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ABSTRACT. In the setting of modular spaces, we present a Korovkin-type approximation theorem for a class of
nonlinear operators by employing power series statistical convergence. An illustrative example is also provided to
demonstrate the applicability of the main result.
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1. INTRODUCTION

The classical Korovkin theorem [15] occupies a central place in approximation theory and has inspired a wide
array of generalizations over the years. Among these, nonlinear extensions are particularly noteworthy due to the
inherent complexity of nonlinear operators, which do not adhere to the superposition and homogeneity principles that
characterize linear operators. In recent years, significant attention has been directed toward the approximation behavior
of nonlinear operators, with notable contributions found in [1-3,10-13,23].

Concurrently, modular spaces have emerged as a robust generalization of normed vector spaces by relaxing cer-
tain linearity conditions, thus offering greater flexibility in tackling a variety of problems in functional analysis.
These spaces have proven particularly effective in contexts such as Orlicz spaces, Musielak-Orlicz spaces, and other
generalized function spaces, where classical norm-based approaches fall short. The concept of modular conver-
gence has played a significant role in both the theoretical advancement and practical applications within this frame-
work [21,22,24]. A Korovkin-type theorem for nonlinear operators in modular spaces has been previously established
in [20].

In the present study, we extend this line of inquiry by establishing a Korovkin-type approximation theorem for
nonlinear operators within the framework of modular spaces, utilizing power series statistical convergence. To validate
the applicability of the main result, a representative example is also provided.

We begin by recalling the notion of power series statistical convergence, which serves as the principal tool in our
study.

Let (p;) be a sequence of real numbers such that pg > 0 and p; > 0 for all j > 1, and define

Pty = )" pjt,
j=0
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with radius of convergence R € (0, co]. If the limit

1 © :
lim — » s;pit/ =L
=k~ p(1) /Z-;‘ "

exists, then we say that the sequence s = (s;) converges to L in the power series sense [16, 18].
The regularity of the power series is determined by the condition [8]:

_pit! ;
lim — =0, forany je Nj.
=R p(t)
Power series statistical convergence is a recent generalization of classical convergence. In fact, a sequence may
be power series statistically convergent without being ordinarily convergent. The main idea is to combine statistical
convergence with power series methods, thereby producing a strong and distinct notion of convergence.

Definition 1.1 ( [19]). Let P be a regular power series method and K C Ny. If the limit

1 .
= lim —— 4
60(K) = lim ;{p,r

exists, then 6p(K) is called the P-density of K.
A sequence s = () is said to be power series statistically convergent to L if for any given & > 0,
op(Ke) =0,
where
K. ={jeNy:l|s;—L| = &}.
This convergence is denoted by stp-lims; = L.

We now introduce the notions of power series statistical limit superior and inferior, following the approach in [9],
which are important tools in summability theory.

Definition 1.2. Let s = (s;) be a real sequence and define
K,:={peR:6p({jeNy:5;>b}) 0}
Then, the power series statistical limit superior is given by

supK,, if K, # 2,

stp-limsup s =
r P {—oo, ifK, = .

Similarly, define
L, := {aeR:(Sp({jeNo : sj<a})¢0}.
Then, the power series statistical limit inferior is given by

infL,, ifL,# 2,

stp-liminf s = .
00, if Ly = @.

We interpret the condition 6p(K) # 0 as indicating that either 6p(K) > 0 or that 6p(K) does not exist. Throughout
this paper, we also assume that the power series method P is regular.

Next, we introduce some fundamental definitions and properties pertaining to nonlinear operators and modular.

Let I = [a, b] be a measurable subset of R equipped with the Lebesgue measure y. We denote by X(7) the space of
all real-valued measurable functions on /, identified up to almost everywhere equality. Furthermore, let C(I) represent
the space of all continuous real-valued functions defined on I, and C* (/) denote the space of all infinitely differentiable
functions on /.

Definition 1.3 ( [5]). A functional p : X(I) — [0, o] is said to be modular if the followings are satisfied:
Dplg]=0 & g=0ae.onl.

(ii) p[-g] = p[g]. for all g in X().

(iii) p [a1g + axh] < p[g] + p [h] for all g, h in X (I) and for every a,a; > Owith @) + ap = 1.
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A modular p is called Q-quasi convex, if

plaig + azh] < Qayp[0g] + Qazp [Oh]

is satisfied for at least a constant Q > 1, for any g, 4 in X(I) and o, > O witha; + @, = 1. Inthecaseof Q = 1, p is
called convex [5].
A modular p is called Q-quasi semiconvex whenever the inequality

plag] < Qap[Qs]
holds at least a constant Q > 1 and for all g in X(I), g > 0 and @ € (0, 1]. Observe that Q-quasi convexity yields
(Q-quasi semiconvexity.
A modular p is called monotone if p [g] < p [h] for all g, h € X(I) satisfying |g| < |h| [5].
Now let us give some subspaces of X(/) [6] (see also [7], [14])

W= {f € X+ lim plaf] =0}

and
EP (D) :={fel’():pl[Af] <  forevery A > 0}.

Some definitions about modulars are as follows [6]:
a) p is finite, if 1 € L (I) denoting by 1 the function 1 (¢) = 1 for every ¢ € 1.
b) p is strongly finite, if 1 € Ef (I).
¢) p is absolutely continuous, if there exists @ > 0 such that for every g € X (I), with p[g] < +oo, satisfying that for
every & > 0 there is 6 > 0 such that p [agy ] < &, for every measurable subset B C I with u(B) < 6.
d) A modular p is named absolutely finite if p is finite and for every € > 0, r > 0 there is § > 0 such that p[ryg] < & for
all measurable subset E C I with u(E) < é.

Among the classical instances of modular spaces are Orlicz spaces, defined by means of a ¢-function ¢. Extending
this framework, Musielak-Orlicz spaces are generated by a parameter-dependent ¢-function that adheres to specific
growth conditions relative to the parameter [4]. The modular defining these spaces comply with all the conditions
previously specified.

A sequence ( fj)jeN C L (I) is said to be power series statistically modularly convergent to f in L (I), whenever

stp—limp|A(f; = £)| =0
holds for some A > 0. This expression is a generalization of the norm convergence in L” spaces.
Also, a sequence ( fj) u © I* (I) is said to be power series statistically strongly convergent to f in L (I) whenever

JE
stp —limp[A(f; = £)| =0

forall 1 > 0.

Clearly, the concept of power series statistical modular convergence is weaker than that of power series statistical
strong convergence in Lf (I).

Now, we give some definitions about nonlinear operators in general form. Consider Hausdorff topological spaces X
with vector sublattice E and Y with vector sublattice F, respectively belonging to C(X) and C(Y). Let V represent an
operator mapping from E to F.

e If for every g,h € E and a > 0, the conditions
Vig+h) <V(g)+ V(h)
and
V(ag) = aV(g) (positively homogeneous)

hold, then the operator is classified as sublinear.
o If forevery g,h € E, g < himplies V(g) < V(h) then the operator is said to be monotonic.
o If for any pair of comonotone functions g, s in E, meaning

(g(x) — g(s)) . (h(x) — h(s)) = 0 for every x, s € X,

the property
V(g+h) =V(g)+V(h)
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holds, then the operator is said to be comonotonic additive.

LetT = (T j)jeN be a sequence of monotonic and sublinear operators being T; : K — X (I), where C (1) C K C X (I).

Also, along this paper assume that (Tj)jeN satisfies the following property which will be called as (CS): there exists
Xr C KN LF (I) that includes C () such that for all functions f € X7 we get T;f € L (I) and

stp —limsupp [A(T;f)| < D.p[Af] (1.1)
for any A > 0 and absolute constant D.

2. APPROXIMATION RESULTS FOR NONLINEAR OPERATORS ON MODULAR SPACES

This section is devoted to the development of Korovkin-type approximation results for nonlinear operators on mod-
ular spaces, utilizing the framework of power series statistical convergence. We commence with the following lemma,
as given in [20].

Lemma 2.1. Consider a modular p being absolutely finite, monotone and absolutely continuous on X (I). Hence, we
getC()=Lr ().

We will use the notations /; for the test functions x/, j = 0, 1,2.

Theorem 2.2. Assume that modular p is strongly finite, monotone, absolutely continuous and Q-quasi semiconvex on
X (I). Consider (T))jen being a sequence of sublinear and monotonic operators conforming to the property (CS). If
h € {ho, hy, =hy, ha}

Tjh — h
holds power series statistically strongly in L (I), we get

Tf = f
holds power series statistically modularly in L (I) for any nonnegative f € L (I) N K such that f — C (I) C Xr.

Proof. Consider any nonnegative function f in C (I). Hence we write for every € > 0, there exists ¢ > 0 such that

211flls
£ - fons 2 e yp
holds for any x,y € I with |x — y| < é. Therefore, we obtain
211 Al
lf)-fOI<e+ == f x—yf

2
i IIfII

(72 (xX) + 2h1 (%) . (M = hy () + 2M. (—=h1 () + h2 ()]
for any x,y € I, where M = max {h; (), h2 (y),0}. Since T is positively homogeneous, for f > 0, we can write
T, G) = F O < [T (@) =T (£ 0 )| + £ ) (T (o) = ho)|

21/ lles - [ Tj(hy) +2(M = hy () .Tj(hy) + 2M.T (=hy) ]
52

< 8.Tj (ho) + +hy () Tj (ho)

+ £ ).|T) (ho) = ho.

For all 2 > 0, we obtain

6A11fll | T o) +2 (M =y (3).T; ()
P (15D =1)| < p[326T; ()| + 0| =53 { VM, (o) + o () T G }]

p[34.5 0T (ho) — |

Let us denote

B:=T;(h) = hy + 2M (T; () = ) = 2hy (T; (1) = hy) + 2M. (T (=hy) + i) + by (3) (T (o) = o).
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Hence, we have

6. 304
o [—ng”w .B} <p [—lef”“’.m (h) - h2|]

60.M.A. 60.M.A.
p[ z Wlls 7 10y 1 '} +p[ z Wlls 7y o |
60.M.1. 30. M. ||halls - 111l
+p[%m<m>—m|}+p[ ”55” 171 |Tj(h0)_h0|]'

By using our assumptions, we have for any constant 7 > 0,

stp = limsupp [ (T; (f) = f)| < Pp [3nsho] .
Then, by using Q-quasi semiconvexity and strongly finiteness of p, we obtain by assuming & < 1 that
p [3neho] < Qep [30nho] .
Hence, we get the power series statistical strong convergence to nonnegative f € C (I). Take into consideration
nonnegative f € KN L, (I). From Lemma 2.1, there exist a nonnegative sequence (g;);ey € C (1) and a A > 0 such that
p[34f] < o0 and
lim p[34 (g1~ )] = 0. @1

Since T is subadditive for j € N, we find
T30 = | < T () = T (80| + |T; (g — ] + Ik — £1
<Ti(f - g + [T () — g + lgi — f1.
ForaAa >0, f — gr € X7, we obtain
p|A|Tif = f]] < o327 0f = ] + £ 32 T; (g0 = &l + p[32. Ik = £11.
If we take advantage of property (CS), we write
p3AT;(If - &) < Dp[41.1f - gul].
If we apply power series statistical lim sup operator to each side of the above inequality, we get
stp—limsupp [L|T;f = f]] < D+ 1) p[32.(f - g)].
By using equality (2.1), for some A4 > 0 we observe
stp —limsupp [A|T;f - f|] = 0.
The proof is completed. O

Theorem 2.3. In addition to the hypotheses of Theorem 2.2, we further assume that the sequence of operators (T ;) jen
is comonotonic additive, i.e., each T ; preserves comonotonic additivity for all j € N. Then,

Tif = f
holds power series statistically modularly in LF (I) for any f in Lf (I) N K such that f — C (I) C Xr.

Proof. Let each T; be monotonic, sublinear and comonotonic additive. Because of Theorem 2.2, we get

Ti(f +1fll) = £+ flle (2.2)

holds power series statistically modularly in L (I) for each f in L” (I) N K such that f — C (I) ¢ Xy. Each constant
function consists of a comonotonic pair with any function f. Since T; is positively homogeneous and comonotonic
additive for any j € N, we get

Ti(f + Iflleo o) = T; () + 11 flle -T'j (o) - (2.3)
By using (2.2), (2.3) and our assumption

T (ho) — ho, power series statistically strongly in L* (1),

we obtain

T;(f)— f
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power series statistically modularly in L# (1) for each f € L (I) N K such that f — C (I) C Xr. |

We now proceed to characterize the class X7 in a particular setting. To this end, we first recall the definition of
Orlicz spaces [17].

Let ¢ : Rg — R{ be a convex function such that ¢(0) = 0, ¢(v) > 0 for all v > 0, and lim,_,, ¢(v) = co. The
collection of all such functions is denoted by ©.

For ¢ € ® and f € X(I), we define the modular functional

Pelfl= flsﬂ(lf(S)l) ds.
It is well known that p,, is a convex functional on X([) [4].
Ly ={feX():31>0 5 p,[Af] <oo}.

The subspace L, (/) generated by a function ¢ € @ is referred to as the Orlicz space [17]. The corresponding modular
Py, is finite, strongly finite, and absolutely continuous.

In the special case where ¢(v) = v’ for v > 0 and p > 1, the Orlicz space coincides with the classical Lebesgue
space, that is,

Ly(I) = L),
and the modular norm satisfies
Tl = N7

Furthermore, let F, denote the subset of functions in L, (/) that satisfy inequality (1.1) for a constant K independent
of both A and f, and for all values of A.
We also consider the classical Bernstein operator B; : C[0, 1] — C[0, 1] defined by

/ k
Bi(H(x) =) p,-,k<x)f(—.),
=0 J

where

pik(x) = (,’{)xka - x)7k,

By using this operator we will define nonlinear operator 7'; : C [0, 1] — C [0, 1] as follows:

T;(f) = uymax {B; (), Bs1 ()}

where (u;) is defined by
{o, j=K
Uj=1y. .
j, otherwise.

These operators are monotonic and sublinear. (These operators are obviously comonotonic additive). It is well known
that

B (ho) () = ho,
B; (—hi) (x) = —x,

B(hy) (x) = 2 + =079
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By the help of above equalities, we get T (ho) (x) = ujho(x), T;(=h1) (x) = —u;x and
T;(hy) (x) = uj max {Bj (h2) (x), Bjy1 (hy) (x)} = uj(x2 + L;x)) Since ¢ is convex, for every A4 > 0 we have

o)

k=0
d k 1
= ﬁ _— * —
kZ;“’(' f(J)D j+1
1
= j+_1p?[/lf]

By using this inequality, we obtain for every integrable function f:

lim sup 1) ?[Af] = limsup

1 i)
Jj—oo jooo .] + l .] k=0 -]

cipen Sl

= LpylAf].

+

From the above equation, f € F, that is every integrable function in the Riemann sense, belongs to the class F,. So
there exists a subset Xy ¢ K N L (I) including the space C (1) for the operator (7;) with

stp = limsup p, [1(T;f)| = stp - lim sup p,, [Au; max{B; f, Bj.1 £
= stp - lim sup u;p, | Amax{B, f, Bj.1 f|

where P is any regular power series method. That is, the property (CS) is satisfied at least for the class of Riemann
integrable functions. This shows that F, C Xr. Especially, if we consider following power series method given by

L=k
pi= 0, otherwise,

then we get for the function Ay

P [A(T; (ho) = ho)| = fol @ (Auj = 11) dx

= w4, J = © , forallA>0
@ (j-1]), otherwise
for the function A
1
Py [/1 (Tj (h) - hl)] = f gD(/l.Iujx - x|) dx
0
1
Ax)dx, i = k2
= fOIQO( x).x / L, forallA>0
fo ©(Ajx — x|)dx, otherwise
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for the function —h;

Ll © (/l.|—ujx + xl) dx

1 .
Jo e(0dx, j=k
fol ¢ (A—jx + x|)dx, otherwise

P [A(Tj (=) + )]

,forall >0

and for the function &,
! uix(1-x
po [A(T (h2) = ha)| = f go(/llusz Sz x2|) dx
0 J
fol e(Ax)dx, j=kK
fol 1) (/1|jx2 + @ - x2|) dx, otherwise

, forall A > 0.

As one can see, for h € {hgy, h1, —h;, hy} we have
T jh - h
power series statistically strongly in LF (1). This sequence of operators 7; fulfills all the requirements of our theorem.

3. CONCLUDING REMARKS

In this study, we have established a Korovkin-type approximation theorem for a class of nonlinear operators within
the framework of modular spaces by employing the concept of power series statistical convergence. The main theorem
extends and generalizes several well-known results in the existing literature to a broader functional setting. Further-
more, an illustrative example has been provided to verify the applicability and effectiveness of the obtained result,
thereby highlighting the relevance of the proposed approach in the theory of nonlinear approximation. The findings
presented here contribute to the ongoing development of approximation theory in modular spaces and may serve as a
foundation for further research on the interplay between nonlinear operator theory and generalized modes of conver-
gence. Future investigations may focus on extending the present results to other types of convergence methods, such
as A-statistical convergence, and to more general classes of modular function spaces. Moreover, one could explore the
approximation behavior of different subclasses of nonlinear operators, including sublinear and monotone operators,
under similar or relaxed conditions.
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