(t) ≤ π/2

cos
√
HR

.

Thus φ(t) ≤ 3π/4 if HR2 is sufficiently small, and by Corollary 4.5, the same

holds for φ0.

5. Proof of Theorem 1

In this section we prove Theorem 1. Let 0 < R ≤ C1, where C1 is a universal

constant to be determined later. For now we require C1 ≤ min{π2/16, C̃1},
where C̃1 is the constant from Lemma 4.8. Let ρ : I → (0, R] satisfy the

hypothesis of Theorem 1:

(�) For every subset S ⊆ I consisting of at most 12 points, there exists

a C2,α Riemannian surface (MS, gS) with constant≤ 1, a point pS ∈MS

and a unit-speed geodesic γS : I →M such that

ρ(t) = ρS(t) := dgS (γS(t), pS) for all t ∈ I.

The following estimates, which were proved in Section 4 for distance functions

on C2,α surfaces, apply also to the function ρ.

Proposition 5.1: The function ρ satisfies the following properties:

ρρ̈

1− ρ̇2
∼ 1,(65)

|κ| ≤ H,(66)

max
t1,t2∈J

φ′0(t1)
φ′0(t2)

≤ C
(

max
t1,t2∈J

ρ(t1)

ρ(t2)

)C′

for every subinterval J ⊆ I,(67)

|φ0| ≤ 3π/4 for all t ∈ I.(68)

Here κ and φ0 are defined by (49) and (53), respectively, and C,C′ are universal
constants. Moreover, Proposition 4.7 holds verbatim for ρ.

Proof. For every S ⊆ I of cardinality at most 12, let ρS be as in the hypothe-

sis (�). By Lemma 2.16, we have that ‖ρ̈S‖∞ and ‖ρ̈S‖α are bounded uniformly

over all such S. Since the restriction of ρ to any 4-point subset S agrees with ρS

on S, the function ρ itself is also C2,α by Corollary 2.18. In order to prove the



34 R. ASSOULINE Isr. J. Math.

estimates above for the function ρ, we can replace the derivatives of ρ by di-

vided differences, apply the results of Section 4 to the function ρS for a suitable

choice of S, and conclude the same claim for ρ up to an error which can be

made arbitrarily small.

For example, consider (66). We have already asserted this inequality in (50)

when ρ was of the form ρ = dg(γ(·), p) for some C2,α surface (M, g) with con-

stant ≤ H . Fix t ∈ I and ε > 0, choose s1, s2 ∈ I such that diam{t, s1, s2} < ε,

and denote T = {t, s1, s2} and S = {s, s′}. Since ρ ∈ C2,α,

κ(t) =
1

ρ2(t)
Φ−1

( ρ(t)ρ[T ]

1− ρ[S]2

)
+O(ε),

where the implied constant does not depend on the choice of si. The divided dif-

ference ρ[X ] is defined in §2.3. Now use (�) and obtain a C2,α surface (MT , gT ),

a point pT ∈MT and a unit-speed geodesic γT such that

dgT (γT (t), pT ) = ρ(t)

and

dgT (γT (si), pT ) = ρ(si), i = 1, 2.

By applying (50) to the function ρT := dgT (γT (·), pT ), we see that

1

ρ2(t)
Φ−1

(ρ(t)ρ[T ]
1− ρ[S]

)
=

1

ρ2T (t)
Φ−1

(ρT (t)ρT [T ]
1− ρT [S]2

)
≤ H +O(ε),

which proves that ρ satisfies (66).

Each of the estimates mentioned in the Proposition involves the derivatives

of ρ up to order two, evaluated at 4 points or less, so 12 points are sufficient

to replace all the necessary derivatives by divided differences. Since all of the

above estimates were proved in Section 4 when ρ is an actual distance function,

we may conclude them for the the function ρ.

A simple consequence of the assumption (�) and the triangle inequality is

that

(69) ρ(t)− ρ(t′) ≤ |t− t′| ≤ ρ(t) + ρ(t′) t, t′ ∈ I.
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In particular, ρ is 1-Lipschitz. We may assume that ρ̇ �≡ ±1, because oth-

erwise the conclusion of Theorem 1 is trivial. By (65), we have ρ̈ > 0 which,

since ρ is 1-Lipschitz, also implies that |ρ̇| < 1. It also follows that ρ has a

unique minimum, which without loss of generality is attained at 0. Set

m := min ρ = ρ(0).

As before, we work in polar coordinates (r, θ) in R
2. We shall construct

(1) a positive function G on the disk D := BR(0), satisfying conditions

(a)–(c) of Theorem 2, and

(2) a curve γ = ρeiφ : I → D satisfying

(70) ρ̇2 + (G ◦ γ)2φ̇2 = 1

and

(71) ρ̈ = (h ◦ γ)(1− ρ̇2).

It will then follow from Theorem 2 that the metric

(72) g = dr2 +G2dθ2

is a strongly convex C2,α metric on D with constant � 1, and, by Propo-

sition 2.16, that the curve γ is a unit-speed minimizing geodesic in (D, g).

Since g takes the form (72), it will follow that

dg(γ(t), p) = ρ(t) t ∈ I.

By Lemma 2.12, the metric g is extendable to a C2,α surface with constant � 1,

and so the proof of Theorem 1 will be complete.

Define the functions κ,K0, φ0 and f0 as in (49), (52), (53) and (54). Define

a curve γ0 : I → D by

γ0 = ρeiφ0 .

Proposition 5.2: There exists a function f : D → R which is C1 in the

r-coordinate, extends f0 from γ0 to D in the sense that

(73) f ◦ γ0 = f0,
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and satisfies

f |Bm/2(0) ≡ 0,(74)

‖f/r‖∞ � 1,(75)

‖f2 + 2f cotK0 r + ∂rf‖α � 1.(76)

Let us first proceed with the proof of Theorem 1, assuming Proposition 5.2.

The latter provides us with a function f satisfying f ◦ γ0 = f0. Now, the

function G should be defined by the relation f = ∂rG/G − cotK0 r. But we

must also bear in mind that γ should satisfy (70). In order to achieve both

goals, we first construct G on γ0, then adjust the θ-coordinate of γ0 to obtain

the final curve γ, and then extend G from γ to the disc D. Set

G0(t) := (sinK0 ρ(t)) exp

ρ(t)∫
0

f(ueiφ0(t))du, t ∈ I.

Then G0 is positive, since ρ ≤ R ≤ π/2 ≤ π/(2
√
K0) by (66). Let

φ(t) :=

t∫
0

√
1− ρ′(s)2

G0(s)
ds, t ∈ I,

and define the curve γ by

γ = ρeiφ.

Thanks to the properties of f , the change from φ0 to φ is not too dramatic.

Lemma 5.3: For every ε > 0 there exists C > 0 such that if R ≤ C, then the

functions φ ◦ φ−1
0 and φ0 ◦ φ−1 are both 1 + ε-Lipschitz.

Proof. By the chain rule and (75), for every t ∈ I,

(φ ◦ φ−1
0 )′(t) =

φ′(t)
φ′0(t)

= exp

∫ ρ(t)

0

f(ueiφ0(t))du = exp(O(R2)).

By Lemma 5.3 and (68) , there exists a universal constant C̃2 > 0 such that

if R ≤ C̃2 then there is a homeomorphism F : D → D, bi-Lipschitz with

universal constants, which preserves the r-coordinate and satisfies

F (reiφ0(t)) = reiφ(t) for every t ∈ I;

thus

F ◦ γ0 = γ.
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Define G : D → R by

(77) G(reiθ) := (sinK0 r) exp

r∫
0

(f ◦ F−1)(ueiθ)du.

Then by Proposition 5.2, G is C2 in the r variable, and satisfies G → 0

and G/r → 1 as r → 0. The logarithmic derivative of G in the r direction is

(78) h :=
∂rG

G
= cotK0 r + f ◦ F−1.

Differentiating with respect to r again and rearranging we have

(79)
∂2rG

G
= (f2 + 2f cotK0 r + ∂rf −K0) ◦ F−1.

Set

K = −∂
2
rG

G
.

By (79), (76) and the fact that F−1 is Lipschitz with a universal constant,

we have

(80) ‖K‖α ≤ L0

with respect to the Euclidean metric on D, where L0 is a universal constant.

Moreover, K(0) = K0 ≤ 1 by (79) and (75), and so, since R ≤ 1 we also have

(81) ‖K‖∞ ≤ 1 + L0.

Let

C̃3 =
π

16 · √1 + L0

and

C1 = min{C̃1, C̃2, C̃3},
where C̃1 is the constant from Lemma 4.8, and assume that R ≤ C1. By (80)

and (81),

min{‖K‖∞, ‖K‖
1

1+α/2
α } ≤ 1 + L0 ≤ π2

64R2
.

Thus G satisfies conditions (a)–(c) of Theorem 2. It remains to verify (70)

and (71).
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By (77) and (53),

ρ′(t)2 +G(γ(t))2φ′(t)2 = ρ′(t)2 + φ′(t)2(sinK0 ρ(t))
2

× exp

(
2

∫ ρ(t)

0

f(ueiψ
−1(φ(t)))du

)

= ρ′(t)2 + φ′(t)2(sinK0 ρ(t))
2

× exp

(
2

∫ ρ(t)

0

f(ueiφ0(t))du

)

= ρ′(t)2 + φ′(t)2G0(t)
2

= 1.

By (54), (73) and (78),

ρ′′(t) = (f0(t) + cotK0(ρ(t)))(1 − ρ′(t)2)

= (f(γ0(t)) + cotK0(ρ(t)))(1 − ρ′(t)2)

= h(F (γ0(t)))(1 − ρ′(t)2)

= h(γ(t))(1 − ρ′(t)2).

This finishes the proof of Theorem 1.

Proof of Proposition 5.2. We shall construct the extension f at each scale of r

separately, and then glue the extensions together using a partition of unity.

For k ∈ Z, let Ak denote the annulus

Ak := {2k−1 < r < 2k+1},

and write

Ik := γ−1
0 (Ak).

Thus ρ ∼ 2k on Ik. By (67), there exists a constant λk > 0 such that

φ′0 ∼ λk on Ik.

By Corollary 2.7,

φ′0 =
√
1− ρ̇2/ sinK0 ρ ∼

√
1− ρ̇2/ρ,

so

(82)
√
1− ρ̇2 ∼ 2kλk on Ik.
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Lemma 5.4: For each k ∈ Z such that Ik �= ∅, there is a function fk : Ak → R

satisfying fk(γ0(t)) = f0(t) for all t ∈ Ik, as well as

(83) ‖fk‖∞ � 2(1+α)k, ‖fk‖α � 2k, ‖∂rfk‖∞ � 2αk, ‖∂rfk‖α � 1.

Proof. Recall that by (67),

(84) |φ0| ≤ θ0 for some universal constant θ0 < π.

Let k ∈ Z. By (84), it suffices to define fk on the sector

A′
k := {reiφ0(t) | r ∈ [2k−1, 2k+1], t ∈ Ik} ⊆ Ak

(see Figure 2). Indeed, once an extension to Ak has been constructed, it is

straightforward to extend it further to Ak maintaining the estimates (83).

Figure 2. The set A′
k.

Since Ik �= ∅, and ρ is convex by (65), Ik consists of either one or two

relatively open subintervals of I. Assume first that Ik is connected.

To describe the extension fk, we consider several cases.

Case I : |ρ′(s)| ≤ 1/2 for some s ∈ Ik.

In this case, (82) implies that

(85)
√

1− ρ′(t)2 ∼ 2kλk ∼ 1 for all t ∈ Ik.
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We apply Proposition 4.7 with J = Ik (recall that Proposition 4.7 applies

to ρ by Proposition 5.1. It follows from (59) that for every t1, t2 ∈ Ik,

|f0(t1)− f0(t2)| � 2kα|ρ(t1)− ρ(t2)|+ 2k(1+α)λαk |t1 − t2|α

� 2k|ρ(t1)− ρ(t2)|α + 2k|t1 − t2|α

� 2k|t1 − t2|α,

where in the second passage we have used ρ ∼ 2k and 2kλk ∼ 1, and in the

third passage we have used |ρ̇| < 1. Thus

(86) ‖f0‖α � 2k on Ik.

Define fk : A′
k → R by

(87) fk(re
iφ0(t)) := f0(t), r ∈ [2k−1, 2k+1], t ∈ Ik.

Then

‖fk‖∞ � 2(1+α)k

by (58). The last two inequalities in (83) are trivial since fk does not depend

on r. It thus remains to prove that ‖fk‖α � 2k on A′
k.

From (85) and (86) and (2) it follows that

(88)
‖fk‖α = ‖f0 ◦ φ−1

0 ◦ θ‖α ≤ ‖θ‖α1 ‖φ−1
0 ‖α1 ‖f0‖α

� 2−αkλ−αk ‖f0‖α � 2k

(here ‖·‖1 is Lipschitz seminorm). Thus ‖fk‖α � 2k on A′
k, which finishes the

proof of case I.

Denote the length of an interval J ⊆ R by |J |.
Case II : |Ik| ≤ (2kλαk )

1
1−α .

In this case we define fk by (87) again. It follows from (59) that for ev-

ery t1, t2 ∈ Ik,

|f0(t1)− f0(t2)| � 2kα|ρ(t1)− ρ(t2)|+ 2k(1+α)λαk |t1 − t2|α

≤ 2kα|t1 − t2|+ 2k(1+α)λαk |t1 − t2|α.

The assumption |Ik| ≤ (2kλαk )
1

1−α implies that the first term is dominated by

the second, and therefore ‖f0‖α � 2k(1+α)λαk , and we can repeat the calcula-

tion (88).
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Case III : |ρ′(t)| > 1/2 for all t ∈ Ik, and |Ik| ≥ λαk 2
k(1+α).

This case is the most involved. The idea is to first find a C1,α function

depending only on r, and which agrees with f0 on a discrete net, and then

to add to it a correction which is purely a function of θ so that the resulting

function agrees with f0 on all of γ0 ∩ Ak. Our tools will be Proposition 4.7

and Whitney’s extension theorem in one dimension. Note that we may use

Propostion 4.7 thanks to Proposition 5.1. Set

δk := λαk 2
k(1+α)

and let {sj}j∈J be a δk-net in Ik. By δk-net we mean that |sj−sj′ | � δk for every

j, j′ ∈ J and that for every t ∈ Ik there is some j ∈ J such that |sj − t| ≤ δk.

Since I ≥ δk, we may assume that there are at least two distinct sj ’s. Let

(89) xj := ρ(sj).

Note that the xj are distinct since ρ is monotone; in fact, since ρ̇ ∼ 1,

(90) |sj − sj′ | ∼ |xj − xj′ | for all j ∈ J .
Define a function

y : {xj}j∈J → R

by

(91) y(xj) := f0(sj), j ∈ J .
Claim: The function y can be extended from the set {xj} to the interval

[2k−1, 2k+1] while satisfying

(92) ‖y‖∞ � 2k(1+α), ‖y′‖∞ � 2kα, ‖y′‖α � 1.

Proof. By (58), we have for all j ∈ J ,

|y(xj)| � 2k(1+α).

By (59), for j �= j′ ∈ J ,

|y(xj)− y(xj′ )| � 2kα|xj − xj′ |+ 2k(1+α)λαk |sj − sj′ |α

≤ 2kα|xj − xj′ |+ |sj − sj′ |1+α ({sj} is a δk-net)

� 2kα|xj − xj′ |+ |xj − xj′ |1+α (90)

� 2kα|xj − xj′ | (xj , xj′ ∼ 2k).
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By (60) and (90), for distinct j, j′, j′′ ∈ J we have

∣∣∣y(xj)− y(xj′ )

xj − xj′
− y(xj′ )− y(xj′′ )

xj′ − xj′′

∣∣∣
� diam{sj , sj′ , sj′′}α + 2k(1+α)λαk (|sj − sj′ |α−1 + |sj′ − sj′′ |α−1)

� diam{sj , sj′ , sj′′}α + 2k(1+α)λαk δ
α−1
k ({sj} is a δk-net)

= diam{sj , sj′ , sj′′}α + δαk

� diam{xj , xj′ , xj′′}α ({sj} is a δk-net+ (90)).

Corollary 2.19 now implies that we can extend y from the set {xj}j∈J to the

interval [Rk−1, Rk+1] with ‖y′‖∞ � 2kα and ‖y′‖α � 1. Since y(xj) � 2k(1+α)

it also follows that ‖y‖∞ � 2k(1+α). We have proved (92). By (89) and (91),

the function y ◦ r ◦ γ0 agrees with f0 on the net {sj}j∈J :

(y ◦ r)(γ0(sj)) = y(ρ(sj)) = y(xj) = f0(sj) for all j ∈ J .

We now define fk : A′
k → R by letting

(93) fk(re
iφ0(t)) := y(r) + f0(t)− y(ρ(t)), r ∈ [2k−1, 2k+1], t ∈ Ik.

We have

fk(γ0(t)) = y(ρ(t)) + f0(t)− y(ρ(t)) = f0(t) for all t ∈ Ik,

and by (92), fk is C1,α in r with

(94) ‖∂rfk‖∞ � 2kα and ‖∂rfk‖α � 1.

To see that ‖fk‖∞ � 2k(1+α), note that each point on A′
k is joined to a point

on γ0 by a radial line segment of length � 2k, and |f0| � 2k(1+α) on Ik by (58),

so

‖fk‖∞ � ‖f0|Ik‖∞ + 2k · ‖∂rfk‖∞ � 2k(1+α) + 2k · 2kα � 2k(1+α).

It remains to estimate ‖fk‖α. Fix r ∈ [2k−1, 2k+1]; we now prove that

(95) ‖fk(reiφ0(·))‖α � δk on Ik.
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Let t, t′ ∈ Ik, and assume first that |t − t′| ≤ δk. Take sj �= sj′ with

diam{t, t′, sj , sj′} ≤ 2δk. Then

|fk(reiφ0(t))− fk(re
iφ0(t

′))|
= |y(r)− f0(t)− y(ρ(t))− y(r) + f0(t

′) + y(ρ(t′)|
= |f0(t)− f0(t

′)− y(ρ(t)) + y(ρ(t′))|

= |ρ(t)− ρ(t′)|
∣∣∣f0(t)− f0(t

′)
ρ(t)− ρ(t′)

− y(ρ(t))− y(ρ(t′))
ρ(t)− ρ(t′)

∣∣∣

� |ρ(t)− ρ(t′)|
(
|f0(t)− f0(t

′)
ρ(t)− ρ(t′)

− y(xj)− y(xj′ )

xj − xj′
|+ δαk

)

(because ‖y′‖α � 1 and diam{ρ(t), ρ(t′), xj , xj′} � δk)

= |ρ(t)− ρ(t′)|
(∣∣∣f0(t)− f0(t

′)
ρ(t)− ρ(t′)

− f0(sj)− f0(sj′ )

ρ(sj)− ρ(sj′)

∣∣∣+ δαk

)

� |ρ(t)−ρ(t′)|(δαk +2k(1+α)λαk (|t−t′|α−1+|sj−sj′ |α−1)) (by (60) and (90))

� δαk |t− t′|+ δk|t− t′|α (90)

� δk|t− t′|α (|t− t′| ≤ δk).

Now assume |t− t′| ≥ δk, and let sj �= sj′ satisfy |t− sj|, |t′ − sj′ | ≤ δk. Since

y(ρ(sj)) = f0(sj) for all j ∈ J ,

we have that

|fk(reiφ0(t))− fk(re
iφ0(t

′))|
= |f0(t)− y(ρ(t))− f0(t

′) + y(ρ(t′))|
≤ |f0(t)− f0(sj) + y(ρ(sj))− y(ρ(t))|+|f0(t′)− f0(sj′) + y(ρ(sj′))− y(ρ(t′))|
� δk(|t− sj |α + |t′ − sj′ |α)
� δ1+αk

� δk|t− t′|α,

where in the third passage we have applied the previous calculation to the pairs

t, sj and t′, sj′ . We have proved (95).
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Let z1, z2 ∈ A′
k and write zj = rje

iφ0(tj) for rj ∈ [2k−1, 2k+1] and tj ∈ Ik.

Then

|fk(z1)− fk(z2)|
≤ |fk(r1eiφ0(t1))− fk(r1e

iφ0(t2))|+ |fk(r1eiφ0(t2))− fk(r2e
iφ0(t2))|

� δk|t1 − t2|α + 2kα|r1 − r2| ((94) and (95))

� δk · λ−αk |φ0(t1)− φ0(t2)|α + 2kα · |r1 − r2| (φ̇0 ∼ λk on Ik)

� 2k ·(2kα|φ0(t1)−φ0(t2)|α+|r1−r2|α) (δk=2k(1+α)λαk and |r1−r2|�2k)

∼ 2k|z1 − z2|α.
This finishes the proof of (83) in case III.

Case IV: |ρ′(t)| > 1/2 for all t ∈ Ik, and (2kλαk )
1

1−α ≤ |Ik| ≤ λαk2
k(1+α).

In this case, the extension is in fact the same as in Case III, with the in-

terpolant y taken to be affine-linear. Let s1, s2 ∈ Ik satisfy |s1 − s2| ∼ Ik.

Let

y(x) = f0(s1) + (f0(s2)− f0(s1))(x− ρ(s1))/(ρ(s2)− ρ(s1)), x ∈ [2k−1, 2k+1],

and define fk by (93). Then f0 = fk ◦ γ0 on Ik, and

∂rfk ≡ Δf0
Δρ

(s1, s2)

in the notation of Proposition 4.7, so by (58) and the fact that ρ̇ ∼ 1 we have

(96) ‖∂rfk‖∞ � 2kα + 2k(1+α)λαk |s1 − s2|α−1 � 2kα,

where the second inequality holds because |s1 − s2| ∼ |Ik| ≥ (2kλαk )
1

1−α . We

also have trivially ‖∂rfk‖α = 0. Since fk ◦ γ0 = f , and every point in A′
k can

be joined to a point on γ0 by a radial segment of length � 2k, (96) implies that

‖fk‖∞ � 2k(1+α). The proof that ‖fk‖α � 2k is as in case III.

It remains to deal with the case where Ik consists of two distinct intervals.

Recall that

Ik = γ−1
0 ({2k−1 < r < 2k+1}) = ρ−1((2k−1, 2k+1)).

The function ρ attains a minimum at 0, and so we can write Ik = I−k ∪ I+k
where I−k ⊆ (−∞, 0) and I+k ⊆ (0,∞) are intervals.

We may assume that ρ(0) ≤ 2k−3. Indeed, otherwise, by Corollary 4.6

and (82) we have 1− ρ′(t)2 ∼ 1− ρ′(0)2 = 1 for t ∈ Ik, and we can proceed as

in Case I.
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So assume that ρ(0) ≤ 2k−3, whence ρ(t) ≥ 4ρ(0) for all t ∈ Ik. We claim

that

(97) |φ0| ≥ θ1 on Ik for a universal constant θ1 > 0.

We prove (97) on I+k , and the proof is identical for I−k . There exists a

unique t1 > 0 satisfying ρ(t1) = 2ρ(0). Note that t1 < inf I+k . By (65), we

have that 1− ρ̇2 decreases by at most some constant factor on the interval [0, t1]

(see the computation (46)). Since ρ′(0) = 0, it follows that ρ̇ ≤ 1− c on [0, t1],

whence

d log ρ/dt ≤ (1− c)/ρ ≤ (1 − c)/ρ(0) on [0, t1],

for some universal 0 < c < 1. Thus

log 2 =

∫ t1

0

(log ρ)′(s)ds ≤ t1(1 − c)/ρ(0).

Since

φ′0(0) =
√
1− ρ′(0)2/ sinK0 m = 1/ sinK0 m ∼ 1/m

by Corollary 2.7, where m = min ρ = ρ(0), the estimate (67) implies that

φ̇0 ∼ 1/m on [0, t1].

Since φ0 is increasing, it follows that for every t ∈ I+k ,

φ0(t) ≥ φ0(t1) =

∫ t1

0

φ′0(s)ds ∼ t1/m ≥ log 2/(1− c).

Thus (97) is proved. Write A′
k = A′+

k ∪A′−
k , where

A′±
k := {reiφ0(t) | r ∈ [2k−1, 2k+1], t ∈ I±k } ⊆ A′

k.

Then (84) and (97) imply that the distance between the sets A′+
k and A′−

k

is � 2k. Therefore, we can construct the extension fk on I+k and I−k separately,

according to the cases above, and it is not hard to see that since the function fk

satisfies (83) on A′+
k and A′−

k , it will satisfy (83) on their union A′
k. This finishes

the proof in the case where Ik consists of two intervals, and thus Lemma 5.4 is

proved.

We now glue together the local extensions fk obtained via Lemma 5.4. We

also define

(98) fk ≡ 0 whenever Ik = ∅.
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Let ϕk : R2 → [0, 1], k ∈ Z be smooth functions satisfying

(99) suppϕk ⊆ Ak,
∑
k

ϕk ≡ 1, |∇ϕ| � 2−k, |Hessϕ| � 2−2k

(take ϕk = ϕ(2−kr), where ϕ : (0,∞) → [0, 1] is a suitable bump function).

Note that each point of R2 lies in the support of at most two such functions.

Define

(100) f :=
∑
k

ϕkfk.

Since
∑

k ϕk ≡ 1, and fk ◦ γ0 = f0 on each Ik, we have that f ◦ γ0 = f0.

The function f is C1 in r, and

(101) ∂rf =
∑
k

(∂rϕk)fk + ϕk(∂rfk).

By (99) and (83), and the local finiteness of the sums in (100) and (101),

(102) |f | � r1+α and |∂rf | � rα.

In particular, condition (75) holds, while (74) follows from (98).

To finish the proof it remains to prove (76), i.e., that ‖Γ‖α � 1, where

Γ := f2 + 2f cotK0 r + ∂rf.

It follows from (2), (99), (83), (100) and (101), that

‖f |Ak
‖α � 2k and ‖∂rf |Ak

‖α � 1 for all k ∈ Z.(103)

Putting together (102), (103), the estimates

‖cotK0 r|Ak
‖∞ � 2−k and ‖cotK0 r|Ak

‖α � 2−k(1+α),

and the fact that f is supported on a disc with radius � 1, we get

‖Γ|Ak
‖α � 1 for all k ∈ Z.(104)

Our goal is to make this estimate global. We also note that by (102),

(105) ‖Γ|Ak
‖∞ � 2αk.

Given any z, z′ ∈ R
2, we would like to show that

(106) |Γ(z)− Γ(z′)| � |z − z′|α.
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Let k, k′ satisfy z ∈ Ak and z′ ∈ Ak′ , where without loss of generality k′ ≥ k.

By (104), we may even assume that k′ > k+2. This implies that |z− z′| � 2k
′
,

and therefore it suffices to prove that

(107) |Γ(z)− Γ(z′)| � 2k
′α.

By (104), we may also replace z and z′ by any other pair of points lying

in Ak, Ak′ respectively.

If Ak ∩ γ0 = ∅, then by (98), we may assume that fk ≡ 0 in a neighborhood

of z, and then by (105),

|Γ(z)− Γ(z′)| = |Γ(z′)| � 2k
′α.

We can argue similarly if Ak′ ∩ γ0 = ∅. So from here on we can assume that

both Ak ∩ γ0 and Ak′ ∩ γ0 are nonempty, and that z, z′ both lie on γ0. Write

z = γ0(t), z′ = γ0(t
′).

There is no loss of generality in assuming that 0 ≤ t < t′, because if t′ < 0 < t

we can compare both Γ(z) and Γ(z′) to Γ(γ0(0)). The rest of the cases follow

by symmetry. So, to summarize, we must prove that

|Γ(z)− Γ(z′)| � 2k
′
, where z = γ0(t) ∈ Ak, z

′ = γ0(t
′) ∈ Ak′ , 0 ≤ t′ < t.

To this end we would like to use (61). Since

ρ(t′) = |z′| ≥ 2k
′−1 ≥ 2k+1 ≥ 2|z| = 2ρ(t),

there are t < s ≤ s′ < t′ such that ρ(s) = 2ρ(t) and ρ(s′) = ρ(t′)/2. It follows

that

(108) |ρ(t)− ρ(s)| ∼ ρ(t) ∼ 2k and |ρ(t′)− ρ(s′)| ∼ ρ(t′) ∼ 2k
′
.

Using (108), (73) and the local estimates (103), we have

f0(t)− f0(s)

ρ(t)− ρ(s)
=
f(z)− f(γ0(s))

ρ(t)− ρ(s)

=
f(ρ(t)eiφ0(t))− f(ρ(t)eiφ0(s))

ρ(t)− ρ(s)
+
f(ρ(t)eiφ0(s))− f(ρ(s)eiφ0(s))

ρ(t)− ρ(s)

= ∂rf(z) +O(2kα)

and similarly
f0(t

′)− f0(s
′)

ρ(t′)− ρ(s′)
= ∂rf(z

′) +O(2k
′α).
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Thus by (61),

|∂rf(z) + 2f(z) cotK0(|z|)−∂rf(z′)−2f(z′) cotK0(|z′|)|

=
∣∣∣f0(t)−f0(s)
ρ(t)−ρ(s) +2f0(t) cotK0 ρ(t)−

f0(t
′)−f0(s′)

ρ(t′)−ρ(s′) −2f0(t
′) cotK0 ρ(t

′)
∣∣∣+O(2k′α)

� |t′−t|α+2k(1+α)λαk |t−s|α/|ρ(t)−ρ(s)|+2k
′(1+α)λαk′ |t′−s′|α/|ρ(t′)−ρ(s′)|+2k

′α

�2k
′α + 2k(1+α)λαk · 2kα/2k + 2k

′(1+α)λαk′ · 2k
′α/2k

′
+ 2k

′α

�2k
′α

(we have used (69) and (108) in the third passage, and (82) in the penultimate

one).

By (102) and (103), we have that

‖f2‖α � 2k(1+α) · 2k ≤ R2+α � 1 on Ak

and

|∂r(f2)| � 2k
′(1+α) · 2k′α � R1+2α � 1 on B2k′ (0),

so

|f(z)2 − f(z′)2| = |f(z̃)2 − f(z′)2|+O(2kα) � 2k
′α,

where z̃ is any point in Ak lying on the same radial ray as z′. Putting to-

gether the last two calculations, we obtain (107) and finish the proof of the

proposition.
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