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Abstract A class of coupled Schrodinger equations is investigated. First, in the stationary case, the existence
of ground states is obtained and a sharp Gagliardo—Nirenberg inequality is discussed. Second, in the energy
critical radial case, global well-posedness and scattering for small data are proved.
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1 Introduction

Consider the Cauchy problem for a fractional Schrodinger system with power-type coupled non-linearities

m
ij—(=A)'uj=y (Z%kl%l”) luj|P~2u; (L.1)
k=1 :
MJ'(O, ) = Iﬂj.

Here and hereafter, s € (0, 1),y = £1,u; : R x RN - C, for j € [1, m] and aj; = ay; are positive real
numbers. The fractional Laplacian operator stands for

(=A)'u = FH (€17 Fu),

where F denotes the Fourier transform.

This system of fractional partial differential equations arises in quantum mechanics. It describes how the
quantum state of some physical system changes with time [15].

A solution u := (uy, ..., uy) to (1.1) satisfies (formally) conservation of the mass

1
Muj(t)) := E/RN luj (1, )1* dx = M (u;(0));

and the energy is denoted by

1 . 2 y m /

E@®)) := = —A)2u;(t, dx + — ; (1, t,x)|Pd

() 2;/RN\< ) uj(e )| dx ij;ﬂm INCICE TGRS
= E(0)).

If y =1, the energy is always positive and the problem (1.1) is said to be defocusing, otherwise a control of
a solution to (1.1) with the energy is no longer possible and a local solution may blow-up in finite time, we
speak about focusing problem.

In the classical case s = 1, the m-component coupled nonlinear Schrodinger system with power-type
non-linearities arises in many physical problems in which the field has more than one component such as the
interactions of M-wave packets, the nonlinear waveguides and the optical pulse propagation in birefringent
fibers. In nonlinear optics [2] u; denotes the jth component of the beam in Kerr-like photo-refractive media.
The coupling constant a j; acts as the interaction between the jth and the kth components of the beam. This
system arises also in plasma physics, multispecies, spinor Bose—Einstein condensates, biophysics and nonlinear
Rossby waves. Readers are referred, for instance, to [5,7,16,28,29]. For mathematical point of view, well-
posedness issues were investigated by many authors. Indeed, global existence of solutions and scattering hold
[3,22,24-27].

When m = 1, the problem (1.1) is a non-local model known as nonlinear fractional Schrédinger equation
which has also attracted much attention recently [9-14]. It is a fundamental equation of fractional quantum
mechanics, which was derived by Laskin [17,18] as a result of extending the Feynman path integral, from the
Brownian-like to Levy-like quantum mechanical paths. It is proved that the Cauchy problem is well-posed and
scatters in the radial energy space [10,11], see also [27].

The purpose of this paper is twofold. First, the stationary problem associated to (1.1) is investigated,
where the existence of ground states is obtained and a sharp Gagliardo—Nirenberg type inequality is discussed.
Second, global well-posedness and scattering for small data are proved in the radial case with energy critical
non-linearity.

It is the contribution of this work to extend known results in the case of the scalar fractional Schrodinger
equation [4,23] about the potential well theory, global well-posedness and scattering, to the coupled fractional
system. The main difficulty is to overcome the presence of a non-local operator and a combined non-linearity.
Indeed, to use Strichartz estimate without loss of regularity, the radial energy space is used. Moreover, in
well-posedness, we are restricted to space dimensions because of the combined non-linearity.

The rest of this paper is organized as follows. The next section contains the main results and some technical
tools needed in the sequel. In Sects. 3 and 4, the stationary problem associated to (1.1) is investigated, precisely
the existence of ground state and a sharp Gagliardo—Nirenberg type inequality are obtained. The goal of the
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fifth and sixth sections is to prove well-posedness and scattering of (1.1) in the radial energy space. The two
last sections deal with global well-posedness via potential-well method.

We end this section with some definitions. We mention that C will denote a constant which may vary from
line to line and if A and B are non negative real numbers, A < B means that A < CB. For 1 < r < o0,
we denote the Lebesgue space L” := L"(RY) with the usual norm || .|, := ||.|lz- and || .|| := ||.|l». For
simplicity, we denote the usual Sobolev Space W*? := W*?(R") and H® := W*2.If X is an abstract space
Cr(X) := C(]0, T], X) stands for the set of continuous functions valued in X and X,  is the set of radial
elements in X, moreover for an eventual solution to (1.1), 7* > 0 denotes its lifespan.

2 Main results and background

In what follows, the main results and some estimates needed in the sequel are given.

2.1 Preliminary

Let us denote the mass critical and energy critical exponents

1+ 2 d p*
= — an = .
b N PN
The so-called energy space is

M= HSRY) x - x H3,(RY) = [HS;RV)1™,

where H*(R") is the usual Sobolev space endowed with the complete norm

Il o= (1 12+ =03 012)

Foru := (uy, ..., u,;;)€ 'H, define the action functional by
1 & 1 &
o 2 .
S =5 ,2—1: lluj 1135 — 5 j§k—:l ajk /RN lu jug | dx.

For A, o, B € R, we introduce the scaling
WP = e uj(e7), @H*F = (W)™, ... wp)*P)
and the differential operator
£ap:H—H, ur H(OHP)20.
We extend the previous operator as follows: if A : H — R, then

£a.8A) =0y, (A((Uk)a’ﬂ))p\:O'

Denote also the constraint, when equal to zero, by

Ky pa) :=£4 gS(0)

1+
= 32 (@ + W =291 (=22 > + e+ NB) I

J=1

(2pa + NB) Z /
I S ajk |ujuk|”dx
2p k=1 RV
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1 & (2pa + NB) &
= EZKOgﬂ(uj) R T Z ajk/N |ujug| P dx.
j=1 P k=1 R

Define the real numbers

fi:=max (2a + (N —2s)B,2a + NB) and  p :=min (2a + (N — 25)f, 2a 4+ NB).

Hopi= (1= ) 5= (5~ 2 Kus)
a.p - i i ap |-

If ® # 0, write

Definition 2.1 ¥ := (¢, ..., ¥y,) is said to be a ground state of (1.1) if
m
—(=AYY =W+ Y apl vl P Y =0, 0# WeH (2.2)
k=1

and it minimizes the problem

map = ik {S(u) st Kqp(u) =0}. 2.3)

Moreover, in such a case W is called vector ground state if at least, two components are nonzero.

Remark 2.2 If We 'H is a solution to (2.2), then ¢/’ W is a global solution of the focusing problem (1.1), called
standing wave.

For «, B € R, define the sets

A;ﬁ ={ueH s.t. S(w)<mypg and Kypg(u) > 0};
A;’ﬂ ={ueH s.t. S(w) <mgp and Ky g(u) < O0};

A:={(a,ﬂ)eR+xR st >0 and &20]-

Remark 2.3 A # @ because (1,0) € A. Moreover, if («, 8) € A, then 2o + (N — 25)8 > 0.

Define for (Vrq, ..., ¥,,) € (H%)™, the functional
1 m
PO =5 3 a [ Il d
p k=1 R
(p—1)N N—p(N-2s)
m 2s m 2s
< Cnps | Y I1=2) 2y NI : 24)
j=1 j=1
This minimal constant in the previous inequality is determined by the equation
1 inf J(y) (2.5)
o = = in , .
NP Cnps wetHo
where
P (P*zl‘)N N*p(zl\./72x)
(ZrnEmivR) = (X v?)
JW) =
P)

Finally, let us give some properties of the free fractional Schrodinger kernel.




Arab. J. Math. (2019) 8:133-151 137

Proposition 2.4 Denoting the free operator associated to the fractional Schrodinger system by

TV = T,(1)V = (f—l(e—”lylz‘?) sy, ., Fole ity & wm),

we have
m t
I. T(HW — iy Z/ T, (t — x)(luk|p|u1|p_2u1, oo k)P lum P 2up) dx is the solution to the problem
0
(1.1); =
2. T*(t) = Ts(—1);
3. I,T; = TH-[;

4. T(r) is an isometry of L*.

In the next sub-section, the main contribution of this note is given.

2.2 Main results

First, we deal with the stationary problem associated to (1.1). The existence of a ground states of (1.1) is
claimed.

Theorem 2.5 Take N > 2, s € (0, 1), px < p < p* and two real numbers («, B) € A. Then,

1. m := my g is nonzero and independent of (a, B);
2. there is a minimizer of (2.3), which is some nontrivial solution to (2.2);
3. under the following assumptions

ajj=pj and ajr = p for j#kel[l,m],
at least two components of the minimizer are non zero if u > 0 is large enough.

Next, a sharp vector-valued Gagliardo—Nirenberg inequality is studied.

Theorem 2.6 Let N > 2,5 € (0,1) and ps < p < p*. The minimum value for (2.5) is achieved in some
minimizer (Y{, ..., Yy) € H satisfying

m m
SN IYP =1= Y " IIYi1* and Cyps =P, .... 05
j=1 j=1

Moreover,

m

-2
Y =anps Y aplVEIP vy

k=1

(p — 1N

N—-pN -2
—(_A)AV¢7 + N=pWN=25)
s s

Now, we are interested on the evolution problem (1.1). First, local well-posedness is claimed.

Theorem 2.7 Let N = 2, s € (%, Dand ¥ := (Y1, ..., ¥,) € H. Assume that 2 < p < p*. Then, there
exist T* > 0 and a unique maximal solution to (1.1),

ue C(0,T*), H).
Moreover,

4s,
1. u e (L7 ([0, T*], w2r))™;
2. u satisfies conservation of the energy and the mass;
3. T* = oo in the defocusing case (y = 1).

In the energy critical case, global well-posedness and scattering of (1.1) hold for small data.
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Theorem 2.8 Let N =2, 5 € (%, 1) and p = p*. Then, there exists ¢y > 0 such that if (Y1, ..., ¥y,) € H
satisfies ZT:l fRZ |(—A)%I//j|2 dx < €, the system (1.1) possesses a unique global solution u € C(R, H)
which scatters.

Remark 2.9 Some technical difficulty imposes the condition p > 2 which requires the restriction N = 2 in
the two previous results.

Finally, using the potential well method [23], a global well-posedness result about the focusing problem (1.1),
is obtained.

Theorem 2.10 Take N =2, 5 € (%, ),y = —-1,2<p<p* VeHand u € Crx(H) be the maximal
solution to (1.1). If there exist (a, B) € Aand ty € [0, T*) such that u(ty) € Aotﬂ, then u is global.

In what follows, some intermediate estimates are collected.

2.3 Tools

A standard tool to study the Schrédinger problem is the so-called Strichartz estimate [14].

Definition 2.11 A couple of real numbers (g, r) such that g, r > 2 is said to be admissible if

4N +2 2 2N -1 1
=g=oo, —+ =N-3;
2N -1 q r 2
or
4N +2 2 2N -1 1
2<gq< , <N ——
2N —1 r 2

Proposition 2.12 Let N > 2, u € R, % <s < landugy e Hr’fi. Then,

||u||Lf(Lr)mL§>0([-'1ﬂ) 5 |Iu0||HM + it — (—A)SMHL;;/(L;,), (2.6)
whenever (q, r) and (g, 7) are admissible pairs such that (q,r, N) # (2, 00, 2) and satisfies

2s N N 2s N N
—t—=—=—-U, —+—=—=—==+u.
q r 2 q r 2

Remark 2.13 Taking u = 0 in the previous result, one obtains the classical Strichartz estimate.
Recall the so-called generalized Pohozaev identity [19].

Proposition 2.14 Ve H is a solution to (2.2) if and only if S'(¥) = 0. Moreover, in such a case
Ko p(¥) =0, forany (o, p) € R*.

The following fractional chain rule [6] will be useful.

1 1

Lemma 2.15 Let G € CI(C), s € (0,1]and 1 < p, p1, p2» < o0 satisfying % = + 7y < 00 Then,
NVIEG@p S NG @lpy 11V F el p,.-
Now, we give a Gagliardo—Nirenberg inequality [21].
Lemma2.16 Let N > 2,5 € (0, 1) and | < p < 55 Then,
(=N Nop(N-29)
m m 2s m 2s
P dx < C “AVauql? 12
2 /RN ujurl " dx = €| D =A)uj] D lujl
Jj.k=1 j=1 j=1
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The following Sobolev injections [1,20] give a meaning to the energy and several computations done in this
note.

Lemma 2.17 Let N > 2, p € (1,00) and s € (0, 1). Then,

1. WeP@RN) < LI(RN) whenever 1 < p <g <oo, a >0 and
2. H*(RN) — LIRYN) forany q € [2, %];

3. HS,(RN) <> LIRN) for any q € (2, 125).

<i+

s

S

11
P =4

Finally, an absorption result is given.

Lemma 2.18 Let T > 0 and X € C([0, T], Ry) such that
X <a+bX?onl0,T],

wherea, b > 0,0 >1,a < (1 — é)(Qbf71 and X (0) < (919)9%11. Then,

la on [0, T].

0
X <
-0

Proof The function f(x) := bx? —x +a is decreasing on [0, (b@)ﬁ] and increasing on [(b@)ﬁ, 00). The

assumptions imply that f((b@)ﬁ) < 0 and f(eo%la) <0.As f(X() >0, f(0) > 0and X(0) < (b@)ﬁ,
we conclude the proof by a continuity argument. O

3 The stationary problem

The goal of this section is to prove that the elliptic problem (2.2) has a ground state solution which is a vector
one in some cases.

3.1 Existence of ground states

Now, we prove Theorem 2.5 about existence of a ground state solution to the stationary problem (2.2).

Remark 3.1 (i) The proof of Theorem 2.5 is based on several lemmas;
(i1) write, for easy notation, ut = (u’\)""ﬂ, K :=Kqyp, K@ .= Kogﬂ, £:=£,pgand H := Hyg.
Lemma 3.2 Let (o, B) € A. Then

1. min (£H (), H(w)) > 0 for all 0 # ue H;
2. A+ H(®) is increasing.

Proof With the definition,

£
Hy g(u) = (1 — ?) S(u)
i

—

= —(aS@) - K (W)

i
= i[%(u (20t (V= 2908)) YN8 pug 4 5 (7 (20 VB)) Yl P
j=1 j=1
+$(2p(x+Nﬁ —;1) > a,-k/RN |ujuk|p]

Jik=1

Since n=> Oand p > p,, we obtain, if 8 < 0,
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2pa+ NB — i =2a(p — 1)+ 2sB

= 2a( 1 2sa
alp — 1) — ==
= P N
> 2a(p — ps)

> 0.

Hence, Hy g(u) > 0. Moreover, by a direct computation we find

£Hy p(u) = £<1 - £)S(u)
"

—1 £
—(E—=)£—-nu)S 1——18
(- ) (e - ) + (1= = ) st
—1

:?ﬁ@—M@-gaw+yuﬂm

Since (£ — 2ot + (N = 29)B)II(=A)3u;|I? = (€ = Qo + NB))uj > = 0, we have (£ — Qe + (N —
2)B))(£ — 2o + NB))llujl|3 = 0 and

e e (5 3 an [ e ax)

k=1

£Hy g(u)

A%

1 ) m
2—_(2p()l+N,3—M)(2pOt+N,3—E) Z ajk/ |ujuk|pdx.
pPH k=1 RN

A%

Arguing as previously, it follows that £H,, g(u) > 0.
The last point is a consequence of the equality 0, Hy, g () = £H,, /3(11}‘). O

The next intermediate result is the following.
Lemma 3.3 Let (o, B) € Aand 0 # (uff, ..., uy,) be a bounded sequence of H such that

m
; O n _
W,ZK(W =0.
j=1
Then, there exists ng € N such that K(u’f, ... ul) > 0foralln > ny.

Proof We have
| — (2pa + NB)
K (uf,...,u})= EZKQ(M?) B P Z aji /]RN |u'jug P dx.
Jj=1 J.k=1
Using Lemma 2.16, since p, < p < p*,2a + (N —2s)$ > 0,2a + NS > 0 and
KO = (<2a + (N = 29)B) I (—A) 2u > + 2 + Nﬂ)llu’}ll2) — 0,
we get

m m m
Zajk/RNlu;%qu:o SiEmia | = o[ Sk
j=1 j=1

Jok=1

Thus,

n ny ~
K@y, ...,u,) >~

féKQmp:>o

J=1

N =
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Next, we present an auxiliary result.

Lemma 3.4 Let (o, B) € A. Then,

ma’ﬁ:O;BiH{H(u) s. L. K(u)fO}-

Proof Denoting by a the right hand side of the previous equality, it is sufficient to prove that my g < a. Take

ue H such that K (u) < 0. Because lim;_, _oo K€(u*) =0, by the previous Lemma, there exists some A < 0
such that K (u*) > 0. With a continuity argument there exists Ao < 0 such that K (u*0) = 0. Then, since
A +— H(u") is increasing, we get

ma,p < HW™) < H(u).
This finishes the proof. O
Proof of Theorem 2.5 Let (¢,) := (¢}, ..., ¢},,) be a minimizing sequence, namely
0# (dn)e M, K(pn) =0 and lim H(y) = lim S(¢n) = m. (3.7

o First step: (¢,) is bounded in H.
First case « > 0 and 8 > 0. Denoting X := %, yields

Z||¢>”||Hx =3 ap [, 1601 as

jok=1
m _ m
=1 (25D I8P =N D I + Z a]kf 1076717 dx
Jj=1 j=1 /k 1
and
m
D 615 — Z a,k/ @717 dx — 2m.
j=1 j/( 1

Therefore, the following sequences are bounded

—2sAZ||( A)2gh|? +Z||¢> I3 — Z a,k/ ¢ 717 dux;

Jj.k=1
m
D 165 - Z a,kf |67 717 dx.
j=1 jk 1

Thus, for any real number a, the following sequence is also bounded

2st||( A2 +(a—1>Z||¢ I35 + ( ——) Za,k/ |67 717 dx.

j=1 J.k=1
Choosing a € (1, p), it follows that (¢, ) is bounded in H. O

Second case o > 0 and _TZ“ < B < 0. We have

(it — £)S(¢n) =—sﬂ2n¢ I+ (2a(p = 1) +258) 5 Z ,kf x|”1¢) 717 dx

j=1 /kl

> (2a(p = 1) +258) 5 Z a,k/ (g0 pf 1P dox.

]kl
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Moreover, if 8 < 0, it = 2« + (N — 25)B. Then, since u > 0 and p > p., we obtain 2a(p — 1) 4+ 2s8 > 0.
Because K (¢p,) = 0, this implies that o

(7 + atp = 1) +258)) S(@n) = (i = O)S@n) + (20(p — 1) + 25B) () + £S ()
l m
> (20(p = D) +258) 5 D 195 7.
j=1

Hence, ¢,, is bounded in H.
Third case « = 0. Since («, B) € A, it follows that 8 > 0. Thus,

Y I=A)3¢7 1> S Hop(p™) — m.

j=1
Assume that lim,, 1, l¢} I = co. Then, taking into account Lemma 2.16, we get

N—p(N—-2s)
m N m m Zs
ny2 Q _ v . p n 2
;n@n SKC@n = o ;;1/11-%” e juil? dx < ]_X_;nas,-u

This is a contradiction because W < 1.
e Second step: the limit of (¢,,) is nonzero and m > 0.
Taking into account the compact injection in Lemma 2.17, take

@1 ip) = =(d1,....¢n) in H
and
@, @l) = (D1, Pm) in (L2,
The equality K (¢,) = 0 implies that

> aj /RN 676717 d.

- ‘ i 2ap + N
Qa+ (N =298 Y =) 3712 + o+ Np) S 9P = 22+ VP
Jj=1 j.k=1

j=1
Assume that ¢ = 0. Using Holder inequality we obtain
1o 1 < 10715, 071, — Nl 15, llgell5, = 0.
Now, by Lemma 3.3 yields K (¢,,) > 0 for large n. This contradiction implies that
¢ #0.
By the lower semi continuity of the H® norm, we have

0 = liminf K (¢,)
n

204+ (N =258 .. . & s niy  204+NB N
> fhn%mfz I(=A)2¢7]1* + Tlmynfz [l
j=1 j=1
2ap + NB
~PEEE S o fRN 16501 dx

Jk=1
> K(¢).

Similarly, we have H(¢) < m. Moreover, thanks to Lemma 3.4, we assume that K(¢) = 0 and S(¢) =
H(¢) < m. Therefore, ¢ is a minimizer satisfying (3.7) and using previous computation

m = H(¢) > 0.
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e Third step: the limit ¢ is a solution to (2.2).
There is a Lagrange multiplier € R such that §’(¢) = nK’(¢). Thus

0= K(p) =£5(@) = (5'(¢), £@)) = n(K'(¢), £(9)) = n£K (¢) = n£*S().
By a previous computation, we have

(I) == —£7S(¢) — Qo + (N — 25)B)2a + NB)S(¢)
= - - Qa+(N-29)p)(E& - (Za + NB))S(@)

- —2a<p CDQap - +258) Y an [, 1 as

J.k=1
> 0.

Therefore, £25 (¢) < 0. Thus, n = 0and S’(¢p) = 0. So, ¢ is a ground state and m is independent of (o, ).

3.2 Existence of vector ground states

Now, we present a proof of the last part of Theorem 2.5, which deals with the existence of a more than one non
zero component ground state for large u. Take ¢ := (¢1, ..., ¢y) such that (0, ..., ¢;,...,0) is a ground
state solution to (2.2). So, ¢; satisfies

m m
_ 2
—(=AY¢j — i+ wipile P F =0 and Y llgjlz =D will)llsh
j=1 =1
Moreover, by Pohozaev identity it follows that
(N =25) (=2)2g;II> + N Y _llgj > = > > il N5k
j=1 j=1 Jj=1

Collecting the previous identities, we may write

> ligill* = ( -5 +3 )Zu,nd),n (3.8)
j=1

Setting, for # > 0, the real variable function y (1) := (¢1(), ..., ¢m(3)), we compute

N—2 "
o1 @) = Y IB N2 S C a2 + i ||¢>,|| NS w12
Koty () = == 2 )
j=1

j=1

ot 3 [ g as

1<k#j<m
and
g(t) = S(y (1)
L voasx 5 Ly > 1oy 2p
= ErN 2SZ||(—A>2¢,,»||2+§r Znasjn — 55! D il
P P =

Ny f || dix.

I<k#j<m
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Thanks to (3.8), g(¢#) < 0 for large 7. Then, since g(0) > 0, the maximum of g(¢) for + > 0 is achieved at
f > 0. Precisely g(7) = max g(t). Moreover,
>

N m
gD =0=1"" ‘(— ‘2SZII( A)2gj|?+ = an),-n2
j=1

——Zu,||¢,||2,, u > /|¢,¢k|de)

1<j#k<m
Then,
s %
N2 (T l=a)ig0?)”
i~ ( |
N ) %
(45 110180+ S X S 1850617 o = S0 1312)
Thus, the maximum value of g is
2(f) = max g(r)
t>0
s %
25(N — 25) "5 (Z,’}; ||<—A)7¢j||2>
N Nzﬂ 2 N;Zs N
| (4500, 0130 + 1 01 s S 1050017 dx = S0, Ny 12)

Now, from the previous equality via the fact that Ko 1(y (t)) < 0, for large w it follows that

m = S@1C). - gn(2) < min (S(¢1,0,...,O),S(0,¢2,...,0),...,S(O,O,...,¢>m)) <m

This contradiction completes the proof.

3.3 Gagliardo—Nirenberg inequality

In this sub-section, we prove Theorem 2.6 on the best constant Cy , ¢ in the Gagliardo—Nirenberg inequality
(2.4).
For ¢; € H® and v, & > 0, denote the scaling 1//}.}’“ = vyj(u.) and compute
1 = v N g I =) 2y = 02 Y (= A) )1
2 -
130 = v PN s Iah. I I = v N .

Therefore, J(l//f’“, e = JW, .., Ym). Let (¥, ..., ¥,) be a minimizing sequence for (2.5),
supposed to be radial decreasing with classical rearrangement argument [8] and

—2s

1
s 2s
(i) ™ (Zrmivy?)
Vn = N Mn= T
45 s 2s
(ZriI-a)iyre) (Zii-aiyre)
By the above scaling invariance, {((¥])"#", ..., ()" #")} is also a minimizing sequence. Moreover, for

eachn € N,

Zn( A2 = (g e
=1

Jj=1
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(1//;‘)"””‘" is also a minimizing sequence which is bounded in . Therefore, there exist (¥, ..., V) € H
and a sub-sequence, denoted ( €20 AL (w,’,‘l)”"’“"), such that the weak convergence holds

()Pt @)t = (U, . Yy in H.
Since 1 < p < %, taking account of the compact Sobolev injection in Lemma 2.17,
(ot (i) — (g, gy i (L2,
Thanks to the L norm weak lower semi-continuity,
m ) m

DIEMYFP <1 and Y yiP < 1

j=1 j=1
The strong convergence in L2? implies that

PG b () ) = PO W)

Hence,
a < JWi, ..., < m :nli)ﬁéof((w?)v"’“”,...,(wl’;l)vn»un) =q.
Therefore,
PGS b PR =1
j=1 j=1

and consequently

YTy =Y v =1.
j=1 j=1

Combined with weak convergence, one concludes that

(b, () > () in M

Thus, & = J(Y{, ..., ¥,). It follows from the previous equality that (¥, ..., ¥,) is a minimizer of J in H
and satisfies the Euler—Lagrange equation

d
W v Y+ evn)le=o =0 forall (vi,...,vp) € (CSP (RN )™,
Taking account of the equalities ZT:] ||1p;f||2 = ij:l ||(—A)%w;f||2 =1, we see that

- 1N

N_p N_ZT
410
N S

m
-2
Y=oy aplyiIP vy
k=1

4 Well-posedness

In what follows, we prove Theorem 2.7, therefore, in all this section we take N = 2. The proof contains two
steps. First, we prove the existence of a unique local solution to (1.1), second, we establish the global existence.
Since the sign of the non-linearity has no local effect, we take y = 1.
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4.1 Local existence and uniqueness

We use a standard fixed point argument. For T', p > 0, denote the space &7, := {u € (C([0,T], H*) N

_Asp . .
LF0D ([0, T1, WS2P) 0, with ullz = Y (gl + gl ) < p} and with the
Ly (wsr)

complete distance

m
(s ), @1 gw)) = D Ik = gl

i1 L(L)NL ) W=D (L2p)

Define the function
m .
$u) =TV —i Z/ T( = s)(luglPur | 2ur, o g i P2t ) ds.
0
k=1

We prove the existence of some small ', p > 0 such that ¢ is a contraction of £7 ,,. Takingu, v € E7, applying
the Strichartz estimate (2.6), we get

m
d@@), () S D Mkl Pl 1P~ 2wy — ol P o P20l asp

_2p
@ N)+N 2p—1
k=1 LIE=NN (L 57T)

To derive the contraction, consider the function
ik :C" = C, (ur, ... upm) > |ugl”u|”u;
Since p > 2, by the mean value Theorem we see that
| fa @) = fia] S max {Jul?~ o 1P~ 4 fug P 1772, ol o 1772 4 Jod P o [P e = vl
Using Holder inequality, Sobolev embedding and denoting the quantity

@ = fjx@) — fixMI e w

7{7 4s—N)+N (sz 1)
we compute via a symmetry argument

) < p—1 p—1 P p—2 _
@ S | (el P~ o 1P+ Jug P |u 1P~ Ju V|”LW(L%)

-1 —1
Sthu=vl ap [l g 127 Pl 1P e,
LT{V([’_I) (LZp) LZSP N(p—-D (Ll’ 1)

2sp—N(p—1

e -1 -1 -2
ST 2 Ju—v| _ayp (178 a7 L S V778 L 7 L O -

LTI‘V(P*I) (L2p) LT (L[i )

2sp—N(p—1)
< 7 _ ] . p—2
~ T P ”u V” N(Al]jfl) ) (”I/lk”LOO(LZp)”u]||L<>C(L2p) + ”uk”Loo(LZp)”uj||L%O(L2p)>

L) (L2P)

2sp—N(p—1)

Zp—Mp-1) p—2
,S T 2sp ||ll—V|| 4sp (”l'tk”LOC(Hs)”uj ||L°°(H5) + ”uk”LOO(Hs ”uj”LOO(HS)>~

LN(p—I) (sz) T
T
Then,
2sp—N(p—1) 2([7*1)
Z k@ = fiaWl _ a5, ST 2 p*P Dd(u,v).
kj_] p 4s— N)+N(L2p ])
Thus, for 7 > 0 small enough, ¢ is a contraction satisfying
2sp—N(p—1)
AW, ¢v) ST 2 2P Vdu,v). (4.9)
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Taking in the last inequality v = 0, yields

2sp—N(p—

p=D
5 ~2p—1
lo@I s 5, ST 2 P .
LV s (L2p I)

It remains to estimate

(D) = |(=2)2u] 4sp -
LEwHnLy PV @)

Using the fractional chain rule via Strichartz estimate and Holder inequality, we get for 6 := 5 4spp=D) _ 4nd

sp—N(p—1)
2C|¥ N gs < p,

(1D = U+ € 3 |80 Gl 72|

p<74s NN | 5221
k=1 L2-T)
<24ic § (TENT P 7 I PN et Y [
=5 J (p_l)(sz) LG(sz) J L9(L2P)
k,j=1
1Y 2(p—
=L4chul o i3,
LT (.20
0
< 5+C||ll|| i la ||Loo(
LY (ws2p)
2p—1)
<2yt

Since I < p < p*if N > 2, ¢ is a contraction of &7, for some 7' > 0 small enough. Using (4.9), uniqueness
follows for small time and then for all time with a translation argument.

4.2 Global existence

In the sub-critical defocusing case, the global existence is a consequence of energy conservation and previous
calculations. Let u € C([0, T*), H) be the unique maximal solution of (1.1). We prove that u is global. By
contradiction, suppose that 7* < oco. Consider for 0 < s < T*, the problem

m
-2 .
i0; — (=) vy = Y |uel?lv 1P 2y
k. j=1
vi(s,.) =u;(s,.).

(Ps)

By the same arguments used in the local existence, we can prove the existence of a real T > 0 and a solution
v=(vg,...,vy)to(Ps)on C([s, s+ 1], H). Using the conservation of energy, we see that T does not depend
on s. Thus, if we let s be close to T* such that T* < s + T, this fact contradicts the maximality of 7*.

5 Global existence and scattering in the critical case

In this section, we establish the global existence of a solution to (1.1) in the critical case p = p* for small data
as claimed in Theorem 2.8, therefore, in all this section we take N = 2.
Several norms are considered in the analysis of the critical case. Letting / C R be a time slab, we define

2N (N+2s)

2(N+25)
W(I) = Lv <1, Ly ) NC, L2);

r

2N+25) , 5, 2 N+25) .
M) := L N2 I,WdNH‘v NC(, H}));
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+29) e
S —L v L., .

Remark 5.1 Thanks to Sobolev embedding, clearly M (1) < S([I).

Let us give an auxiliary result.

Proposition 5.2 Let p = p*, W := (Y1, ..., ¥m) € H = (Hfd)(m). Then, there exists § > O such that for
any interval I = [0, T), if

m
D e 2 sy < 6,

j=1

there exits a unique solutionu € C (I, H) of (1.1) which satisfies u € M (D)™ . Moreover,

m
leujllsu) =26.

j=l1

Proof The proposition follows from a contraction mapping argument. Let us introduce the function
m
, ' _N_ 4s=N. _N_ 45N
o =10 =i Y [ 705 (¥ P ) as.
k=10
Define the set

Xo = {we MM AWAN™: ullyygym = a

where a > 0 is sufficiently small to fix later. Using Strichartz estimate, we get

lp@) —pWllway < Z!lf,k(u) FaMI oy = (T).

= L2 (LN+2s )
The Holder inequality and Sobolev embedding yield

25 25 _N_ 4s—N
R [ (e e Tt T L) | S

2s
N—2; N-2s
I L R [ TZE T IVEZE ) (Ilukll W29 avaag 141 20420 sy
LT N-2s (L N<+4s ) L N-2s (L N= 2s ) L N-=2s (L N—2s )

4s—N

N 2 N-2
+llurll 2(1\§+23) 2N+25) [|u ]” 2(1\S/+z,) 2(N+2\)>
LNZ:(LNQX) LNZA(LNZY)

S = vllgwym ||“||<Ns%>"1'
Then,

_4s_
l¢) —dWM Il wym S av== [lu— vl wuym.

Using the fractional chain rule via Strichartz estimate and Holder inequality, we find

oWl pmrym <8+ C Z (||( A)2 <|uk|N zA|uJ|N zsuj) I

LZ LN+2\
) ( )

2(N+2s)
LTN*ZS (L N=2 ) LTN*Z’S (L N=2 )

2s 2s
N-2. N=2s
<8+ ClI(=A)2ul| 2w vy (Ilukll N2 sy N1 2420
LT*Y(LN+4c2) -
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N2 457?/
N-2s N—-2s
+”uk” 2(N+2s)  2(N+25) ||u]|| 2(N+2s) 2(N+2x)>
LN (LN-%) L% (LTN-%)
4s

< 8+ Clullrym all fgcpyym

<5+ CaltE,
By a classical Picard argument, for small a > 0, there exists u € X, a solution to (1.1) satisfying

lall(scym < 28.

We are ready to prove Theorem 2.8.

Proof of Theorem 2.8 Let us start by proving global well-posedness. Using the previous proposition via the
fact that

e AW syym < e A Wl rym S W 4y,

it suffices to prove that |[u||,; remains small on the whole interval of existence of u. Letting the functional &
be defined for u € H by

s(u>=Z/RN [(=A)2u ) dx,
j=1

we write using the conservation identities and Lemma 2.16,

N —2s

" N N
lull?, < 2E(W) + Z/ Juj O, DTS Jug (x, )] 77 dx
X RN
Jj.k=1
_N_
m N-=2s
N s
S CEW +EWTZ)+C | Y II(=2)2u;li3
j=1
2N
—25'

N
H

N
2s

< C(E(W) + £ V%) + Clju|

Therefore, by Lemma 2.18, if £(¥) is sufficiently small, then u stays small in the  norm.
We finish this section by proving scattering. Using the previous proposition, it follows that

u e M(R).

Taking account of previous computation and denoting v(¢) := T (—t)u(t), we get for ¢, ' —> oo,

t/
N 45—N N 45—N
V() = v(t)lln S II/ T(—S)(IMkINZS ln V=2 up, oo (k| N5 g, | N2 Mm) ds|las
t

4s

S (U lll e Il 3 5y — .

Finally, taking ® := lim v(¢) in H, we have
t—> 00

la=T@®)P||ly — 0, as t —> oo.

Scattering is proved. O
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6 Invariant sets and applications

This section is devoted to obtaining global existence of solutions to the focusing system (1.1). Precisely, we
prove Theorem 2.10. Let us start with a classical result about stable sets under the flow of (1.1).

Lemma 6.1 The sets A; P and A, p are invariant under the flow of (1.1).

Proof Let ¥ € Aot 8 and u € Cr+(H) be the maximal solution to (1.1). Assume that u(zy) ¢ A; P for some

to € (0, T*). Since S(u) is conserved, we have K, g(u(fp)) < 0. So, with a continuity argument, there exists
a positive time #; € (0, #p) such that Ky g(u(#1)) = 0 and S(u(#1)) < m. This contradicts the definition of m.

The proof is similar in the case of A, 4. O

The previous stable sets are independent of the parameter («, ).

Lemma 6.2 The sets A; P and A, p are independent of (a, B).

Proof Let (o, B) and (o', ') in A. By Theorem 2.5, the union AOJZ 8 U A;y P is independent of («, ). Therefor,
it is sufficient to prove that A s is independent of («, B). The rescaling u* := e u(e P*.) implies that a
neighborhood of zero is in A+ f S(u) < mand Ky g(u) = 0, thenu = 0. So, A;r’ 8 is open. Moreover, this
rescaling with A — —oo0 gives that At wp is contracted to zero and so it is connected. Now, write

— N — (4t +
Al g =ALgn(AL L UAL ) =(Aaf,0nA

+ -
S VAL g0 A,

o p g

Since by the definition, A, ; is open and 0 € AT ap AT, o p using a connectivity argument, we have A" wp =
Ad g
Now, we are ready to prove Theorem 2.10. By a translation argument, assume that o = 0. Thus, S(¥) < m
and thanks to the two previous lemmas, u(¢) € ATJ forany r € [0, T*). Then

1
m = (S— 2+—NK1 l)(u)

1
- le( ISEE +(1——) Za]k/ P dx

k=1
m
> A)2
_2+N21”( )ujl?.
Thus, u is bounded in (H)™). Precisely
2+ N)m
A)Iu;i(t _
sup Zn( uj ) = =

0<t<T*

Moreover, since the L? norm is conserved, we have

sup Z ||Mj(t)||Hs < 00.
O<t<T*
Finally, 7* = oco.

Remark 6.3 A paper treating scattering and finite time blow-up of solutions to (1.1) is in progress.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http:/
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