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Greenberger-Horne-Zeilinger (GHZ) states play a central role in quantum computing and com-

munication protocols, as a typical multipartite entanglement resource.

This work introduces an

efficient enumeration and simulation method for circuits that preserve and distill noisy GHZ states,
significantly reducing the simulation complexity of a gate on n qubits, from exponential O(2") for
standard state-vector methods or O(n) for Clifford circuits, to a constant O(1) for the method pre-
sented here. This method has profound implications for the design of quantum networks, where
preservation and purification of entanglement with minimal resource overhead is critical. In par-
ticular, we demonstrate the use of the new method in an optimization procedure enabled by the
fast simulation, that discovers GHZ distillation circuits far outperforming the state of the art. Fine-
tuning to arbitrary noise models is possible as well. We also show that the method naturally extends
to graph states that are local Clifford equivalent to GHZ states.

I. INTRODUCTION

In quantum information theory, multipartite entan-
glement is a key resource for a wide range of quantum
protocols, from communication and cryptography to dis-
tributed quantum computing. Among the most stud-
ied forms of multipartite entanglement are Greenberger-
Horne-Zeilinger (GHZ) states, which can be represented
for n qubits as
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GHZ states are particularly valuable due to their charac-
teristic non-classical correlations across multiple qubits,
which play a central role in fundamental quantum tasks
such as quantum secret sharing [I], quantum conference
key agreement [2H4], error correction [5], and distributed
quantum computing [6l[7]. However, their practical use is
limited by the fragility of their entanglement under noise
and imperfect local gates. This limitation motivates the
use of entanglement distillation protocols, which aim to
recover high-fidelity entangled states from multiple noisy
copies via local operations and classical communication
(LOCC) [8HIT].

The computational complexity of simulating entangle-
ment distillation and error correction can be a bottleneck
to large-scale circuit optimization. The exponential cost
O(2™) of state-vector simulation of n qubits can easily be
avoided thanks to the more efficient Clifford-circuits for-
malism and its O(n) scaling for gate application [12] [13].
However, even O(n) can become prohibitive if it is em-
ployed in the inner loop of other algorithms, like circuit
optimizers over large systems, or when real-time process-
ing is required. This highlights the need for more efficient
methods to simulate GHZ states.

[GHZ) = —=(0)*" +[1)®"). (1)
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Another major obstacle lies in the vastness of the
Clifford-circuit design space itself. Even though Clif-
ford operations admit efficient simulation, the number of
distinct Clifford circuits grows superexponentially with
the number of qubits and gate layers, making exhaustive
or even heuristic search intractable. This severely lim-
its our ability to discover optimal or near-optimal GHZ-
distillation protocols, especially when combined with
noisy inputs and real-world hardware limitations.

To address both challenges, we introduce a new frame-
work based on the classification of GHZ-preserving op-
erations—those local Clifford gates that map GHZ-basis
states to other GHZ-basis states (terms defined in the
following section). This restriction dramatically reduces
the search space, as it excludes circuits that cannot pos-
sibly contribute to valid distillation. We then analyze
the algebraic structure of the GHZ-preserving gate set
and show that it forms a finite group that factorizes into
a few small easy-to-enumerate subgroups. This group
structure enables exact enumeration of allowed circuits
and allows us to simulate their action in constant O(1)
time by tracking permutations over a discrete GHZ ba-
sis. This advance enables efficient simulations even for
large systems, making it feasible to model large net-
works and to employ computationally expensive circuit-
optimization techniques. Our framework generalizes sim-
ilar techniques used for Bell pair distillation [14H16].

As a showcase of these algorithmic improvements, we
use our new efficient simulation method together with a
genetic algorithm to optimize GHZ-distillation circuits,
while modeling the effects of network and gate noise. The
efficient simulation enabled by our framework allows us
to explore a much larger number of potential circuit de-
signs, leading to more comprehensive optimization, and
the circuits we produce significantly outperform anything
else available in the literature. This is particularly rele-
vant for quantum networks, where high-fidelity entangle-
ment is essential for tasks such as distributed quantum
computation and quantum conference key agreement.

Furthermore, we extend our method to other quantum
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states, such as star-shaped and complete graph states,
which are local Clifford equivalent to GHZ states.

The remainder of this paper is organized as follows: In
Section 2, we define the GHZ-preserving group of gates
and present a group decomposition that enables efficient
enumeration and gate simulation. We assume familiar-
ity with the stabilizer formalism in this paper. Section
3 reviews current GHZ-distillation techniques, discusses
noise modeling, and presents our superior distillation cir-
cuits, as well as the optimization techniques that gener-
ated them. In Section 4, we apply our decomposition to
star-shaped and complete graph states, and we conclude
in Section 5 with a discussion of implications to network-
ing and other domains and future research directions.
Detailed proofs of our group-decomposition theorems are
provided in the Appendix [B]

II. CLASSIFICATION AND FAST SIMULATION
OF GHZ-PRESERVING CLIFFORD
OPERATIONS

In this section, we formally define what it means for
a unitary operation to preserve GHZ states and catego-
rize all such operations. Informally, the set of “GHZ-
preserving” operations is the set of gates that enable the
distillation of such states (assuming noise is of the Pauli
type, which is typical). We introduce both a fast sim-
ulation method for the application of such gates, and a
compact enumeration for these gates. In later sections we
will use these two capabilities to run circuit-optimization
algorithms that find GHZ-distillation circuits much bet-
ter than the state of the art.

At first, we focus on two copies of an n-qubit GHZ
state, each distributed among n nodes. We will prove
that any GHZ-preserving transformation can be built out
of Pauli operations, homogeneous unitaries consisting of
the same gate applied to all nodes, (the H group), and
bilocal unitaries consisting of the same gate applied to
two nodes (the B group). This decomposition greatly
simplifies the analysis and simulation of GHZ-based pro-
tocols by reducing the computational complexity and
enumerating the set of useful gates. These operations
also generate all GHZ-preserving local Clifford opera-
tions on more than two GHZ states, as outlined in Ap-

pendix [B8]

A. Decomposition of the GHZ-preserving Group

Consider two identical n-qubit GHZ states, each shared
among n nodes. Concretely, each node i holds two qubits
in total, one from each GHZ state.

Definition 1 (GHZ basis). The n-qubit GHZ state is

1

GHZ) = —= (I0)®" + [1)°"). (2)
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Any n-qubit state obtained from |GHZ) by local Pauli op-
erations (and hence sharing the same stabilizer generat-
ing set, up to differences in sign) is said to be in the GHZ
basis. Concretely, this basis of 2™ states can be written
as

{(éﬂ-) |GHZ) | PiE{L)QY,Z}}. (3)

For example, in the three-qubit case, the standard
|GHZ) is stabilized by the generating operators X X X,
ZZI, and 1ZZ. Any other state stabilized by these op-
erators (up to a sign change) also lies in what we call the
“GHZ basis” (see Table [I).

GHZ basis Computational basis X1 XoXs Z175 Z2Z3

|p*F)  (|000) + [111))/v2 41 41 41
oty (001 +[110)/v2 41 +1 -1
677F)  (011) +]100)/vZ 41 —1 41
0" =7) 010y +[101))/v2 41 -1 -1
o~y (j000) — [111))/v2 -1 +1 41
p=*t)  (lo01) - [110)/v2 -1 +1 -1
o) (lo11) = [100)/v2 -1 -1 +1
o) (j010) —[101))/v2 -1 -1 -1

TABLE I. The three-qubit GHZ-basis states and the corre-
sponding phase of the standard GHZ stabilizer generators.

Definition 2 (GHZ preserving). A wunitary operator U
is called GHZ preserving if, whenever it is applied to a
product of GHZ-basis states, the resulting output is again
a product of GHZ-basis states. F.g., for the case of a
system of two GHZ states, for any |GHZ;) and |GHZ;)
in the GHZ basis we will have

U(|GHZi> ® |Gsz>) = |GHZy) ® |GHZ)),  (4)

where |GHZy) and |GHZ,;) are also in the GHZ basis.

Equivalently, a GHZ-preserving unitary on 2 n-qubit
GHZ-basis states can be viewed as inducing a permuta-
tion on the 2™ x 2™ basis formed by the tensor products of
GHZ-basis states from each copy. This realization is im-
portant for the more efficient algorithm we introduce for
simulating the action of a gate. These GHZ-preserving
gates are the ones out of which entanglement-distillation
circuits can be built, as they allow us to “move” Pauli
errors between qubits such that they can be detected.

We focus on GHZ-preserving operations because typ-
ical entanglement-distillation protocols are designed to
iteratively transform multiple noisy GHZ copies into a
higher-fidelity GHZ state, and such procedures inherently
require that each step preserves the overall GHZ struc-
ture to be meaningful.

Now we can introduce our main result (stated more
formally in Eq. ) Every GHZ-preserving operation
can be represented as a product of Pauli operations and
operations belonging to the following groups:



1. The B group, consisting of 2n-qubit unitaries cre-
ated by bilocally applying two-qubit gates—i.e.,
two-qubit gates act only on two of the n nodes.

2. The H group, consisting of 2n-qubit unitaries
created by homogeneously applying two-qubit
gates—i.e., the same two-qubit gate applied at each
of the n nodes between its two local qubits.

In the following sections, we describe each subgroup
in detail, stating many of their properties, followed by
a discussion of how these subgroups combine to form
generic GHZ-preserving gates. For more detailed formal
descriptions of these subgroups and the proof that these
subgroups together with the Pauli operations span the
entirety of the GHZ-preserving set of gates, consult Ap-

pendix [B]

B. Bilocal Gates (B Group)

We consider first the class of gates that act bilocally on
exactly two distinct nodes. Concretely, they are gener-
ated by the controlled-Z (CZ) gate and the single-qubit
phase (S) gate on each of the two qubits. These eight
gates form an Abelian group isomorphic to Zs ® Zo ® Zs,
reflecting three independent binary choices:

e Apply or do not apply CZ;
e Apply or do not apply S on the first qubit;
e Apply or do not apply S on the second qubit.

See Table [T] for an explicit list.

C. Homogeneous Gates (H Group)

We next examine a second class of GHZ-preserving op-
erations, namely those that act homogeneously across all
n nodes. In other words, each node applies the same
two-qubit gate to its local pair of qubits (one qubit from
each copy of the GHZ). A detailed enumeration in Ap-
pendix [BF] shows exactly six possibilities, all generated
by the CNOT gate (in both orientations, i.e., CNOT2
and CNOT31). The resulting group is non-Abelian, of or-
der 6, and isomorphic to the dihedral group D3 (the sym-
metry group of an equilateral triangle). Concretely, the
set of these six homogeneous gates includes the identity,
SWAP, and four conditional Pauli gates. See Table [[T]]
for an explicit list.

D. Complete Decomposition of GHZ-Preserving
Operations

Based on the group structure described in the preced-
ing paragraphs, any GHZ-preserving gate acting on two
n-qubit GHZ-basis states can be decomposed as follows

H Group
emm---  +~=~--,B Group
T m
Alice 1 E D |
S R I—
L o - ' B Group
B R R B
Bob 1 X o : | |
: : : : ; I Py l—
Charlie 1 | E : |
FIG. 1. General GHZ-preserving circuits. Example

with two 3-qubit GHZ states, every node holding one qubit
from each state (lines 1, 3 and 5 correspond to the first
GHZ state, lines 2, 4 and 6 correspond to the second GHZ
state). The red blocks (left) together make up a unitary from
the H group, where all nodes apply the same gate chosen
from {I, SWAP, CNOT12, CVJ\IOT217 DCXlg,DCXgl}. The
blue (second from left) and green (third from left) blocks
make up different unitaries from the B group, where n —
1 pairs of nodes each apply the same gate chosen from
{9 (1@ f2))|g € I 8 1,CZ}, (fu, f2) € {1, S}} (see Ta-
bles and . Lastly, we need 2n — 2 Pauli operations,
P17P27P37P4~

(see Fig. for a depiction and the Appendix for a detailed
proof):

e one gate from the H group

e n — 1 gates from the B group, each acting on a
different pair of nodes

e Pauli gates applied on n — 1 nodes, for each of the
two GHZ-basis states (i.e., 2n—2 single-qubit Pauli
gates in total).

More precisely, every element g in the GHZ-preserving
group can be written in the form

2n—2 n—1

g= H Dj H bii+1h, (5)
j=1 =1

where h is a 2n-qubit unitary from the H group, each
biit1 is a 2n-qubit unitary from the B group, and each
p; is a single-qubit Pauli operator acting on a different
qubit.

For two n-qubit GHZ-basis states, the total number of
possible “phaseless” GHZ-preserving unitaries (obtained
by ignoring the Pauli gates in the above decomposition)
is 6 x 871, Even when multiple GHZ states are in-
volved, each gate still acts on only two of them at a time,



XI — + XI XI - + XI XI - + YI XI - + YI
IX —» + IX X —-+1Y IX -+ IX IX - +1Y
71 — + 71 71 — + 71 21 - + 71 21 — + 71
1Z — + 1Z 1Z -+ 12 1Z -+ 1Z 1Z - + 12
Identity I®S S®I S®S
XI — + XZ XI = + XZ XI —- +YZ XI = +YZ
IX - + ZX IX -+ 7Y IX - + ZX IX = +72Y
71 — + 71 721 — + 71 Z1 — + 71 71 — + 71
1Z — + 1Z 1Z — + 12 17 — + 17 1Z — + 172
cZ CZ-I®S CZ-S®I CZ-S®8S

TABLE II. Two-qubit building-block gates, when applied “bilocally” resulting in the B group.

XI5+ XI | XI->+IX | XI 5+ XX | XTI >+ IX | XI - + XX | XI —» + XI
X—>4+IX | X>4+XI | X=>4+IX | IX>4+XX | IX—>+XI | IX =>4+ XX
71 — + 71 71 — + 17 71 = + 71 71 - + 77 71 — + 17 71 - + 77
17 — + 17 12 — + 71 12 — + 77 12 — + 71 127 — + 77 127 — + 17
Identity SWAP CNOT12 DCX21 DCX12 CNOT21

TABLE III. Two-qubit building-block gates, when applied “homogeneously” resulting in the H group.

so this decomposition fully captures all possible circuit
components. Besides the formal proof in the Appendix,
we also numerically verified the validity of this decom-
position by exhaustively enumerating all possible combi-
nations of Clifford operations up to n = 6 and counting
the ones that are GHZ preserving (for similar numerical
enumerations consult also [I7]). Of note is not only that
this decomposition gives a complete and non-redundant
representation of GHZ-preserving unitaries, but also that
each gate can be described by a fixed-length sequence of
operations, enabling highly efficient circuit simulations
and making it much easier to search over all such uni-
taries in a structured way.

E. Binary GHZ Phase Labels and Fast Gate
Simulation

Given the decomposition of GHZ-preserving opera-
tions into the H and B groups, we now introduce a
compact and computationally efficient representation of
GHZ-basis states.

In systems composed of multiple GHZ-basis states, it
is typical to work with block-diagonal stabilizer tableaux
representing the states. All GHZ-preserving operations
preserve this block-diagonal structure. Their action al-
ters only the phases of stabilizer generators — i.e., flip-
ping signs in the phase column — while keeping the sta-
bilizer generators fixed. This is equivalent to permuting
the GHZ basis and never introducing off-diagonal terms
or a superposition of different GHZ-basis states.

This motivates a compact representation: instead of
tracking the full tableau or the underlying density matrix,
we encode the system state as a binary string recording
the sign (phase) of each stabilizer generator, where we
adopt the convention that a + sign is represented by 0
and a — sign by 1. For a configuration of m GHZ-basis
states, each on n qubits, the system can be completely

described by an n x m-bit string (see Fig. [2)).

Moreover, we note that each GHZ-preserving operation
can be described as a permutation on the Cartesian prod-
uct of m GHZ bases. This is because the operations are
GHZ preserving, i.e., each product of GHZ-basis states
is mapped to another product of GHZ-basis states, and
because the operations are unitary, i.e., the map must be
invertible.

This implies that, in the bit-string representation in-
troduced above, each GHZ-preserving operation is noth-
ing more than a permutation of the 2™ different bit
strings. This can be efficiently implemented by repre-
senting each bit string as an integer from 1 to 2™"; GHZ-
preserving operations are then just permutations of those
numbers (i.e., they are elements of the symmetric group
S(2™™)). Moreover, as each element of the H and B
groups acts only on two GHZ states at a time, they are ef-
fectively only permutations between bit strings of length
2n and hence can be modeled more efficiently as per-
mutations of the numbers 1 to 22". Representing gates
as such permutations results in a simulation complexity
of O(1), i.e., a lookup in an ordered table encoding the
permutation associated with the given gate.

Although the permutation table for an n-qubit GHZ
state has size 22", this does not cause a large overhead in
practice: once n is fixed, the table is generated only once
and can be reused permanently. In terms of memory,
the table stores only integer indices, which is far more
compact than storing full stabilizer tableaux or density
matrices; in fact the memory footprint is orders of mag-
nitude smaller, and memory itself is cheap compared to
runtime overhead.

The H- and B-group actions on these labels are affine
binary transformations that can be implemented using
swaps and XORs; explicit rules are given in Appendix [F]
Appendix [G] separates the cost of dense-table lookup
from its preprocessing and memory requirements and
gives the scaling for unpacked and bit-packed evaluation.
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FIG. 2. Example of ket notation, stabilizer tableau representation, and bitstring representation for the same state.

III. GHZ ENTANGLEMENT DISTILLATION
AND CIRCUIT OPTIMIZATION

In this section, we provide an overview of existing
GHZ-distillation protocols, discuss how noise can be
modeled in quantum systems, and present our approach
to optimizing distillation circuits under realistic error
conditions. Our method leverages both a significant re-
duction of the search space—based on the decomposition
framework developed in previous sections—and a dras-
tic acceleration of circuit simulation, enabling efficient
evaluation of candidate circuits under noise within the
cost function of the optimizer. While in this particu-
lar section we discuss a genetic-algorithm optimizer, the
choice of optimizer is not of importance in this work.
Rather, the main contribution lies in the combination of
search-space reduction and accelerated simulation, which
together make the optimization of large circuits practi-
cally feasible.

A. Overview of Entanglement Distillation for GHZ
States

Because GHZ states involve multiple qubits in a highly
entangled configuration, they are especially susceptible
to noise. Even small gate imperfections or external in-
terference can degrade entanglement quality significantly,
making distillation essential.

Early entanglement-distillation protocols such as
BBPSSW [8, 18] and double selection [19] rely on multi-
ple CNOT operations and can be adapted to GHZ states
via pairwise distillation or entanglement pumping (Ap-
pendix @[) Decisions on what errors to attempt to de-
tect and how to do that are not trivial. In particular, Z
errors on different qubits have indistinguishable effects:
they flip the relative phase. In contrast, X errors lead
to different states depending on which qubit it affected.
This asymmetry makes it more difficult to design proto-
cols that can simultaneously suppress both error types in
GHZ systems (Appendix [C]).

Some alternative approaches have been proposed for
GHZ distillation [20H23], including protocols based on

stabilizer codes or hybrid constructions with Bell pairs.
While optimal under certain conditions, these meth-
ods often assume perfect gates and measurements, high-
fidelity raw GHZ states/Bell pairs, or are optimal only in
the asymptotic regime of infinitely large circuits, which
are unrealistic in practical network settings. Moreover,
the required overhead, such as a large numbers of ancilla
qubits, scales poorly with system size.

In contrast, our work addresses a more realistic and
challenging regime. We focus on noisy gates and modest
initial fidelities — conditions that more accurately reflect
current experimental platforms. Our protocols can be
optimized to tolerate arbitrary Pauli errors and achieve
significant fidelity improvement without assuming ideal-
ized components. This shift in assumptions is crucial for
enabling scalable GHZ-based architectures in large quan-
tum networks.

B. Noise Modeling in GHZ States

The raw input states are described as n-qubit GHZ
states subject to isotropic noise

I,

Pin = fin ‘GHZn><GHZn| + (1_fin)277

(6)
where fi, denotes the fidelity with respect to the ideal
GHZ state and I,, is the n-qubit identity operator.

In most examples below we use depolarizing noise, a
standard and widely used error model equivalent to X,
Y, and Z Pauli errors with equal probability. Under de-
polarizing noise, the quantum state of a qubit undergoes
the following transformation:

p—(1-pp+ g(p +XpX +YpY + ZpZ), (7)
where p is the density matrix of the qubit, and X, Y, and
Z represent the Pauli operators. This model captures the
random application of bit-flip (X), phase-flip (Z), and
combined (V) errors, all of which can affect the qubit
with equal probability.

We assume that every quantum gate in the circuit in-
dependently incurs depolarizing noise with probability
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FIG. 3. Comparison between our optimized circuits
and the recurrent pumping method. Input fidelity vs
output fidelity (top) and input fidelity vs success probability
(bottom). N denotes the number of raw GHZ states used by
our circuits (encoded by marker shape); R denotes the regis-
ter size (how many qubits a node can store at a time, encoded
by color). Each point corresponds to a circuit obtained by
our optimization under the given parameters. Solid, dashed,
and dotted lines are the standard pumping baselines (see Ap-
pendix@; the numbers listed under “Pumping” in the legend
indicate the number of raw GHZ states used by the pump-
ing protocol (solid: N=4, dashed: N=5, dotted: N=6). All
points are optimized to maximize the output fidelity given
the lower bound of the pumping method’s success probabil-
ity (gate error rate p=0.01, measurement error rate n=0.01).
Each pumping curve is therefore compared with optimized
circuits using the same total raw-state count N. Pumping re-
quires only R=2; larger R values indicate the additional reg-
ister space available to the optimized circuits. Our circuits
achieve higher output fidelity for any given success probabil-

ity.

p, and each measurement will have probability n to re-
turn an incorrect result. The goal of the circuit opti-
mization described in the next subsection is to construct
GHZ-preserving circuits that are robust to such noise and
maximize the output fidelity of the final GHZ state.

Finally, we note that our framework naturally extends

to more general biased Pauli noise models, in which X,
Y, and Z errors occur with unequal probabilities. These
biased models include important physically motivated
scenarios, such as amplitude damping (associated with
Ty), which can be worst-case bounded by Pauli channels
through Pauli twirling approximation [24], while dephas-
ing (associated with Ty) is already equivalent to a biased
Pauli noise. All of these noise models are supported by
our software implementation, allowing our approach to
remain applicable in a broad range of experimental set-
tings.

C. Circuit Optimization for GHZ distillation

Building on the group-decomposition framework intro-
duced earlier, we leverage its O(1) complexity and re-
duced search space to efficiently search for and simulate
a wide range of potential distillation circuits. In particu-
lar, the group decomposition and underlying group struc-
ture allow us to systematically construct GHZ-preserving
circuits, greatly simplifying circuit generation, and en-
abling scalable optimization under realistic noise mod-
els. For the optimization we use a genetic algorithm (the
sequence of gates being the genome of an individual cir-
cuit in a population of circuits), but that choice is not of
significance.

In the various evaluations below, we denote the circuit
configuration by four parameters:

e N: The number of raw GHZ states used in the
distillation process.

e n: The number of qubits in each GHZ state.

e K: The desired number of output GHZ states after
a successful distillation.

e R: The size of the register used in the distillation
circuit. We specifically permit nodes of small size
that can not contain all N qubits at the same time,
requiring regeneration of raw GHZ states during
the execution of the purification circuit.

These parameters, along with the gate error rates p,
measurement error rates 77, and raw GHZ fidelity f;, de-
fine the constraints under which the optimization is per-
formed. The numerical results assume independent GHZ-
diagonal inputs, independent Pauli gate errors, indepen-
dent measurement-bit errors, and fixed nonadaptive mea-
surements and postselection. Resource counts include
raw states and register capacity but exclude memory
noise and storage time, communication cost and latency,
and raw-state generation delay. Biased or correlated
Pauli noise is supported; non-Pauli noise and the omit-
ted dynamics are not evaluated here. The input and
hardware parameters can be adjusted to reflect different
hardware architectures, allowing our approach to adapt
to a variety of experimental conditions. For each configu-
ration, we simulate circuit performance and use a genetic
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FIG. 4. Comparison between our optimized circuits and the nested distillation method. Input fidelity vs output
fidelity (left) and input fidelity vs success probability (right), comparing against 2-round and 3-round nested protocols using 4
and 8 raw GHZ states, respectively. Standard nested protocols typically assume twirling after each distillation round, where
random Pauli gates are applied to symmetrize errors. This removes the strong Z-bias of the intermediate measurement outcomes
and replaces it with an isotropic noise model (see Appendix . In contrast, our circuits directly model and detect both X
and Z errors without relying on twirling, and are optimized under realistic noise (gate error rate p = 0.01, measurement error
rate 7 = 0.01). As a result, we achieve higher output fidelities even with fewer raw GHZ states at moderate input fidelities.
Under sequential execution, the N=4 and N=8 nested baselines require at least R=3 and R=4, respectively. The optimized
results include the corresponding R=3 and R=4 cases; at moderate input fidelities, the N=6 circuits already outperform the
N=8 nested baseline in both output fidelity and success probability, while R=5 and R=6 illustrate the smaller additional gain
available from more register space. Moreover, unlike nested protocols, which require exponentially growing and fixed numbers
of raw states, our method supports arbitrary input counts, offering greater flexibility for circuit-level optimization. Both plots
use the same data set as in Fig. [3] but are shown separately for clarity and to highlight different comparison baselines.

algorithm to explore the circuit space. The circuit repre-
sentation, generation-dependent fitness evaluation, and
settings used for the reported searches are specified in

Appendix [E]

ficiency and output fidelity.

Pany
Our optimized circuits achieve the following improve- Y

ments: (1) Higher output fidelity at the same suc-

cess probability. Against the recurrent-pumping base- G I Z) o—p P Z)

line (see Appendix @, this advantage holds uniformly
across all tested input fidelities (see Fig. . Against the
nested baseline, our circuits outperform at moderate-to-
high input fidelities (see Fig. [4)); at low input fidelities,
the nested protocol appears to perform better. This is be-
cause it includes twirling, a probabilistic operation that is
not included in our optimizations (see also Appendix. .
(2) Fewer raw GHZ states required. In both compar-
isons, our circuits can reach a target output fidelity with
fewer raw GHZ states; for nested protocols this reduction

D ——

FIG. 5. Example of generated circuit. This circuit is gen-
erated based on 5-to-1 3-qubit GHZ states, with constraint of
register number R = 3, gate error p = 0.01, measurement
error n = 0.01, and input fidelity fin = 0.9. The small dot
in the circuit means adding a new raw state after one is mea-
sured (register reuse). Notably, the figure only shows Alice’s

is most pronounced in the moderate-to-high input-fidelity
regime. To give a concrete sense of what such optimized
circuits look like, we show in Fig.[5]an example generated
by our algorithm.

This optimization process offers a scalable and efficient
approach to GHZ-state distillation, capable of adapting
to various hardware setups and error rates. By efficiently
exploring the space of possible circuit designs, we can
significantly reduce the computational complexity and
achieve better performance in terms of both resource ef-

circuit, while Bob and Charlie apply the same operations on
their respective registers. We deliberately selected this cir-
cuit for illustration because it only contains H-group gates,
which ensures that all operations are applied homogeneously
across all nodes. This homogeneity makes the circuit easier
to visualize, as opposed to other generated circuits that may
contain B-group gates, introducing bilocal operations between
two nodes and making the diagram more complex to repre-
sent.



A graph state:

X Z Z
Z X Z
Z 7Z X

Same graph state, different generating set of stabilizers:

X X X
Y Y I
I Y Y

The tableau after a change of basis gives us a GHZ state:

X X X
Z 7 I
I Z 7

TABLE IV. Local change of basis from a graph state
to a GHZ state. Standard stabilizer generators of a 3-qubit
triangle graph state. (b) An alternative generator set for the
same graph state. (c) Stabilizer generators for the 3-qubit
GHZ state. The comparison between (a) and (b) demon-
strates that different generator choices can represent the same
graph state, while comparison between (b) and (¢) showing
a structural similarity between the graph and GHZ states.
In particular, the generator YYTI in (b) plays a similar role
to ZZI in (c), suggesting that graph state operations can be
viewed as GHZ transformations under a suitable basis adjust-
ment.

IV. EXTENSION TO GRAPH STATES

While our decomposition framework is developed with
GHZ states in mind, it naturally extends to a broader
class of multipartite entangled states — namely, graph
states. In future work we plan to explore the general
case. In this section, we outline how our method can be
applied directly to certain families of graph states with-
out requiring substantial modification.

In particular, our approach is immediately applicable
to star-shaped graph states, where a central qubit is en-
tangled with all others via controlled-Z (CZ) gates. These
states retain a symmetry structure that closely resem-
bles GHZ states, and applying a single Hadamard gate
to the central qubit of a star graph transforms it into
a GHZ state, making them compatible with the same
group decomposition framework. Moreover, the complete
graph state can be transformed into a star-shaped graph
through local complementation (LC) operations [25], al-
lowing our methods to apply in this case as well. Ex-
amples of the necessary local adjustments are given in
Table [V1

A comprehensive treatment of arbitrary graph topolo-
gies and their associated preserving gate structures is be-
yond the scope of this paper and will be addressed in
future work.

V. CONCLUSION AND DISCUSSION

In this work, we have introduced a complete framework
for efficiently enumerating and simulating (in O(1) time)
GHZ-distillation operations, by decomposing local oper-
ations on pairs of GHZ states as products of operations
from two small groups: the H group and the B group,
defined in the main text. We have also extended this
approach to certain graph states. This decomposition
not only simplifies the design and simulation of GHZ-
distillation circuits but also makes possible the creation
of efficient tools for optimizing distillation circuits to be-
spoke hardware and noise models. We showcase how a
simple optimizer using this drastically faster simulation
technique in its cost function can easily produce distilla-
tion circuits much better than the state of the art. This
is especially relevant for future quantum networks and
distributed quantum computing, where high-fidelity en-
tanglement and resource efficiency are paramount. Our
approach has shown significant improvements in output
fidelity, resource consumption, and tolerance to noise,
making it a strong candidate for practical applications
in real-world quantum networks and hardware.

Looking ahead, there are several promising avenues for
future research. Much of this technique should be ex-
tendable to more general graph states, similarly to how
early GHZ-purification techniques were extended to two-
colorable graph states and then to arbitrary k-colorable
graph states [26, 27], and we have early results that
support this belief. More generally, this work can lead
to improvements in measurement-based quantum com-
putation (MBQC). Given the role of graph states in
MBQC, applying our group decomposition framework
to optimize graph state preparation and measurement
protocols could lead to more efficient implementations
of MBQC schemes. Another particularly interesting di-
rection would be to incorporate these techniques into a
dynamical model of entanglement generation, mimicking
the behavior of a real quantum network rather than as-
suming on-demand, instantaneous access to raw states.
Such an integration could reveal new trade-offs between
fidelity, resource cost, and network timing constraints,
and help bridge the gap between idealized protocols and
practical distributed quantum architectures.

In conclusion, the group decomposition method we
have introduced offers a scalable and efficient approach
to simulating and optimizing quantum circuits for GHZ
states and related graph states. Its flexibility and ap-
plicability to various quantum states make it a valuable
tool for advancing quantum computation and communi-
cation. As quantum technologies continue to develop, we
believe this method will play an increasingly important
role in the design of robust, high-performance quantum
networks and systems.

An open-source implementation of the O(1) simulation
technique described in this paper is available [28].
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Appendix A: Pauli and Clifford Groups

The Pauli group P,, on n qubits is generated by single-

qubit Pauli operators X; = ((1) é), Y, = (? BZ), Z; =

0

Consider non-identity Pauli matrices P} = P, \ I®"
The Clifford Group C,, on n qubits is

(1 01> acting on the jth qubit, for j =1,...,n.

Cn={UcU@2")|oc+P; = UsU' € +P;}/U(1)

(A1)
The number of elements in C,, is
Cal = [ 2047 - 1) =2+ T4 1) (A2)
j=1 j=1

For any Clifford gate U € C,, it is uniquely determined
(up to a global phase) by how it maps each generator X;
and Z; (where i = 1,2,...n) through conjugation. This
is because X; and Z; form a basis for the vector space of
Pauli strings. When U acts on the basis, it maps each X
and Z such that the resulting images continue to satisfy
the commutation and anti-commutation relations of the
original operators [29-31].

As an example, consider the Clifford group C;: X can
be mapped to any of £P;, but the image of Z must anti-
commute with the image of X to preserve the structure
of the Pauli algebra [30].

We also introduce the “phaseless” Clifford group C} =
Cn /Py, the Clifford group on n qubits modulo local
Pauli operations P,,, where P, = {01 ® --- ® 0, | 0; €
{I,X,Y,Z}}. In other words C is a quotient group, i.e.
each group element is itself a coset of multiple gates in
C, but all these gates have the same tableau entries and
only differ by the phase column of the tableau (which is
why we call it “phaseless”). The phaseless Clifford group

C} has further simple group form
C: = Sp(2n,F3) = Sp(2n) (A3)

[29].

Appendix B: Detailed Proofs

Here we will introduce two sets of gates that act two
GHZ states: H (for homogeneous) and B (for bilocal) —
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they are both GHZ-preserving and phaseless (as defined
below). We introduce them because they are concep-
tually convenient for classifying the group of all GHZ-
preserving gates, and we will prove that they, together
with the Pauli gates, generate the entire group of GHZ-
preserving gates. It should be noted that we focus specif-
ically on single-qubit and two-qubit gates, as our circuit
construction is based on these fundamental operations
and any larger gate can be decomposed into them.

1. Stabilizers of the GHZ State

In the stabilizer formalism, a quantum state is de-
scribed as the unique joint +1 eigenstate of a set of com-
muting Pauli operators, known as the stabilizer genera-
tors. For the n-qubit GHZ state

1
V2

the stabilizer group is generated by:

IGHZ,) = —= (100" + [1)®") , (B1)

e The X-type stabilizer: X®"
e n — 1 Z-type stabilizers: Z;Z;1; fori=1ton —1

For instance, the stabilizer generators of the 3-qubit
GHZ state are:

(XXX, ZZI, 1Z7). (B2)

The full stabilizer group consists of all 2" Pauli strings

generated by these operators (including their products).

This structure plays a central role throughout the fol-

lowing proofs, as GHZ-preserving gates are defined by
their action on these stabilizers (up to phase).

2. Qubit Indices

The qubit at node 7 in GHZ state j will have an index
k = (i — 1) X n + j, where indexing starts at 1, and n
is the number of qubits in a single GHZ state. In other
words, we first enumerate the first qubit of each GHZ
state (by listing each node) and then go to the second
qubit of each, and so on.

Thus, for the Hilbert space of two GHZ states, if we
write ¢ @ ¢ @ 1"~ for a two-qubit gate g, this corre-
sponds to node 1 acting on its two qubits (each being
a part of a different GHZ state) with the gate g, and
node 2 acting on its two qubits with the same gate, while
everyone else does not act on their qubits.

3. Definitions

We begin by clarifying several important terms used
throughout this work:


https://doi.org/10.1103/PhysRevLett.81.5932
https://doi.org/10.1103/PhysRevA.59.169
https://doi.org/10.1103/PhysRevA.59.169
https://doi.org/10.48550/arXiv.quant-ph/0003099
https://doi.org/10.48550/arXiv.quant-ph/0003099

Number of qubits (n). We consider GHZ states of n
qubits distributed among n nodes (e.g., Alice, Bob, Char-
lie, etc.), with each node holding exactly one qubit from
each GHZ state. The classification results below assume
n > 3. The case n = 2 is the bipartite Bell-state setting
and has a different local symmetry group.

GHZ basis. Any state that is represented by the same
stabilizer tableau (up to differences in signs, i.e. up to
being different by local Pauli operators) is within what
we call the GHZ basis. Equivalently, these basis states
can be generated from |GHZ) by applying local Pauli
operations. There are 2™ such states in the GHZ basis
for n qubits.

GHZ-preserving. An operation (or quantum gate) is
called GHZ-preserving if, for any input state from the
GHZ basis, the output remains within the GHZ basis.
Concretely, if the input is an n-qubit GHZ-basis state,
the output must still be one of the 2" GHZ-basis states.

Bilocal. In a network of n qubits (one per node), an
operation is said to be bilocal if it acts on exactly two
qubits (for instance, one qubit held by Alice and one
qubit held by Bob), while acting as the identity on all
remaining qubits. In the case of a two-qubit gate (acting
on qubits from two separate GHZ states), a bilocal gate
is applied to a pair of qubits within each of two different
nodes. Note that in this definition, we do not require
Alice and Bob to apply the same gate on their respec-
tive qubits. That restriction will arise naturally in the
discussion of the more specific B group of gates below.

Phaseless. For much of our analysis, we work within
the phaseless Clifford group, denoted C3 = Cq/Ps, the
quotient group of the two-qubit Clifford group C5 by the
local Pauli group P,. That is, two Clifford gates are
considered equivalent in C3 if they differ only by a local
Pauli operation. Each element of C5 can be represented
either as a coset of gates (i.e., Cy gates that are equiva-
lent up to a Pauli), or equivalently, as a single “phaseless”
Cs gate. In a given coset, all gates have the same sta-
bilizer tableau representation, differing only in the phase
column. The “phaseless” C5 gate is the representative
in the coset whose tableau has only positive phases. In
the “phaseless” representation, the group operation is still
standard gate multiplication, but phases of the stabilizer
operators (the rows of the tableau) are not tracked and
are assumed to be positive. This representation is useful
for classifying all operations.

With these definitions in place, we now proceed to ex-
amine the structure of the two “building block” groups
that let us enumerate all GHZ-preserving two qubit gates
(multi-qubit gates can be decomposed into two-qubit
gates).

4. The B Group

In this subsection, we focus on bilocal gates, i.e. which
act at exactly two nodes (here taken to be nodes 1 and 2
without loss of generality). Among all GHZ-preserving
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gates, we define the B group as the subgroup consisting
of those that are bilocal and phaseless. We will enumer-
ate all such gates in two steps: first considering tensor
products of single-qubit gates, and then examining two-
qubit gates. We also show that the resulting group of
bilocal, phaseless, GHZ-preserving operations is isomor-
pth to ZQ (24 ZQ (24 ZQ.
Recall the definition of the B group:

Definition.

1. GHZ-preserving: Fach gate maps GHZ-basis
state to GHZ-basis state.

2. Phaseless: A gate applied at a given node belongs
to the quotient group C3

3. Bilocal: Only two nodes apply gates (not necessar-
ily the same gate).

Lemma 1 (Single-qubit gates in the GHZ-preserving
group). Only the Phase gate (S) can appear as a single-
qubit operation in the GHZ-preserving group.

Proof. Consider a three-qubit GHZ state with stabilizers
XXX, ZZ1, Z1Z,1ZZ, YYX, YXY, XYY and III.
Since we work within the Clifford group (more precisely,
the phaseless Clifford group), single-qubit gate can only
map one of Pauli operators (X, Y, Z) to another Pauli op-
erators. Importantly, any stabilizer that includes I (e.g.,
ZZI1,ZI1Z,I1ZZ) must be mapped to another stabilizer
that also includes I in the same position. This restriction
arises because a single-qubit gate cannot introduce or re-
move I. As aresult, ZZI must be mapped to ZZ1I, ZIZ
to ZIZ,and IZZ to IZZ. This implies that Z must be
mapped to Z on every qubit, and no other Pauli (such
as X or Y) can appear in its place. With Z required to
map to Z, we are left with the transformations of X and
Y. The potential mappings are either X — X, Y —» Y
(Identity) or X — Y, Y — X (Phase gate, S). Thus,
when considering single qubit gates, Alice and Bob are
not permitted to act with anything besides S gates. The
same argument holds for any n-qubit GHZ state, as its
Z-type stabilizers are always of the form Z; 7, ;. O

Lemma 2 (Bilocal requirement). The gates SQI®S®
IRI* and IQSRIRS®I?"*, where S is the single-
qubit phase gate, generate all phaseless GHZ-preserving
gates that act bilocally on the first two nodes that are
factorizable in single-qubit gates.

Note: above we specifically set the statement to apply
to the nodes sharing two GHZ states, because in future
lemmas we want to start considering two-qubit gates.

Proof. Now we will further constrain how the S gate is
applied, showing that if Alice acts on qubit ¢ then Bob
has to act on qubit i + 1, i.e. if Alice acts on her qubit of
a given GHZ state with the S gate, then Bob has to act
on his qubit of the same GHZ state.



XI — + XI XI - + XI XI - + YI XI - + YI
IX —» + IX X —-+1Y IX -+ IX IX - +1Y
71 — + 71 71 — + 71 21 - + 71 21 — + 71
1Z — + 1Z 1Z -+ 12 1Z -+ 1Z 1Z - + 12
Identity I®S S®I S®S
XI — + XZ XI = + XZ XI —- +YZ XI = +YZ
IX - + ZX IX -+ 7Y IX - + ZX IX = +72Y
71 — + 71 721 — + 71 Z1 — + 71 71 — + 71
1Z — + 1Z 1Z — + 12 17 — + 17 1Z — + 172
cZ CZ-I®S CZ-S®I CZ-S®8S
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TABLE V. Copy of Table[[l] B group gates and their corresponding mappings

The GHZ state for three qubits includes the stabiliz-
ers (XXX, YYX, YXY, XYY). The Phase gate S
affects these stabilizers by transforming X to Y and Y
to X while keeping Z unchanged. This transformation
permutes some stabilizers into each other.

For an n-qubit GHZ state, there are 277! — 1 Z-
containing stabilizers (e.g., ZZI,Z1Z,1ZZ for n = 3),
each containing an even number of Z operators. Corre-
spondingly, there are 2"~! — 1 Y-containing stabilizers,
each containing even number of Y. If Alice acts on a
qubit of a GHZ state with the S gate, then we will ob-
tain a state whose set of stabilizers includes a stabilizer
containing exactly one Y, which is not permitted. Thus
Bob also has to act on his qubit of the corresponding GHZ
state to remain in the GHZ basis (i.e. XXX — YY X).
Conversely, as long as the S gates appear in pairs, since
every Z-containing stabilizer of the GHZ state contains
two Z operators, one can always find a corresponding
stabilizer generator with an even number of Y operators.
Hence paired S gates are sufficient to remain within the
GHZ basis. See Fig. [6] O

Bob

Charlie {

FIG. 6. Bilocal Phase Gates

Lemma 3 (Constraints on two-qubit gates in the B
group). Let G = g1 ® go ® I®?"~* € B, where g1 and
go are two-qubit gates. Then both g1 and g must map a
Z entry of a GHZ stabilizer to a Z, and the only non-
trivial such gate is the Controlled-Z (CZ) gate, possibly
composed with single-qubit phase (S) gates as described
in Lemma[dl

Proof. (i) Consider one of the two GHZ states and one
of its stabilizer operators, namely ZZI...I. The gate

G does not act on the qubits past the second one, thus
all of the I entries have to remain I. The only stabilizer
operators fulfilling this constraint is ZZI...I, as any
stabilizer generators contains X or Y have full weights,
thus the gate ¢ has to map a Z entry to a Z entry (as
a reminder, we are still consider only phaseless gates).
Permitted gates of such type are exhaustively enumer-
ated in Table [VIl Of note, further down we will see that
only a subset of these gates is actually in B, due to other
constraints.

(ii) Exhaustively checking the 36 pairings of the 6 en-
tries in Table [V shows us that only the first entry of the
table preserves GHZ states when applied bilocally (i.e. by
Alice and Bob at the same time). That entry corresponds
to Z-mapping of the CZ gate (the X mapping is not con-
strained yet). The freedom on the X part of the tableau
corresponds to the application of the single-qubit gates

permitted by Lemma O
Alice § czZ
Bob 1§ cZ
—_ sk

Charlie <

FIG. 7. Example of two B group application, first is CZ gate
at Alice and Bob, second is S gate at Bob and Charlie

Theorem 1. The B group is generated by the phase gate
(S) and the Control-Z (CZ) gate applied identically bilo-
cally, e.g., the B group on nodes 1 and 2 is

Bio={(g-(h®fR)®(g (Lo f)I* ]
96{1702}7 (f13f2)6{175}2} (BS)
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71 — + 71
12 — + 17

21 - + 12| 721 — + Z1
12 — + 71|12 — + 77

71 = + 77

71 — + 17
12 — + 77

71 = + 77

17 — + 71 172 — + 1Z

TABLE VI. Allowed Z mapping for GHZ-preserving. An underscore corresponds to the identity operator (typographic choice

of ours to help with legibility).

XI — 4+ XI XI =4+ IX | XTI =+ 4+ XX | XTI = 4+ IX | XTI = 4+ XX | XI = 4 XI
X>24IX | X>54+XI | X>4+IX | IX=>+XX | X—>+XI | IX— 4+ XX
71 - + 71 71 — + 17 71 - + 71 721 — + 772 721 — + 17 71 — + 77
127 — + 17 1Z7—+721 | 1Z—-+72 | 1Z—+71 | IZ— +77Z | 1Z — +1Z
Identity SWAP CNOT;[Q DCX21 DCX12 ONOT21

TABLE VIIL Copy of Table[[Tl] H group gates and their corresponding mappings.

Proof. The theorem follows directly from Lemma [2] and
Lemma [3] and from the fact that the S gate and CZ gate
commute. O

Corollary 1. All gates in the B group need to be applied
“identically” bilocally, i.e. the same gate is applied at both
locations. If a gate G = g1 ® go ® I19?"~% € B, then
g1 = g2-

Proof. This directly follows from Theorem O

In other words, if a phaseless operation on two GHZ
states is bilocal, it is guaranteed to be made of the repe-
tition of the same two phaseless two-qubit gates.

For use below, let

By ={CZ'(Se@I)*(I®S)" | a,B,7v€{0,1}} (B4)

denote the eight local two-qubit factors listed in Table [V}
In the phaseless quotient, these three generators com-
mute and square to the identity, so By = Z3. An element
B;;(r) applies the same factor r € By at nodes 4 and j.

Theorem 2. For an n-qubit GHZ state withn > 3, every
product of bilocal B-group operations has a unique repre-
sentation using the path edges (1,2),(2,3),...,(n—1,n),
with one element of By assigned to each edge. Identity
edge factors are allowed.

Proof. Consider an arbitrary product [[; cp Bij(4ij),
where P is the set of node pairs carrying a nonidentity
edge factor. Because By is abelian, its total action at
node 7 is the local factor

r; = H qij € Bp. (B5)
j:{i,jtepP
Every edge factor occurs at both endpoints. Hence
n
I[Iri= I ¢ =1 (B6)

=1 {i.jtep

., Tn € By satisfy Eq. .

Conversely, suppose 71, ..
Define the path-edge factors

g=]]r;, i=1...n-1, (BT7)
j=1

and apply B i+1(¢;) on edge (4,7 + 1). Node 1 receives
g1 = r1. Each intermediate node receives

qi—19i = T, (BS)

because every element of By is self-inverse. The last node
receives

n—1

gn—1 = H""j:Tna

j=1

(B9)

where the last equality follows from Eq. . Equa-
tion also recovers every edge factor uniquely from
the node factors. Thus the path representation is both
sufficient and non-redundant. [

5. The H Group

We now turn to the class of homogeneous gates, where
each of the n nodes applies the same two-qubit operation
on its qubits (each of which belongs to a different GHZ
state). We start with a group generated by the CNOT
gate alone, and later on we will show that this is enough
to generate any phaseless GHZ-preserving gate. We call
this group the H group. We also show H is isomorphic
to the dihedral group Dj, the symmetry group of the
equilateral triangle.

Definition. H group is a group generated by CNOTS,"
and CNOTS™ (up to local Pauli operations).

Lemma 4 (Enumerating the six elements in H). There
are exactly six elements in H.

Proof. First, observe that each node applying CNOT
(or CNOT4;) indeed maps a GHZ-basis state to a GHZ-
basis state. We enumerate all possible compositions and
verify that they form a closed set under multiplication.
The group consists of exactly six elements. See Table[VII

O



Alice 1
Pany
A\

Bob 4
Pany
\\

Charlie 4
Pany
A\

FIG. 8. Example of H group application, tensor product of
CNOTi2

6. Completeness of B and H

Let G,, be the set of all phaseless local GHZ-preserving
gates acting on two m-qubit GHZ states (distributed
among n nodes).

Lemma 5 (Eight residual mappings for a fixed
Z-mapping). Let r € C5 fix both ZI and IZ. There
are exactly eight possible images of XI and IX that pre-
serve the canonical commutation and anticommutation
relations, and these eight operations are precisely the el-
ements of By.

Proof. Because X I anticommutes with ZI and commutes
with 17, its image must have an X or Y on the first qubit
and an I or Z on the second. Up to phase, it therefore
has the form

rXI)=(XZ")Y® Z°,  a,beT,. (B10)
Similarly, /X commutes with ZI and anticommutes with
17, so

r(IX) =Z°® (XZ%),

c,d € Fs. (Bll)

The operators XTI and IX commute, and their images
must also commute. In Eqgs. and , the first
tensor factors anticommute exactly when ¢ = 1, while the
second tensor factors anticommute exactly when b = 1.
The two Pauli strings commute if the total number of
local anticommutations is even. Hence

c=b.
(B12)
The three bits a, b, d remain independent, giving 23 = 8
mappings. They are generated by S® I, CZ, and I ® S,
respectively. Conversely, every assignment of a,b,d in
Egs. 7'B12 preserves all canonical commutation
relations and therefore determines a unique phaseless
Clifford operation. These are exactly the eight elements
of Bo. O

b+c=0 (mod 2), or equivalently
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Theorem 3 (The B and H groups generate a subgroup
of G, of size 6 x 8"~ 1). By Theorem@ every product of
B operations has a unique path normal form. Thus

(B,H) = {h ﬁBi,i+1(qi) ‘ heH, g e Bo}. (B13)

i=1

Then:

1. All these gates are GHZ-preserving, i.e. (B, H) C
gn

2. The total number of distinct (phaseless) gates in
(B, H) is

6 x 8"t (B14)

Proof. Every h € H and every B;;(r) is GHZ-preserving,
and this property is closed under composition. Hence
(B, H) C G,

It remains to count the normal forms without assuming
that different choices are distinct. Each factor in By fixes
Z1 and IZ, so the common Z-mapping of

n—1
h H Biiv1(q:) (B15)
i1

is determined entirely by h. The six elements of H have
the six distinct Z-mappings listed in Table [VII} There-
fore, if two normal forms define the same phaseless oper-
ation, their H factors must be equal.

After removing this common H factor, the remaining
product has well-defined local factors rq,...,7, € By. By
Theorem [2] its path-edge factors are recovered uniquely
as

(B16)

%
q; = H ’I"j.
j=1

Thus equality of the phaseless operations forces equality
of every path-edge factor; no two different H/B assign-
ments collide. There are six choices of h and eight inde-
pendent choices on each of the n—1 path edges, including
the identity. Consequently,

|(B,H)|=6x8"'. (B17)

O

Theorem 4 (Counting of GHZ-Preserving Gates). Re-
call the G, is the set of all phaseless Clifford unitaries
(i.e., modulo local Pauli equivalences) acting on two n-
qubit GHZ-basis states, such that every GHZ-basis state
is mapped to another GHZ-basis state. Then

IGn| < 6 x 871 (B18)



Proof. Let G =¢1 ® - - ® gn, € Gy, where g; € C; acts on
the two qubits held at node 1.

1. The common Z-mapping. The Z-type stabilizers
of two GHZ states are generated by adjacent products
of ZI and of IZ. Because n > 3, a Pauli string with
an X or Y entry at only two nodes cannot be a GHZ
stabilizer: every GHZ stabilizer containing X or Y has
support at all n nodes. Thus each ¢g; maps ZI and IZ
into the nonzero Z-type operators

(Z1,12,27}. (B19)

The two images must be distinct because Clifford conju-
gation is invertible. There are therefore 3 x2 = 6 possible
ordered Z-mappings, as listed in Table [V

Now consider the stabilizers obtained by placing the
same operator, either ZI or 17, at adjacent nodes ¢ and
i+ 1. Their images have support only at those two nodes.
In each output GHZ copy, a purely Z-type stabilizer has
even Z parity. The image at node ¢ must therefore equal
the image at node i + 1. Applying this argument along
the chain gives

gilz =921z = = gnlz- (B20)

The six elements of H realize these six common mappings
uniquely. Let h € H be the corresponding homogeneous

gate and define the residual local operations
r, = h_lgi. (le)

Every r; fixes ZI and I1Z, so Lemma[j] gives 7; € By.
2. The global X-type constraints. Write the residual
action at node ¢ as

ri(X1) = (XZ%) @ 2",
r(IX) = 2% @ (X Z%),

(B22)
(B23)

where a;,b;,d; € Fo. The equality of the two cross ex-
ponents in these expressions is exactly the commutation
constraint derived in Eq. .

Apply Eq. to the global X-type stabilizer of the
first GHZ copy. Its image contains X on every qubit
of the first copy, together with Z-decorations of parity
>, a; on that copy and ), b; on the second copy. Such
an operator belongs to the two-copy GHZ stabilizer only
if both parities are even:

iai:O, Xn:bzzo (mod 2)
=1 i=1

Applying Eq. (B23)) to the second global X-type stabi-

lizer similarly gives

(B24)

> bi=0, > di=0 (mod2). (B25)
i=1 i=1
The three independent conditions in Eqgs. (B24)
and (B25) are equivalent to
H r,=1  in By. (B26)

i=1
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Consequently, 1, ...,7,_1 may be chosen independently
from the eight elements of By, while the final residual
mapping is fixed uniquely by

n—1 -1
Tn = H T .
i=1

There are six choices for the common Z-mapping and at
most 8”1 compatible residual assignments. Hence

(B27)

|G| <6 x 8L, (B28)

O

Theorem 5 (Completeness of B and H for GHZ-preserv-
ing gates). Let G be the group of all phaseless Clifford
unitaries acting on two n-qubit GHZ-basis states such
that any GHZ-basis state is mapped to another GHZ-basis
state (i.e. the GHZ-preserving group). Then

G = (B,H), (B29)
and in particular,
|G| =6 x 8" (B30)
Proof. In Theorem [3| we showed that
(B,H) € G and [(B,H)| =6 x 8""'. (B3l)
In Theorem [4] we also showed that
|G| < 6 x 8" % (B32)

Since (B, H) is a subgroup of G (both being finite
groups) and they have the same finite cardinality, it fol-
lows that

(B,H) = G and |G| = 6 x 8" (B33)

The preceding proofs give a unique phaseless normal

form for every GHZ-preserving gate:

n—1
G, = {h H B i+1(q)

=1

heH, qgi € Bo}. (B34)

O

7. Group structure of B and H

Theorem 6. B group’s structure is isomorphic to Zs ®
Zo @ Zs.

Proof. Both the CZ gate and the S gate belong to Zs
groups because they each have two possible actions: ei-
ther apply the gate or do nothing (identity operation).
Since these gates commute with one another and are their



own inverses (up to phase), their independent applica-
tions naturally form a direct product structure.

For the S gate, since there are two qubits involved in
bilocal operations, there are two independent Zy groups
corresponding to the two qubits on which the S gates can
act. Specifically: One Zs corresponds to the application
of the S gate on the first qubit. Another Zy corresponds
to the application of the S gate on the second qubit.

The CZ gate forms its own Zy group because it can
either be applied between the two qubits or not applied
(identity action). This is independent of the application
of the S gates.

Thus, the overall group structure of the B group is
isomorphic to Zs ® Zy ® Zs. Consequently, the order
of this group is 2 x 2 x 2 = 8, which accounts for all
possible combinations of applying or not applying the
CZ gate and the S gates across qubits in the bilocal B
group configuration. O

Theorem 7. The H group is isomorphic to D3, the di-
hedral group of order 6.

Proof. The H group contains six elements: Identity,
SWAP, and the four “CNOT family” gates. These gates
correspond to the symmetries of an equilateral triangle,
which include two rotations and three reflections. The
H group is isomorphic to D3 because D3 is the only non-
Abelian group of order 6. A standard presentation for
]D)g is

Z—e srs=1r"1),

(r,s |3 =e, s (B35)
where 7 can be viewed as a rotation by 120° and s as
a reflection.
We identify CNOT 12 and CNOT5; as two distinct re-
flections within D3. Indeed, one can verify that each
CNOT gate is its own inverse, analogous to s?> = ¢ in the

dihedral presentation. Moreover,

SWAP = CNOT 5 CNOT3; CNOT 9 < S3 = S1 82 51
(B36)

mirrors the standard relation in D3 that one reflec-
tion can be expressed as the composition of two oth-
ers. DCXy5 and DC X5, each plays rotation. See Ta-
ble [VITTI O

End of Proof.

8. Extending to multi-qubit gates

The argument also applies to m GHZ copies shared by
n > 3 nodes, with an m-qubit Clifford gate at each node.
The Z-type stabilizers require the same invertible binary
map on the local Z operators at every node. Homoge-
neous CNOT layers generate this map. After removing
it, the remaining gates are products of S and CZ, up to
local Paulis. The global X-type stabilizers require each S
or CZ contribution to occur at an even number of nodes,
modulo local Paulis. These contributions can therefore
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be grouped into paired S and paired CZ layers. Each
layer preserves the product GHZ basis and acts on at
most two copies. Thus the existing generators suffice for
more copies. Hostens et al. [32] derive the binary con-
straints for local Clifford operations that permute prod-
ucts of CSS-basis states, including GHZ states. See their
Secs. III and VI for details.

Appendix C: Asymmetry of X and Z Errors in GHZ
States

The entanglement structure of GHZ states leads to a
fundamental asymmetry between the effects of X and Z
errors. Consider the n-qubit GHZ state:

L
V2
which is stabilized by the operators X®" and Z;Z;, for
allie{l,...,n—1}.

A single Z error on any qubit flips the relative phase
between the two components, mapping the state to:

IGHZ,,) = —=(10)"" + 1)), (C1)

1
V2

independently of the qubit & on which it acts. All such er-
rors lead to the same syndrome and result in same state.
In contrast, an X error on qubit k leads to:

1
V2
producing a state that depends on the location of
the error. This transformation leads to distinct, non-
degenerate error outcomes (See left panel of Fig. .

This asymmetry contrasts sharply with the Bell pair
case, where X and Z errors are symmetric under local
basis rotations, allowing both types of measurements to
be used interchangeably in distillation protocols (Fig. E[)
For GHZ states, however, standard protocols such as
pumping and nested distillation [10} 26] typically perform
only Z-basis measurements, thereby detecting only X er-
rors. One might consider using X-basis measurements
to detect Z errors directly. However, in the presence of
noise, performing a standalone X basis measurement of-
ten results in lower output fidelity due to the nonlocal
propagation of Z errors across the entangled state (See
right panel of Fig. .

As a result, the output state after each distillation
round usually exhibits a biased Pauli error, dominated
by undetected Z errors. To mitigate this, most proto-
cols apply twirling after each round to symmetrize the
error channel—effectively transforming the biased error
into an approximate depolarizing channel. Our method
avoids such artifacts by explicitly modeling the asymmet-
ric error structure, rather than assuming it is erased via
twirling. In particular, we do not allow twirling steps
at arbitrary intermediate stages of the protocol, since

Zr|GHZn) = —=(10)"" — [1)®"), (C2)

Xy |GHZ,) = —(|0.. . 15...0) +[1...05...1)), (C3)
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Identity SWAP CNOT:; DCX, DCX;2, CNOTy
Identity | Identity SWAP CNOT;; DCX,;; DCX;» CNOT;:
SWAP | SWAP Identity DCX;; CNOT;» CNOT: DCX;
CNOT2|CNOT;; DCX;2 Identity CNOT2; SWAP DCXoy;
DCXj,; | DCX3 CNOT2; SWAP DCX;; Identity CNOT;;
DCX;; | DCX;2 CNOT;2; CNOT3; Identity DCX,3 SWAP
CNOT;; [CNOT2; DCX; DCX;2 CNOT:2 SWAP Identity

TABLE VIII. Full multiplication table of the H group

State 1 ———— State 1—P——
State 2—6 State 2—4
(a) Z-basis (b) X-basis
measurement. measurement.

FIG. 9. Error propagation under CNOT and basis-
dependent measurements. Depending on the measure-
ment basis, X and Z errors propagate differently through the
CNOT gate, leading to different detectability of errors.

such probabilistic randomization is rarely implemented
in physical experiments. This distinction explains why
our results differ from those of nested distillation in the
low-fidelity regime, while offering a more realistic assess-
ment of experimental performance.

Formally, the Pauli twirling of a quantum channel £ is
defined as:

1

= > Pre(PpPh) P, (C4)

PeP

Etwirled (p)

where P denotes the n-qubit Pauli group. This opera-
tion maps any error channel £ into a Pauli channel by
averaging over all Pauli conjugations, thereby eliminat-
ing off-diagonal terms in the process matrix. In practice,
this is done by randomly inserting Pauli gates before and
after the noisy operation.

Appendix D: Entanglement Distillation Protocols
1. Pumping Protocol

Entanglement pumping is an established distillation
protocol originally developed for bipartite entangled
states such as Bell pairs [10, B3H35]. It reduces the mem-
ory requirements of conventional schemes like BBPSSW
or DEJMPS by avoiding the need to store multiple iden-
tical high-fidelity states simultaneously. Instead, a single
stored state is repeatedly purified using freshly generated
low-fidelity copies, effectively “pumping” its fidelity up-
ward over time (see Fig. |3| for a comparison with our
optimized circuits).

In each round, a raw state (e.g., one transmitted
through a noisy channel) is used to distill a stored target
state. If distillation succeeds, the fidelity of the target
state is improved; if it fails, the process restarts from
scratch using new raw states. This sequential struc-
ture greatly reduces spatial resources—only two states
need to be stored at any time—but at the cost of in-
creased temporal resources due to repeated failures and
retries (Fig. [11)).

While originally proposed for Bell pairs, the same re-
currence principle extends straightforwardly to multipar-
tite entangled states such as GHZ states. Following the
general multipartite purification framework introduced
by Diir and Briegel [10, [33], we implement the corre-
sponding GHZ-version of the pumping protocol as a refer-
ence baseline. Each pumping round proceeds as follows:
a stored GHZ state is paired with a newly generated raw
GHZ state of input fidelity fiy; for each qubit position
7 in the two states, a CNOT gate is applied from the
i-th qubit of stored state (control) to the raw state (tar-
get), followed by Z-basis measurements on all qubits of
the raw state (see Fig. [Op). The measurement outcomes
are used to determine whether the round is successful.
Success is defined as all Z-basis measurement results be-
ing identical (coincidence across all measured qubits), in
which case the post-measurement stored state has up-
dated fidelity fout (computed under the assumption of
twirling, which symmetrizes X and Z errors); otherwise,
the stored state is discarded and replaced by a fresh raw
state. The process is repeated until the desired number
of output GHZ states K is obtained. All simulations use
n = 3 qubits per GHZ state, and gate error rate p = 0.01,
measurement error rate n = 0.01 as in the main text.

2. Nested (Recursive) Protocol

Nested distillation is a recursive extension of entan-
glement pumping that aims to achieve higher output fi-
delities by organizing multiple purification rounds into a
hierarchical structure [33]. Instead of purifying a single
target state using a stream of fresh states, nested pro-
tocols use multiple raw states to produce several inter-
mediate purified states, which are then distilled again in
subsequent rounds (see Fig. 4| for a comparison with our
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(b) Success probability vs. input fidelity

FIG. 10. Asymmetry of X and Z errors in a 3-qubit GHZ state. This figure illustrates the result of a single round of
CNOT-based distillation applied to noisy GHZ states under depolarization noise. In both panels, the orange curve corresponds
to attempts to detect Z errors, and the green curve corresponds to attempts to detect X errors. (a) shows the output fidelity
as a function of input fidelity. Even under perfect gate operations (p = 0), attempts to detect Z errors (measure in X basis)
result in only minor improvement—or even degradation—of fidelity. (b) shows the success probability versus input fidelity,
indicating that GHZ states with a relative phase (caused by Z errors) are effectively indistinguishable during the distillation

process.

o /=% —> N ¢—=
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bv-—9 Fy 00— Fy O——0

FIG. 11. Schematic illustration of entanglement pump-
ing. A fresh raw state (state 1) with fixed fidelity Fp is repeat-
edly generated and used to purify a stored target state (state
2). Over successive rounds, the fidelity of the target state
converges to a fixed point Frx < 1, determined by the quality
of the raw state. This process reduces memory requirements
by requiring only two states to be stored at a time, at the cost
of increased temporal overhead.

optimized circuits).

For instance, a two-level nested protocol might begin
by grouping N noisy states into N/2 pairs, each undergo-
ing a purification step as pumping. For each qubit posi-
tion ¢ in the two states, a CNOT gate is applied from the
i-th qubit of one state (control) to the i-th qubit of the
other state (target), followed by Z-basis measurements
on all qubits of the target state (Fig. @a) A round is con-
sidered successful only if all Z-basis measurement results
are identical (coincidence across all measured qubits), in
which case the remaining state’s fidelity fou; is computed
under the assumption of twirling, which symmetrizes X
and Z errors. If unsuccessful, both states are discarded.
The surviving intermediate states are then grouped again
into pairs and distilled in the same manner, until a single
high-fidelity state is produced.

The number of required raw states grows exponen-

tially with the number of nesting levels, making these
protocols memory-intensive and less flexible in practice
(Fig. . Despite their theoretical effectiveness, nested
protocols often assume idealized conditions, including
perfect Clifford gates, ideal measurements, and symmet-
ric error channels. Moreover, most implementations rely
on Z-basis measurements only, detecting primarily X er-
rors while leaving Z errors unaddressed. This leads to
biased intermediate states that require twirling to restore
symmetric error profiles, as discussed in Appendix [C]

In our simulations, we compare our optimized circuits
against nested protocols with two and three levels of pu-
rification, using 4 and 8 raw GHZ states respectively. We
set n = 3 qubits per GHZ state, gate error rate p = 0.01,
and measurement error rate n = 0.01 as in the main
text. The results highlight the trade-off between fidelity,
success probability, and resource consumption across dif-
ferent distillation strategies.

For completeness, Fig. 13| compares the basic two col-
orable graph recurrence protocol with the nested ver-
sion [26]. The figure visualizes three consecutive purifi-
cation rounds with different measurement-basis combi-
nations (ZZZ-XXX). In general two-colorable graph
states, the optimal purification order may involve non-
alternating sequences of P1 and P2. However, for
GHZ states—which are highly asymmetric two-colorable
graphs with only one qubit in one color set—the com-
bination of twirling and repeated Z-basis measurements
yields better performance. This confirms that using the



nested protocol as the reference baseline in our main-text
comparisons provides a fair and representative bench-
mark for evaluating GHZ-preserving circuits.

Fo F Fy
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o—0
FIG. 12. Schematic illustration of nested distilla-

tion. Multiple noisy states are first grouped and purified in
parallel at the first level, producing intermediate states of
higher fidelity. These intermediate states are then recursively
grouped and distilled in higher-level rounds, forming a nested
hierarchy. Each level improves fidelity at the cost of expo-
nentially increasing resource consumption: a two-level nesting
requires at least four input states, and a three-level nesting re-
quires at least eight. Compared to pumping, nested protocols
achieve higher final fidelities but at the cost of significantly
increased register usage.

3. Hashing and Breeding Protocol

For completeness, we briefly discuss the asymptotic en-
tanglement purification protocols known as hashing and
breeding schemes. Both protocols operate in the limit of
infinitely many copies N — oo, where (in the absence of
gate noise) they can get arbitrarily close to unit fidelity
of the output states [SHIOL [26].

The breeding protocol assumes that the participat-
ing parties already share a number of perfectly entan-
gled states in addition to the noisy copies to be purified.
These auxiliary pure states are used to extract classical
information about the error configuration of the ensemble
without destroying any of the noisy states. Once all er-
ror syndromes are learned, appropriate local corrections
yield a collection of purified states. While conceptually
elegant, this approach relies on the unrealistic assump-
tion that a sufficient supply of pre-purified GHZ (or Bell)
states is available at the outset [§].

The hashing protocol removes the need for pre-purified
ancillas but requires simultaneous access to a large en-
semble of noisy states. By sacrificing a subset of copies
through joint local operations and measurements, one
learns parity information about the remaining states
and can deterministically correct them in the asymptotic
limit. The theoretical yield of both hashing and breeding
is D = 1—5(p), where S(p) is the von Neumann entropy
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FIG. 13. Comparison between the standard

two-colorable-graph nested (recurrence) protocols
(P1-P2) and the nested protocol we used as a ref-
erence in the main text. The P1-P2 scheme, originally
introduced for two-colorable graph states [26], alternates lo-
cal CNOT operations between vertex sets V4 and Vg and per-
forms postselection on the measurement outcomes of one copy.
The additional nested protocol we present inserts twirling be-
tween successive rounds, which symmetrizes the accumulated
errors. The nested protocol with twirling achieves higher out-
put fidelities and success probabilities than the standalone
P1-P2 scheme. The legend labels (ZZZ, ZZX,ZXZ, ZX X,
XZ7Z, XZX, XXZ, XXX) correspond to the measure-
ment bases applied in each of the three successive distillation
rounds, (equivalently indicating the sequence of P1 and P2
subprotocols applied in each run). In the asymptotic case the
P1-P2 recurrence protocol will outperform the “nested with
twirling” protocol, but for the particular case of a GHZ state
and only 3 rounds of purification, “nested with twirling” works
better — this is chiefly due to the very “biased” coloring of a
GHZ graph state (one single qubit of color A, while all other
qubits are of color B). All data in this figure assume a lo-
cal gate error rate p = 0.01 and a measurement error rate
n = 0.01, matching the noise parameters used in the main
text. We therefore adopt the nested protocol with twirling,
rather than the elementary P1-P2 recurrence, as the baseline
for a fair comparison with our optimized GHZ-preserving dis-
tillation circuits.

of the initial mixed state [9, [36].

In practice, neither protocol is well suited for
hardware-limited architectures and realistic noisy op-
erations. Gate errors and measurement imperfections
rapidly degrade the accuracy of the parity information
that these asymptotic schemes rely on. Moreover, breed-
ing presupposes ideal ancillary resources that are un-
available in realistic quantum networks, while hashing
demands a large number of qubit registers to store and
manipulate many GHZ states simultaneously. Since



the methods developed in this work focus on finite-size,
circuit-level GHZ distillation under realistic noise and
register constraints, these asymptotic schemes are in-
cluded here only for theoretical comparison and are not
used as performance benchmarks.

Appendix E: Circuit Optimization and Fitness
Evaluation

A candidate circuit is an ordered sequence

C= (017~--50L)7 L < Lmax7 (El)
whose operations are H-group gates, B-group gates, or
X- and Z-basis measurements on non-output registers.
The first K registers are retained as outputs. An X-basis
measurement is accepted when its global-X phase bit is
zero, while a Z-basis measurement is accepted when all
of its ZZ-syndrome bits are zero; any other result rejects
that trial. After an accepted intermediate measurement,
the measured register can be loaded with a new raw GHZ
state, allowing N > R through register reuse. The op-
eration sequence, measurement bases, and postselection
conditions are fixed before execution, and adaptive feed-
forward is not included.

The circuit representation and cost-function evaluation
do not depend on the optimization heuristic. We used a
genetic algorithm with generation-dependent fitness eval-
uation for the reported numerical examples. Initial can-
didates contained one to four randomly selected H- or B-
group gates followed by X- or Z-basis measurements on
the non-output registers. The retained population con-
tained 30 candidates and was evolved for 20 generations,
with Lya.x = 20. Each generation used 50 randomly se-
lected parent pairs and two offspring per pair. Insertion,
deletion, reordering, and operation-mutation moves were
each attempted with probability 0.2. Candidate fitness
in generation g was estimated using

T, = 1000g, g=1,...,20, (E2)
Monte Carlo trials. The increasing sampling budget re-
duces the cost of early exploration and gives more pre-
cise fitness estimates in later generations. The generation
dependence enters through this evaluation schedule; the
search does not use a Metropolis acceptance rule. No
random seed was fixed, so independent searches need not
return identical circuits. The implementation, selected
circuits, and numerical outputs used here are available
in the public archive [28].

For a candidate evaluated with T trials, let Nuc.(C) be
the number that pass every postselection condition and
let Niar(C) be the number of accepted trials whose re-
tained register is in the target GHZ state. The estimated
success probability and conditional output fidelity are

o o Ntar(c)
T, fout(C) = Noce)° (E3)

ﬁsucc (C) - NaCC (C)

20

In an unconstrained search, candidates are ranked by
fout- For comparisons imposing a minimum success prob-
ability, only candidates satisfying

ﬁsucc (C) 2 Pmin (E4)

are retained for comparison. Here P, is the success
probability required by the matched baseline.

Appendix F: Affine Binary Action of
GHZ-Preserving Gates

This appendix gives a direct binary representation of
the H- and B-group actions. It makes explicit why a
general stabilizer tableau is not required once a state is
known to remain in the product GHZ basis.

For GHZ copy r € {1, 2}, define the phase label

T T mn
A = (2,201, 2rn1) € FD, (F1)

where z, records the eigenvalue (—1)*" of X®™ and z,
records the eigenvalue (—1)* of Z;Z; 1. The joint label
of two copies is

A
A= ()\(2)> e F3m. (F2)

Because Clifford conjugation maps each stabilizer gener-
ator to a product of stabilizer generators, multiplication
of eigenvalue signs becomes addition modulo two. Every
GHZ-preserving Clifford operation therefore induces an
affine binary map

N = M,Adc,, M, € GL(2n,Fy), ¢, € F3". (F3)

The offset ¢4 records signs introduced by the chosen phys-
ical Clifford representative. Explicit Pauli operations
also change only this offset. A different representative
of the same phaseless Clifford coset can therefore change
¢y without changing M,. Composition is also affine:

(MQ, (32) @) (Ml, Cl) = (MQMl, MQCl D (32). (F4)
1. H-group action

— (™ R RO W
T = (xz) , zj = <227j> . (F5)

Each homogeneous gate h € H corresponds to a matrix
Aj, € GL(2,F2) and acts as

2= (A1) 2

Let

(j=1,...,n—1). (F6)

The six elements of GL(2,Fs) reproduce the six H-group
elements. For example, a transversal CNOT 15 has

App = (é 1) , (F7)

' = Ay,



and hence
! !
T, =1 D 2o, Ty = T2,
21,5 = %15, Zy; =21, D 22,5 (F8)

Similarly, CNOT5; reverses the roles of the two copies,
and SWAP exchanges their complete phase labels. The
two DCX elements are obtained by composing the two
CNOT updates. Thus every H-group update uses only
swaps and XORs.

2. B-group action

Consider a B-group element applied at nodes j and
j+ 1. Let a,b, c € Fy indicate, respectively, paired phase
gates on copy 1, paired phase gates on copy 2, and paired
CZ gates between the two copies. For the standard phys-
ical convention S = diag(1, 1), the Z-type phase bits are
unchanged, while the global X-type bits transform as

i =11 Daz,; Bz da,
’I'/Q =To D b227j D CZ1,5 D b,
Zip =2k (ref{l,2}, k=1,...,n—-1). (F9)

The eight choices of (a,b,c) give the eight B-group el-
ements. The final a and b terms in the first two lines
are affine offsets produced by the standard S-gate con-
vention. They can instead be absorbed into the Pauli
layer when a different representative of the same phase-
less coset is used. Equation also shows directly how
a B-group operation transfers a selected ZZ-phase bit
into the phase of the global X ®™ stabilizer.

3. Measurement maps and postselection

Measurement reads the phase bits of the correspond-
ing GHZ stabilizer generators. For copy r, define the
projections from the joint label by

T

(F10)

ﬂ-.(;(n) ()‘> = Zr, Wg)(A) = (Zr,la ceey Znn—l)

If each local outcome is encoded as a bit mgb) with
. (®) . .
eigenvalue (—1)": ", an X-basis measurement gives x, =

X . . .
D, m{™®) while a Z-basis measurement gives z,; =

m;Z) ® mf& The accepted syndromes are therefore
7 (A) = 0 for an X-basis measurement and 7y’ (A) = 0
for a Z-basis measurement.
After a GHZ-preserving gate g, the measured syn-
drome is
s(()r) = Wf(;r)(Mg)‘ @),

be{Xx,z},  (Fl11)

An input-label difference dA is undetected when

wéT)Mg(D\ = 0. Thus, the undetected errors form the
kernel of the propagated measurement map. The circuit

21

search selects gates that move error components corre-
lated with errors on the retained copy into measured
phase bits, so postselection removes the corresponding
nonzero-syndrome events from the conditional output
distribution.

4. Split lookup and direct packed evaluation
Writing the linear part of Eq. (F3]) in block form gives

Mq’\ = Mml)‘(l) D Mq72)‘(2)~ (F12)

If a lookup-table implementation is desired, the joint ta-
ble of 22" inputs can therefore be replaced by two con-
tribution tables,

Tg71[u] = Mg,lu, Tg,g[v] = Mg72’U, (F13)

each containing 2™ entries. When a complete 2n-bit out-
put contribution fits in one 64-bit word, their combined
memory is 2 X 8 x 2" = 162" bytes. The output is re-
constructed as

N =T, AV e T, A @ e, (F14)

More directly, Egs. and can be evaluated
on packed machine words without constructing either
lookup table. This is the implementation used in the
complexity analysis below.

Appendix G: Computational Complexity and
Memory Scaling

We distinguish the memory and preprocessing cost of
a dense permutation representation from the online cost
of applying an already represented gate.

1. Dense permutation table

A gate acting on two n-bit GHZ phase labels permutes
227 possible joint labels. If each output label is stored as
a 64-bit integer, one dense permutation requires

Mgense(n) = 822" bytes, (G1)
excluding array metadata, alignment, and any additional
cached gates. Table [[X] gives representative memory re-
quirements for a single permutation.



n Number of entries Memory(64-bit entries)

5 210 8 KiB
10 220 8 MiB
15 230 8 GiB
18 236 512 GiB
19 238 2 TiB
20 240 8 TiB

TABLE IX. Memory required for one dense 2°"-entry permu-
tation with 64-bit integer entries. The values exclude con-
tainer overhead and additional cached permutations.

Constructing a dense permutation visits all 22 labels.
Using the affine rules in Appendix [F] the worst-case total
preprocessing time is
Tpacked(n w) _ @(22n ’73

pre ’ w

(G2)

When each copy’s phase label fits in one machine word,
the packed preprocessing time is ©(22").

T;rr;packed(n) _ @(n22n) )

)

22
2. Packed affine evaluation

The dense table is optional. Equations and
act directly on the phase labels by swaps, masks, shifts,
and XORs. With an unpacked Boolean vector, an H-
group update touches O(n) phase bits, so the worst-case
gate-application cost is

Tunpacked (n) =0 (n) .

On a word-RAM with word size w, an n-bit GHZ label
occupies [n/w] words. Applying an H-group element re-
quires a constant number of word-wise swaps and XORs
per stored word, while a B-group element changes only
selected fields. The worst-case cost is therefore

(G3)

n

Thacked (N, w) = O([*D = O(n/w).

w

(G4)

When each copy’s phase label fits in one machine word,
the update is O(1) in the word-RAM model. The packed
representation uses O([n/w]) words per GHZ copy.
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