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Abstract: Although guidelines exist for evaluation of the buckling strength of curved plates on ships 

and offshore structures, they do not reflect the effects of curvature or detail their geometric 

characteristics. From estimations made using cylinder models, it is known that curvature is expected to 

increase the buckling strength and the ultimate strength of a curved plate. Therefore, it may be designed 

accordingly. This study aims to clarify and examine the fundamental behaviour of cylindrically curved 

plates under axial compression and lateral pressure via a series of elasto-plastic large deflection analyses. 

On the basis of these results, the effects of curvature, initial deflection, slenderness and aspect ratio, 

boundary conditions and secondary buckling behaviour are discussed and developed with a modified 

Faulkner’s formula to obtain a double beta formula to predict the ultimate strength of the curved plate. 

Keywords: cylindrically curved plate, stiffened curved plate, ultimate strength, design formula, ships 

and offshore structures 

 
1. Introduction 
 

Cylindrically curved plates are extensively used in ship structures, such as in deck plating, side shell 

plating, and bilge circle parts of ships, in oil and gas storage, in wind towers, and in the SPAR structures 

of offshore installations. However, the current guideline that is used to evaluate the buckling strength 

of a ship’s curved plate is insufficient to understand the effect of curvature and geometrical 

characteristics. From estimations that have been made using cylinder models, it is known that, in general, 

curvature increases the buckling strength of a curved plate that is subjected to axial compression and 

curvature is also expected to increase the ultimate strength.  

The past several decades have witnessed theoretical and practical research on imperfection sensitivity 

[1-3], elastic critical moments [4-5] and the ultimate strength of a curved plate or/and panel [6-7]. The 

focus on curved plate studies has mostly concerned idealised structural models and their application to 
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land based structures. However, there has been less investigation of the curved plates of ships and 

offshore structures compared with land-based structures, due to the implications of the former. Ships 

and offshores structures have mostly been considered in the design and analysis at the flat stiffened 

plate level or the flat bare plate level. Therefore, this paper first aims to understand the characteristics 

of the curved plates of ships and offshore structures that are subjected to axial compression. Applied 

axial compression mostly governs load according to ship motion and plate curvature (the bilge as shown 

in Fig. 1). This study considers the effects of curvature, initial deflection, slenderness ratio and aspect 

ratio.  

 

Fig. 1. Cylindrically curved plate panel of ship structures 

Recently, structural behaviour of unstiffened and stiffened curved plates have been numerically 

investigated subjected to various loading conditions and with several geometrical characteristics for 

ships and offshore structures. We will next review the latest research related to buckling and the ultimate 

strength of cylindrically curved plates and stiffened plated ships and offshore structures with design 

formulae.  

A series of FE analyses have investigated the elastic and buckling and plastic collapse behaviour of 

ship bilge strakes of unstiffened curved plates and, based on the results, a simple formula has been 

derived to calculate buckling and ultimate strength [8, 9]. Park et al. [10] considered the curved stiffened 

shell of container bilge stake under combined axial compression and hydrostatic pressure loads. Kwen 

et al. [11] performed FE analyses for curved plates that studied the aspect ratio, slenderness ratio and 

curvature. They then developed a simple formula to predict ultimate strength with plasticity correction. 

Cho et al. [12] performed numerical analyses and tests on six types of stiffened curved plates that are 

used on ship structures.  
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Some details of buckling and post-buckling collapse behaviour have been presented for unstiffened 

cylindrically curved plates with variations in the curvature, slenderness ratio, aspect ratio, and initial 

imperfection [13–15]. In addition, a simple formula incorporating the effects of several parameters was 

proposed for use in predicting the classification society buckling formulae [16, 17]. Kim et al. proposed 

design formulae with fundamental elastic buckling and post-buckling behaviour though FE analyses of 

curved plates. However, the geometric parameters that they considered are limited, such as flank’s 

angles and thickness. It should be noted that a more detailed investigation with varying geometric 

parameters and development of a design formula is required for applicable marine industrial practices. 

Stiffened panel level investigation and the development of design formula are also limited. Most of the 

results of previous research similarly predict and develop the buckling and ultimate strength of 

unstiffened plates [18–21].  

Although there are guidelines for evaluating the buckling strength of curved plate level, they do not 

reflect the effects of curvature or detail the geometric characteristics of a cylindrically curved plate. 

Studies that have attempted to develop design formulae for unstiffened cylindrically curved plates are 

limited. However, unstiffened cylindrically curved plates are required for modern design requirements 

for larger, lighter and faster ships. This knowledge should be developed, at least for marine loading 

intensities and geometries, although some useful formulations for the ultimate compressive strength of 

unstiffened plates can be found in the literature [23–27]. Therefore, unstiffened cylindrically curved 

plates should be investigated with details of structural behaviour.  

In the present paper, we aim to clarify and examine the fundamental behaviour of cylindrically curved 

plates under axial compression. Therefore, a series of elasto-plastic large deflection analyses are 

performed. On the basis of the calculated results, the effects of curvature, initial deflection, slenderness 

ratio and aspect ratio, and secondary buckling on the characteristics of ultimate strength behaviour under 

axial compression are discussed and we derive a closed-form expression to calculate the ultimate 

strength though double beta forms. Double beta formulae are widely used to predict the ultimate 

strength of unstiffened plates under axial compression. The details of development of this formula are 

found in Section 4.   

 

2. Numerical modelling of the curved plates 
 
2.1 Target curved plate of ship structure 

Target curved plated structures form the bottom bilge strakes of a typical container ship’s structure. 

The numerical model considers bilge stiffened plate structures that are surrounded by bottom girders 

and by a transverse floor, as shown in Fig. 2. The curved plate has dimensions of length (a), breadth 

(b), plate thickness (t), and flank angle (), where the breadth is related to the flank angle, through b = 

 R (R=the radius as indicated in Fig. 1). In this study, the breadth is kept constant at 1,000 mm, based 
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on the maximum size of the longitudinal space in existing ships. 

 

Fig. 2 A cylindrically curved plate subjected to axial loading in ship structures [22] 
 

2.2 FE modelling 

2.2.1 Elements and material nonlinearity 

To simulate the actual structural behaviour of curved plates, it is necessary to pay attention to several 

factors of element and material nonlinearity. Because the thin steel plate elements of curved stiffened 

panels are subject to local and global buckling, and the plates and stiffeners to in- and out-of-plane 

buckling effects, the element chosen must be capable of modelling these buckling phenomena and its 

associated behaviour [11-14]. It must be capable of modelling the structural behaviour in both the linear 

and non-linear regions, including large displacements, elasto-plastic deformations and associated 

plasticity effects. A commercial nonlinear FEA code [28] was used in this study for the ultimate strength 

computations of the curved plates. The shell elements in the ANSYS element library generally satisfy 

these criteria and can thus be used to model the steel plate elements of the stiffened panels. Although 

different types of shell elements are available in this library [28], shell 181 three-dimensional (3D) thin 

isoparametric quadrilateral elements with four nodes and six degrees of freedom per node were used to 

model the steel plate elements in this study, as they are considered the most suitable for the proposed 

FEA.  

The ANSYS classical metal plasticity model was used in all of the analyses provided here. This model 

implements the von Mises yield surface to define isotropic yielding, associated plastic flow theory and 

either perfect plasticity or isotropic hardening behaviour. Here, a simplified bilinear stress-strain curve 

with no strain hardening (i.e., the yield stress does not change with an increase in plastic strain) was 

used. Also, material properties are considered, such as yielding stress and the modulus of elasticity, 
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being 352.8MPa and 205.8GPa, respectively. 

2.2.2 Mesh conversance study 

In FE analysis, the proper selection of mesh size and layout is critical. Although it is desirable to use 

as many elements as possible in such an analysis, doing so is computationally expensive in terms of 

time and resources. The calculations were conducted to determine the level of mesh refinement required 

by FE modelling to ensure convergence for a curved plate with an aspect ratio 3.1, a plate thickness of 

15 mm and a flank angle of 10 degrees. Fig. 3 shows the relationships of buckling stress and the division 

number of elements of the curved plate varying the change mesh numbers. According to the mesh 

conversance results, it can be confirmed that the optimised numbers of the element are 20 divided in 

the width direction and 62 divided in the longitudinal direction. Thus, the element number must be 

carefully considered because its sensitively affects the buckling shape and buckling/ultimate stress.  

 
Fig. 3 Mesh convergence result of the curved plate under axial compression 

 

2.2.3 Boundary conditions  

The boundary of the target curved plate elements is supported by two longitudinal stiffeners and two 

transverse frames as shown in Figs. 2 and 4. Generally, the degree of rotational restraint at the plate 

boundary is neither zero nor infinite, the former being equivalent to the simply supported boundary 

condition and the latter corresponding to the fixed (or clamped) condition, largely because the degree 

of rotational restraints at the plate boundary depends on the torsional rigidity of its supporting members 

which is neither zero nor infinite [29]. 

For the purposes of practical design and for the benefit of mathematical simplicity, the simply 

supported boundary condition (i.e., with zero rotational restraint) is often adopted in ship and offshore 

industries when design calculation methods are applied. When this boundary condition is adopted, the 

so-called one-bay plate model as shown in Fig. 4(a) may be used. There are two types of one-bay models: 

1/2 + 1/2- and 1(one)-bay models. 
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The both 1/2 + 1/2- and 1-bay models are effective for investigating a buckling pattern in a continuous 

plate with torsional rigidity of the transverse frame. Extension of the FE model, which is often termed 

the two (1/2 +1+1/2)-bay plate model, can produce a more accurate and refined nonlinear resolution of 

the issue of rotational restraints. However, the extended model can more accurately account for the 

relative degree of torsional rigidity of the support members to the bending rigidity of the plate element 

itself, although some more computational effort is be required. For example, in the case of the 1/2 + 1/2 

bay model, the transverse frame should be modelled. Also, buckling and collapse behaviour changes 

depending on the dimensions of the surrounding supporting members; hence, it is difficult to estimate 

the buckling strength and mode variation for an isolated curved plate.  

 

(a) Boundary conditions of the curved plate panel structures 

 

(b) Loading conditions of the target curved plat 

Fig. 4 The one-bay cylindrically curved plate model 
 

In terms of structural design, when evaluating the buckling and ultimate strength for a curved plate 

in this study, the adoption of a simply supported boundary condition gives more conservative results 

than the clamped condition. Moreover, for the safe design of ships and offshore structures, this design 

approach, of using the simply supported boundary condition, provides a proper safety factor. As a result, 

from the aspect of structural design, one bay model and all (four) edges simply supported; that is, with 
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zero lateral defection and zero rational restraint, was adopted as shown in Fig.4(b). In addition, the 

clamped condition is also compared with the effect of ultimate strength of the simply supported 

boundary condition in Sub-section 3.4. 

2.2.4 Initial deflection  

To fabricate stiffened plates in ship and offshore structures, fillet welding is usually performed to 

provide stiffeners on the plating. Consequently, welding-induced initial imperfections, such as initial 

deflection and residual stress, are produced in the plating and stiffeners [23, 26, 27]. In advanced ship 

structural design, capacity calculations of ship plating should be performed to consider the influence of 

the initial deflection and residual stress induced by the welding process. However, thus far there is 

considerably little information regarding the behaviour and pattern of initial imperfection of curved 

plate panels. Therefore, this study is assumed and applied the initial imperfection from the flat plate 

structures.  

Initial imperfections, such as residual stress and/or initial deflection, exist in the manufacturing and 

assembly processes by thermo-mechanical processes such as cutting and welding. The initial deflection 

wave is generally represented as Eq. (1). The equation was derived by idealising flat plate to beam and 

assuming the simply supported boundary condition [26]. 

sin sin o opl
m n

m x n y
w w

a b

 
                (1) 

where m and n represent the number of half-waves in x- and y-directions, respectively. 

 

Fig. 5 shows the initial deflection shape of the eigenvalue model through an elastic buckling analysis 

under longitudinal compressive load. Although the initial deflection modes are different according to 

the increasing flank angel of curved plate, the applied initial deflection shapes are used in elastic 

buckling analysis results [23].  

There are two general alternative formulations of the maximum magnitude of the wopl of plate initial 

defection, that is, Eqs. (2a) and (2b), have different usage backgrounds. Eq. (2a) gives a more precise 

representation of the plate characteristics, which is a function of the plate slenderness ratio. However, 

Eq. (2b) is supported by industrial practice, and states that wopl is a function only of plate thickness. In 

current industrial practice, an initial imperfection induced by welding tends to have less amplitude than 

Eq (2) due to improved welding distortion control techniques. 
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0.01oplw

t
       (2b) 

where t is the thickness of the plate and β represents the slenderness ratio of plate, which is calculated 

using  

/ ( / ) yb t E             (3) 

 
However, there is limited information on the measurement or actual initial imperfection of a curved 

plate of ships structures. For influence of initial deflection, Eq. (2a) is applied due to considering the 

plate characteristics in terms of the plate slenderness ratio and thickness. Also the general observation 

of curvature, aspect ratio and structural behaviour are considered in Eq. (2b) for simplification in this 

study. Welding-induced residual stress is also important, but this FE model does not consider its effects. 

Further studies may use experimental data to consider the influence of the residual stress of curved 

plates. 

According to previous assumptions such as boundary and loading conditions, the material properties 

and geometric imperfections are correctly modelled, and an appropriate finite element is chosen. The 

non-linear FEA method is the most refined method among those currently available and is believed to 

provide the most accurate solutions. 

 

Fig. 5 Elastic buckling mode with varying flank angles (a) 2°, (b) 3°, (c) 5°, and (d) 10° under 
longitudinal compression [16] 
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3. Investigation of the numerical FE results 

3.1 Influence of curvature 

A series of parametric analyses are performed by varying the curved plate from 0.01t to 0.4t of 

maximum plate initial deflection (womax) and flat to 45 degrees of curvature, respectively. Fig. 6 shows 

a percentage comparison of the ultimate strength with varying initial deflections and curvatures between 

the curved and flat plate on 3.0 of aspect ratio with 15 mm of plate thickness.  

 

Fig. 6. The percentage relationship between the ultimate strength and various magnitudes of initial 
imperfection (deflection) between flat and curved plates subjected to axial load. 

 
The ultimate strength tends to increase with increasing curvature while the amount of initial 

deflection decreases. When the flank angle is over 30 degrees, a small initial deflection (1% of plate 

thickness) does not affect the ultimate strength, perhaps because over 30 degrees of curvature is closer 

to the behaviour of a cylindrical column at small initial deflection. Based on the numerical results, a 

thin-walled shell with a curvature is be expected to increase ultimate strength by about 10% to 30% 

minimum against the ultimate strength of the flat plate. 

It is known that the safety margin of the ultimate strength of curvature can range from 10% to 32% 

under a compressive load. In other words, the existing design of curved plates tends to be conservative 

and is designed for safety.  
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3.2 Influence of the slenderness ratio  

To understanding the influence of the slenderness ratio, the ultimate strength is obtained for 

slenderness ratios () ranging from 0.1 to 4.14. The selected slenderness ratios are obtained by changing 

the thickness of the plate (i.e., 10–35 mm) while keeping the 1,000 mm breadth and the 3,000 mm 

length of the plate. The flank angles are considered to range from 5 to 45 degrees. In addition, the effect 

of the initial deflection for ultimate strength is considered at two levels [23]: slight (0.0252t) and 

average level (0.12t).  

Fig. 7 shows the ultimate strength varying slenderness ratio for curved plate (a/b=3.0), which is 

considered to be slight, and the average level of the magnitude of the initial deflection varies from a 

flank angle of 5 to 45 degrees. 

 
(a) Average initial deflection             (b) Slight initial deflection 

Fig. 7. The ultimate strength of curved plate varying slenderness ratio according to magnitude of 
imperfection 

3.2.1 Ranging from 0.1 to 1.18 

The slenderness ratio ranges from 0.1 to 4.14. The ultimate strength tends to give similar values for 

both initial deflections. In particular, the ultimate strength of a flank angle of 5 degrees rapidly reduces 

over 1.65 of slenderness ratio compared to the other flank angles. The effect of the slenderness ratio of 

the curved plate heavily affects the ultimate strength, which is similar to a flat plate. The ultimate 

strength of all of the flank angles reaches the plate material yield strength from 0.1 to 1.38 of the 

slenderness ratio. 

3.2.2 Ranging from 1.18 to 4.14 

In particular, a curved plate with a flank angle of 5 degrees, a secondary buckling occurs at a slenderness 

ratio of 3.45, and the ultimate strength is evaluated to be low as comparing slenderness ratio of 4.14, 

because it affects the secondary buckling behaviour, which abruptly decreases the in-plane rigidity 

along to the longitudinal direction in the curved plate. The FE results are compared with the ultimate 
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strength calculated by the DNV criterion [17], as shown in Fig. 8, which is current practice in industrial 

design. It can be seen that the current design formula gives a conservative estimation when the flank 

angle is smaller than 30 degrees and the magnitude of initial deflection is small. This gives an estimation 

for the curved plate of a flank angle of 30 degrees with the average magnitude of initial deflection, 

which is too unsafe. Therefore, the current design formula of a flat plate seems to give the lower bound 

of the ultimate strength for curved plates. 

 
(a) Slight initial deflection               (b) Average initial deflection 

Fig. 8. Comparison of the ultimate strength of curved plate calculated by FEM and estimation by 
DNV[17] 

 

3.3 Influence of the aspect ratio (a/b) 
 

The thickness of the plate is taken as 15 mm, with a magnitude of initial deflection of 1% to the 

thickness. The influence of the plate aspect ratio (a/b) for the ultimate strength of a cylindrical shell is 

considered to range from 1.0 to 6.0. Fig. 9 summarises the calculated results, which shows the effect of 

the aspect ratio on the ultimate strength of the curved plates with various flank angles and for circular 

cylinders subjected to axial load. The ultimate strength is sensitively affected due to the changing aspect 

ratio of curved plate with a flank angle of 5 degrees. However, for flank angles of more than 20 degrees, 

the aspect ratio is not affected. Thus, the effect of the aspect ratio can be neglected when the flank angle 

is over 20 degrees and with the same radius to thickness ratio, which can be predicted to have the 

maximum strength. 

The details of our investigation of the 5 and 20 degrees of flank angles is shown in Fig. 10; it 

demonstrates the relationship of the ultimate strength against the aspect ratio with a buckling half-wave 

number. The thickness of the plate is taken as 15 mm and the magnitude of the initial deflection value 
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is 40% to thickness. While changing the aspect ratios, the odd buckling half-wave collapse pattern 

appears from 1 to 9.  

 

Fig. 9. A comparison of the ultimate strengths of a cylindrical shell with various aspect ratios under 
axial compression. 

 

 
(a) 5 degrees                                    (b) 20 degrees 

Fig. 10. Distribution of ultimate strength varying the aspect ratio for a curved plate with a flank angle 
of 5 and 20 degrees under axial compression 
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(a) =5                                     (b) =10          

 

(c) =20                                  (d) =30 

 

(e) =45 

Fig. 11. Comparison of stress and strain curves with varying aspect ratios and flank angles 

A secondary buckling behaviour is observed in the case of aspect ratios of 2.0 and 3.0. In the case of 
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a flank angle of over 20 degrees, the same half-wave collapse pattern appears as for a flank angle of 5 

degrees. This happens because the ultimate strength depends on the local collapse strength near the 

loading edges. Fig. 11 shows the structural behaviour for various aspect ratios for the curved plate with 

considered flank angles (5 to 45 degrees) and an initial deflection to thickness of 20%. The highest 

ultimate strength is observed in an aspect ratio of 1.6. In an aspect ratio of below 1.0, there is a slightly 

reduced in-plane rigidity after ultimate strength. 

It is also important to investigate deflection shape and distributed yield stress at the ultimate strength 

state of the curved plate for considered aspect ratio under axial compression. The buckling half-waves 

of a flat plate show the same amplitude of deflection and the ultimate strength is observed when the 

membrane stress components reach the yield condition at the unloaded edges of the plate. For the curved 

plate, the inward and outward half-waves show different amplitudes of deflection due to the curvature 

effect (i.e., 5 and 45 degrees), as shown in Fig. 13. The ultimate strength value appears when the yielding 

area spreads over the full width of the plate at the half-wave having the maximum amplitude of 

deflection.  

3.4 Secondary buckling behaviour 

Secondary buckling behaviour takes place for all cases, except for aspect ratio 1.0, in which the 

overestimated ultimate strength is better. Fig. 12 shows the relationship of the average stress and average 

strain of the curved plate with a flank angle of 5 and 45 degrees varying aspect ratio ranging from 1.0 

to 6.0. The distribution of the ultimate strength shows an irregularity due to the occurrence of secondary 

buckling and the distribution of the ultimate strength scatters irregularly. When secondary buckling 

occurs, there is a rapid drop in the path and then it slightly goes up; however, it is lower than the 

secondary buckling strength, as shown in Fig. 12(a). 

  
(a) 5 degrees                                (b) 45 degrees 

Fig. 12. Comparison of average stress and average strain curves varying aspect ratio with flank angles 

of 5 and 45 degrees subjected to axial load. 
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In a flank angle of 45 degrees, the work softening or unloading behaviour started at / y  =1.0, 

together with the local plastic deformations in the post-ultimate range (as shown in Fig. 12(b)). 

Although the ultimate strength almost coincides with the yielding strength, a large discrepancy appears 

after the ultimate strength behaviour. Based on the numerical results, in-plane rigidity abruptly reduced 

after the ultimate strength over aspect ratio 3.0. As the aspect ratio increased, the in-plane rigidity 

gradually decreased.  

  

 

 
Fig. 13(a). Deflection mode at ultimate strength for curved plate with a flank angle of 5 degrees and 

subjected to axial load (a/b=1.0-6.0) 

 

Fig. 12(a) shows a collapse pattern and distribution of yield stress on the ultimate strength of the 

a/b=1.0 a/b=2.0 a/b=3.0

a/b=4.0 a/b=5.0 a/b=6.0
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cylindrically curved plate with a flank angle of 5 degrees, a very small magnitude of initial imperfection, 

and aspect ratios from 1.0 to 6.0. This Fig. shows that the collapse pattern is very sensitive to a change 

in the aspect ratio. All of the aspect ratios have a non-symmetric buckling mode, except for aspect ratio 

1.0 in which the distribution of yield stress is concentrated on an area of occurrence of larger deflection 

due to secondary buckling. If we simulate the nonlinear buckling procedure of the curved plate with a 

small flank angle considering a small initial imperfection, we will have to carefully consider the effect 

of the aspect ratio; however, it can be ignored if more than 20 degrees are reflected in the numerical 

results. 

 
Fig. 13(b) Deflection mode at ultimate strength for a curved plate with a flank angle of 45 degrees 

subjected to an axial load (a/b=1.0-6.0) 

Fig. 13(b) illustrates the collapse pattern and distribution of yield stress on the ultimate strength of a 

cylindrically curved plate with a flank angle of 45 degrees, a very small magnitude of initial 

imperfection, and aspect ratios from 1.0 to 6.0. The collapse pattern induced buckling is very similar 

when varying the aspect ratio. In particular, aspect ratios over 3.0 show a local plastic deflection on the 

circumferential edges.  

The load carrying capability of all structures is dependent on their geometry, material properties, and 

boundary conditions. Uniquely, cylindrical shell structures when subjected to axial load are especially 

sensitive to initial imperfections, as can be seen in the previous results. Therefore, geometric 

imperfections should be observed with the second buckling behaviour.  

The calculated ultimate strength is plotted against the magnitude of geometrical deflection while 

varying the increase of the flank angle, as shown in Fig.14(a). To find if this holds true in the case of 

(e) a/b=5.0 (f) a/b=6.0

(a) a/b=0.4 (b) a/b=1.0 (c) a/b=1.6 (d) a/b=3.02.0
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cylindrically curved plates, an alternative series of elasto-plastic analysis is performed by changing the 

maximum magnitude of the initial deflection. In these calculations, initial imperfections from 0.5% to 

30% plate thickness are considered. A cylindrically curved plate under axial compression is also 

sensitive to the magnitude of initial deflection. The lowest ultimate strength is evaluated when the flank 

angle is 5 degrees for the thin plate(t=10mm) because secondary buckling will change the deflection 

shape.  

 

  
(a)                                             (b) 

Fig. 14. Ultimate strength against curvature for curved plates with various magnitudes of initial 

deflection. 

Fig. 14(b) shows that, with a flank angle of 5 degrees, the average stress and strain curves increase 

with the magnitude of initial imperfection of the curved plate. Secondary buckling behaviour is 

observed among all cases, regardless of the magnitude of the initial imperfection value. In particular, 

the ultimate strength of a thin plate (t=10mm) is estimated to be lower than that of a flat plate because 

of secondary buckling accompanied by unloading behaviour. If we wish to examine the ultimate 

strength of a curved plate with a small flank angle, then we have to carefully consider secondary 

buckling behaviour. 

 
3.4 Influence of boundary condition 
 

To investigate the ultimate strength characteristics of a cylindrically curved plate with different 

boundary conditions, two kinds of boundary conditions are included in one frame of the local FE model, 

such as being simply supported and clamped when subjected to longitudinal compression.  

Fig. 15 shows the relationships of the average stress and average strain of an unstiffened curved plate 

with a flank angle of 5 degrees, considering two kinds of boundary conditions under axial compression. 

A summary of the numerical results is shown in Fig. 16 and Appendix (Table A4-A6) .  
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As we expected, the ultimate strength for clamped condition is generally larger than that for the 

simply supported condition. The ultimate strength of the considered thin plates (t=8mm, =30) is 

smaller than for the simply supported condition. This happened because the edge restraint of the 

clamped condition affected the secondary buckling condition.  

 

 
Fig. 15. A comparison of the average stress and average strain of the curved plate with two kinds of 

boundary conditions under axial compression (thickness=15mm, flank angle=5 degrees) 
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(c) a/b=3.5 

Fig. 16. A comparison of the average stress and flank angle varying thickness of a plate with two 

kinds of boundary conditions under axial compression 

 

The aspect ratio also varied from 2.5 to 3.5. The ultimate strength of a curved plate in a clamped 

condition was not affected by an increase of the aspect ratio due to the effects of the restraint. We 

considered aspect ratios of 2.5, 3.0, and 3.5 and the ultimate strength for the clamped case is, on average, 

only 17%, 30.8%, 28.6% larger than the ultimate strength for the simply supported case. In addition, 

the ultimate strength for the clamped case is, on average, only 1.4%, 1.9%, and 2.7% larger than the 

ultimate strength for the simply supported case. Therefore, the simply supported condition shows very 

sensitive behaviour with accompanied secondary buckling. The latter cases also underestimate the 

ultimate strength compared with the clamped condition.  

 

4. The modified design formulae  

In this study, the design formulae were proposed to estimate the ultimate strength of a cylindrically 

curved plate under a compressive axial load. The formulae are derived from a numerical database of 

288 cases (see Appendix) and the applied curved plate slenderness ratios are as follows: 

For a simply supported flat plate, the Faulkner’s formula [31] is widely used to estimate the ultimate 

strength, as given by: 
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where U is the ultimate strength, Y is the yield strength and  is the slenderness ratio of 

                             Yb

t E

                                        (5) 

The slenderness ratio () of Eq. (5) has a physical meaning as a square root of the ratio of the yield 

strength (Y) to the elasto buckling strength (E), as found from the following relationship; 
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On this basis, a new definition of the slenderness parameter, 𝛽ᇱ is introduced by considering the ratio 

of the elastic-plastic buckling and ultimate strength of a flat plate, 𝜎஼ோ
ி   and  𝜎௎

ி and that of a curved 

plate, 𝜎஼ோ
஼  and   𝜎௎

஼ obtained by eigen-value analysis with plastic correction, as given by: 

' /CR CR

F C       and/or  ' /  U U

F C                 (7) 

The ultimate strength of a curved plate is then estimated by substituting 𝛽ᇱ of Eq. (7) into the 

modified Faulkner’s formula of ultimate strength of a flat plate. This implies that a curved plate that has 

a larger buckling/ultimate strength than a flat plate is regarded as an equivalent flat plate with reduced 

slenderness or increased plate thickness.  

Fig. 17 shows the relationships between the new definition of the slenderness parameter and the 

ultimate strength of a curved plate with an average magnitude of initial imperfection, in addition to the 

modified Faulkner’s formula of ultimate strength of a flat plate. The aspect ratio varies from 1.0 to 5.0 

and the flank angle also changes from 5 to 45 degrees. For a flank angle below 10 degrees, where the 

collapse of a curved plate takes place in several half-wave buckling modes, similarly to the collapse of 

a flat plate, the FEM results plotted against 𝛽ᇱ are in good agreement with modified Faulkner’s formula. 

However, for a larger flank angle, the agreement is worse. This may be because of the development of 

longitudinal cylindrical deformation, and the effect of transverse membrane stress cannot be neglected.  

It can be concluded that the combination of the slenderness parameter 𝛽ᇱ and the modified 

Faulkner’s formula may provide a simple method to estimate the ultimate strength of a curved plate 

under longitudinal compression when the flank angle is relatively small.  

The accuracy of the modified Faulkner’s formula plotted against 𝛽ᇱ was checked by a comparison 

with finite element solutions for flank angles between 5 and 10 degrees, as shown in Fig. 18. The solid 

marks show cases with the occurrence of secondary buckling. It is noted that the means and standard 

deviations of the error in the modified Faulkner’s formula against FEA are 0.768 and 0.175, respectively, 

for the slight magnitude of initial deflection. In addition, Faulkner’s formula correlated with 

mean=0.769 and standard deviation=0.178 against the ultimate strength obtained by FEA with average 
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magnitude of initial deflection.  

Fig. 19(a) shows correlation of the elastic-plastic buckling strength which is calculated by DNV [17] 

and FE results of curved plate under axial compression. The thickness of plating is varies from 10mm 

to 30mm and flank angle also change from 5 to 45 degrees. The aspect ratio is fixed 3.0. It can be 

observed that it is quite different buckling strength in comparison of DNV and FEM. Fig. 19(b) shows 

correlation of elastic-plastic buckling strength with plastic correction by DNV and ultimate strength. 

The design curve is given big differences compared with FE results. The reason is that the current design 

formulae are not fully considered curved plate characteristic both buckling and ultimate strength. The 

developed formulas are applicable to curved plates with an aspect ratio of between 1.0 and 5.0 in the 

fixed width of 1,000mm. Thicknesses are considered from 8mm to 40mm, and the maximum initial 

deflection of the curved plate is classified into two types, slight and average level from Smith’s formula. 

 
(a) a/b=3.0                              (b) a/b=5.0 

Fig. 17. Variation of the ultimate strength of the curved plates with new function of the reduced 

slenderness ratio, a/b=3.0 and 5.0 (average magnitude of initial imperfection) 
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Fig. 18. Correlation of the modified Faulkner’s formula with ultimate strength obtained by FEM of 

curved plates with flank angles of 5 and 10 degrees 

 
(a) Elastic-plastic buckling strength          (b) Ultimate strength 

Fig. 19. Correlation of DNV design formulae [17] with FEA results for curved plates 

 

The elastic buckling strength of longitudinally stiffened cylindrical shells by DNV is given by: 
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The reduced buckling coefficient may be calculated as: 
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The values for ,  and    are given in Table 1 for the most important load cases. 

 
Table 1 Buckling coefficients for stiffened cylindrical shells, mode b) Panel stiffener buckling 
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sefI  = moment of inertia of longitudinal stiffener including effective shell width es  

 

The curvature coefficient used in the DNV Eqn.(10) is designed to predict the buckling strength of 

cylindrical cylinders and curvature coefficient does not properly evaluate the buckling behaviour of the 

curved plate with partial curvature. The current design formulae are overly conservative, and the results 

do not consider the characteristics of the curved plates. Therefore, a reasonable curvature coefficient 

should be newly developed through nonlinear FEA results. 

 

5. Concluding Remarks  

This study presents details of a non-linear FE analysis which was used to investigate structural 

behaviour including the bucking and ultimate strength of curved plates. The results obtained indicate 

the effects of curvature, initial deflection, slenderness ratio and aspect ratio, boundary conditions and 

secondary buckling behaviour.  

The effect of the slenderness ratio of the curved plate heavily affects ultimate strength, which is 

similar to a flat plate. A secondary buckling occurs at a slenderness ratio of 3.45 and a flank angle of 5 

degrees. The ultimate strength is evaluated to be low compared with slenderness ratio of 4.14, because 

it affects secondary buckling behaviour, which abruptly decreases the in-plane rigidity along the 

longitudinal direction in the curved plate. The ultimate strength is sensitively affected due to the 

changing aspect ratio of a curved plate with a flank angle of 5 degrees. 

A modified Faulkner’s formula is developed for predicting the ultimate strength of a curved plate 

under axial compression. The accuracy of the modified Faulkner’s formula plotted against was checked 

by a comparison with finite element solutions. The developed formulas are applicable to curved plates 

with an aspect ratio of between 1.0 and 5.0 in the fixed width of 1,000mm. Thicknesses are considered 

from 8mm to 40mm, and the maximum initial deflection of the curved plate is classified into two types, 

slight and average level from Smith’s formula.  
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APPENDIX  
 
Table A1. Comparison of elastic-plastic buckling stresses for curved plate with simply supported and 
clamped edges (a/b=2.5)  

 
a 

 
b 

 
t 

 
 

Simply Supported 
(

_C R S S ) 
Clamped 
(

_C R C L ) 
_

_

100(%)CR SS

CR CL




 
 

2500 
 

 
 

1000 
 

 
 

8 
 

5 0.2454  0.5659  43.4  
10 0.3563  0.6161  57.8  
20 0.6091  0.7608  80.1  
30 0.7598  0.8368  90.8  
45 0.8407  0.8898  94.5  

 
 

2500 

 
 

1000 

 
 

10 

5 0.3499  0.5202  67.3  
10 0.4861  0.6706  72.5  
20 0.6981  0.8110  86.1  
30 0.8097  0.8697  93.1  
45 0.8793  0.9116  96.5  

 
 

2500 

 
 

1000 

 
 

15 

5 0.6249  0.7576  82.5  
10 0.7197  0.8137  88.5  
20 0.8176  0.8819  92.7  
30 0.8775  0.9157  95.8  
45 0.9277  0.9420  98.5  

 
 

2500 

 
 

1000 

 
 

20 

5 0.7663  0.8566  89.5  
10 0.8220  0.8792  93.5  
20 0.8758  0.9172  95.5  
30 0.9131  0.9398  97.2  
45 0.9472  0.9573  98.9  

 
 

2500 

 
 

1000 

 
 

25 

5 0.8414  0.9050  93.0  
10 0.8747  0.9162  95.5  
20 0.9100  0.9386  97.0  
30 0.9342  0.9536  98.0  
45 0.9586  0.9664  99.2  

 
 

2500 

 
 

1000 

 
 

30 

5 0.8850  0.9328  94.9  
10 0.9062  0.9386  96.5  
20 0.9315  0.9528  97.8  
30 0.9481  0.9628  98.5  
45 0.9663  0.9729  99.3  

Note for Table A1-A3: Among the calculated elastic buckling stresses by FEA, Johnson-Ostenfelt formula 
used the plastic correction for exceeding 50% of the yield strength and finally marked as non - dimensional 
with yield strength. 
 
 
Table A2. Comparison of elastic-plastic buckling stress for curved plate with simply supported and 
clamped edges (a/b=3.0) 

 
a 

 
b 

 
t 

 
 

Simply Supported 
(

_C R S S ) 
Clamped 
(

_C R C L ) 
_

_

100(%)CR SS

CR CL




 
 

3000 
 

 
 

1000 
 

 
 

8 
 

5 0.2510  0.3106  80.8  
10 0.3643  0.5601  65.0  
20 0.6127  0.7592  80.7  
30 0.7607  0.8361  91.0  
45 0.8388  0.8890  94.3  



27 
 

 
 

3000 
 

 
 

1000 

 
 

10 

5 0.3501  0.5109  68.5  
10 0.4989  0.6692  74.5  
20 0.7018  0.8104  86.6  
30 0.8107  0.8695  93.2  
45 0.8787  0.9116  96.4  

 
 

3000 
 

 
 

1000 

 
 

15 

5 0.6427  0.7533  85.3  
10 0.7262  0.8100  89.6  
20 0.8209  0.8808  93.2  
30 0.8786  0.9157  95.9  
45 0.9281  0.9417  98.6  

 
 

3000 
 

 
 

1000 

 
 

20 

5 0.7775  0.8530  91.2  
10 0.8253  0.8766  94.1  
20 0.8792  0.9168  95.9  
30 0.9140  0.9390  97.3  
45 0.9473  0.9571  99.0  

 
 

3000 
 

 
 

1000 

 
 

25 

5 0.8458  0.9024  93.7  
10 0.8788  0.9145  96.1  
20 0.9122  0.9379  97.3  
30 0.9351  0.9530  98.1  
45 0.9588  0.9664  99.2  

 
 

3000 
 

 
 

1000 

 
 

30 

5 0.8869  0.9307  95.3  
10 0.9106  0.9376  97.1  
20 0.9328  0.9520  98.0  
30 0.9491  0.9627  98.6  
45 0.9665  0.9726  99.4  

 
 
Table A3. Comparison of elastic-plastic buckling stress for curved plate with simply supported and 
clamped edges (a/b=3.5) 

 
a 

 
b 

 
t 

 
 

Simply Supported
(

_C R S S ) 
Clamped 
(

_C R C L ) 
_

_

100(%)CR SS

CR CL




 
 

3500 
 

 
 

1000 
 

 
 

8 
 

5 0.2577  0.3052  84.4  
10 0.3718  0.5592  66.5  
20 0.6162  0.7581  81.3  
30 0.7615  0.8355  91.1  
45 0.8386  0.8891  94.3  

 
 

3500 

 
 

1000 

 
 

10 

5 0.3644  0.5063  72.0  
10 0.5104  0.6660  76.6  
20 0.7053  0.8102  87.1  
30 0.8117  0.8693  93.4  
45 0.8790  0.9116  96.4  

 
 

3500 

 
 

1000 

 
 

15 

5 0.6374  0.7499  85.0  
10 0.7332  0.8085  90.7  
20 0.8240  0.8808  93.5  
30 0.8797  0.9152  96.1  
45 0.9281  0.9417  98.6  

 
 

3500 

 
 

1000 

 
 

20 

5 0.7762  0.8505  91.3  
10 0.8287  0.8758  94.6  
20 0.8816  0.9160  96.2  
30 0.9152  0.9385  97.5  
45 0.9475  0.9569  99.0  



28 
 

 
 

3500 

 
 

1000 

 
 

25 

5 0.8458  0.9011  93.9  
10 0.8788  0.9139  96.2  
20 0.9139  0.9374  97.5  
30 0.9361  0.9529  98.2  
45 0.9590  0.9662  99.3  

 
 

3500 

 
 

1000 

 
 

30 

5 0.8869  0.9296  95.4  
10 0.9091  0.9367  97.1  
20 0.9345  0.9515  98.2  
30 0.9499  0.9624  98.7  
45 0.9667  0.9724  99.4  

 
 
Table A4. Comparison of ultimate strength for curved plate with simply supported and clamped edges 
(a/b=2.5)  

 
A 

 
b 

 
t 

 
 

Simply Supported
(

_U SS ) 
Clamped 
(

_U C L ) 
_

_

100(%)U SS

U CL






 
 

2500 
 

 
 

1000 
 

 
 

8 
 

5 0.4903 0.4532 108.2  
10 0.4982 0.4747 105.0  
20 0.5603 0.5526 101.4  
30 0.6336 0.5990 105.8  
45 0.6319 0.6833 92.5  

 
 

2500 

 
 

1000 

 
 

10 

5 0.5819 0.5378 108.2  
10 0.5960 0.5825 102.3  
20 0.6575 0.6988 94.1  
30 0.7219 0.7609 94.9  
45 0.7575 0.8118 93.3  

 
 

2500 

 
 

1000 

 
 

15 

5 0.6096 0.7457 81.7  
10 0.7798 0.7836 99.5  
20 0.8330 0.8450 98.6  
30 0.8702 0.9046 96.2  
45 0.9123 0.9244 98.7  

 
 

2500 

 
 

1000 

 
 

20 

5 0.8455 0.9144 92.5  
10 0.9110 0.9254 98.4  
20 0.9310 0.9478 98.2  
30 0.9433 0.9495 99.3  
45 0.9524 0.9684 98.3  

 
 

2500 

 
 

1000 

 
 

25 

5 0.9505 0.9859 96.4  
10 0.9716 0.9827 98.9  
20 0.9743 0.9820 99.2  
30 0.9760 0.9849 99.1  
45 0.9768 0.9861 99.1  

 
 

2500 

 
 

1000 

 
 

30 

5 0.9880 0.9989 98.9  
10 0.9919 0.9983 99.4  
20 0.9923 0.9968 99.5  
30 0.9917 0.9966 99.5  
45 0.9903 0.9937 99.7  

 
 
Table A5. Comparison of ultimate strength for curved plate with simply supported and clamped edges 
(a/b=3.0) 
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a 

 
b 

 
t 

 
 

Simply Supported
(

_U SS ) 
Clamped 
(

_U C L ) 
_

_

100(%)U SS

U CL






 
 

3000 
 

 
 

1000 
 

 
 

8 
 

5 0.4555 0.4557 100.0  
10 0.5030 0.4823 104.3  
20 0.5622 0.5479 102.6  
30 0.6345 0.5956 106.5  
45 0.6387 0.7080 90.2  

 
 

3000 
 

 
 

1000 

 
 

10 

5 0.4565 0.5390 84.7  
10 0.6007 0.5691 105.6  
20 0.6597 0.6803 97.0  
30 0.7230 0.7474 96.7  
45 0.7645 0.8065 94.8  

 
 

3000 
 

 
 

1000 

 
 

15 

5 0.6995 0.7428 94.2  
10 0.7851 0.7904 99.3  
20 0.8353 0.8584 97.3  
30 0.8711 0.8919 97.7  
45 0.9139 0.9197 99.4  

 
 

3000 
 

 
 

1000 

 
 

20 

5 0.8937 0.9188 97.3  
10 0.9066 0.9264 97.9  
20 0.9318 0.9371 99.4  
30 0.9437 0.9572 98.6  
45 0.9519 0.9655 98.6  

 
 

3000 
 

 
 

1000 

 
 

25 

5 0.9661 0.9896 97.6  
10 0.9660 0.9842 98.2  
20 0.9743 0.9789 99.5  
30 0.9760 0.9824 99.3  
45 0.9764 0.9819 99.4  

 
 

3000 
 

 
 

1000 

 
 

30 

5 0.9901 0.9995 99.1  
10 0.9908 0.9988 99.2  
20 0.9915 0.9978 99.4  
30 0.9914 0.9953 99.6  
45 0.9935 0.9960 99.7  

 
 
 
Table A6. Comparison of ultimate strength for curved plate with simply supported and clamped edges 
(a/b=3.5) 

 
a 

 
b 

 
t 

 
 

Simply Supported
(

_U SS ) 
Clamped 
(

_U C L ) 
_

_

100(%)U SS

U CL






 
 

3500 
 

 
 

1000 
 

 
 

8 
 

5 0.4071 0.4525 90.0  
10 0.5073 0.4740 107.0  
20 0.5638 0.5731 98.4  
30 0.6355 0.6085 104.4  
45 0.6436 0.6992 92.0  

 
 

3500 

 
 

1000 

 
 

10 

5 0.3969 0.5355 74.1  
10 0.6052 0.5726 105.7  
20 0.6622 0.6558 101.0  
30 0.7239 0.7376 98.1  
45 0.7679 0.7823 98.2  

   5 0.6059 0.7432 81.5  



30 
 

 
3500 

 
1000 

 
15 

10 0.7736 0.7878 98.2  
20 0.8372 0.8455 99.0  
30 0.8718 0.8771 99.4  
45 0.9164 0.9140 100.3  

 
 

3500 

 
 

1000 

 
 

20 

5 0.8339 0.9166 91.0  
10 0.9088 0.9197 98.8  
20 0.9324 0.9426 98.9  
30 0.9431 0.9539 98.9  
45 0.9525 0.9635 98.9  

 
 

3500 

 
 

1000 

 
 

25 

5 0.9411 0.9896 95.1  
10 0.9657 0.9822 98.3  
20 0.9737 0.9798 99.4  
30 0.9758 0.9790 99.7  
45 0.9767 0.9798 99.7  

 
 

3500 

 
 

1000 

 
 

30 

5 0.9860 0.9995 98.6  
10 0.9887 0.9992 98.9  
20 0.9912 0.9965 99.5  
30 0.9912 0.9954 99.6  
45 0.9900 0.9959 99.4  

 
 


