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Abstract

In the present work, we propose a general-purpose method for solving the scalar Stefan
problem, leveraging a modified version of a well-known boundary updating approach,
commonly used in standard existence proofs. Specifically, we consider a Stefan prob-
lem with a prescribed positive heat flux at the initial time. Our approach introduces an
operator that modifies the phase boundary, such that the fixed points of this operator
correspond to solutions of the Stefan problem. The operator is constructed as an inte-
gral form of the Stefan condition, and it is shown to be continuous in an appropriate
norm. As a result, the existence of a fixed point follows. Moreover, for sufficiently
small time horizons, the operator becomes a contraction, enabling a potential method
for numerically identifying the boundary. The proposed modification facilitates the
numerical solution of a broad class of free boundary problems. We provide a rigorous
theoretical justification of the method, along with several computational results that
numerically validate its effectiveness. Finally, we present a spectral analysis of the
matrix sequence that arises in the discretization of the Stefan problem. Using tools
from Generalized Locally Toeplitz (GLT) theory, we characterize the eigenvalue and
singular value distributions of the relevant matrix sequence. We identify its spectral
symbol and provide a GLT momentary symbol expansion. This analysis enables the
design of efficient solvers for the resulting linear systems, and numerical experiments
illustrate the method’s performance.

Mathematics Subject Classification 35R35 - Free boundary problems -
47HI10 - Fixed-point theorems - 47A58 - Operator approximation theory -
65MO06 - Finite difference methods for PDEs

B Paris Vassalos
pvassal@aueb.gr

Nikos Barakitis
nickbar@aueb.gr

Evangelos F. Magirou
efm@aueb.gr

Athens University of Economics and Business, Patission 76, 10434 Athens, Greece

X Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s40590-025-00792-y&domain=pdf
http://orcid.org/0000-0002-2131-7643

123 Page 2 of 31 N. Barakitis et al.

1 Introduction

The Stefan problem is arguably the most well-known example of a free boundary
value problem in the theory of partial differential equations. It concerns the heat
equation and, more specifically, the distribution of heat in a phase-changing medium,
i.e., within a spatial domain that evolves over time (see e.g., [5, 9, 16]). The phase
change—commonly from ice to liquid—occurs at the moving boundary, with the
liquid domain advancing into the solid ice. The location of this boundary is unknown
a priori and must be determined as part of the solution. The first comprehensive study
of this type of problem, focused on the transition between ice and water, was carried
out by Joseph Stefan in the late 19th century. This specific formulation is also known
as the solidification and melting problem.

Since then, the Stefan problem has been extended and generalized in numerous
directions. Applications include the storage of solar energy, modeling of porous media,
fresh and saltwater groundwater interaction, penetration of solvents into glassy poly-
mers, and Hele-Shaw flows (see [25] and the references therein). In all these variations,
the absence of a fixed boundary, or the partial indeterminacy of the boundary, necessi-
tates the imposition of new conditions on the unknown functions. These conditions are
derived from the principle of energy conservation across the moving boundary. While
analytical solutions have been studied and found for a limited class of special cases
[19], most free boundary problems remain analytically intractable. Consequently,
numerical solutions are not only desirable but, in many practically relevant cases,
indispensable.

For one-dimensional phase-change (Stefan) problems, a standard scenario involves
aninfinite rod of ice at zero temperature. The phase change begins with the introduction
of a thin liquid layer at one end of the rod. A key challenge is how to initialize the
computation of the boundary evolution. A common strategy is to derive an analytical
starting solution for the system and use this as an input to the numerical scheme after
a small, arbitrarily chosen time interval [20]. In this approach, the numerical scheme
proceeds from the analytically determined initial temperature distribution near the
origin. A drawback of this approach is that it introduces an artificial singularity into
the governing equations. This issue, however, this criticism is addressed in [20], where
it is demonstrated that the approach remains valid for several well-known cases in the
literature. Nevertheless, the broader question of how to compute the analytic solution
for general free boundary problems remains open.

In the current study, we focus on a method for solving such problems without
relying on an external or precomputed initial solution. Our approach draws inspiration
from the boundary updating method used in existence proofs for Neumann problems,
as in [1]. Specifically, we introduce an operator that modifies the position of the
phase boundary. The fixed points of this operator correspond to the solutions of the
Stefan problem. We show that this operator is continuous in an appropriate norm,
thereby guaranteeing the existence of a fixed point. Moreover, we demonstrate that for
sufficiently small time horizons, the operator becomes a contraction, thereby offering
a potential computational method for locating the boundary. Unlike methods that
handle Dirichlet boundary conditions, which typically require different techniques for
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existence proofs (see [6, 10]), our approach is applicable to the Stefan problem with
Neumann boundary conditions.

We introduce a key modification to this method that improves the operator’s contrac-
tion properties. Specifically, if the original operator is bounded, our modified technique
produces a contraction. This is achieved using a “reversal property" argument: if one
function dominates another, then their respective transforms exhibit a reversed domi-
nance relationship. Consequently, by starting with a function that is initially dominated
by the fixed point, repeated applications of the operator lead to oscillations around
the fixed point. Building on ideas used in the scalar case, we show that it is possible
to reduce the amplitude of these oscillations by introducing a weighted average of
the identity operator and the original operator, and thus obtaining an algorithm with
geometric convergence to the fixed point of Neumann-type problems. The algorithm
was applied successfully to several problems in the literature as well as to novel ones.

To illustrate the effectiveness of our method, we apply it to standard cases from
the literature, including those found in [1, 20]. Our approach successfully recovers the
analytic solution in these standard cases without requiring any additional analysis near
the origin to initialize the computation. We further demonstrate the method’s ability
to solve new and more challenging free boundary problems, including those with both
Dirichlet and Neumann boundary conditions. We also extend our approach to handle
Stefan conditions for inhomogeneous ice, showing that the method remains robust
under these more general conditions.

Another contribution of this study is the spectral analysis of the matrix sequence
that appears on the left side of the discretized system. This matrix sequence, denoted
{Ln}n, arises naturally from the space—time discretization of the system. Using
tools from Generalized Locally Toeplitz (GLT) theory (see [11, 12]), we identify
its eigenvalue and singular value distributions. The concept of a GLT matrix-sequence
provides a natural framework for understanding the spectral properties of discretized
linear system. We prove that {L y}» belongs to the unilevel scalar x-algebra of GLT
matrix-sequences, and we compute its spectral symbol. Moreover, we derive the GLT
momentary symbol expansion for the matrix sequence, which reveals crucial insights
into its asymptotic behavior as N tends to infinity. Such analysis is essential for
designing fast and efficient solvers for the resulting linear systems.

The structure of the paper is as follows: Section2 introduces the Stefan problem,
focusing on boundary condition variations and homogeneity, as well as relevant results
from the literature, with particular attention paid to the operators used in existence
proofs in [1]. Section 3 presents the main iterative methods introduced in this work and
provides a rigorous justification for their validity. In Sect. 4, we discuss the numerical
schemes used to implement the proposed methods while in Sect.5 we analyze and
describe the asymptotic distribution of the eigenvalues/eigenvectors of the coefficient
matrix of the previous section by GLT theory methods. Numerical results are given
in Sect.6 while Sect.7 offers concluding remarks and outlines directions for future
research.
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2 Statement of the free boundary problem

We follow [1, 20] in formulating the one dimensional Stefan problem, where space
and time parameters are x and ¢ respectively. Consider the melting of ice, initially
occupying the half line x > 0 as an insulated rod of infinitesimal thickness which is
then heated at x = 0. The liquid region at time 7 is from zero to s (t) and we denote it by
05 = {(x,0)]0 < x < s(t), t > 0}. We are interested in the temperature distribution
U (x, t) in the liquid region Qj, and the solid-liquid interface or boundary s(¢), whose
location is not known and must be determined so that it satisfies a condition involving
the latent heat of ice melting and heat diffusion. In the liquid phase Qj, the temperature
U (x, t) satisfies the heat equation

U(x,1)  0*U(x,1)

o7 = PP R O<x<s(),t>0,
X

while in the solid phase Q¢ = {(x,f)[x > s(¢)}, we assume that the temperature is
zero everywhere. One can consider the case where there exists initially a liquid phase
interval at zero temperature, in which case the problem simplifies; we will assume no
such interval. We thus have the conditions

s(0) =0, (H
U,0) =0, 2)
UGs(),t) =0. (3)

On the liquid—solid boundary, the heat of melting must equal the heat transfer due to
the temperature gradient. Thus, if L = L(x) is the latent heat per unit volume, k = k(x)
the diffusivity coefficient of the liquid at position x, then —kU,(s(¢), t)ét = LJs;
setting B = L/k, we obtain the Stefan condition

_8U(s(t), 1)

; ds _
B(s( ))E = o

In case L depends on the position x, a situation that might occur if there are impu-
rities in the solid phase, there is a space dependence § = B(x). We assume that there
are no changes in the diffusivity coefficient k. We will mostly work with a constant 8,
but our numerical methods work also for § = B(x).

As in the literature, we consider a two modes of heating, a Dirichlet and a Neumann
form and we examine two types of conditions at x =0, ¢ > 0

U©,1)=¢g@) =0, Dirichlet boundary 4)
oU(0,1)
B — =h(t) > 0. Neumann boundary (@)
x

As customary, we assume g to be nonnegative and % to be positive.
Let Q57 = {(x,#)|0 <x <s5(t),0 <t < T} and Q, 1 be the closure of Qs 7. A
solution of the problem consisting of (2),(1)-(3),(2), and either (4) or (5) in the horizon
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from zero to T i.e., Qs 7 is a pair (U, s) with s € cl(o, TH NnC(o0, T, s0) =
0,5s>0 0<t=<T, UeC(Qur)UC* Q7). Ur € C(Qu7 — {t = 0O}.
For constant 8, there are standard existence and uniqueness theorems for both the
Dirichlet and the Neumann condition as long as the heat flux £ is positive and the
temperature is nonnegative at the origin [1, 6, 7, 10], but the proof of the Neumann
case is more relevant to our work.

In the existence proofs, the following construction, transformation proves useful
[5]: One considers a function s serving as a candidate for the interface (and hence
s(0) = 0) and then solves a heat equation problem without the Stefan condition and s
as the interface. Namely one considers the solution U* (x, ) of (2),(1)-(3) and either
(4) or (5) in the domain Qg 7. We will refer to the problem of finding a solution
for given s and a Dirichlet condition (4) as the Fixed Boundary Dirichlet problem.
Finding a solution U* (x.t) for s and a Neumann condition (5) will be called the Fixed
Boundary Neumann problem.

2.1 Boundary transformation for a homogeneous solid

Given a boundary s, consider its transformation by:

t
R(s)() = —/ Ui(s(z),2)/B(s(z))dz 0=<r<T.
0

For a uniform solid phase §(x) = B and with no loss of generality, we assume that
B =1, and thus the R transform simplifies to

t
ReO =~ [ vis@.0e 0si=T.
0

It is easily verified that a fixed point s* of (6) is a solution to the Stefan problem. Our
results will be for the homogeneous case, but the proposed numerical methods seem
to work even for the inhomogeneous one. We will briefly examine this last case in the
next subsection.

Returning to the homogeneous case, using Green’s theorem for the identically zero
function Uyx — U; on Qg 1, we obtain

t s(t)
R(s)(1) = —/ US(0, 2)dz —/ Us(x,t)dx  0<t<T.
0 0

For Neumann type problems, this becomes

t s(t)
R(s)(¢) =/ h(z)dz —/ U'(x, t)dx.
0 0

Using this expression, it can then be shown that R is continuous in the appropriate
norm; by Schauder’s theorem (see e.g., [22]), it has a fixed point which is the required
solution. Moreover, in [1], it is shown that it is a contraction for a small enough horizon
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T, leading thus to a constructive existence proof. This argument is not applicable for
the Dirichlet problem (4) since(2.1) does not lead to (6) which is crucial for proving
continuity of R. A different approach is used to show existence in [10] or [6] and
[7]. However, we will show that the modified operator R as it is formulated in (2.1),
possesses additional properties that can serve as a basis for a general purpose iterative
algorithm.

3 An iterative algorithm for free boundary problems
3.1 Fixed point algorithms for the homogeneous case

For the homogeneous solid, a useful property of R is stated as an exercise in [1]. We
state and prove it next.

Lemma 3.1 (Reversal Lemma) Consider the Fixed Boundary Neumann Problem as
defined in the previous section (Namely the solution U® of (2),(1)-(3) and the Neumann
condition (5)) and assume that it has a solution for any smooth s starting at the
origin. If s1, s2 are boundary functions such that s1(t) < s2(t), t € [0, T] then
R(s)(1) = R(s2)(2).

Proof We assumed the existence of U®, s = sy, 5. Assuming that 4 > 0 we will
first show that U* is everywhere nonnegative. If not, since U* is zero on the boundary
s and it attains its extremes on the parabolic boundary, the minimum must be at
some (x,t) = (0,¢*). If the minimum is negative, then U*(0, t*) < 0. But since
Ui (0,t*) = —h(t*) < 0, the minimum cannot be at (0, t*) and by this contradiction,
it follows that U® is nonnegative on Q. 7.

Consider now the solutions of the above problem in the boundaries s, s;U*"€ and
U*? respectively with Neumann conditions —U;"“(0,¢) = h(t) + €,—U*(0, 1) =
h(r). Also consider their difference A€(¢) = US2(¢) — US1€(¢). On s, A€ > 0 and
if its minimum is negative, it occurs on a zero value of x. But this is impossible since
A5(0,1) = —e < 0 and thus A€ > 0. As € — 0 and assuming continuity with €, we
obtain lime g A€ = U*? — U*! > 0 everywhere. Then using (6), we have

$2(t) s1(2)
R(s1) () — R(s2) (1) = f U*2(x,t)dx — / U (x, t)dx
0 0

s1(t) s2(1)
= f [U%2(x,t) — UM (x, t)]dx +/ U2 (x, r)dx. (6)
0 s1(t)

Since both terms are nonnegative, we have R(s1) > R(s2). O

This Reversal Property 3.1 is reminiscent of a modification in one-dimensional fixed
point algorithms (see Fig. 1), suitable for functions f with large, negative slopes where
we use instead of f a combination of f and the identity. The iteration x,,+1 = f(x,)
is diverging, but the iteration x,+; = g(x,) with g(x) = (f(x) + x)/2 has a better
chance of converging, being of smaller absolute slope.
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(a) The standard Fixed-Point iteration diverges. (b) The modified iteration converges.

Fig. 1 Impact of function slope on Fixed-Point convergence

Using the Reversal Property, we can construct a fixed point iteration that converges
theoretically but without any speed guarantee. We will write 51 < sp if 51(f) <
s2(t) t € [0, T]and s1(#;) > s2(t) for some #; and also s; = s, if the equality
holds for all ¢. Consider the fixed point s* and construct an initial boundary so < s* as
follows: In the Neumann case, s* is bounded by Mt with M = maxo<.</[—%(7)], and
thus by the Reversal Property R(Mt) < s*. Then s; = R(sg) > s* and R(s1) < s*
as well as sg < s*; however, we do know the relation between R(s;) and sg. Now if
R(s1) = so or R(s1) # so, we can set so = max[R(sy), so] and thus, sg < 55 < s*.
Proceeding this way, we generate a sequence

S0<$) <...<sy<..<s <. .<syy1 <...<s3<s51,

This sequence will converge to s* provided for no k, we have R(sx) = si—i, in
which case the iteration oscillates between s; and si_. Furthermore, if in the second
iteration, we had R(s1) < so, the iterates s, will diverge. To remedy both problems,
consider the family of candidate boundaries

Pr(s)(@) = aR(s)(@) + (1 — a)s(2), a € [0,1]. @)

Clearly, P0(s1) = s1 > s* > 50, P'(s1) < s0. Thus, for some o’ € (0, 1), we have
so < P¥ (s1) < s*and Py (s1) # so. Therefore, the iteration can proceed by setting
sy = P“/(sl). A similar fix is possible in the oscillatory case R(sx) = sx—1 in which
case we set s = P’ (sx—1) for an o’ close to 1. Of course, to apply this in practice,
we must show how to select appropriate a's.

This problem with the fixed point iteration can be remedied in the Neumann case if
we exploit the boundedness of R ([1]) to obtain operators P“(s) that are contractions.
We will do so in the next two Propositions. The following proposition demonstrates
that 1/2 exhibits superior contraction properties than R.

Proposition 3.2 Let s* be the solution of a Stefan problem with the Neumann condition
(or more generally one which satisfies the reversal property of Lemma 3.1). If s < s*

) Birkhauser
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forall t, then

_ ¢* ok
s—s*fs i S’Pl/z(s)—s*fR(s)—sz(s)—s*.
2 2
If s > s* forallt
— ¢k _oX
s—s*zs 5 zs*—Pl/z(s)zR(s)TszR(s)—s*.

Proof If s < s*

1 1 1
PU2(s) = 5" = Z(R(s) +5) = S (R(™) +57) = S(R(s) = 57)
£ 15— 5" = 2(R(5) — s
S =) =S (RE6) —s
and
1/2 * 1 * 1 * * 1 * 1 *
P7s) =" =5(RE) +5) —s" =5(RET) =)+ 55 —57) = S(s —57)
2 2 2 2
A similar proof applies when s > s*. O
This result is strengthened in the next proposition, using the Chebyshev norm
lls1 — s2ll = max |si(¢) — s2(1)].
tel0,7T]

Proposition 3.3 Assume s; < sy or so < s1 and R satisfies the reversal property of
Lemma 3.1. If R is bounded, i.e., |R(s1) — R(s2)|l < vls1 — szl for finite y, then
the following inequalities hold true:

|P¥(s1)(1) — P (s2) ()| < max(ay, 1 —a)llsi — s

Wﬁmn—%%mﬂsyil

st —sall < [ls1 = s2]. ®)

Proof Lets; < s all ¢, the same proof being valid for the reverse inequality. Then

(I —a)(s1 — 52) < PYs1) — P¥(s2) = a(R(s1) — R(s2)) + (1 —a)(s1 — 52)
< a(R(s1) — R(s2)),

since 51 < 52, R(s1) = R(s2). Now if at some ¢t P¥(s1)(t) — P*(s2)(¢) > 0 then

[PE(s1) (@) = PHs2) (D] < aR(s1) (@) = R(s2)(1)] < ¢ max [R(s1)(1) = R(s2) ()]
=a|R(s)) — Rl = ey lisi — s2l.
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Otherwise if at some ¢, P%(s1)(t) — P¥(s2)(¢) < 0 then
[PE(s) (@) = PHs2) (D] < (1 = )s1(1) = s2()] < (1 — @) max|s; (1) — $2(1)]
= —a)llsy — s2].
Hence,
[P (s1) (@) — P*(s2) ()] < max(aey [Is1 — s2l, (1 — &) ls1 — s21).
Since the above relation is true for all ¢, we have

max [P (s1) (1) = P*(s2)()] = [IP*(s1) — P*(s2) | < max(ary, 1 — a)lls1 — s2l.

The best bound is given by min, max(«y, 1 —«) which occurs when the two terms
ay, 1 — o are equal and hence o = # Thus, we obtain (8). O

We use the above result to establish that for the Neumann problem the fixed point
iteration 5,41 = P%(s,) converges geometrically when properly initialized.

Proposition 3.4 For the Neumann problem, consider a boundary s1 > s* and let R
be bounded by y. Then the fixed point iteration s, = P%(s,) initialized with either
s1 > s* or s < s* converges geometrically to s* for o <

y+1°

Proof A boundary s; > s* can be easily obtained for a Neumann problem as shown
earlier, and similarly for an 59 < s* since 5o = R(s1) < s*.

Starting the iteration with 51, we have R(s;) < s* < sy and [|[R(s1) — R(s*)| <
y|ls1 — s*|| and hence s* — R(s1) < y(s; — s*) which leads to

s* <

1 Y
R(s1) + s1 < aR(sp) + (1 —a)s; <s1.
1+y(1) l+y1_ (s1) +( )s1 < 51

The second and third inequalities above are valid for o < ﬁ since R(s1) < s* < 51
and therefore the sequence s,+1 = P*(s,) is decreasing and bounded below by the

fixed point s*. Note that
lsn1 — sl = P (sp) — P < max(ery, 1 —a)llsp — ™.

The coefficient max(xy, 1 —a) = B isless than 1 for o < # and thus convergence
is geometric since ||s,+1 — s*| < Blisp — s*|.

Starting the iteration with so < s*, we have R(sg) > s*, |[R(so) — R(s™)| <
y |lso — s*|| and hence R(sg) — s™ < y(s* — 59) which leads to

1
> R(s0) + ——s0 = aR(s0) + (1 — @)so > so.
Y

I+y 1+

) Birkhauser
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The second and third inequalities above are valid for o < # since R(sg) > s* > 59
and therefore the sequence s,4+1 = P%(sy) is increasing and bounded above by the

fixed point s*. Again
Isn+1 = 5™ = P (sn) — P*(s™)Il < max(ay, 1 —a)llsp — ™.

and geometric convergence follows for o < 5T O

The fastest convergence is achieved when « is as large as possible, i.e ﬁ in which
case the convergence rate is % In case y is not known a priori, the algorithm can be
implemented by starting with a reasonable « and halving it in case it does not generate
decreasing (increasing) boundaries. Our implementation started with an o = % and
converged in all cases examined.

Applying the algorithm to Dirichlet problems gave unexpectedly good results, and
thus we will state it for both problems. For Dirichlet problems there is no lower bound
for the boundary, and hence we have to start with a low initial boundary. Since it is
not known how small a boundary is required, the algorithm will restart using a lower
initial boundary in case it failed to converge. A description of the algorithm follows,
while implementation details are provided in Sect. 6.

Description of the P* algorithm for the Stefan problem.

1. Set iteration counter n to zero.
Set o = .
Select an initial boundary so > s™* if available and set Case < High.
If such an sq is not available select sg ~ 0 and set Case <— Low.
2. Solve the Fixed Boundary Neumann problem.
i.e., the heat equation (2) with U (s, (¢), 1) = 0, U, (0, t) = —h(t).
OR Solve the Fixed Boundary Dirichlet problem
i.e., the heat equation (2) with U (s, (¢),t) =0, U (0, 1) = g(z).
Given the solution U of Step 1 evaluate R, P*(sy,)
4. With Case=High, IF P“(s,) is not below s, decrease « by say halving it and
restart the algorithm ELSE Update the boundary by s,+1 < P*(s,)
5. With Case=Low, If P*(s,) is not above s,, decrease « by say halving it and restart
the algorithm ELSE Update the boundary by s;,+1 < P*(sy,)
n<n+1
7. If s, =~ s,_1, the algorithm terminates.
ELSE: IF the iteration limit has not been reached GO TO Step 1 using the new
boundary s,,.
ELSE: (The iteration limit has been reached without convergence) Reduce s,
n < 0 and GO TO Step 1.

(O8]

o

3.2 Reversal in the fixed boundary Dirichlet problem
We subsequently demonstrate that, even in the Dirichlet problem, R possesses the
reversal property and thus an R iteration would converge subject to the caveats stated

in the beginning of this section.

W Birkhauser
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f(6)=-2+2cos(6) f(8)=-2+2cos(6)

N Aj(Lso) Aj(L180)
2 2
-3 3
4 -4
-5 5
0 0.5 1 15 2 25 3 35 0 0.5 1 1.5 2 25 3 35
5 2
5
Al [f(6)]=|-2+2cos(8)| . SE——
(L P L
oilLeo) 4 j(L180)
3 3
2 2
1 1
0 L= 0

0 05 1 1.5 2 25 3 35 0 05 1 15 2 25 3 35

Fig. 2 The top-left and top-right panels display the eigenvalues alongside the graph of the GLT symbol.
The bottom-left and bottom-right panels show the singular values together with the absolute value of the
GLT symbol

Lemma 3.5 Consider the Fixed Boundary Dirichlet Problem with U*(0,t) = g(t), g
nonnegative and nondecreasing. Then for a given boundary s the solution U® satisfies
Uj,1) <0.

Proof Consider the problem in Qg 7 i.e., t € [0, T]. The maximum of U* is on the
parabolic boundary and since U* (s(¢), t) = 0 the maximumisatx = 0, ¢+ = T where
U*(0,T) = g(T) given that g is nondecreasing. Hence U} (0, T) < O for otherwise
the maximum would not be on the parabolic boundary. Since g is nondecreasing, the
argument can be repeated for any value of 7. O

Although we will not directly use the above lemma, it remains interesting in its own
right. Notably, it does not hold for functions g’s that exhibit both increasing and
decreasing regions, as can be verified (see Fig. 6 in Sect. 6) through direct calculation.

Lemma 3.6 For Fixed Boundary Dirichlet problems with boundaries s\ < s, and for
which U (0, t) = U*2(0, t) = g(t), we have Uy (0, 1) < U(0, ).

Proof Consider AU(t) = U®(x,t) — U (x,t) in Qs 7. A(x,t) vanishes for

x = 0 and is nonnegative on s;. The minimum of AU is on the parabolic bound-
ary and in particular for some zero x and some ¢. But then AU, (0, ¢) must be

) Birkhauser
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nonnegative, otherwise there is a minimum in the parabolic interior. Therefore,
AU (0,¢) = U2(0, 1) — Uy (0, ¢) > 0 as required. ]

The main result for Dirichlet problems is the following:

Proposition 3.7 The operator R as defined in (6) for the Fixed Boundary Dirichlet
problem with nonnegative boundary condition U (0,t) = g(¢t) > 0 has the reversal
property of Lemma 3.1, i.e., if 51, s are boundary functions and s1(t) < s2(t), t €
[0, T'], then R(s1)(t) = R(s2)(1).

Proof Consider the boundary functions (smooth and starting at the origin) si, 52
and such that s1(¢) < s(t), t € [0,T] and the corresponding solutions
USt(x,t), U2 (x,t) for x < 51(¢). On s1 we have U2 (s1(¢),t) — U*' (s1(¢),t) = 0
and at zero U*2(0,t) — U*1(0,¢t) = g(t) — g(t) = 0. Hence, by the minimum
principle U*2(x,t) — U*'(x,t) > 0 for x < s1(¢). We also have by Lemma 3.6
U;'(0,1) < Uy2(0, t). Hence, using expression (2.1) for R, we have

t s2(1)
R(s2)(#) — R(sp)(t) = —/ [U2(0, v) — U0, T)]1dT — / ’ U (x, t)dx
0 0

s1(2)
—i—/ Ul (x, t)dx.
0

The first term is non-positive by the previous lemma. The last two terms are

52(t) s1(t) s1(1)
—/ US2(x, t)dx +/ U'(x,t)dx = / (Ut (x,t) — U2 (x, t)]dx
0 0 0

52(1)
—/ U*2(x, t)dx.
s1(1)

Both terms in the above expression are non-positive by our previous lemmas, and thus
‘R has the desired property. O

3.3 Inhomogeneous solid phase

The reversal property is also valid for problems with an inhomogeneous solid phase
where the 8 coefficient depends on position, the Stefan condition is (2) and the proper
transform is the non-simplified (6). For ease of notation, we set §(x) = 1/8(x), and
write

t
R(s)(t) = —/ 8(s(2) Uy (s(2), 2)dz.
0

We next derive an alternative expression for R taking into account the inhomogeneity.
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Lemma 3.8

t

s(t) t
R(s)(t) = —/ 8(x)U’(x, t)dx — / 3(0)U(0, T)dr +/ 8" (0)U* (0, T)dt
0 0 0

t s(T)
+/ / 8" (x)U* (x, T)dxdr. 9
0 Jo

Proof Consider the integral of the zero expression (U/(x,t) — Ui, (x,1))d(x) on
Qs =1{0 <x <s(r), v <t},thatis

t s(1)
0= / / SIS (x, 1) — U, (x, T)]dxdr.
0 JO

Applying Green’s theorem for the vector field (U, 0) on the region Q; 7, we have

t s(1) s(t)
/ / §(x)U; (x, t)dxdt = / S(x)U*(x, t)dx.
0 JO 0

For the second term of (10) after two integrations by parts, we obtain:

t s(T) t
/ / 3(x)U3, (x, T)dxdr = / [(s(@)U;(s(r), T) — 8(0)U; (0, T)]dT
0 JO 0
t
+f §'(O)U* (0, T)dr
0
t s(T)
+/ / 8" (x)U* (x, T)dxdr.
0 JO

Combining the above equations and the definition of R, we obtain the required (9). O

Expression (9) reduces to (2.1) when § is unity. We next use it to derive some
conditions guaranteeing the reversal property.

Proposition 3.9 Assume that the inhomogeneity function § is concave. The reversal
property holds for the Fixed Boundary Dirichlet problem provided §(0) > O while for
the Neumann problem provided §'(0) < 0.

Proof If s; > s then U*! > U*2. In the Dirichlet case, the third term in (9) vanishes
and the other terms are decreasing in s. In the Neumann case, the term involving §(0)
is constant and all other terms are decreasing. O

4 The numerical solution of the fixed boundary problems
In this section, we show how to implement Step 2 in the P* algorithm in Sect.3.1,
which requires the solution of the Fixed Boundary Problem. We implement the bound-

ary immobilization technique, combined with a Crank—Nicolson scheme, which is
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widely used in the numerical treatment of parabolic PDEs. Notably, it has been
utilized as a core component of algorithms designed to locate the Stefan interface,
as demonstrated in [17, 20]. In this work, we adopt a similar approach, applying
the boundary immobilization method with a known boundary s in conjunction with
the Crank—Nicolson scheme. This combination facilitates an efficient and accurate
computation of the evolving boundary. We then set £ = x/s(t) s(t) # 0 and
F(&,t) = U(s(¢)é,t) where U is the solution of a Fixed Boundary Dirichlet or
Neumann problem. Since Fg(£,t) = Ux(s(1)&,1)s(t), Fi (&, 1) = Ui(s()€,t) +
Uc(s(E, 1)s' ()€, Fee(§,1) = Upx (s(1)E, 1)s2(t), the heat equation (2) becomes for
s(t) #0

Fee(6,0)/s°(t) = Fy(5,1) — s (DEF (€, 1) /s(1).

The boundary conditions are F(1,¢) = U(s(t),t) = 0and F(0,7) = U(0,¢) =
g(t) in the Dirichlet case, Fz (0, t) = Ux (0, t)s(¢) = —h(t)s(¢) in the Neumann case.
The Stefan condition is B(s*(2))s* (1) = —U,(s*(t), 1) = —Fs(1,1)/s*(t), but will
not be explicitly used in our method as is done in alternative ones, and will just verify
it after convergence.

As stated in the Algorithm description in the previous Section, we update the
boundaries through the iteration

Sn+1(1) = P (sn) (1) = aR(sn) (1) + (1 — @)sn (1),

where the operator R is in terms of F following the change of variable from x to &

s(t) 1 1
R(s)(t) = —/0 Uy(x,)dx = —%/0 Fe (&, 1)dé.

Care must be taken when ¢ is close to zero for then the integrand is divided by s2(r)
that tends to zero.
To solve the Fixed Boundary Problems, we discretize (10) by the Crank—Nicolson

scheme involving a central difference at time #"~7 and a second-order central differ-
ence for space derivative. Setting Fl." = F(iA& nA, i=1,2,...,N—1, N =
1/AE, n=1,2,...,T/At, z(t) = sz(t), we are led to the discretization scheme

N R AN U it g =l WY O
2 AE2 2 AE2 - At

5: dz\" |1 (Fy, - F, L1 Fo -
dt 2\ 2ag 2 2AE

and equivalently to

Bl—

2
( _2Fn+Fn )+(Fn 1 _2F}’l 1 Fn—l)_ n—%ZAS (Fn_Fl’l—l)
i+1 i i—1 i+1 i-1) = W i
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& (dz\" - -
B Zt ) 26 [(Finﬂ — FL) + (F = B ] ’

_1 n n—1 dz\" n__n—l1
where 7" = z(nAt),lz" 22= S —and (§) = F—.
Setting p" = z""2 22? and 0/' = %’ (‘Zi—f)n AE, the above equation becomes

(Ffyy =2 + Fy) + (P = 2R+ B = p" (R = F)
~1 —1
—o/'l(Fyy — FL) + (F'y —F )=

(=0 VF ) = Q+p"F + A +0])F,

=-(-o"F' ' +@—p"F' " — A +o"F' (10)
This is valid for i = 1,..., N — 1, while for i = 0, taking into account that

o/' = 0 and replacing the term F" using the relationship % =h"s" = F" =
Fl' =2 h"s" A&, with s" = s(nAt), i = h(nAt). Thus, the discretization (10) leads
to the equation

npn n—]hn—l
— Q4 PV 4 2F! = 2 — pF —2Fn! +4AE%. (11)

Since U(s(t),t) = Fyy =0, fori = N, we have

Fi=Fi'=0, oo —Q+p"Fl=Q~-p")Fr'=0. (12)
Letnow R}, L}, € RW+Dx(N+D)  defined as,
[ —(2+p") 2 ]

l—of —Q24+p") 1407
-0y —Q24p" 1+0y

Ly, = ,
l—oyn_ —2+p" 1+0y5_,
L 0 -2+ p" |
(13)
[2-p") 2 ]
—l4+0' 2-p" —1—-07f
140 2—-p" —-1-0}
Ry, = ,

—l+oy_, 2—p") _1_61'2—1
0 2—=p"

(14)
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and EY, | € RV defined as EN+1 —[4A§M,O,...,O]T.

Given the temperature distribution f +1 =[Fy~ 'F T 1, e Fl'\',_l]T, the equations
(11)-(12) can be written in matrix form

1
N1 e = Ry Fypy + Ejgs (15)

for N =1,2,...and fy,, =1[0,0,...,0]".

5 Spectral analysis of the coefficient matrix-sequence

In this section, we provide a study on the matrix-sequence { L’ } y (13) which formulate
the coefficient matrix of the system. We specifically prove that the matrix sequence
belongs to the unilevel scalar x—algebra of Generalized Locally Toeplitz (GLT) matrix
sequences [11] and we identify its spectral symbol. Furthermore, we prove that the
matrix sequence has a GLT momentary symbol expansion which we also identify, see
[2-4].

5.1 Eigenvalue and singular value distribution of matrix-sequences

An explicit characterization of the eigenvalues or singular values of matrix sequences
of interest has been shown to be feasible only in exceptional cases. Nevertheless, when
amatrix sequence arises from the discretization of an infinite-dimensional operator, an
asymptotic description in terms of a function f as outlined in Definition 5.1, provides
a sufficiently precise framework for the development of fast and efficient solvers
applicable to a broad class of problems.

Definition 5.1 Let f : D C RY — C, d > 1, be a function such that the Lebesque
measure of D, denoted by w(D), is finite and non-zero. Then the matrix sequence
{A,}, has an eigenvalue distribution described by f, if

lim —ZF(A (Ap)) = (lD)v/DF(f(x))dx, VF € C.(C),

n—o00

where C.(C) is the set of all continuous functions with bounded support defined on
C. The function f is referred to as the eigenvalue or spectral symbol of the matrix
sequence {A,}, and we write {A,}, ~. f.

The matrix sequence {A,}, has a singular value distribution described by f, if

1 & 1
lim SN FoiA) = —— [ F dx, YF e C.(R),
n‘l‘;on; (0;(An)) M(D)/D (f@)hdx, VF € Co®)

where C.(R) is the set of all continuous with bounded support functions defined on
R. In this case, the function f is referred to as the singular value symbol of the matrix
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sequence {A,}, and we write {A,}, ~o f.
If f is both the eigenvalue and singular value symbol of {A,}, we may write
{Antn ~A0 e

Remark 5.1 The meaning of the above definition is that if d > 1 and the matrix-
sequence {A,}, has an eigenvalue (singular value) distribution described by f : D C
R? — C, then under the condition that f is continuous almost everywhere (a.e.) a
proper rearrangement of the eigenvalues (singular values) of A,, is close to a sampling
of f (|F|) over an equispaced grid on D, for n large enough. This definition allows
eigenvalues (singular values) to be out of the range of f; however, the total number
of such eigenvalues (singular values) is at most o(n).

5.2 GLT matrix sequences

We refer the reader to [11] and [12] for a comprehensive exposition of the General-
ized Locally Toeplitz (GLT) class, its underlying framework, and its wide range of
applications. Here, we limit our discussion to the essential properties required for the
characterization and analysis of the matrix sequences of interest.

In summary, the GLT class is constructed from three principal (and simplest, in the
sense that each has a distinct and specific definition) building blocks, namely

e Toeplitz matrix sequences generated by a function in L' ([—, 7]). The involved
matrices are constant along diagonals. In our setting, each Toeplitz matrix sequence
is associated with a Lebesgue integrable function f(0) ~ Y 2 _ are*? over
[—r, 7], the right part of the equality being the Fourier series of the function,
defined on [—, 7] and periodically extended on the whole real line. The Fourier

coefficients a; of f thatis

a f@eMapecC, kez 2=—1,

2 [—7,7]
fork =—n+1,...,n — 1, are arranged on the diagonals of the matrix of order
n as follows:
ap a—1 - A—p42 A—p4
a ap a— a—p42
Tn(f) = : a  aop
ap-2 T T a—1
ap—1 dp-2 - ai ao

The k-th Fourier coefficient appears on the diagonal where the difference row—
column index equals k. The function f is called the generating function of T,,(f)
and of the whole matrix sequence {7,,(f)},.

Spectral properties of Toeplitz matrices have been widely studied, starting from
[14] where Szeg® first proved that the eigenvalues of the Toeplitz matrix sequence
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{T,,(f)}n generated by a real-valued function f € L°°([—m, 7]) are asymptoti-
cally distributed as f in the sense of the first part of Definition 5.1. In [26, 27],
the same result extended to real or complex-valued functions f € Li([=7, 7)).
For a rich analysis also from a operator point of view, see [15, 28] and references
therein.

Theorem5.2 Let f € Ll([—JT, n]) and {T,(f)}n be the Toeplitz matrix-sequence
generated by f. Then

{(T.(Hn~o f-

If f is real-valued a.e., then the generated matrices are Hermitian and

{Tn ()~ f-

e Diagonal sampling matrix sequences generated by a Riemann integrable function
o defined on adomain D. These are diagonal matrices whose diagonal elements are
asampling of @ on an equispaced grid on D. Of course, for a matrix sequence {A, },
whose diagonal elements are samplings of a function o, we have {A,}, ~1.s @.
We here are interested in such matrices where « is a continuous function a.e. on
[0, 1],1i.e., « is Riemann integrable over [0, 1]. Hence, we define D, («) as

. i a(3)
D, (x) = dlagl-zl’.__yna(;> .

' a(l)

e Zero-distributed matrix-sequences. In accordance with Definition 5.1, these are
matrix sequences {Z,}, such that {Z,}, ~, 0. That is,

I
lim ;;F(oj(zn»—F(O), VF € C(R).

n—o00

Consequently, any result obtained through standard algebraic operations, including
(pseudo-)inversion under mild assumptions, between GLT matrix sequences remains
within the GLT class. For the purposes of this work, the following properties are
sufficient to identify and characterize the GLT matrix sequences of interest.

GLT1 Every GLT matrix sequence is related to a unique function « : [0, 1] X
[—7m, m] — C, which is the GLT symbol of the matrix-sequence. The singular
values of the matrix sequence are distributed as the function « . If the matrices
of the sequence are Hermitian, then the eigenvalues of the matrix sequence
are distributed as the function k. We denote the GLT matrix sequence {A,},
with GLT symbol « as

{An}n ~oLr k.
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GLT2 Every Toeplitz matrix sequence, with generating function f € L' ([—x, 7))
is a GLT matrix sequence, with symbol k (x, 8) = f(0).

GLT3 Every diagonal matrix sequence, whose elements are a uniform sampling of
a continuous function a.e. « : [0, 1] — C is a GLT matrix sequence with
symbol « (x, 6) = a(x).

GLT4 Every zero-distributed matrix sequence is a GLT matrix sequence with symbol
k(x,0) =0.

GLTS The set of all GLT matrix sequences is a maximal x-algebra. In other words,
the GLT class is maximal and it is closed under linear combinations, multipli-
cations, conjugate transpositions, and (pseudo)-inversions, provided that the
symbol of the matrix sequence which is (pseudo)-inverted is zero at a set of
zero Lebesgue measure. Therefore, a matrix sequence obtained by operations
among GLT matrix sequences is GLT with a symbol produced by identical
operations among the symbols.

5.3 Toeplitz and GLT momentary symbols

We here provide the basic definitions for the Toeplitz and GLT momentary symbols
as updated in [2] while we refer the reader to [3] and [4] for extended analysis of the
concept.

Definition 5.2 (Toeplitz momentary symbols) Let {X,}, be a matrix sequence and
assume that there exist matrix sequences {A;j )}n, {R,}n, scalar sequences c,(,] ), Jj =

0,...,t, and Lebesgue integrable functions f; defined over [—m, 7], t nonnegative
integer independent of n, such that

Ry
N0) ~arr 0,
¢ ),

is zero-distributed (as in item GLT4),

A,(1j)

) = Tn(fj)’

i ),
I e

Xabn = (A + Y AAT Y0 + (Rl
j=1

{AV V. j = 0,....1, not zero-distributed which imply f;, j = 0,....t, not
identically zero almost everywhere. Then, by a slight abuse of notation, the function

t
fo=fo+ Y e 1),

Jj=1
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is defined as the Toeplitz momentary symbol for X, and {f,} is the sequence of
Toeplitz momentary symbols for the matrix sequence {X,},.

Definition 5.3 (GLT momentary symbols) Let { X}, },, be a matrix sequence and assume

that there exist matrix-sequences {A(] )}n, {R, }n, scalar sequences c(J ) ,j=0,...,1,
and measurable functions f; defined over [0, 1] x [—m, 7], t nonnegative integer

independent of n, such that
R
{ (—f) } ~arr 0,
),

is zero-distributed (as in item GLT4),

A
{(_/)} ~arr fjs
G n
c,(,0> =1, c,(,) o(c(r)) t>s>r,
0 )
Xabe = (A )0 + X5 (A b + (Rua,

{A;j)}n, J = 0,...,t, not zero-distributed which imply f;, j = 0,...,¢, all not
identically zero almost everywhere. Then, with a slight abuse of notation, the function

Jn = f0+ZC(J)f/,

j=1

is defined as the GLT momentary symbol for X, and { f,,} is the sequence of GLT
momentary symbols for the matrix sequence {X,,},.

5.4 GLT characterization and GLT momentary symbol of the matrix sequence {L}}y

For the remainder of this section and for simplifying the notation, we omit n since
it represent the time dependency and does not affect the matrices as N—the spatial
discretization order—tends to infinity.

Having defined z(¢) = s%(t), p = ZZ(AS) & dz

= 3 77 A& with og = 0, we have

and 0; =

-Q2+p) 2
1 — o0 —(2+p) 1+ o
Ly = . -
l—oy-1 —Q24+p) 1 +on_1
0 -2+ p)
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-2 1 —pP 00
1 =21 —01 —p O]
=| | H .
1 -2 1 —ON-1 —pP ON-1
1 =2 —oN —p
Tn+1(f0(8)) My 1
01
00 O
+ L - ,
0 0 0
—14+onx0
Rn+1
with fo(6) = —2 + 2cos(P) and Tn+1(fo(0)) the Toeplitz matrix generated by

fo- According to the property GLT2, the matrix sequence {Tn(fo)}n is GLT with
symbol k (x, 6) = fo(6). Since z and Z—f are continuous and bounded p = O ((A£)?),
o; = O(A&) the matrix sequence { My} is zero distributed in the sense of Definition
5.1 and thus according to GLT4 is also GLT with symbol «(x, 8) = 0. The matrix
sequence {%} N is also zero-distributed for every positive s since it is of rank 2
for every positive s, and thus GLT with symbol « (x, 8) = 0. Combining the above,
according to the property GLTS, we take

{Ln}N ~aLT SO,

which according to GLT1 implies

{Ln}N ~o fo.

In Fig.2, we present an example to illustrate the precise relationship between the
eigenvalues and singular values of a matrix belonging to a GLT matrix sequence and
the corresponding GLT symbol of the sequence. For a small matrix size, such as
N = 60, the eigenvalues and singular values of Ly approximate the curves of the
symbol and the absolute value of the symbol, respectively, though a perfect match
is not observed. For a moderate matrix size, such as N = 180, the match becomes
nearly perfect. As N tends to infinity, it is expected that the difference between the
eigenvalues and singular values of Ly and the sampling of the function fy on a
uniform grid over its domain will become infinitesimal. For this example, we used the
parameters specified in Case 1 of the Numerical Experiments section, at time ¢ = 0.5,
using At = 1/200. Denoting by Dy +1(6 (£)) the diagonal matrix whose elements are
obtained by sampling of & (¢) at equispaced points of an N + 1-point grid over [0, 1],
and

d
M@=§£,
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Final boundary Ux vsds
2 r T T T 1 25
ds.
@
"
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(a) Boundary of Case 1. (b) Boundary derivative s’ vs —U,.

U vs ds Firat 20 points...

F mls

UQ‘ 0.02 0.04 0.06 0.08 0.1
(c) Boundary derivative s’ vs —U, close to
the origin.

Fig.3 Plots of boundary and Stefan conditions of Case 1

fi0) = e =i,

f0) = -2
2 - At’
we receive that
—p 00 0 o9
—0] —p O] —o; 0 0]
—ON—-1 —p ON-—] —oy-1 0 oy
—oN —p —ony O
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—p &0 0 1
—p 61 —-10 1
+ = A§ . S
—pP 31\/_1 -1 01
—p 6’]\/ —-10
Dy11(6(&)) Tn+1(f1(9))
—p
—p
+ (AE)? ,
—p
—p

Tn+1(f209))

We remind the reader that z, Z—f and At are all constants as the infinite discretization
is performed in the spatial domain at a specific time . Applying the properties of the
GLT properties, we take

DN (G ENTN(f1(9)) ~acrr 6(§) f1(0),
Tn(f2(0)) ~cLr f2(9).

Finally, we observe that the conditions of Definition 5.3 are satisfied with:

{Ln}n = {Ao}y + {A1}y +{A2}y +{RN)}N =
(Tn(fo)}n + AE{DN ) TN (f)}n + (AETn (f2)} + (Rn)n,

and 05\}) = A§, cﬁ) = (A&)? and A& = ﬁ Thus, we conclude that

Fy(x,0) = fo(0) + AE6 (x) f1(0) + (AE)* f2(60)

is the GLT momentary symbol of Ly and {Fy} represents the sequence of GLT
momentary symbols for the matrix sequence {Ly}y.

6 Numerical experiments

We report on the calculations performed using the P% Algorithm described in the end
of Sect.3.1.

Step 2 of the algorithm requires determining U* for aboundary s in the Fixed Bound-
ary Neumann or Dirichlet Problems and it was carried out by the Crank—Nicolson
method outlined in Sect. 4.

Concerning the initial boundary, in view of Proposition 3.4 and the description of
the Algorithm, we chose to initialize with the hopefully small boundary so(¢) = 0.1-¢
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even in Neumann problems. The last step of the algorithm calls for restarting with an
even smaller initial slope in case it fails to converge. However, in all cases, we present
next the algorithm did not have to reduce this initial boundary.

We present calculations for several cases, some appearing in the literature, of Neu-
mann and Dirichlet boundary conditions, homogeneous in the Stefan parameter y or
not. The stopping criterion used was [|s"*! — s5,|| < €1 or |s"T1 — s, 11/lsall < €2
and €; = 0.00001, e; = 0.001. Fewer than 20 iterations were necessary regard-
less of the initial boundary selection. In each case, we report on the discrepancy
between our solution and the exact one whenever it is available. In all cases, we
report on the discrepancy of our solution s* with respect to the Stefan condition i.e.,
I % +y(s*@)U j* (s*(¢), t)]. In all cases examined, the calculations terminated suc-
cessfully, and following convergence, the satisfaction of the Stefan condition was
guaranteed, which we still verified it numerically.

We consider the following examples appearing in [20]. All are homogeneous,
(x) =1.

Case 1 Dirichlet Problem: U (0, ¢) = 1 and hence is not continuous at the origin.
The solution is U (x, t) = 1 — erf(ax/s)/erf(a), s(t) = 2a+/t, a satisfying
Jmaerf(a) exp(a®) = lie.,a =0.6201.. ..

Case 2 Dirichlet Problem: U (0, r) = exp(t) — 1.

Case 3 Neumann Problem: U, (0, t) = —exp(¢).

Cases 2 and 3 have the solution U (x, t) = exp(t — x) — 1 with boundary s(¢) = .
On the other hand, the following cases do not have analytic solutions, but their
numerical solution has been considered in [21] and [23].

Case 4 Dirichlet Problem [20]: U(0,7) = 1 — esin(wt), € = 0.5, o = w/2
discontinuous at the origin.

Case 5 Dirichlet Problem: U (0, t) = 1 —exp(—ut), p = 1, continuous at the origin.

Case 6 Neumann Problem: U, (0, ) = —(1 — exp(—ut)), u=1.

Case 7 Dirichlet Problem: U (0, 1) = ¢.

Case 8 Neumann Problem: U, (0, ) = —1.

We also consider Cases 7 and 8 for inhomogeneous ice, with the non homogeneity
specified as follows:

Case 7a Case 7 with §(x) = 1 + x which does not satisfy the reversal conditions.
Case 7b Case 7 with §(x) = 2 — x which satisfies the reversal conditions.
Case 8a Case 8 with §(x) = 1 4+ x which does not satisfy the reversal conditions.
Case 8b Case 8 with §(x) = 2 — x which satisfies the reversal conditions.

We finally consider two inhomogeneous cases with a known exact solution, namely

Case 9 Dirichlet BC: U (0, t) = exp(t) — 1 with an inhomogeneity given by (x) =
(;:21)2 . The solution is U (x, t) = exp(t — x) — (1 + x) at the boundary s(¢)
satisfying s(#) +In(1 4 s(¢)) = t. It can be verified by direct calculation that
on the above boundary U vanishes and s’'(t) = —8(s (1)U, (s(2), ).

Case 10 Neumann BC: U, (0, r) = — exp(¢) — 1 with the same solution and boundary

asin Case 9,
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Final boundary Final boundary

Final Boundary. Final Boundary.

. J ol L
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(a) Calculated boundary of Case 8. (b) Calculated boundary of Case 8a.

Final boundary

Final Boundary

05t

ol L
0 05 1 15 2

(c) Calculated boundary of Case 8b.

Fig.4 The calculated boundaries of 8, 8a, and 8b

The results of our calculations are shown in the following tables. We used a horizon
T = 2 which is double the one usually found in the literature. We also observed
no loss in accuracy even for significantly longer horizons. We considered step sizes
Ax = At = 1/200 and 1/400. The convergence criterion was |[s,+1 — Su|| < €
with € = 1075. The results are in Tables 1 and 2. The discrepancies ||s* — Sexact |l
and ||s*' 4 U, (s*, t)| are calculated by the maximum difference either for all ¢ or for
t starting from 0.05 to the end of the horizon. The second metric was considerably
smaller, showing that there is a high discrepancy near the origin. This behavior persists
even for smaller time steps as shown in Table 2 which exhibits only slight improvement
in most entries in spite of using half the time step. In the last column of the table, we
specify the problem category using the following classification; I: Discontinuous at
the origin, II: Continuous at the origin, III: Neumann boundary condition, and IV:
Dirichlet boundary condition.

We present some plots related to the calculations. For Case 1, the calculated bound-
ary in Fig.3a is close to the theoretical one as shown by the small discrepancies in
Tables 1 and 2. The Stefan condition comparison of s and Uy (s, t) is shown in Fig. 3b
and near the origin in Fig. 3¢ where we have higher discrepancy. The results are better
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U vsds
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(a) Boundary derivative s’ vs —U,

Fig.5 Boundary derivative of Case 8a

U, vs ds Firat 20 points...

F o mis

0 001 002 003 004 005

(b) Boundary derivative s’ vs —U, close to the origin
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Fig.6 U, changes sign on the x axis

for Dirichlet problems with continuous boundary conditions g(0) = 0 and in Neumann

problems.

It is remarkable that all inhomogeneous problems (7a,b and 8a,b) were successfully
solved by the algorithm although 7a,8a do not satisfy the sufficiency conditions in
Proposition 3.9. We present the boundary obtained and some Stefan comparisons for
cases 8,8a,8b in Figs. 4a—c, Sa, b. Finally, the calculations for the inhomogeneous Cases
9 and 10 are in complete agreement with the exact results, both for the boundary and
for the temperature distribution. We include Diagram 7 showing the exact boundary
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Exact, calculated boundary and t/2
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Fig.7 Case 9: Exact and Calculated Boundary

s(t) +In(1 + s(z)) = ¢ that coincides with the calculated one. The diagram includes
for illustration purposes the graph of ¢ /2 which is tangent to it at the origin.

We also ran a Dirichlet problem with the initial condition g(0, f) = £>(t — 2)* with
ahorizon Tj,, = 2 which has both increasing and decreasing parts; we then computed
U, (0, ) which is shown in Fig. 6. The derivative has both positive and negative values
and thus verifies the claim after Lemma 3.5.

7 Conclusions

In this concluding section, we present a short list of open problems and related remarks,
which have the potential to lead to further fruitful investigations.

The results in Sect. 6 exhibit consistently rapid convergence, surpassing the guaran-
tees provided by our current theoretical analysis, which applies only to the Neumann
case and small values of «. It would be interesting to extend them to explain this
fortuitous situation, especially since we used throughout the operator P'/2 which is a
contraction only if R is bounded by y = 1. Furthermore, in Neumann problems, the
bound of R increases with the horizon [1], seemingly requiring small values of « for
convergence.

We have also considered boundary updates obtained by minimizing Stefan discrep-
ancy functionals such as fOT(U,‘E" (y(0), t) + y())2dt with U*", s, the function and
boundary of some iteration n. It can be shown that y(¢#) = R(s(¢)) is an approximate
solution to this calculus of variations problem provided s, is close to the optimal
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boundary. Consequently, we tested for faster convergence if we initially use 7!/2 until
a tolerable Stefan discrepancy is achieved, and then use P with « closer to 1 in
which case P* ~ R. Indeed, we observed that convergence was accelerated by about
30% for some choices of the o and boundary proximity parameters. We are studying
parameter selections for variable « algorithms that provide consistent acceleration.
Such functional minimization updates are interesting since they are similar to the one
employed in [18] and which exhibits quadratic convergence. In addition, the boundary
transformations used here do not easily generalize while minimization arguments are
straightforward to apply for higher dimensions.

Finally, the spectral analysis presented in Sect.5 is only an initial step toward
fast solvers. In fact, given the GLT structure of the involved matrix-sequences, good
candidates are the multi-iterative techniques designed in [8, 13, 24], in which multigrid
and classical stationary and nonstationary solvers are combined using the spectral
information.
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