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Abstract

We review progress in neural network (NN) based methods for the construction of interatomic
potentials from discrete samples (such as ab initio energies) for applications in classical and
guantum dynamics including reaction dynamics and computational spectroscopy. The main focus
is on methods for building molecular potential energy surfaces (PES) in internal coordinates that
explicitly include all many-body contributions, even though some of the methods we review limit
the degree of coupling, due either to a desire to limit computational cost or to limited data. Explicit
and direct treatment of all many-body contributions is only practical for sufficiently small
molecules, which are therefore our primary focus. This includes small molecules on surfaces. We
consider direct, single NN PES fitting as well as more complex methods which impose structure
(such as a multi-body representation) on the PES function, either through the architecture of one
NN or by using multiple NNs. We show how NNs are effective in building representations with
low-dimensional functions, including dimensionality reduction. We consider NN based
approaches to build PESs in the sums-of-product form important for quantum dynamics, ways to
treat symmetry, and issues related to sampling data distributions and the relation between PES
errors and errors in observables. We highlight combinations of NNs with other ideas such as
permutationally invariant polynomials or sums of environment-dependent atomic contributions
which have recently emerged as powerful tools for building highly accurate PESs for relatively

large molecular and reactive systems.
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1 Introduction

1.1 Molecular potential energy surfaces

The nuclei of a molecule or a reacting system move in response to a potential. At each geometry
(shape) of the nuclei, a potential value can be obtained by solving the electronic Schrddinger
equation. The simplest conceptual recipe for computing observables related to the motion of the
nuclei, e.g., rate constants, spectra, etc, requires solving the electronic Schrédinger equation at
each nuclear geometry. This, however, is rarely done. Instead, the potential is computed at a set of
(often) pre-determined geometries and a multi-dimensional function that depends on fitting
parameters is adjusted until it nearly reproduces the computed potential values. This function is
the potential energy surface (PES). PESs enable one to do calculations; they also make it possible

to think about the motion of atoms in physical terms.

The PES idea is based on the Born-Oppenheimer (BO) approximation. It enables one to
solve the full Schrédinger equation by dividing it into an electronic Schrédinger equation and a
nuclear Schrodinger equation. There are many electronic structure methods, of varying degrees of
accuracy, that can be used to solve the electronic Schrodinger equation. It is now straightforward
to compute electronic energies at tens of thousands of points.:® To fully exploit this ability it is
important to develop general and easily used PES fitting methods. In some applications, it is
necessary to use more than one PES. It is in principle possible to forgo building PES(s) and instead
to solve the electronic Schrédinger equation at all geometries at which a potential value is required.
This strategy is often called direct dynamics.* It is sometimes used when classical equations of
motion are used to study the motion of the nuclei. Direct dynamics is costly because electronic
energies are discarded after they are computed. Such calculations are usually done with cheap
electronic structure methods, e.g. some form of DFT (density functional theory)® ®. Discarding is
clearly wasteful because it means that energies at nearby geometries must be calculated from
scratch without exploiting results of previous calculations. Direct dynamics ideas have also been
used when using quantum mechanics to study’® the motion of the nuclei, but they are efficient
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only if wavefunctions remain localized. If direct dynamics is too costly (as is often the case when
one wishes to use accurate electronic structure methods or to do long classical simulations), a PES
is imperative. When building a PES, electronic energies are not discarded. In contrast, all the

electronic energies are used.

1.2 Major PES fitting methods

When building a PES, a key question is how many ab initio points (each corresponding to a
geometry) are required. The larger the number of points the costlier it is to make the PES. The
required number of points depends on the system and on the fitting method. One general strategy
is to guess a fitting function that depends on a small number of parameters.'%4 If it is possible by
varying the parameters to obtain a PES that does a good job of reproducing ab initio points that
cover a range large enough to compute the properties of interest, then this strategy works well.
However, it has two key disadvantages: 1) when the PES is not simple, it is difficult to guess an
appropriate fitting function or no such function exists; 2) it requires designing a new fitting
function for every problem. Articles in this issue are about machine learning (ML) alternatives to
guessed fitting functions. ML alternatives are general fitting methods that can be used to fit any
PES. They overcome both disadvantages. In this article, we review work on using a particular ML
method, neural networks (NN), to fit PESs of small molecules, where high accuracy is required.
General fitting functions necessarily require more parameters and more points than would be
necessary if it were possible to guess a good fitting function. Because with ML in general and NN
in particular fitting functions have more parameters, they also require doing more electronic
structure calculations. There are many non-NN methods that might also be considered non-ML
methods that use either fitting or interpolation techniques to build PESs. Examples range from
splines®™ to modified Sheppard interpolation (MSI),1%° interpolating moving least squares
(IMLS),%22 permutationally invariant polynomial (PIP) bases,?%" reproducing kernel Hilbert
space (RKHS) interpolations,?® 2° distributed approximating functional (DAF) bases,** 3! and other
approaches. Recently, combinations of different approaches have been shown to be a powerful
way to increase the quality of PES construction by simultaneously capitalizing on their different
advantages; examples are PIP-IMLS, PIP-NN, and NN-multibody expansion combinations which
will be considered below. Some methods (e.g. MSI and IMLS) make a PES by patching together
local fits or interpolants, others use combinations of global functions (e.g. PIP). It is also common

to fit to a sum of functions that depend on a subset of the full set of coordinates.? 32 Very
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accurate PESs can be constructed using symmetry adapted perturbation theory.®” Excellent
surfaces for clusters and bulk systems have been made using the MB-pol approach of Paesani and
co-workers.®® There are other ML methods® which are finding use in PES construction, including
non-parametric approaches like Gaussian process regression (GPR).*%%> NNs will be compared

with some of these methods below.

1.3 Scope of this review

In this review, we focus on neural network based potential energy surfaces for molecules. We
review progress made in neural network based methods for the construction of interatomic
potentials from discrete samples (such as ab initio energies) in internal coordinates which are
suitable not only for classical molecular dynamics but also, and in particular, for quantum
dynamics including quantum reaction dynamics and calculations of (ro-)vibrational spectra.*3-
We focus on methods for building molecular PESs that explicitly include all many-body
contributions, even though some of the methods we review limit the degree of coupling, due either
to a desire to limit computational cost or to limited data. Explicit and direct treatment of all many-
body contributions is only practical for sufficiently small molecules, which are therefore the
primary focus. Computing a spectrum or some other dynamical property reveals the accuracy of a
PES and is therefore a stringent test. Dynamical properties can be computed either from a PES
available in the form of a function (e.g. a NN) or by calling a routine at points in configuration
space (as in the case of some other ML based methods). In these applications, PESs often need to
be built to an accuracy of only a few cm™, typically corresponding to about 1/10,000'" of the energy
range considered. Getting properties of the PES right is important even for a qualitative description
of some properties. For example, if a PES is not invariant with respect to permutations and
inversion then the degeneracy pattern of the levels may not be correct. Vibrational spectra are
therefore a sensitive probe of such properties. Vibrational spectra of free molecules are measured
with sub-cm™ accuracy even for relatively large polyatomic molecules. Quantitatively accurate
PESs need to be accurate to several cm™ in important regions of the accessible configuration space.
We will refer to this as “spectroscopic accuracy” and show in the following that NNs are well-
suited to building spectroscopically accurate PESs. The stringency of the quantum dynamics test
is also due to the fact when using a tensor product quadrature grid, points are required in a very
large region of configuration space. Such calculations truly test the global quality of the potential

function and are sensitive to overfitting, which in the worst case may manifests itself as “holes” in
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the PES, from each many PESs suffer.** 4649 Much of the literature on NN PESs has been on
ground state PESs, however there are also papers on NN based excited state and diabatic PESS;

some of them will be reviewed below.

We do not consider in detail, but do mention key ideas of NN based PES construction
methods based on the decompositions into atomic contributions which are developed in particular
for solid state and interfacial systems. These Ansétze work best when the number of atoms is so
large that it is too costly to explicitly and directly consider all many-body contributions to the PES.
They typically represent a PES as a sum of NNs corresponding to atomic contributions with
environment-dependent functions.*%2 They are often applied when accuracy requirements are not
as stringent, although in principle such methods can provide cm™-level accuracy for molecules
(which is achieved precisely because for a small molecule the component NNs can explicitly
model all many-body interactions), these cases are reviewed below.%#% Of course when one
considers the molecular degrees of freedom of a molecule on a surface, possibly including a limited
number of surface atoms, the methods considered here are fully applicable, and we will provide

examples thereof in the following.

Neural network, and in general machine learning based approaches are advantageous in
high dimensional configuration spaces where simple fitting or interpolation techniques such as
splines or polynomial expansions do not work well. Fitting a tensor product representation fails
catastrophically in high dimensions. This is often explained by invoking the curse of
dimensionality according to which if the sampling density is constant, the number of required data
points and functional terms grow exponentially.®” A key advantage of neural networks is that they
are, as will be shown in section 2.1, non-direct product representations. Although the cost of a NN
representation generally grows with the dimensionality of the PES, including both the number of
required PES samples and of required NN components (neurons), it need not grow exponentially.
Nevertheless, the density of sampling of the configuration space is a major issue. Simply put, it is
not feasible to sample the configuration space with the density that would be required if one were
fitting with a standard polynomial or spline or Fourier expansions to achieve spectroscopic
accuracy. 100,000 high quality ab initio data points can be computed at a significant cost even for
a small molecule like methane.®® On a tensor product grid, this is equivalent to about 3.5 points
per degree of freedom (DOF); increasing the number of data points to 1,000,000 would only

increase the density of sampling to about 4.7 data points per DOF. For a 7-atom molecule like
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UFs,% increasing the number of data points from 100,000 to 1,000,000 would increase the density
from about 2.2 to only about 2.5 points per DOF. One of the key uses of NNs in PES representation
is therefore in methods which aim at PES function reconstruction from very sparse ab initio data.
This necessitates going beyond representations with a single NN and towards more complex

methods using NNs as building blocks.

This review is organized as follows: in section 2, we will introduce artificial neural
networks of the types used to make molecular PESs and describe at a conceptual level (with
specific examples provided in subsequent sections) how NN architecture can be designed to impart
to the PES desired structure and properties. By structure, we mean, for example, expansions in
orders of coupling (N-mode representation) or dimensionality reduction or ability to work with
sparse data or representations in the sums-of-product (SOP) form. In section 3, we review specific
examples of applications of NNs for PES construction for molecules and reactive systems,
including PESs for classical and quantum dynamics, for isolated molecules and for molecules on
surfaces, and applications of methods beyond standard NNs such as SOP NNs and representations
with low-dimensional functions, all conceptually introduced in section 2. In that section, we will
also consider the critically important and still underappreciated issue of how representable
published PES fitting or test errors are of errors which are important when using a PES to compute
dynamical properties. This is related to the fact that the data on which the NN was trained or tested
and points at which the PES is required in applications may be rather different. Section 3 also
reviews several and still rare cases where NN PESs were compared to other methods on the same
systems and same data, as well as some computational aspects. Section 4 contains concluding

remarks.

2  Neural networks for potential energy surfaces

2.1 Introduction to neural networks used in PES fitting

Artificial neural networks (what we will mean by the abbreviation NN)"%-2 are often presented as
model systems mimicking an interconnected network of neurons in a brain. While there is some
value in such a presentation, and it is justified for example by the fact that often used sigmoid
activation functions can be said to mimic neuron activation, the mathematical NN objects and

particular NN types used in PES construction need not invoke references to biology, even as prior
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reviews’® " 3 amply cover this analogy. Potential energy surfaces are smooth functions, and the
NNs we consider are of the regression rather than classification type.”® We believe the operation
and utility of NNs in computational chemistry and specifically for PES construction is better
understood from the perspective of a non-direct product basis representation. We begin with the
simple case of the so-called single-hidden layer NN. In it, one builds an input-output mapping f(x)

as

N

) =) cao(wyx +by)

n=0

1)

where f(x),x € RP is assumed to be a smooth (which is true for diabatic PESs and adiabatic
PESs in regions excluding conical intersections’#) multivariate function and o is a univariate
function (such as the often used sigmoid function) called neuron activation function or simply
neuron. The argument of o is a linear form of the coordinates x. wn and by are tunable parameters
which are fitted to reproduce a given set of training data {f 0, x\’},j = 1,..., M (Eq. 1 includes
the constant term in the choice of wo and bo). Egq. 1 is often written as f(x) =
a(XN_, c,o(wyx + by)) i.e. with an output neuron, which, however, can be subsumed in the
definition of f, without loss of generality.

Eq. 1 has a long history. It goes back to the Kolmogorov theorem” that established the
principle of representation of a multivariate function via a superposition of (generally different)
univariate functions. It was followed by a series of papers which step by step relaxed the
requirements on the function o-and offered constructive proofs,’5% first establishing that one and
the same monotonic function can be used for all n and relatively recently, in 1998, establishing
that that o need only be smooth and non-linear.®* In particular, it need not be sigmoid even though
the most widely used NNs are those with sigmoid-shaped neurons,”” % most often of the hyperbolic
tangent form, o(x) = (e* —e™*)/(e* + e™*), although other sigmoid-shapes functions have
also found use. The single-hidden layer NN of Eq. 1 is a universal approximator,’® 88 j e, there
is a finite number of neurons N such that for any however small ¢, the L? norm

If (x) = ¥N_,c,o(wpx + b,)| < &. The universal approximation theorem says nothing about
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sparsity of samples at which f(x) is known. If data availability is not an issue, there is in principle

no need to use multi-layer or so-called deep NNs.

What is important to stress, especially in the context of computational chemistry, is that
Eqg. 1 is an expansion of f(x) in a non-direct product basis. It is an expansion in a tunable basis with
the parameters wy and bn. It is this tunability and the non-direct product quality of the basis which
enables NNs to obviate the exponential scaling of the cost in principle and, as examples below will
show, in applications. Eq. 1 is an example of a ridge NN,”’ so called because the argument of &
defines a plane dividing the space. When the argument of & is expressed as b,,|w,, — x|?, one
obtains a so called radial basis function (RBF) NN. RBF NNs are also universal approximators®
% and also in principle allow avoiding exponential scaling, specifically, for band-limited functions

(i.e. for functions whose Fourier spectrum decays rapidly beyond a certain frequency).®®

Note that f in Eq. 1 can be replaced with a vector f with components fx, in that case the
coefficients will also depend on k, cnk, While the basis can remain the same. This would be a NN
with multiple outputs which could be for example energies and forces or potential values of
different states. This is advantageous as forces with many ab initio methods are computed with
very little overhead. In the following, for simplicity, we will not carry k in the equations, on the

understanding that the output can have multiple components.

The properties of Eq. 1 described above are maintained if x are not the original coordinates

(spanning the configuration space of a molecule) but linear or non-linear functions of them:

N

)= cad(Way(x) + by)

n=0

@)

The dimensionality of y need not equal that of x. Indeed, augmented inputs (e.g. using squares of
elements of x together with x) is a well-known technique in NN training.’? In the following sections,
we will highlight the utility of using NNs in transformed coordinates. When y are outputs of
another “layer” of neurons, y; (x) = XNL ¢'y no (W i nx + b’y ), One obtains a two-layer NN. In

the general case of several layers,
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Np—1

Ny d
fi=a we w® D w® o wDy.
l out lkn nkn nkn 1 On-— 1Lkp—1\| kok,“1kq kit
i=0

Kn=0 k1=0

3)
where we kept subscripts on o to highlight the fact that they need not be the same neither from
layer to layer nor within the same layer, even though typically the same function is used, with the
exception of the output layer where it is common to use linear or piecewise linear activation
functions. In Eq. 3, the biases (bn in EQs. 1, 2) are subsumed into the weights at xo = 1, for simplicity.
Although single-hidden layer NNs are already universal approximators, multilayer NNs are useful
when dealing with sparse and very uneven data distributions® and to enable representations with
lower-dimensional terms, including dimensionality reduction, as described in the next section.

Neural network fitting involves non-linear optimization of a large number of parameters

1
W,E" s ) o minimize an error measure, typically the rmse (root mean square error) between the

NN output and the target values of the potential (and derivatives, as applicable). The parameters
are typically initialized randomly within a certain range (such as [-1,1]). Often, the inputs x and
targets f of the NN are scaled to the same range (usually [-1, 1]) for fitting. This is done on one
hand to approximately match the range of the data to the range of the initialization of the
parameters and on the other to simplify the task of the optimizer so that it does not have to work
with drastically different length scales in different dimensions and, in the case of a multi-output
NN, with drastically different scales of the different outputs which would permit errors in some
outputs to dominate the total rmse at the expense of other outputs. The scaling ultimately helps
find a good local minimum of the error. A NN fit finds a local rather than global minimum in the
parameter space. As parameter initialization is typically random, there is variation in fit outcomes
from run to run as the optimization ends generally in different local minima. As long as the rmse
variation from run to run is small, this is not a problem. A committee of NNs (i.e. averaging outputs
of different NN fits to the same data) can be used to minimize the random component of the

variation (see below).%" %

Another reason for variation of fit quality from run to run is the typically random split of
the total dataset {f 0), x(0}, into a training (fitting) and a test set, and sometimes into a training, a
validation, and a test set. Black-box fitting methods in general and NNs in particular may overfit

the data which means that a better match of the fitted { £, x()}, which can be achieved by simply
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increasing the size of the NN (number of neurons), leads to a poorer PES due to larger errors
between the fitting points. We emphasized above the issue of the low density of sampling of
multidimensional PESs. Overfitting is a major issue. That is why one typically reserves part of the
data for testing purposes. It is the error on that test set which is not used during fitting, rather than
on the training set, that is indicative of the global accuracy of the PES. Whenever possible, we will
refer to that error in the following. It is important that the test set be representative; we will address
this serious issue below. A part of the data is sometimes reserved for a validation test, which is
also not used to guide parameter optimization but on which the error is computed at all steps of
the optimization. The fitting is stopped when the error on the validation set starts increasing (so-

called early stopping).>” %

2.2 Achieving different types of representations via choice of the NN architecture or a
combination of NNs
Single-hidden layer NNs provide a natural and elegant way to achieve a sum of products (SOP)
representation of a PES which greatly simplifies calculation of the integrals required to use
variational quantum dynamics methods.** In particular, multiconfiguration time-dependent
Hartree (MCTDH)* calculations are usually done with a SOP PES. Exploiting a result of Gorban,
who showed that the neuron activation function “need only be non-linear, nothing else”®* in order
for a NN to possess the universal approximator property, one can use exponential neurons to

immediately obtain SOP PESs, as Manzhos and Carrington showed in 2007:1%

M da
f(x) = Z w? 1_[ eWik i
i=0 k=0

(4)
In 2014, Koch and Zhang re-discovered the idea of a SOP NN and proposed using multiplicative
artificial neural networks.*®* They used neurons which are products of erf, i.e. sigmoid, functions
which were claimed to possess the universal approximator property'°? 19 although the proofs they
reference ultimately did not use product neurons. %4 1% \We will show in examples below that using
an exponential neuron NN one can produce a SOP PES with fewer terms and better global accuracy
than with other approaches.
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We now consider the multilayer NN of Eq. 3. The numbers of neurons in different layers
are generally different. Outputs of any hidden layer can be considered as new, transformed
coordinates, in which a NN made of subsequent layers fits the data. Eq. 2 described such a case
where y(x) are the transformed variables in which a single-hidden layer of Eq. 2 operates. The
dimensionality of y can be higher than that of x or lower. If it is lower, dimensionality reduction
is performed. When y(x), y € R%,d < D, are outputs of a previous layer of neurons, one obtains
what is well-known in signal and image processing literature as an autoencoder.'% %7 In PES
construction, there are two major reasons to employ dimensionality reduction: (i) one may wish to
work with redundant coordinates (such as interatomic distances) which expand the dimensionality
beyond the intrinsic dimensionality which could complicate fitting, in which case D-reduction
back to the intrinsic dimensionality can be performed without loss of accuracy; (ii) with a finite
density of sampling, it may not be possible to reconstruct the D-dimensional function sampled at
the data points. Indeed, the dimensionality of a set of point samples in a D-dimensional space
varies from 0O (for a single point) to D (for an infinitely dense set). Simply put, a finite-size sample
in a D-dimensional space is not a D-dimensional object. When the intrinsic dimensionality of the
data is smaller than the space dimensionality D, it may be advantageous to reduce the
dimensionality to the intrinsic dimensionality D;,;, in which fitting may be easier, in particular,
overfitting can be reduced due to the higher density of data in the D;,;.-dimensional space.

Examples will be given below.

The same issue of the necessarily low density of sampling in multidimensional spaces
justifies the use of NN architectures or NN based methods using expansions in orders of coupling
including multi-body or N-mode expansions.1% 34 35 108,109 g ;ch expansions fall into the general
paradigm, introduced by Rabitz and co-workers, of high-dimensional model representations
(HDMR).}% 111 |n HDMR, f(x) is represented as

D D D
FO)=fot D FiGD+ D fylua)+ et D i iy Gy ) + o
=1 i=1 i1izrid
j=i+1
+ f12,,0(X)

()
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The full HMDR expansion is exact; it is approximate when truncated to an order d < D:

D D D
FOO = fot Y i)+ D fulux) =t D fopy Oty iy s 11,)
i=1 i=1

i= i1,iz,mig
j=i+1

(6)

The key advantage of this approximation is that the component functions f; ;, ;. (xi, Xi,, s Xi,)
are of lower dimensionality than D. This helps in computing integrals involving the PES, and also
reduces the cost of fitting because only the (lower-dimensional) component functions need to be
fitted. The N-mode expansion corresponds to defining the component functions on d-dimensional
hypersurfaces passing through the equilibrium configuration of the molecule (what Rabitz et al.
called cut-HMDR? 1) One disadvantage of the N-mode representation is the need for a separate
set of data to fit each component function, with the number of datasets growing combinatorically
with D and d. It is possible to determine all component functions from a single set of data with a
so-called random sampling (RS) HDMR. In the original RS-HDMR, component functions were
computed as multi-dimensional integrals (D-d dimensional for d-dimensional component
functions),!1%113 which is a major disadvantage and largely defeats the purpose of simplifying the
construction and use of multidimensional functions for which HMDR was introduced in the first
place. Both cut-HDMR and RS-HMDR suffer from a combinatorial explosion of the number of

terms with dimensionality D and with order of expansion d.

Using NNs to fit the component functions makes it possible to realize the real promise of
RS-HDMR: all component functions can be fitted simultaneously to one dataset without the need
to compute multidimensional integrals.!* We note that in Eq. 6, lower-order terms can be
subsumed into the terms of dimensionality d without loss of generality:

D
f(x) = Z fivigig(Xigs Xiys s Xiy)

i1)iz)ig

7)
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which simplifies the form of the representation and the cost of its construction This simplification
is achieved trivially with NN component functions but not when evaluating them as integrals in

the original RS-HDMR formulation. The number of terms in Eq. 7 still scales combinatorically (as
the binomial coefficient (Z) i.e. the number of terms is hard-wired to the values of D and d).

When representing component functions with NNs, it is possible to define — as part of the NN
fitting itself — new coordinates in which one can decouple the number of terms and their
dimensionality d and obtain any desired accuracy by increasing either or both.!™>" This is

achieved by using, instead of Eq. 7,

N
flx) = Zfl xil),xél), ...,x(l))
i=i

(8)
where x® are new coordinates which can be obtained by a linear transformation of the original
coordinates x: x® = AOx + b®, This linear transformation can be performed by a single layer of
linear neurons and A®, b® fitted during the PES fitting.!*® The total number of new coordinates in
all x® can be redundant and hence we called this method Red-RS-HDMR-NN.*® Avoiding the
combinatorial scaling is a major advantage of using NNs. Details and examples will be given in
section 3.5. Eqg. 7 or 8, or each summand of Eq. 6, can be fit with a single NN by constraining
connections between neurons in different layers. This entails minimal modifications of a standard
all-connected NN architecture. It can also be realized, for computational efficiency, with individual

NNs for each component function.6

The approach of Behler and co-workers (often called HDNNP, high-dimensional neural
network potential) uses NNs as building blocks in a more complex method. 57 118 118 The energy
is expressed as a sum of atomic contributions which are computed with NNs in an environment-
dependent way:* E = ¥ NN; (G!), where the NN inputs G¥ depend on atom type x and
Cartesian coordinates and local environment of each atom. Symmetry (see also section 2.3) is
embedded in the definition of Gl.”. The advantage of this representation is extendibility to a large
number of atoms which makes it possible to model solids, surfaces, and interfaces,>® 52 53 55-58, 118,

120 although the approach of Behler has been used also with small molecules® ® and small
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molecules on surfaces,*?*12° where the extensivity of the method allows inclusion of many surface
degrees of freedom. This is possible because individual NNs are the same for different atoms of
the same type (element) and different chemical environments are embedded in G;*. The approach
was later extended from environment-dependent atoms to environment-dependent atom pairs.>®
The details of the method and its applications, in particular to solids and interfaces with very large
numbers of atoms have been well reviewed elsewhere.>” 18119 Similar ideas have also been used
by Smith et al.%? to construct potentials of many relatively large molecules (dozens of atoms) with
rmse values on the order of a kcal/mol (about 350 cm™). Hu et al. used a similar approach to study
solid Si and liquid and solid Na. They wrote the energy as a sum of atomic contributions, but the
atomic contributions were computed by decomposing the DFT energy®® % Here we note that these
ideas resemble the (modified) embedded atom model ((M)EAM) frequently used for making force
fields for metallic systems in that many-body terms are modeled with effective environment
dependent functions.*?® 127 Zhang et al. have exploited this similarity further: their Embedded
Atom Neural Network (EANN) approach uses, similar to the approach of Behler, a sum of atomic
contributions expressed via NNs, but the individual NNs depend, just like in the EAM method, on
the density:>* E = Z?’;’l NN; (p;), where components of the vectors p; are electron density
projections on Gaussian type orbitals of different angular momenta, centered on each atom. In this
way, the local atomic environment is captured, and with it many-body contributions to the potential.
A mean absolute error (mae) on the order of 5 meV (about 400 cm™) could be obtained when
fitting potentials of relatively large molecules (e.g. aspirin, naphthalene, malonaldehyde) to
thousands to tens of thousands points with this method.>* Ghasemi et al. introduced the charge
equilibration via neural network technique (CENT), in which the neural network fits not the energy

but the density p, on which the energy E depends.?® The energy is expressed as a

Natoms

1 1 (f p(r)p(r") ,
E= Z (Eio‘l')(iqi +§]iiqi2)+§ffwdrdr
i=

9)
where E? are reference energies, y; are environment-dependent atomic electronegativities, gi are

atomic charges, and Jii are element-dependent atomic hardnesses. The density is expressed via
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atom-centered spherically symmetric Gaussian functions whose parameters, as well as y;, are

determined during NN training. The method was applied to clusters as well as to solids.*?8 129

Schiitt et al. introduced deep tensor neural networks (DTNN),®* which are also the basis of
the SchNet approach.'® In their approach, the molecular structure is encoded in a way similar to
the Coulomb matrix*®*: a vector of nuclear charges Z and a matrix of interatomic distances D are
formed ensuring rotational and translational invariance. The distances are expanded in a Gaussian
basis, yielding a feature vector d, which accounts for the different nature of interactions at various
distances. The energy, similar as in the Behler method, is a sum of atomic contributions, E = )’ E;.
Each atom i is represented by a vector ci which includes a sum of pair-wise interactions, Y, v;,
where vijj depend on Z and on interatomic distances via d. These interactions themselves are refined

during the NN fitting process:

it =ci+ Y vy (10)

where t is the fitting cycle. In this way, the chemical environment of each atom is effectively
captured. A key difference from the other NN based methods mentioned above is the use the nuclei
charges Z. Another difference from standard NNs is the use of the so-called tensor layer of neurons

to express vij:

vl‘j = tanh[ch(chcj + bfl)O(Wdde + bfz)] (11)

where o denotes element-wise multiplication, and W and b are parameters. The output of this layer
is fed into a standard sigmoid layer to ultimately produce atomic energies E;.% It is important to
understand that DTNN is not designed to fit PESs. The goal of DTNN is to produce a computer
program that gives the electronic energy and also dipole moment, densities, orbital energies, etc.
without solving the electronic Schrddinger equation. The input required by DTNN therefore also
requires charges of the nuclei. DTNN is conceptually not just another method for fitting PESs.
What DTNN does is conceptually different from fitting ab initio energies as a function of

coordinates — it effectively learns the mapping from Z, D to energy and other quantities which are
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typically computed by ab initio calculations. The inclusion of Z is therefore not a simple addition
of a new (kind of) input but is a key element of this new framework. The DTNN can be and has
been used to predict multiple molecular properties such as orbital energies or charges,**? and it can
also be used to fit a PES with very high accuracy. Indeed, sub-kcal/mol accuracy was achieved for
energies on a large number of relatively large (dozens of atoms) organic molecules, such as those
in the QM9 data set'®® of about 134,000 small organic molecules made up of H, C, O, N, and F
atoms.%% 130 34 \When comparing the accuracy of a DTNN-type PES with that achieved with other

NN based methods, one needs to be mindful of the conceptual difference outlined above.

In the PhysNet approach,'® the energy was represented as a sum of atomic contributions

and Coulombic interactions:

NllmeS Natoms
q.q9
E= Z E, +k, J
’r'..
i=1 isSj=1 Y

(12)
where ke is the Coulomb constant, qi; are partial charges also fitted by the NN, and r;j interatomic
distances. The atomic energies, similar to the DTNN scheme, depends on pairwise interatomic
distances and nuclei charges. The approach showed an even better performance (energy errors on
the order of 0.2 kcal/mol) on the QM9 dataset than the DTNN and SchNet schemes.®® The
Hierarchically Interacting Particle Neural Network (HIP-NN) also uses pairwise interatomic
distances and nuclei charges as variables and expresses the energy as a sum of environment-
dependent atomic contributions. It achieved an accuracy of about 0.3 kcal/mol on the QM9 set. 1%

The difference from the above methods is that in HIP-NN the atomic energies Ei themselves are

further decomposed into contributions over orders n: E = Y. E;, E; = Y.\ inter E'', where E}!

n=0

represent (n+1)-body contributions, i.e., interactions between atom i and up to n its neighbors.**

NN based methods of this type have recently been reviewed in Ref. 2*7. As noted in section
1.3, approaches using decompositions into atomic contributions in principle treat many body
contributions approximately and indirectly (which does not mean they produce higher errors in
applications). Below, we mainly focus on results with methods which treat many-body

contributions directly.
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Perhaps the simplest way to use a NN as part of a more involved strategy is a NN

committee,®” which means simply averaging results of Nyn NN fits to reduce the random

component of the error, which will scale as N,;,\l,/z. The random component may originate from
the randomness of the initialization of NN weights or from the randomness of training data
selection (e.g. if the total dataset is randomly split into the training and test sets). NN committees
have been used in multiple works.®® 138147 A significant component of the fitting error is, however,

non-random.%8 141

Last but not least, NNs can be used to fit parameters of an empirical PES function. For
example, in Ref. %8, the many-body term of the Tersoff potential**® **° for benzene was represented
with an NN depending on the bonding environment. In Ref. °1, the PES of Sis cluster was fitted
to a Tersoff potential whose nine parameters were made functions of the internal coordinates which
were fitted with a neural network. The PES was fitted to about 10,000 DFT points with a rmse of
0.0148 eV (120 cm™), compared to a NN PES for the same system from the same group with an
rmse of 30 cm™ (albeit fitted to 28,000 points).'>? The idea of NN-fitting potential parameters has
recently been combined with the representation of the potential as a sum environment-dependent

atomic contributions.'®?

2.3 Symmetry, asymptotics and extrapolation

An important issue in using NNs to build PESs is ensuring symmetry. Even if symmetry errors are
small, the degeneracy pattern of ro-vibrational states may be wrong because degenerate levels are
wrongly split by the PES. The neural network of Eq. 3 is agnostic of symmetry. Symmetry can be
incorporated into a NN based potential by inputting symmetry-adapted coordinates.>41¢
Symmetry-adapted coordinates can be, for example, functions of interatomic distances.?® 8 157
Pairwise interatomic distances based coordinates that are used in methods like DTNN, PhysNet,
SchNet, HIP-NN and similar satisfy permutational symmetry by construction 6t 130. 135 136
Permutationally invariant polynomials have been successfully used as arguments of the NN.°8
The number of PIP inputs can, however, be very large, which complicates fitting. Zhang and co-
workers introduced so-called fundamental invariants which allow significantly reducing the
number of PIP-based inputs.®®® Fundamental invariants are a set of invariant polynomials that
contains the smallest number of invariant polynomials which can generate all the invariant

polynomials.®® Examples are given in section 3.
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Alternatively, one can use so-called symmetry-adapted neurons*®°

which is equivalent to
symmetry adapting the arguments of the neuron activation function. Nguyen and Le introduced a
NN layer whose role is to form symmetrical outputs which are then passed to the next hidden layer
which effectively performs fitting in symmetry-adapted coordinates.®! If a primitive NN PES does
not have desired symmetry properties, a NN PES that does have the desired properties can be
obtained from the primitive PES by averaging over symmetry-equivalent configurations.®8 139 1.
162164 The primitive PES can be trained on a data set that includes all the symmetrically equivalent
points, which are “free” in the sense that no additional ab initio calculations are required.58: 115 13¢-
141,156, 163, 165-167 Thjs can significantly reduce the required number of ab initio points.'®® It is often
not necessary to fit points in the entire accessible region of configuration space, which might be
much larger than the symmetrically unique region. Instead, it is enough to fit a set of points that
includes points in the symmetrically unique region and some points beyond its boundaries.% 13%
162 183 points can be mapped to a symmetry unique region for example by ordering interatomic
distances.%® 152 164,188 The advantage of averaging instead of only using points in the symmetry
unique region is that it allows dealing with cases when a center of symmetry (e.g. minimum
geometry) is located at the edge of the region of interest of the configuration space.8 139 162, 168

Examples and comparisons will be given in section 3.

The treatment of symmetry is complicated for molecules on surfaces, where the symmetry
of the surface should also be taken into account. In their NN method which is well suited for solids
and interfaces,> > ¢ Behler and co-workers introduced symmetry adapted functions to take into
account the symmetry of the surface potential.!® Symmetry functions are effectively new,
symmetry-adapted coordinates on which the NN depends and which use, in particular,
trigonometric and exponential functions to account for surface periodicity and the diminishing
effect of the surface potential at long range. A similar approach (symmetry adapted coordinates
with periodicity handled by the use of trigonometric functions) was also used by others including
Lorenz et al., > 1% Ludwig and Vlachos,**® Jiang and Guo,'’® 1t and Shiitt et al.®*

Neural networks by themselves do not assure correct asymptotic behavior. This has to do
with their notoriously bad extrapolation properties. It is a problem common to many black-box
methods. A standard and efficient way to deal with this is by choosing coordinates which
effectively map the asymptotic region to the sampled part of space. A popular and recommended

choice in the NN literature, also used with non-NN fits, is to use transformed interatomic distances
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Rij in the form exp(—R;;/a)?* 8139172174 or 1 /R, 1% The symmetry treatment is also simplified
in interatomic distances. Similar solutions can be used in bond coordinates for bonds. For angular
coordinates, the use of trigonometric functions effectively achieves a mapping into an interpolation
region.

In Ref. 1, Malshe et al. studied NN PES quality for several molecules (HOOH, HONO,
Sis, and vinyl bromide) when using different coordinates (NN input vectors). They considered
interatomic distances, inverse powers of the interatomic distance, three-body angles, and dihedral

angles. Both redundant and nonredundant input vectors were investigated. They found that a Z-
matrix!’® specification of the molecular configuration, similar to that often used in in electronic
structure calculations, gave the least accurate NN for Sis and vinyl bromide. The reason was related
to the discontinuity present in the dihedral angle for planar geometries. The use of trigonometric
functions of the angles as input elements produced significantly improved fitting accuracy as this
choice eliminates the discontinuity. The most accurate fits were obtained when the elements of the

input vector were taken to have the form R;;". Our experience was somewhat different. we

obtained good results with bond coordinates (better than with interatomic distances when both
were tried), but we explicitly symmetrized the PES and sampled and fitted across the edge of the

symmetry unique region if symmetry centers were on that edge,58 114139162, 177

3 Applications of neural networks to build potential energy surfaces

3.1 Brief timeline of neural network based potential energy surfaces: from a curiosity to
spectroscopy accuracy
Because it was known that any analytic function can be represented arbitrarily accurately with a
NN, 25 years ago scientists began using NNs to build a PES from ab initio points,1>4 169 178-180
However, until about 15 years ago, NN PESs were considered in the quantum dynamics
community as a sort of curiosity due to their mediocre accuracy’ 8! rather than a robust method
of first resort for obtaining spectroscopically accurate potentials. For example, a 1994 paper
includes the statement: “For many problems ... an attempt to use neural networks ... will lead to
low accuracy and lengthy computations”.*8! The first NN PES was for CO on a Ni surface.!™
Many of the important ideas were introduced in that paper. The authors discussed choosing the

number of neurons, overfitting, the choice of the fitting points, etc. In 1996, Clary and co-workers
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published NN PESs for four-atom Van der Waals clusters.'8 The mean error, at test points on their

PESs was about 25 cm’™.

The first NN PESs made with two hidden layers were published shortly thereafter.182 183
Prudente and Neto'® introduced for the first time the idea of using a symmetrized hidden layer to
ensure that the NN PES is invariant with respect to permutation of identical nuclei. Symmetrized
input was used by Gassner et al.® and Lorenz et al.!®® Other authors,'®* instead, fit only the
symmetrically unique region of the PES. Raff and colleagues published a series of papers about
NN fits and proposed new ways of choosing fitting points.'>? 185-18° Seyeral authors have used NNs
to fit terms in a many-body or N mode representation of a PES. 14 151.166.18% The jdea of averaging

several NN fits has been employed by several groups.58 138141, 190

In 2006, for the first time, it was shown that it is possible to determine NN PESs for three-
and four-atom molecules (H20, HOOH, and H>CO) on which many low-lying vibrational energy
levels have errors less than 5 cm™. For all of these molecules, the global fit accuracy (on the test
set) is of the order of 1 cm™ (corresponding to about 1/10,000th of the considered energy range).
This was achieved by first fitting a rough NN PES and then fitting a NN to the difference between
energies at fitting points and values on the rough surface.'®? Although increasing the number of
neurons is guaranteed to improve the accuracy at the fitting points to any desired value, with finite
density of sampling, this will eventually lead to overfitting. Typically, one monitors errors on a
test set. However, in multidimensional spaces, such test sets are often not representative of the
global accuracy of the potential as they are too sparse. We found that NN potentials can have holes
even when the test set errors were low, by using fitting and test point set sizes of several thousand
points. Fitting a rough potential first with a small number of neurons guarantees the absence of
holes, and refitting the difference with a larger NN improves the overall accuracy, and any
overfitting in regions between points not captured in the test set error is contained and does not
lead to holes. This was confirmed by the absence of spurious features in spectra. This was an
example of using multiple NNs as building blocks of a more involved method more apt to deal

with issues which make potential fitting difficult such as finite sampling density.

Over the course of the following decade, multiple authors developed methods which were
not simple (sigmoid) NN fits of the PES but imposed structure on the function representation (such
as a multi-body representation) or used non-standard NN architectures (such as multiplicative
NNSs). Ideas were imported into the NN based PES fitting field which showed good performance,
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such as use of permutationally invariant polynomials to treat symmetry or dimensionality
reduction. At present, NN based methods have evolved into rather complex computational
architectures capable of doing much more than fitting a PES. In the following subsections, we will
give a representative, albeit non-exhaustive, summary of what has been achieved with different
NN based methods when fitting potential energy surfaces for molecules and reactive systems,

including molecules on surfaces, for use in classical and quantum dynamics simulations.

3.2 Neural network PESs for classical and quantum dynamics
3.2.1 Neural network potentials for classical dynamics

3.2.1.1 Molecular systems

Among the earliest works on NN potential energy surfaces is the work of No et al. who fitted a
water dimer potential in the rigid monomer approximation.'®* The PES was fitted to about 3,130
MP2%92 energies and the mae was 0.04 kcal/mol (14 cm™) for the lowest-energy configurations
growing to about 0.15 kcal/mol (52 cm™) in weakly-bound regions. Latino et al. refitted with NN
committees Lennard-Jones models of several small molecules (with up to 12 atoms), and MD
(molecular dynamics) simulations were performed to test the quality of NN fits.2*® Nguyen and Le
fitted the PESs (energies and gradients) of H,O and CIOOCI with their symmetry-adapted NN
method.*®! The H,O PES was fitted to only 282 MP2 points with a test rmse of 0.0103 eV (83 cm’
1. The CIOOCI PES was fitted to 1,693 MP2 points with a test rmse 0.0409 eV (330 cm™). The
same authors fitted with the same NN type, but using an improved Levenberg-Marquard®?
algorithm based optimizer, the PESs of H,0, Os and CIOOCI in Ref. %, Somewhat lower test
rmse values were obtained for water and CIOOCI: 6.55x10* eV (5.3 cm™) for H20, 0.035 eV (282
cm?) for Os, and 0.0297 eV (239 cm™) for CIOOCI when fitting to 191, 2815, and 1693 points,
respectively. Nguyen and Le also used their symmetry-adapted NN to fit the PES of B.S and

studied by quasiclassical molecular dynamics on the PES the transformation BBS — BSB.'*® Le

et al. fitted the PES of CIOOCI to about 35,000 MP2 data with an rmse of 0.0137 eV (110 cm™)

and performed MD simulations of the NN PES to study different dissociation channels.*®’

Raff and co-workers produced NN PES for several molecules and reactions and conducted
classical MD simulations on them. Their NN PESs fitted not only ab initio energies but also
gradients. In Ref. 12 they introduced their method, in which the NN fitting was integrated with

classical MD-based sampling of configuration space, which can be initiated on an empirical
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potential, and tested it by fitting the PES of vinyl bromide, including dissociation channels, to
1,400 MP4(SDQ)*®® data. The rmse was about 8 cm™ — a high accuracy even by today’s standards;
this was possible due the relatively limited region of configuration space that was of interest. They
also fitted a PES or a Sis cluster to 28,000 DFT points; the rmse was about 30 cm™.2°2 Single
hidden layer NNs were used. In Ref. 88 Raff and co-workers studied the PES of SiO; dissociation
into Si+O or Si+O; with a similar approach. Four potential energy surfaces for states with different
multiplicities were constructed. The PESs were fitted to about 7,000 DFT points each. The rmse
on the test set of points was 0.078 eV (about 630 cm™). In Refs. 197, 187 the reactive PES of vinyl
bromide was studied in more detail. About 12,000 or 72,000*8” MP4(SDQ) points were used to
sample a larger region of space; six dissociation channels were considered and branching rations
into them computed with MD for different amounts of vibrational excitation. The PES rmse was
about 0.06 eV (about 500 cm™). Le and Raff then studied cis/trans, trans/cis isomerizations and
N-O bond dissociation of HONO using a NN committee.'*® They fitted about 22,000 MP4(SDQ)
points and obtained a mae on the order of 90 cm™. Raff’s group also used a NN committee to fit
the dissociative PES of hydrogen peroxide.'*° The PES was fitted to about 26,000 MP2 points with
an rmse of 0.01 eV (about 80 cm™).

Previous works used a NN with multiple outputs to fit both the energies and the forces (the
gradient), this has the disadvantage of requiring a larger NN and also a different way of using the
PES (by using different NN outputs rather than by differentiating the energy) compared to other
force fields. This may complicate integration of the PES into existing codes, for example. In Ref.
188 Raff and co-workers introduced a new NN scheme in which during the optimization of a single-
output NN (for energy) deviations from the reference gradient and not only from reference
energies are penalized. They tested the scheme by refitting a reference PES for the H+HBr reaction
and achieving such a high accuracy (1.2 cm™ in terms of energy rmse) that trajectories computed
on the NN potential showed point-by-point agreement with corresponding trajectories on the
analytic reference PES. The same approach was used to fit, with a NN committee, the PES for the

BeH + H, — BeH; + H reaction to about 9,600 MP2 points with an rmse of 0.0046 eV (37 cm™).

The NN PES was used for classical MD simulations. Not only gradients but also second order
derivatives can be used to fit a NN PES. This was done in Ref. 14’ where the PES for the hydrogen

abstraction reaction from methanol was fitted with a NN committee locally around the transition
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state to UCCSD(T)? data. The deviations from the rate constants computed on NN PESs from

those computed with reference couple cluster data were only a couple per cent.
The PES for the reaction OH+(X3%") + Ha(X*2g") — H(?S) + H.0+(X?B1) was investigated

with the PIP-NN method®® 1% in Ref. 143, The PES was fitted to about 30,000 MRCI**® points
with an rmse of about 3.0 meV (24 cm™) with a NN committee. Two potential wells (OH+---H
and H20+-:-H) connected by a submerged saddle point were found on this PES. The PES was used
for quasiclassical trajectory studies to compute, in particular, rate coefficients. A committee of

PIP-NNs was also used by the same authors to fit a reactive PES for a five-atom system, H.O" +

Hz — H30" + H.2% The PES was fitted to 81,000 UCCSD(T) points with an rmse of 1.8 meV (15

cm™) and used for quasiclassical trajectory studies of the rate coefficient and kinetic isotopic effect.

The PIP-NN method was used to produce the PES for the reaction OH + HO2> — H20 + Oz in Ref.

201 The PES was fitted with a two-hidden later PIP-NN to 108,000 UCCSD(T) energies with an

rmse of 12.6 meV (102 cm™) and quasiclassical trajectory calculations performed on it.
Zhang and co-workers used the fundamental invariants (FI) NN approach®®® to fit the PES

for the reactions H + H,O, — HO> + H, and H + H,0, — H»>0 + OH.2%2 The PES was fitted with

a two-hidden layer NN to about 114,000 UCCSD(T) energies with an rmse of 5.7 meV (46 cm™)
as a function of 26 Fls. Quasiclassical trajectory dynamics?®® and ring polymer molecular

dynamics?% 24 were performed on the PES.

The method of Behler®: > 120 was also applied to molecules and clusters: water dimers in
Ref. 8 water dimers and trimers in Ref. % protonated water clusters in Ref. , and to the methanol
molecule and Cus clusters in Ref. ®. The water dimer potential was fitted to DFT calculations,
with the dataset containing about 5,600 monomer and about 12,000 dimer structures. The rmse
was about 1 meV (8 cm™) per molecule and relative energies of various stationary points on the
PES were well reproduced (to 1 meV or better) as well as their vibrational frequencies (to a few
cm™).84 MD simulations were also performed on this PES. Water trimers were considered in a
comparative study comparing with several other methods in Ref. ® (see section 3.8 for details).
The energies of protonated water clusters as large as H170g" (H2n+1)On* forn=1, ..., 8, for a total
of about 30,000 structures) were fitted in Ref. % to DFT calculations. Rmse values on the order of

1 meV per atom were obtained. Binding energies of the clusters were accurate to about 1 meV per
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molecule. Protonated water cluster (H2n+1)On* for n = 1, ..., 4) potentials were also fitted with the
Behler method to CCSD(T) energies in Ref. 2% with an automated point selection scheme (see
section 3.7). The NNs were trained on 55,000 energies to rmse values on the order of 0.06 kJ/mol

(5 cm™) per atom; binding energies and stationary points had a similar level of error.

The implementation of an NN method based on atom pairs was presented in Ref. >, and
the PESs for a methanol molecule and the Cus cluster were modelled with it. The methanol PES
was sampled with molecular mechanics (about 45,000 MM32% molecular mechanics points) and
fitted wtih an rmse of 0.025 meV per atom, while the Cus potential was fitted to about 4,000 DFT

data with an rmse of about 0.4 meV per atom.

A Behler-type NN was used in Ref. 2 to fit the potentials of C1oHao, retinol and several
other molecules. They showed, in particular, that the NN fitted to DFT can provide better structures
and relative energies that semi-empirical methods like AM1,2°7 PM62% or DFTB?%!, Gastegger
and Marquetand applied a Behler type NN to fit the PES for an organic reaction, the Claisen
rearrangement of allyl vinyl ether to 4-pentenal to DFT data with an accuracy of around 0.1
kcal/mol (35 cm™).2%° A different method also representing the PES as a sum of environment-
dependent subsystem contributions was proposed by Sanville et al.?*® They considered all five-
atom chains within the system, and the total energy is a computed as a sum of NNs each depending
on bonds and angles of the chain. In this way, the effect of local chemical environment is captured;
at the same time, similar to the method of Behler, extensivity to large systems is obtained. Each
NN input vector (based on five atoms) is associated with its own individual first hidden layer, and
the second hidden layer takes its inputs from the outputs of all such partial NNs. They tested the
method, in particular on small Si clusters (Sin, n = 2, 3, 4) and obtained a good match with DFT
data.

The Behler NN method has also been used to fit the PES around the dividing surface for
accurate variational transition state theory calculations for several reactions by Chen and
Goldsmith.2!! An initial NN PES was fitted, the dividing surface computed, and then iteratively
refitted until convergence with new data added at and around the dividing surface.

Law et al. used a single-hidden layer NN to fit the PES of SizH,.1%" The PES was fitted to
about 33,000 CCSD(T) data; the rmse in the energy region under 25,00 cm™ above the minimum
was 7.2 cm™. Energies of different isomers and vibrational frequencies were in good agreement

with reference data. In Ref. 212, the Diels-Alder reaction was studied with by means of multisurface
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adiabatic reactive molecular dynamics on potential energy surfaces fitted with NNs as functions
of coordinates and nuclei charges, Eq. (12). Training data included 200,000 DFT structures. An
rmse of 0.25 kcal/mol (87 cm™) was obtained. Use of nuclei charges (atomic numbers) together
with coordinates in the form of interatomic distances is a powerful general type of NN input that
works well for different molecules. It is used in particular in the deep tensor neural network
(DTNN) approach,®* with which it is now possible to fit potential energies of conformers of

thousands of molecules in a single project.t®*

3.2.1.2 Molecules on surfaces

Blank et al. pioneered the use of neural networks for the construction of PESs for molecule-surface
interactions, critically important in particular in heterogeneous catalysis.!”® They refitted an
existing potential for CO adsorption of Ni(111) considering three degrees of freedom to test the
method, and produced a DFT based PES for Hz on Si(100) in 12 dimension s (i.e. including some
surface degrees of freedom) from only 750 DFT energies. They achieved a test set error of 0.022
kcal/mol (about 8 cm) when refitting the 3D CO/Ni(111) PES; the mae error on the DFT-based
potential for Hz on Si(100) was 2.2 kcal/mol (about 770 cm™) or 1.5% of the energy range. They

used rather small single-hidden layer NNs with only about a dozen neurons in the hidden layer.

Lorenz et al. made a NN PES for H: interaction with potassium-covered Pd(100) surface
in eight dimensions and computed the sticking probability vs impact kinetic energy with MD.®°
The PES was fitted to 659 DFT energies (of which 40 were reserved for the test set). The test rmse
was 74 meV (about 600 cm™). They later refitted an analytic PES of Hz over clean and sulfur-
covered Pd(100).2 The test error when fitting the PESs to about 1,200 points was about 0.1 eV
(about 800 cm™).

Behler and co-workers built a NN PES for O dissociation on Al(111) and performed an
MD simulation of the reaction.!®® In the frozen surface approximation, the PES was Six-
dimensional, and the PES mae on the test set was 0.07 eV (about 565 cm™) after fitting about 3,700
DFT points; about 100 points were used as a test set. They showed a significant reduction in the
error due to the use of symmetry adapted functions. Boes and Kitching used a Behler type NN to
study oxygen interaction with Pb(111).2*3 The PES, including some Pd degrees of freedom, was

fitted to about 12,000 DFT points to an rmse of 9 meV per atom.

Ludwig and Vlachos built a six-dimensional PES for H» dissociation on Pt(111), in the

frozen surface approximation and computed reaction probability as a function of collision
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energy.’® They used MD to dynamically improve the training set by adding points where the NN
was most inaccurate. With 3,860 configurations computed with DFT they achieved rmse of the

training data of 17 meV (137 cm™) and converged the sticking coefficient.

The PIP-NN method of Guo et al. was also applied to molecules on surfaces. In Ref. 1'%,
they used the method to refit an analytic PES for H> on Cu(111). Different choices of PIPs were
studied and rmse values as low as 0.031 eV (250 cm™) were obtained. In the same work, the PI1P-
NN method was used to fit about 3,400 DFT data for H> on Ag(111), and an rmse of 2.6 meV was
obtained (21 cm™). Dissociation probabilities were computed from quasi-classical MD trajectories
on these PESs.

3.2.2 Neural network potentials for quantum dynamics and vibrational spectroscopy

3.2.2.1 Molecular systems

Bittencourt et al. fitted PESs of the AL* and X°I1 states of the OH molecule and the transition
dipole moment function for transition between these states.?** They found no advantages of using
two hidden layers over a single hidden layer NN. They also explored different neuron activation
functions. The NN functions were tested by computing the vibrational levels, the transition
probabilities between the two electronic states, and the radiative lifetimes. In particular, ground
state vibrational frequencies were within 3 cm™ of those computed on the extended Rydberg
function approximation (ERF)!° to the potential. Both approximations (NN and ERF) resulted in

frequencies differing from the experimental frequencies by dozens cm™.

Manzhos, Carrington, and co-workers produced NN PESs for several small molecules and
used them to compute vibrational spectra.®8: 9 100, 114-117,139, 162, 163, 165, 177, 215 Ref, 162 \ag the first
demonstration that neural networks can provide spectroscopically accurate potential energy
surfaces. Accurate analytic PESs of H.O, HOOH, and H>CO were fitted with two-stage NNs,
whereby a cruder fit was obtained with a smaller NN which minimized the danger of “holes”, and
the difference between the crude NN outputs and target potential values was fitted with a larger
NN. Any overfitting was mitigated by using a sigmoid or saturated linear output neuron in the
larger NN. Test set rmse values of 1, 2, and 2 cm™ were obtained for H,O, HOOH, and H.CO,
respectively, by fitting 1,500, 5,000, and 2,500 symmetry unique points sampled in

spectroscopically relevant parts of the potential using Eq. 7 (see section 3.7). The PESs were tested
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by computing vibrational spectra with a highly accurate variational approach using large
quadrature grids, thus thoroughly testing the global quality of the potential. For all three molecules,
most of the low-lying levels are within 1 cm™ of the exact results (obtained on reference analytic
PESS). In subsequent works, Manzhos and Carrington showed that NNs can be used to represent
the PES as an expansion of orders of coupling,*4*16 177 to easily make a sum-of-product form,'%
and for dimensionality reduction,*® 165 as described in sections 3.3, 3.5, and 3.6 below. They and
co-authors also performed the first controlled comparisons of PES quality and vibrational spectrum
quality when fitting the PES with a NN and with other popular methods such as PIP, PIP-NN, PIP-

215

IMLS,®8 and Gaussian process regression,!® see section 3.8 for details.

In Ref. 13, the PES of the phosgene molecule was fitted with a NN committee to 25,000
CCSD(T) energies with an rmse of 1.0 cm™. The vibrational spectrum was computed with a
collocation method on a Smolyak grid?'® on the PES.

The group of Hua Guo developed the permutationally-invariant polynomial neural network
(PIP-NN) approach.'®® 1% The idea is to use the PIPs proposed by Braams and Bowman,?® which
take care of the symmetry, as NN inputs. One can select appropriate (typically low-order) PIP
inputs. In Ref. 18 the method was tested by refitting analytic PESs for H + H, and CI + H systems
and performing quantum reactive scattering calculations of reaction probabilities. The PESs were
fitted to about 1,000 and 2,600 points for H + Hz and CI + Hy, respectively. Both PESs were fitted

with an rmse on the order of 4 meV (32 cm™). In Ref. 142, the method was applied to the F + H20

— HF + OH, O + H20 — OH + OH, and H + H.O — H + OH reactions, and quantum reactive
scattering calculations of reaction probabilities were performed on the resulting PESs. About
33,000 MRCI points were used to fit the F + H,O — HF + OH PES with a test set rmse on the
order of 10 meV (81 cmt). About 34,000 UCCSD(T) points were used to fit the O + H,O — OH

+ OH PES with a test set rmse on the order of 2 meV (16 cm™). About 32,000 UCCSD(T) points
were used to fit the H + H.O — H> + OH PES with a test set rmse on the order of 3 meV (24 cm’
). They used a committee of three NNs which reduced the overall rmse for these PESs to 6.8 meV,
0.8 meV, and 1.4 meV, respectively. They showed that for systems with more than three atoms,

the number of symmetry functions in the NN input vector needs to be larger than the number of
internal coordinates and include both the primary and secondary invariant polynomials (the size
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of some input vectors for four-atom systems in that work reached 32). A PIP-NN for the OH + CO

— H + COz reaction was built and full-dimensional quantum and quasi-classical trajectory studies

were performed in Ref. 27, including calculations of reaction probabilities, product translational
and vibrational energy distributions, and fundamental frequencies. The PES was fitted to about
74,000 CCSD(T) data and had an rmse of 5 meV (40 cm™).

Zhang and co-workers produced a series of reactive NN PESs for quantum dynamics.#*
145,168,203, 218 | Ref, 168 a NN PES for the H, + OH <> H2O + H reaction was fitted to about 17,000
UCCSD(T) energies, and wavepacket calculations were performed with it to compute reaction
probabilities. To speed up NN training, they divided the data points into several parts according to
their location (entrance valley, interaction region, product valley), and trained and tested these
parts separately. Those segmental parts were then connected with smooth switching functions to
yield a global PES. This was compared to fitting one global PES. Two-hidden later NNs were used,
and rmse values of about 1.5 meV (12 cm™) were obtained with both approaches. A NN PES for

the reaction OH + CO — H + CO; was fitted in Ref. 4 to 74,400 UCCSD(T) energies. A

committee of six two-hidden layer NNs was used with an rmse of 9.2 meV (74 cm™) and rmse
values close to 1 meV in low-energy regions. Reaction probabilities and complex-formation

probabilities were computed with quantum dynamics. A 15-dimensional PES of a six-atom system,

the reaction H + CHs — H + CHa, was studied in Ref. 1%, It was fitted to about 48,000 UCCSD(T)

energies with a committee of NNs with an rmse on the order of 4 meV (32 cm™). The PES was
later used to study the effect of vibrational excitation on reaction probability with wavepacket
dynamics in seven- and eight-dimensional approximations restricting the degrees of freedom of
the CH3 moiety.?!8

In Ref. 1, Zhang and co-workers introduced fundamental invariants (FI) which allow
reducing the number of PIPs in the PIP-NN% method. With their FI-NN method, they fitted PES
for OH3z and CH4. The OH3 PES was fitted to about 17,000 UCCSD(T) data with a committee of
two-hidden layer NNs with an rmse of 1.18 meV (9.5 cm™), as a function of nine Fls. Reaction
probabilities of the H, + O, and H + H.O reactions were calculated with full-dimensional quantum
scattering on this PES. The CH4 PES was fitted to about 15,000 UCCSD(T) data with a committee

of two-hidden layer NN to an rmse of about 1 cm™, as a function of 31 Fls. Vibrational energy
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levels were computed with a nine-dimensional quantum mechanical method.™° Recently the FI-

NN approach was used to make a PES for the H, + HS — H,S + H reaction.'*® The PES was fitted

with a committee of two-hidden layer NNs to about 42,000 UCCSD(T) points with an rmse of 3.1
meV (25 cm™?). The PES was used in time-dependent wavepacket simulations to compute
differential cross sections for the reaction. Lu and Li showed that the number of PIPs can be
reduced by using only non-redundant PIPs (NRPIP-NN).?® They fitted the PES for the H + HS
system to about 34,000 UCCSD(T) points with only 9 non-redundant PIPs to a test set rmse of
0.35 kcal/mol (122 cm™), which was moderately higher than the test set rmse values of 0.16
kcal/mol (56 cm™) obtained by using 50 4th-order PIPs and of 0.11 kcal/mol (38 cm™) by using
22 3rd-order PIPs. However, tunneling corrected transition state theory and quasi-classical
trajectory calculations performed on the three PESs resulted in similar quality of observables.

Song et al. refitted an existing PES for H + H» and studied the dependence of the quality
of the PES on the number of training data points and proposed a relation between optimal NN size
and number of data points.??° They performed MCTDH calculation on different NN PESs and
found little difference in reaction probabilities computed with two-hidden later NN PESs fitted to
training data sets whose sizes ranged from about 1,400 to about 3,800 points with rmse values
ranging from 4.3 micro-Hartree (0.9 cm™) to 0.19 mHa (42 cm™). Their work provided a preview
into the issue, discussed in section 3.8, of the different distributions of the points (including test
data) used in NN fitting and points at which the PES may be called in applications: they also
monitored the rmse on a different dataset, randomly sampled in the whole configuration space,
which was on the order of 3 mHa (660 cm™) for all NNs.

3.2.2.2 Molecules on surfaces

Jiang and Guo built a six-dimensional PES for H, on Ag(111) with the permutation invariant
polynomial-neural network (PIP-NN) method from about 4,000 DFT energies and computed H>
and D dissociative sticking probabilities with quantum dynamics.?’® Classical MD was used to
explore the initial PES and add training data in problematic regions. A two-hidden layer NN was
used and the rmse on test set and validation points was about 5 meV (about 40 cm™).

Shen et al. built a fourteen-dimensional potential energy surface for CHas dissociation on
Ni(111), including selected molecular and surface degrees of freedom. It was fitted to 10° ab initio

energies.??! Eight-dimensional quantum dynamics simulations were performed to compute a
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sticking probability. A multilayer NN was used; they reported PES fitting rmse values of 5.4 meV
(44 cm™) in the entrance region and 14.4 eV (116 cm™) in the interaction region. The same group
also produced a 15-dimensional fit of the PES for this reaction, for a rigid surface and with full
consideration of molecular DOFs, to close to 200,000 DFT energies.??? Rmse values of 10.11 meV
(82 cm™) in the entrance region and 17.00 eV (137 cm™) in the interaction and product regions

were obtained.

Liu etal. reported a six-dimensional NN PES for HCI dissociation on arigid Ag(111) surface,
on which the reaction was studied with quantum dynamics.??®> The PES was fitted to about 27,000
DFT energies with a multilayer NN, achieving an rmse of about 5 meV (40 cm™). The same group
later studied the PES for the same reaction fitted with a similar approach to data obtained with
different DFT functionals?®* as well as for HCI reaction with rigid Ag(100) and Ag(110)

surfaces.?®®

3.3 SOPNN

The most general and popular way of computing wavefunctions is to use a basis set. A systematic
and easy approach uses a tensor product basis, each of whose functions is a product of univariate
functions. The number of variables is the number of vibrational coordinates. Unless one uses
collocation, a basis set approach requires either computing the elements of a matrix representing
the potential in the basis or evaluating matrix-vector products with that matrix. Both are facilitated
by using a PES that is a sum of products (SOP). When the basis is a tensor product basis, each of
the many dimensional potential integrals is a product of 1-D integrals. The SOP PES therefore
obviates the need to do multi-dimensional quadratures. It is exploited in multiconfiguration time-
dependent Hartree (MCTDH)*3 226227 and other tensor methods.?28-2%

A PES is a SOP only if the fitting function used to obtain it is a SOP. Most fitting methods
are designed for generality and accuracy and do not yield SOP PESs. To use a non-SOP PES with
a tensor-based method that requires the SOP form, one converts the PES to SOP form. There are
many ways to do this, conceptually the simplest is a Taylor expansion. Although there are other
options, =% 24 POTFITZ? is the most popular refitting tool. It is identical to what mathematicians
call high order singular value decomposition.?*® In 2006, we proposed a NN method, called
EXPNN (Eq. 4), that can be used either to refit PESs into SOP form or to directly fita SOP function

to ab initio points. An important advantage of EXPNN is it produces a PES in CP format and not
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in Tucker format.?*” CP is an abbreviation for CANDECOMP/PARAFAC.?*" In CP format, there
is no link between the factors in different terms. In Tucker format,?®’ the PES is represented in a
(carefully chosen) tensor product basis. In general, it is tricky to force a function into CP format.
EXPNN is one way of doing it. Schroder has recently introduced new ideas for making CP PESs.?%®
An important advantage of EXPNN is that its memory cost is low. It can be used for molecular
systems for which a tensor product grid would be so large that the potential could not be stored on
the grid. It is possible, by introducing approximations, to devise versions of POTFIT that do not

require storing the potential on a full tensor product grid.23% 24

Using a NN, it is surprising simple to make a SOP PES. All that is necessary to obtain a
SOP PES from a NN is to use as activation functions exponential functions (see Eq. 4). Almost all
NN fits are done with sigmoid activation functions, but in principle the activation function need
only be nonlinear.®* In a NN with a single hidden layer, the number of terms in the SOP PES is
equal to the number of nodes in the hidden layer. In general, we have found that using exponential
activation functions does not significantly increase the number of required neurons and that the
number of terms in the SOP PES is reasonable.® The first SOP NN PESs were reported in Ref.
100 where Manzhos and Carrington first tested EXPNN on known PESs. Of course it is important
that it be possible to achieve small errors, but EXPNN will only be valuable if, in addition, the
number of terms in the SOP is small. When refitting the PES of HOOH, the decrease in the test set
rmse with the number of neurons was similar for exponential and sigmoid neurons, but was
somewhat higher, e.g. with 40 neurons, test rmse was close to 50 cm™ with both types of NN and
with 90 neurons, the test rmse was about 10 cm™ with a sigmoid NN and about 20 cm™ with
EXPNN. They also refitted the NOCI potential with both POTFIT and EXPNN: For the 20/20 (400
contracted terms) POTFIT potential using a set of 168,960 test points, a test set rmse of 60 meV
(484 cm™) was obtained (the fit set error can be made arbitrarily small with POTFIT). To achieve

the same test-point rmse with EXPNN, only seven terms were needed.%

POTFIT is interpolating a PES using a product grid; the POTFIT PES is not only a SOP, it
is also a tensor product, more precisely it is in Tucker format.?®’ In contrast, the EXPNN PES is in
CP format.?*" In both the Tucker and the CP format each term in the SOP is a product of factors.
In Tucker format, all the terms are products of the same univariate functions, and in CP format,
the factors in each term are different. CP format is therefore more flexible, and this flexibility

makes it possible to reduce the number of terms in the SOP. It is notoriously difficult to force a
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tensor into CP format.2** A modified version of EXPNN was also used to make a SOP PES for the
multichannel dissociation of vinyl bromide. The PES was written as a sum of lower dimensional
terms and the component functions of these terms were represented with EXPNN. The exponential
NN test set error of 866 cm™ was slightly larger than the sigmoid NN error of 769 cm™;1’’ both

errors were of the same order of magnitude as the rmse achieved with a sigmoid NN in Ref. 1.

Brown and Pradhan have used EXPNN to fit ab initio data to make PESs for CS,, HFCO
and HONO from ab initio data.?*?2*® Fitting CS, PES to CASPT2 data,?*’ they observed that an
EXPNN SOP PES requires fewer parameters than POTFIT to achieve similar global potential
accuracy. A test set rmse of 1.6 cm™ was obtained for points below 20,000 cm™ with 30 terms
(exponential neurons).?*> An EXPNN PES was constructed for HFCO in Ref. 243; the PES, which
was fitted to 15,000 CCSD(T) data, covered multiple minima and transition states and had an rmse
of 130 cm™ up to 40,000 cm™. The NN had 100 neurons. A PES for the same molecule was
constructed in Ref. 2# with an rmse of 10 cm™ up to 10,000 cm™, for the purpose of computing
vibrational spectra of HFCO and DFCO. 75 exponential neurons were used. The HONO PES
covering multiple minima and transition states was fitted to CCSD(T) data to an rmse of 10 cm™
up to 10,000 cm™* with 90 exponential neurons in Ref. ?*°. For CS; and HFCO, the EXPNN PESs
were tested by doing MCTDH calculations.

Koch and Zhang proposed an alternative way of making a SOP PES from a NN.1% Their
SOP PES is built differently. Rather than having an activation function whose argument is a sum,
they have a product of activation functions each evaluated for a particular coordinate. To achieve
the SOP form, they are not required to use an exponential activation function. They fitted the PES
of the S state of NOCI to an rmse of 30 pHa (6.6 cm™) with 30 terms. EXPNN has the advantage
that the SOP form, and therefore easily computable integrals involving the PES, is preserved if
one uses coordinates, such as symmetry adapted coordinates, which are linear combinations of the
original coordinates. It is lost, however, if symmetry adapted coordinates are linear combinations
of products of the original coordinates.?* *® More hidden layers can be used if they are linear, such
as the linear coordinate-transforming layers in the Red-RS-HDMR-NN scheme!*® (however, only
one non-linear layer should be used to preserve the SOP property in the original coordinates). This
is not true in general for multiplicative NNs.1° This is generally not true also with some other
approaches representing the PES with component functions, in particular, those representing the

PES as a sum of environment-dependent atomic contributions.5% 61 120 130, 135
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3.4 Diabatic PES

For some photodissociation and reaction processes, it is necessary to consider more than one PES.
The PESs for which we have discussed NN fitting methods in other sections are a result of the
Born-Oppenheimer approximation. The electronic energies to which a NN is fit are obtained by
solving the electronic Schrodinger equation at a set of geometries. The nuclear dynamics is then
studied on the resulting PES. This separation into electronic and nuclear problems is accurate when
different electronic energies are well separated. When separated products are in electronically
degenerate states, there are always points on the ground state BO PES at which non-adiabatic
coupling between BO PESs is important. In principle, it would be possible to separately fit, for
example with one or more NNs, all relevant BO PESs and the non-adiabatic kinetic coupling terms
and to use them to study dynamics. In practice, this is difficult because the BO PESs may not be

smooth. The most obvious manifestation of their non-smoothness is conical intersections.’* 248.249

Rather than fitting adiabatic BO PESs, it is more common to fit what are called diabatic
PESs. Associated with a diabatic PES is a diabatic electronic wavefunction. Each member of a set
of K perfect diabatic wavefunctions is a linear combination (with coordinate-dependent
coefficients) of K of BO electronic wavefunctions and the coefficients are chosen so that kinetic
coupling matrix elements are zero.?° For polyatomic molecules it is in general impossible to form
such diabatic functions. There are nevertheless methods for making nearly diabatic functions for
which the kinetic coupling is assumed to be small.?*® 20 In principle, it would be possible to
compute a set of adiabatic electronic wavefunctions and to transform them to obtain diabatic
wavefunctions and the associated diabatic PESs. It is more common to bypass the transformation
by using a method often called Diabatization by Ansatz.?*® Several authors have used NNs and

Diabatization by Ansatz to fit diabatic PESs. Diabatization by Ansatz?>°

is a trick for extracting
diabatic PESs from points on adiabatic PESs, to which one has access with standard quantum
chemistry packages. To form a set of K diabatic states, the elements of a K by K diabatic
representation are parameterized by one or more NNs. The parameters are adjusted to reduce the
difference between the eigenvalues of the diabatic matrix and electronic energies on BO PESs. In
this way diabatic PESs are obtained from quantum chemistry calculations without knowing, before

the diabatic PESs are determined, the adiabatic-diabatic transformation matrix. Diabatic PESs are
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smooth. There are no avoided crossings. The associated wavefunctions change slowly as the

geometry of the nuclei changes. Because the diabatic PESs are smooth, they can be fit with NNs.

Many papers report fits of BO PESs, but there is much less work done on fitting diabatic
PESs. For decades, the elements of the diabatic matrix elements were represented with Taylor
series and the coefficients were fit using the Diabatization by Ansatz idea.?*® Each matrix element
is a simple sum of monomials. The groups of Manthe and Eisfeld have recently used NNs to fit

elements of the diabatic matrix. Lenzen and Manthe used one NN with multiple outputs to fit all

of the matrix elements. They have fit PESs for H> + CI — H + HCl and CI(*P) + CHs — HCI +

CH3.%1 252 |n their for H, + ClI — H + HCI paper they use two hidden layers.?®! If the correct

symmetry is not imposed, they observe that their diabatic PESs are missing a conical intersection.
When they force off-diagonal matrix elements to have the correct symmetry properties, the conical
intersection is obtained. Lenzen and Manthe mention that optimization of the NN is complicated
by the fact that the output of the NN is not itself an adiabatic energy. The adiabatic energies are
obtained from the outputs by diagonalization. For the CI(?P) + CH4 PES, a NN with symmetrized
input is used. Each element of the diabatic matrix is a sum of NNs with a single hidden layer.
Cuts through the adiabatic PESs obtained from the diabatic PESs show that they reproduce the ab
initio points well. Williams and Eisfeld build diabatic PES for NO3.2%% 24 Rather than representing
the off-diagonal elements of the diabatic matrix with a NN, they model a correction factor with a
NN. They begin with a standard diabatic model in which off-diagonal matrix elements are sums
of monomials and they add to the coefficients a NN correction term. They used a single hidden

layer. They state that deeper NNs were not advantageous.

The Diabatization by Ansatz approach yields a matrix representing the electronic
Hamiltonian whose eigenvalues are equal to the diagonal elements of the electronic Hamiltonian
in the adiabatic basis. In this approach, it is assumed, because the diabatic PESs are smooth, that
kinetic coupling in the diabatic representation is negligible. Instead of using Diabatization by
Ansatz, one can choose diabatic functions so that the eigenvalues of the diabatic representation of
the electronic Hamiltonian are nearly equal to the adiabatic PESs (computable with quantum
chemistry methods) and so that derivative coupling in the diabatic representation is nearly zero.
This strategy is pursued by other authors.?®> 2 Yin, Guan, Fu, and Zhang apply these ideas to a

two-state problem.?®":2%8 For a two-state problem, the transformation that relates the adiabatic and
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diabatic representations is determined by a single mixing angle. The elements of the matrix that
represents the electronic Hamiltonian are chosen to minimize kinetic coupling in the diabatic
representation and so that the eigenvalues of the matrix are close to the adiabatic PESs. They apply
these ideas to CIHz and LiHF. For LiHF, rmse values for adiabatic ground and excited states PESs,
fitted to about 2,500 MRCI points, were 1.7 and 4.7 meV, respectively (14 and 30 cm™,
respectively), but the rmse for the energy difference between eigenvalues of the diabatic matrix
for the electronic Hamiltonian is close to 0.1 eV, indicating that derivative coupling in the diabatic
representation is not as small as desired. The quality of the diabatic PESs is tested by computing

reaction probabilities.?>” When non-adiabatic effects are unimportant, the adiabatic reaction

probabilities agree well with those they compute on two diabatic PESs. For HCl + H — CI + Ho,

rmse values of the two states’ PESs were on the order of 0.05 eV (400 cm™); reaction probabilities
were also computed and good agreement was found between the calculation on two coupled
diabatic PESs and the calculation on a single adiabatic PES at low energies, when non-adiabatic
effects are unimportant.?*® Another LiFH fit was done using a different strategy for ensuring that
kinetic coupling in the diabatic representation is small.?® In this paper, a NN whose three outputs
are three elements of the diabatic matrix are used. The fit criterion depends not only on the
difference between eigenvalues of the diabatic matrix and ab initio adiabatic energies but also on
differences of gradients and interstate couplings computed from the diabatic model and ab initio.
The rmse values for the states were on the order of 3 meV (25 cm™). The quality of the new diabatic
matrix was established by comparing reaction probabilities computed with it with those obtained
from a previous LiFH fit.2%° A final improvement of the fit method used g and h( vectors as
coordinates in order to describe better the diabatic matrix elements in the vicinity of a conical

intersection.?®®

The PIP-NN method can be used to enforce symmetry constraints during the fitting of
diabatic PESs, in particular, to ensure that the off-diagonal elements of the diabatic matrix change
sign with the permutation of like atoms.?%® The off-diagonal elements can be represented as a P1P-
NN function multiplied by an antisymmetric factor. This approach was applied to study absorption
spectra and non-adiabatic dissociation of H.O(X/B) and NH3(X/A4).?%° The rmse values for the
diagonal and off-diagonal elements of the potential energy matrix were on the order of 3-10 meV

(24-80 cm™) for both molecules. The PIP-NN approach was also used to construct a diabatic
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Hamiltonian for the 1, 2 1A states of NH3 coupled by a conical intersection seam accurate to dozens
cm™.2% Dipole moment surfaces for these states were fitted with a NN in Ref. 26%; the rmse values
were reported as being several per cent. In Ref. 22, Guan and Yarkony used neural networks to
make an analytical representation of spin-orbit coupling interactions in a diabatic basis: the singlet
So and S; states of formaldehyde are diabatized and then the spin—orbit coupling between singlet
and triplet T states is transformed to the diabatic representation. The resulting smooth diabatized
spin-orbit couplings are accurately fitted with NNs, with rmse values for spin-orbit coupling matrix
elements on the order of 102 cm™.262 The SchNet!*® approach has recently been used to fit potential
energy surfaces (energy and forces) and non-adiabatic couplings in excited state dynamics

studies.3

3.5 Representations in orders of coupling and with sub-dimensional component functions

Neural networks have been used to build terms of many-body expansions. Manzhos et al. fitted
the three-body term of the nine-dimensional PES for CO—(para-H)» and (H2)s clusters in the rigid
rotor approximation.'®® The NN approach was used to fit the difference between CCSD(T) data
and an existing empirical two-body potential. This leverages the power of both the empirical
method (correct overall shape) and the black-box method (ability to fit fine details of a multivariate
function). Refitting the difference also limited effects due to overfitting as their magnitude was
contained. The PESs were fitted to 10,000 symmetry unique ab initio points with the Red-RS-
HDMR-NN method (Eq. 8).11> 116 The test (fit) mae was 0.24 (0.23) cm™ and 0.38 (0.36) cm™ for
(H2)z and CO—-(H2)2, respectively. A similar approach was used by Xu et al. who used an empirical

two-body term for the He + H, — HeH + H reaction, and fitted the three-body term with a NN.2%*

The three-body term was fitted with about 10,200 MRCI points to an rmse of 0.095 kcal/mol (33
cm) and used in quasiclassical trajectory studies. The three-body term of the PES for the N*(°P)

+H, — NH* + H reaction was fitted with the PIP-NN method in Ref. 2°° and time-dependent wave

packet calculations were performed of the rovibrational state distributions and state resolved angle
distributions of the product and of the isotopic effect on them. The PES was fitted to about 30,000
MRCI points to an rmse of 2.7 meV (22 cm™). Earlier, a NN was used to fit the polarization part
of the PES of the water dimer on top of an empirical two-body (rigid molecule) potential.?%® In
Ref. %7, a 6D PES of H, on Pd(111) was constructed by first subtracting three-dimensional
potentials of individual H atoms interacting with the surface (which were fitted with a symmetry-
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adapted spline algorithm) and NN fitting the difference. This procedure reduced PES corrugation
and simplified NN fitting. A mae of 70 meV (565 cm™) vs DFT energies was obtained.

In Ref. 1 we introduced the RS-HDMR-NN method of Egs. 6-7 and used it to refit
analytic an PES of HOOH. The PES was fitted to 5,000 symmetry unique points and its quality
tested by computing the vibrational spectrum. The test rmse and spectrum error showed
convergence with the order of HMDR, as shown in Table 1. Specifically, the spectrum converged
at the 4" order of coupling, which is consistent with Rauhut’s calculation.®® We also showed in
that work that a given dataset limits the maximum order of coupling that can be reliably recovered
in a fit. This is illustrated in Figure 1 where a measure of relative uncertainty of NN parameters
of the component functions of the (M+1)th order is shown as well as that of the component
functions of up to Mth order, when fitting the PES with different orders (d in Egs. 6-7) of HMDR.
We believe this is a powerful justification for use of lower-dimensional functions: with finite
density of sampling, there may not be enough information in the data to recover a genuine D-
dimensional function.

Table 1. Test set rmse of the PES of HOOH and the mae of the first 48 vibrational levels of Aq

symmetry of on top of the ZPE with different orders of RS-HDMR-NN computed in Ref. **, The
numbers are in cm™,

Order of HDMR 2 3 4 5 6

PES test rmse 156 234 89 7.7 74
Spectrummae 10.35 1.14 0.44 0.37 0.35

Page 38 of 80



1.8

14 |
12

unc

0.8 - Pres
0.6
0.4 - AT

ng & .

2 3 4 5
HDMR order M

Figure 1. The uncertainties of HOOH NN parameters. Black diamonds: uncertainties of all
parameters of an M order HDMR. Open circles: uncertainties of parameters of the (M+1)"" mode
term. The connecting lines are to guide the eye. The black line at unc = 1 is a “certainty limit”
standard. Adapted from Ref. 1} with permission from AIP.

In Ref. 1* we introduced the Red-HDMR-NN method of Eq. 8 and tested it by refitting

reference PESs of HOOH and of the reaction OH +H,—H>O+H to demonstrate that one can

decouple the numbers of terms and their dimensionality. The PES of HOOH was refitted to 5,000

symmetry unique points. A test set rmse of 12.8 cm™ was achieved with 21 2D terms and a rmse

of 10.2 cm™® with 12 3D terms. The PES of OH +H,—H,0+H was refitted to about 5,400 points;

a test set rmse of 5 cm™ was achieved with 10 2D terms. In Ref. 1’7 we showed, refitting the PES
of vinyl bromide in 12 and 15 dimensions (in bond coordinates to a reference PES or in interatomic
distances to ab initio data, respectively), that with Eq. 8 one can achieve a desired accuracy by
either increasing the dimensionality of terms or their number or both. About ten two-dimensional
component functions achieve a test set rmse of less than 500 cm™ in 12D, a far cry from the 66
second-order functions that would be required in standard HDMR and would achieve a worse
accuracy.!’” 20 four-dimensional functions achieved a test rmse of 137 cm™. The trend of the test
set error with the number and dimensionality of terms in reproduced in Figure 2. In a standard
HDMR or multimode expansion, there would be 495 terms. In 15D and fitting ab initio data, 15
six-dimensional component functions achieved a test set rmse of 769 cm™, which was at that time
limited by fitting only subsets of the data due to limited CPU power. In a standard HDMR or
multimode expansion, there would be 5,005 terms. We also showed that as the number of available
PES samples increases, fits with higher-dimensional component functions become more reliable.
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These works demonstrated that the combinatorial scaling of the number of terms of the HDMR
expansion is effectively avoided with the Red-RS-HDMR-NN method.

600 -

400 -

200 ~

-1
test setrmse,cm

no. of component functions

Figure 2. The rmse of the test set as a function of the number of three-, four-, and five-dimensional
component functions in Red-RS-HDMR-NN for 12-dimensional fits of the vinyl bromide PES
with 20,000 points. The connecting lines are to guide the eye. Reproduced from Ref. 77 with
permission from AIP.

Raff and co-workers used a many-body representation with neural networks.!®® They
represented terms of a many-body expansion with (single hidden layer) neural networks and also
addressed the problem of the combinatorial explosion of the number of terms. They used the so-
called moiety-energy (ME) approximation to reduce the number of terms. Equivalent sets of atoms
are defined which are sets of atoms in which the same number of each type of atom is present with
similar bonding characteristics, and all equivalent sets are represented with a single NN. With this
approach, they fitted the PESs Sin of clusters (n =3, 4, ..., 7) to a large number of DFT data and
the dissociative PES of vinyl bromide!®” in 15 dimensions. They found that an expansion truncated
after the three-body terms is sufficient to fit the Sis PES with a mae test set error of 5.693x107* eV
(only 4.6 cm™). For other clusters test set errors were up to 0.0212 eV (about 170 cm™). For vinyl
bromide, a fourth order many-body expansion provided a mae about 0.08 eV (about 650 cm™).

These errors were only marginally higher than those of full-dimensional fits.

In Ref. %, Behler type NN°* 118 was used to fit two- and three-body terms of the many-

body expansion representing water interactions. The potentials were fitted to CCSD(T) data for
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(H20)n clusters with n = 4-6; about 42,000 points were used to sample two-body terms (defined
as dimers) and about 12,000 points to sample three-body terms (defined as trimers). At the two-
body level the fit could reproduce the ab initio energies with a test set rmse of 0.079 kcal/mol (6.6
cm™) and at the tree-body level with a test set rmse of 0.063 kcal/mol (5.3 cm™).

Yao et al. also used NNs to fit terms of a many-body expansion.'®® Each body term was
fitted with a multilayer NN as a function of Coulomb matrix**! based descriptors as well as a novel
descriptor vector they proposed called “depth map”. They tested their method by fitting MP2 data
for interacting methanol molecules. The total data set included 844,800 methanol molecular
structures for one-body energies, 74,240 methanol dimer structures for two-body energies, and
36,864 methanol trimer structures for three-body energies. Two- and three-body terms were fitted

with a mae of about 15 and 20 mHa, respectively (3.3 and 4.4 cm™, respectively).

3.6 Dimensionality reduction

The intrinsic dimensionality of the data sampling the PES may be lower than D not only due to
finite density of sampling, but because the original coordinates are redundant. This is the case, in
particular, with interatomic distances R;jj widely used in PES fitting due to convenience of treating
symmetry and asymptotics.?® 24 198, 172-174.198 Eqr 3 molecule, the dimensionality of the vector of
3Na-6 coordinates is the intrinsic dimensionality of the configuration space, where Na is the number
of atoms. The dimensionality of the vector of Rjj coordinates is Na(Na-1)/2, and these coordinates
are redundant for free molecules with more than four atoms. For molecules with frustrated
translation / rotation, such as molecules on surfaces, this redundancy appears even for smaller
molecules. The use of (symmetry adapted) functions of coordinates in the PIP-NN method,* in
the FI-NN method,*®® and in the method of Behler®® 12 also leads to redundant inputs.'# 170 It is
in principle possible to reduce the data to the intrinsic dimensionality and fit the PES in Dint
without loss of accuracy. Even when the coordinates are not redundant, if only a part of space is
of interest, the intrinsic dimensionality of data sampling that part, even densely, may be lower than
D. This is the case, in particular, for reactive potentials where often only the part of the PES around

the minimum energy path is of interest.

Dimensionality reduction of potential energy surfaces has been explored before,?8
including in the context of methods used for PES construction such as RKHS.?®® Advantages of

D-reduction in MD simulations have been demonstrated, in particular, in efficiency of sampling
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the parts of space which are of interest.?’® D-reduction can be linear or non-linear. Principal
component analysis (PCA) is a simple example of linear D-reduction which has been used in
MD.?"® To reduce the dimensionality of complex data sets such as samples along a minimum
energy path, in general non-linear D-reduction techniques are called for such as LLE (locally linear
embedding)?”* or MDS (multidimensional scaling).?’? An NN autoencoder is a non-linear D-
reduction techniques. It has been used for molecular PES representation by Herr et al.>”® They used
an autoencoder to produce a smaller set of latent variables describing atomic properties, which
were then used as inputs in the NN approach of Behler® °357:120 tq huild neural network potentials
of a large number of molecules. Dimensionality reduction with Behler type NNs was also used in

solid state.?’*

We noted in section 2.2 that a multimode NN naturally gives the possibility to perform
dimensionality reduction. The Red-RS-HDMR-NN approach described in section 3.5 also
offers this possibility. Dimensionality reduction is realized when the total number of coordinates
in Eq. 8 is smaller than the dimensionality of the configuration space, Nd < D. For the case of a
single component function (N = 1) it is realized when d < D and the method then bears resemblance
to an autoencoder, which is a non-linear D-reduction technique.’®® The difference with the
autoencoder is that in Red-RS-HDMR-NN, the dimensionality reduction is realized with a single
linear layer of neurons.!*® It need not be single or linear, but we have shown!®® that already with a
single linear layer defining the coordinate transformation from x to x® in Eq. 8, one can achieve a
desired accuracy by increasing either d or N, in which case the total set of coordinates (all
component of all x™) is redundant. When using Eq. 8 in the dimensionality reduction regime, there
is no universal approximator property, and the quality of the fit is then dependent on the intrinsic
dimensionality of the training data, which with finite density of sampling is always lower than the

space dimensionality D.

In Refs. 116183 we performed dimensionality reduction of the PES for the reaction of
dissociative adsorption of N2O on Cu with a NN implementing Eq. 8. All molecular degrees of
freedom were considered while the copper surface was frozen. The PES was fitted in 15 inverse
interatomic distances among the atoms of the molecule and between the three atoms of N2O and
four atoms at the surface of copper. This is a redundant set, as the intrinsic dimensionality of the
space is nine (3Na as rotation / translation are frustrated near the surface). In Figure 3, we
reproduce the results of fitting Red-RS-HDMR-NN with N = 1 and different d to data sampled on
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this PES (sampling details are given in section 3.7). The trend with d of the test set error is shown.
The test error levels off about d = 8-9, i.e. around the intrinsic dimensionality. It is encouraging
that the intrinsic dimensionality was found by the algorithm using a linear coordinate
transformation even though the transformation between non-redundant bond coordinates or
Cartesian coordinates (non-redundant in this case) and interatomic distances is non-linear. This
suggests that approximate non-redundant coordinates can be found with a linear transformation
affected by a layer of linear neurons of a NN, akin to PCA. That there is no significant decrease in
error already from d = 8 is a reflection of the low density of sampling - this PES was fit with a
DFT sampling density close to 2 data points per DOF - which further decreases the intrinsic
dimensionality of the data and justifies the use of D-reduction which effectively concentrates the

data and reduces the danger of NN overfitting.

Dimensionality reduction was also realized when fitting, with the same Red-RS-HDMR-
NN method, the nine-dimensional PES of CO—(para-Hz)n and (H2)s clusters.!®® The fit was
performed in redundant interatomic distances, in a 15-dimensional space. The algorithm correctly

identified the intrinsic dimensionality of nine.
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Figure 3. The mean absolute error at the test points as a function of the dimensionality of the
neural network when fitting the PES for N,O dissociation on Cu. The results are optimized with
respect to the number of neurons. The “floor” level corresponds to the best fit at the intrinsic
dimensionality d = 8. Adapted with permission from Elsevier from Ref. 63,

3.7 Data selection and meaningfulness of fitting and test errors
The sampling of configuration space is a critical step in PES construction with NN based methods,
as with any method. The distribution of fitting and test points in space determines the quality of
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the fit and the meaningfulness of the fit or test error in applications. In multidimensional spaces,
the cost of ab initio calculations is typically higher (as the molecule is bigger) and the density of
sampling is much lower than in a lower-dimensional case. Positioning of the points in
configuration space is therefore of utmost importance. Many of the sampling approaches used for
NN potentials are also useful when building PESs with other methods. We will review several

which have been shown to work well and can be recommended for future NN PESs.

When the PES is intended for calculation of spectra, the most important regions of the
configuration space are near the minima. These regions contribute to all vibrational levels while
higher-energy parts of the potential only influence higher-lying states. It is the lowest energy
(however many) vibrational states which are typically accurately measured in experiments, and
are of interest to computational chemistry. It is therefore desirable to obtain the lowest potential
values in the well around the minimum very accurately; the error tolerance for potential values
near the classical turning points of the highest-energy levels of interest can be higher and much
higher for values much above the turning points. A natural sampling scheme that satisfies these
requirements uses an inverted potential probability density function to select fit and test points.
This is done by randomly selecting points in space and are accepting a point into the fitting or test

set if its potential value V satisfies

V
max > rand

Vinax = Vimin

(8)
where rand is a (uniformly distributed) random number on [0, 1], and Vmax and Vmin are the desired
maximum and minimum values of the potential. This idea comes from the placement of
quasirandom distributed Gaussian basis functions suggested by Garashchuk and Light.?” It
naturally emphasizes more important lower-energy regions of the potential. It acts on the
distribution of V values rather than on the distribution of the variables and works wells with any
coordinates in any dimensionality. Eqg. (8) strictly implements an inverted potential point

distribution; it can be modified to suit better the problem at hand as:

Vinax =V + A
Vmax - (Vmin - K)

> rand
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(9)
where A ensures a higher probability of selecting points with energies close to Vmax and xensures
a unity probability of acceptance within a finite range above Vmin, which we found useful for
applications with low density of states near the minimum, such as happens in Coulomb-like
potentials.?”® For molecular PESs, we found it unnecessary to use x but a value of A of less than a
tenth of the energy range was found to improve the results.5% %8 114,115,162, 165,215, 277-282 £y 8 \was

also used to form NN fitting and test datasets by others.?**

The underlying points to which Eq. 9 is applied are assumed to be uniformly distributed. A
grid is one way to create such underlying uniform distribution. Needless to say, the points selected
by Eqg. 9 will no longer lie on a grid. Another option is uniform random points. However, when
the density of sampling is low, as we have showed it always is in four-atom and larger molecules,
random points no longer uniformly cover the space, with large volumes of space having no data.

283 which

A solution to this issue is the use of pseudorandom sequences such as the Sobol sequence
we found to work very wel[58 98. 139,215,280, 282 g \which has since been used by others.?! Another
issue in applying Eq. 9 is that an estimate of V needs to be known before the PES is constructed.
In practice, this is not a serious problem as a simple approximation to V is generally sufficient for
generating the point distribution. Such an approximation can be obtained by simple fits of a small
set of points (which could e.g. be evenly distributed) with a NN or any other method. In the case

of a single potential well, a simple harmonic approximation to V will be sufficient in most cases.

The approach of Eg. 9 to emphasize more important low-energy regions does not necessarily
work well for reactive potentials, where the PES around the minimum energy path (MEP) needs
to be well sampled and different parts of the MEP may differ significantly in energy. Another
popular and effective way to select data for NN training, and which satisfies this requirement, is
classical molecular dynamics. The advantage of this approach is that it can work well even for
multiwell potentials or for reactive potentials. MD can initially be performed on an approximate
(e.g. analytic) PES®2 166.197 or as direct ab initio MD (AIMD) with an inexpensive approach like
DFT®212 or DFTB.?8* 28 This approach is used with non-NN methods, for example, it was
bundled with the MSI*"1® method and used with IMLS.?! A key advantage of using MD-guided
point selection is that dynamically important regions of the configuration space are naturally
sampled. MD trajectories can also be used to grow the point set dynamically as trajectories “visit”

under-sampled points of space.®® 1© PES constructed with MD-guided point selection are
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naturally advantageous for use in MD simulations. This sampling approach is not designed to be
good for quantum dynamics as wavefunctions have significant amplitude in regions that are
classically inaccessible. Raff group’s pioneered the use of MD-guided sampling to construct
reactive NN PESs for vinyl bromide,*®’ Sis cluster,? SiO,'8 HOOH,*° and HONO.**8 They also
used AIMD to search for additional configurations to add to the training set.*>?> The Behler group
introduced an enhanced version of MD-guided approach:®’ a given training data set is used for
several different NN fits which are expected to be of similar quality. Different NN architectures
can be used to guarantee that the functional forms of these fits are different, but their quality is
similar. Then, a large number of trial configurations are generated, e.g. by MD simulations based
on one of these fits, and the energies of all these configurations are recalculated using all the NNs.
The fits are likely to predict very similar energies for those structures, which are close to a training
point. If, on the other hand, a structure differs significantly from all training points, the different
NNs are likely to predict significantly different energies and forces. This is used to identify
structures in poorly represented regions where new data should be added. This procedure can be
iterated in an automated way until a desired global PES accuracy is achieved.?%® A similar approach
was used in Ref. 2%, Gradients (forces) can also be explicitly used to guide sampling. Le et al.}4
introduced a technique that preferentially places new points in regions where the current density

of points is insufficient to accurately fit the surface gradients.

The above sampling approaches are usually supplemented with empirically guided sampling,
such as placing additional points near the minima or other key parts of the PES to make sure they
are not missed from the dataset when using automated methods (for example, minima or transition
states may be missed by MD trajectories).!” 18 We found it was useful to add slices of the PES
along coordinate axes.**® 162 While automated sampling schemes are attractive for their conceptual
purity, point selection based on intuition can provide good results. For example, Lorenz et al.
showed that by a judicious, intuition guided point selection, it is possible to produce a good NN
PES for molecules on surfaces with few samples — on the order of 102 for six-dimensional PESs

of H, over clean, sulfur -and potassium-covered Pd.1% 16

In Ref. 116 the PES energy surface of N2O on Cu was sampled by random walks in the
configuration space emanating from a minimum energy path which was computed by DFT for the
dissociative adsorption of N2O, and fitted with a NN-based method. This approach also allows to

emphasize dynamically important regions of space for reactive potentials.
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All the above approaches amount to the introduction, based on physical intuition, of a bias
as to which regions of the configuration space will be preferentially sampled. A more radical
approach, for the same PES of N2O on Cu, was used in Ref. 13, All Cartesian coordinates of all
atoms of the molecule within the simulation cell were uniformly and randomly sampled. The only
restriction that was introduced was related to the fact that the breaking of the NN bond was known
to not occur in the reaction of interest; therefore, the NN bond length was sampled using an
“inverted potential” probability density function as described above, using a simple Morse model.
This only served to prevent sampling unnecessarily high-energy configurations without
introducing any bias as to the possible dynamics within the energy range considered. DFT
calculations were performed at these sampled coordinates and used to construct a PES using the
Red-RS-HDRM-NN method as described in section 3.6.

When one performs MD-guided sampling to build a PES meant to be used with MD, the
distribution of the training and test points is likely to be close to that of the points on which the
PES is called in applications. This is not necessarily the case when an MD-guided PES is used in
quantum dynamics. MD-based sampling ignores classically forbidden regions, even though MD-
based sampling has been used to generate PESs for quantum dynamics. Even non-MD based
sampling methods, including those described above, do not always a produce a point distribution
similar to the distribution of the important quadrature or collocation points used in quantum
dynamics calculations. Important quantum dynamics points are those at which the wavefunctions
one wishes to compute have significant amplitude. It is the error at the important quantum
dynamics points that matters. Even if the test points are in the same region as the important
guantum dynamics points and even if the distributions are the similar, it is always true that the
number of test points is much smaller. This necessarily means that the test points do not completely
characterize the PES. Local features of the PES may not influence the test rmse. The small number
of fitting data points is compounded by an even smaller number of test points. Although it is
understood that using a test set is necessary to control overfitting, it iscommon in the NN literature
to reserve 5-20% of the data for testing (some examples are given in the next section), and
sometimes as few as 2.5% of the data.*?® In our experience, this is often grossly insufficient. We
found that it is desirable to use at least as many test points as fitting points, and even that does not
guarantee the global quality of the PES as the sampling is simply too sparse.
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When using validation (early stopping), although the same set can also be used for testing
and validation, the available data are often split into three separate sets for fitting, validation, and
testing, which further reduces the number and density of testing (and validation) points. In our
experience, we found early stopping not useful: we found that in many cases the validation test
error is not monotonic with the numbers of epochs, and that therefore early stopping can prevent
achieving the best fit. This ultimately has to do with the low density of sampling of the validation
set. In our experience, the best strategy was not to use early stopping but to use a test set as large
as possible.

A related issue to data selection is the choice of the size of the NN. To avoid the danger of
overfitting, the number of NN parameters must be smaller than the number of data. For example,
for a single-hidden later NN fitting only energy (i.e. a single output) in D dimensions, the number
of NN parameters is Nn(D+3)+1, where Nn is the number of neurons. The number of parameters
can escalate rapidly with D and Nn: when fitting four- and five-atom molecules, Ny on the order of
150 is often used.58: 100 114,115,139, 162, 177 Eqr 3 five-atom system fitted as a function of interatomic
distances (D = 10), one works with about 2,000 parameters in a single-hidden later case. If the
same number of neurons were used in a two-hidden layer NN (150 neurons in each layer), the
number of parameters would balloon to about 24,000. Besides the cost of high-quality (using the
Levenberg-Marquardt algorithm) non-linear fitting with this many parameters (which can easily
take several hours even on modern computers), one also needs to make sure the number of
parameters remains much lower than the number of training points, to make sure that the rmse
error is meaningful. Based on the universal approximator property of a single-hidden layer neural
network, there is no need to use multiple layers unless they are required to impose a particular
physically motivated architecture06 114 115, 117, 163, 165, 210 or to deal with extremely uneven data

distributions.®® The consideration of the number of parameters also favors single-hidden layer NNs.

The number of parameters is understandably large in methods using sums of atomic
contributions with Coulomb matrix inspired inputs,>® 6% 130. 135,136 \where the use of feature vectors
particular to each atom implies redundant coordinates. Fits with a quarter of a million parameters
were reported.’*® Gastegger et al. addressed the issue of a large number of atom-centered symmetry
functions used as inputs in Behler-type NNs by introducing new descriptors called weighted atom-

centered symmetry function (WACSF) and optimizing them with a genetic algorithm.?®’
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3.8 Controlled comparisons of NNs to other approaches

As briefly described in section 1.1, there is a plethora of black-box fitting or interpolation methods
for PES construction and ample literature reporting applications. There is also by now ample
literature on NN potentials, yet there are very few studies comparing NN PESs to PESs built by
other methods for the same molecules and on the same data. Such studies are important as only
they allow exposing relative advantages and disadvantages of NN based potentials and rational
choice of the NN method among the available methods. Ideally, such comparative studies should
compare not only fitting errors but also quality of observables computed on the PES, especially,
as we have highlighted in the previous section, differences in distributions between fitting and test
data on one hand and the points at which the PES is called in applications on the other can make
the PES error itself not very informative. Although for many small molecules PESs have been
constructed with different methods for the same molecule (including different NN based methods®
65,162y "that literature only gives ballpark estimates rather than controlled comparisons which can
only be made when fitting the same data. The following examples show why controlled
comparisons on the same data are important to avoid a skewed perception of the accuracy of
different methods.

In Ref. 19 a comparative evaluation of NN and support vector machine (SVM) was
reported for fitting of the HOOH PES. They compared the number of parameters and testing set
fitting errors of the two methods. Using 34 neurons in the hidden layer, the total number of
parameters in the NN fit was 273, and the mae testing set error was 0.0079 eV (about 64 cm™) for
the NN. The SVM fit required 3,130 parameters for 447 radial basis function support vectors to
produce an mae testing set error of 0.0311 eV (about 250 cm™), i.e. about four times higher. They
also used a committee of five NNs; the NN-committee error was five times better than that of SVM.
In addition, they showed that integrating a trajectory on a single NN PES is much faster than on a
single SVM PES.

In Ref. 8, the PES of methane was fitted with different methods to the same dataset of
about 100,000 high quality ab initio data (computed at the (AE)-MRCI-F12(Q)/CVQZ-F12 level)
spanning the energy range beyond 30,000 cm™ above the minimum. A plain NN approach was
compared to a method combining interpolating moving least squares (IMLS)?8-2%2 fitting and
permutation invariant polynomials (PIP)?* %8, a method combining PIP and NN (PIP-dependent
NN), and a combination of PIP and weighted least-squares (WLS). On all these PESs, highly
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accurate vibrational spectra were computed with full consideration of coupling and an exact kinetic
energy operator, using a contracted-iterative method and a Lanczos eigensolver.?%-2% The
potentials were fitted in 10 internucleai distances. In the case of NN, we used a committee® of
NNs to reduce the random component of the error.

Although symmetry was taken care of by using PIPs as inputs or basis functions in the
other methods, with the plain NN, we used a combination of fitting in a symmetry unique region
and averaging near the boundaries. We chose a symmetry unique region in which the CH distances
satisfy RcHi<RcH2<Rch3<Rchs, and the six HH distances are in the order H1H2, H1H3, H1H4,
H2H3, H2H4, H3H4. To obtain a PES point in another region we call the NN at the appropriate
point in the symmetry unique region. In this fashion, one obtains a NN PES that has the same value
at all permutationally equivalent points. However, at the edges of the symmetry unique region, the
NN fit may be poorer because only points on one side of the edge are used. Specifically, the
derivative of the PES obtained by extending the fit outside the symmetry unique region can be
discontinuous across the edge. In the case of CHg4, the equilibrium geometry is at the edge of the
symmetry unique region. This problem was solved by adding fitting points that are permuted points
outside the edges. When the permutation symmetry is high, the data set would become very large
if all permuted points were added. Instead, we added all N, = 24 permutationally equivalent
points, but only for ab initio points with energies less than 500 cm™ above the minimum. When

the PES is called, we average values obtained at the permutationally equivalent points.

The equilibrium CH bond length was accurate to 1x10° A and harmonic frequencies were
similar to within a couple cm™ with all methods. Specifically, the quality of the NN PESs harmonic
frequencies, which are extremely sensitive as the minimum is a high-symmetry point lying on the
edge of the symmetry unique region, was as good as those computed on the PIP based PESs.
Interestingly, although the different methods resulted in different fitting and test errors, the quality
of the vibrational spectra was essentially the same. The root mean square errors (rmse) of the fits
with these methods were 1.0 cm™ with PIP-IMLS, 2.1 cm™ with PIP-NN, and 3.8 cm™ with NN,
respectively, for energies up to 25,000 cm-1. The calculations of the spectra on the PES using PIP-
IMLS had an rmse of 4.24 cm™ vs. the experimental spectrum. The PIP-NN had an rmse of 4.29
cm™ and that of a committee of simple NNs 3.55 cm™. All three methods therefore resulted in a
similar quality of the vibrational spectra (with the NN PES being in a slightly better agreement

with the experiment) which were also within 1 cm™ of each other. The test sets in that work were
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as small as 5% of the total number of data points: 5% in PIP-NN fit, about 25% in PIP-IMLS and
20% in NN fits.

It would be wrong to expect errors in observables computed with quantum dynamics on a
PES to be similar to the test set rmse reported for that PES. There are two reasons. First, the only
points that matter for the quantum calculation are those in the subset of the quadrature or
collocation grid points at which wavefunctions have significant amplitude. This subset never
coincides with the test points used to assess the error of the PES and therefore the test set error is
not a good measure of the error that affects the computation of the observables. This is most
important when the important quantum dynamics points are in a region larger than the test point
region. Of course, as shown in Ref. 22°, the rmse at a set of points that includes points outside the
fitting region may be large. In Ref. 22 it is 3 about mHa (660 cm™) although the error at the training
points is much smaller. Second, small errors in the PES (even at the important dynamics points)
will have an even smaller effect on observables. This is demonstrated by the methane results.
Although the test set errors of the three PESs are somewhat different, the energy levels computed
on the three PESs are very close. If the difference between two PESs is A, then differences between
energy levels computed on them can be obtained from perturbation theory. To first order, levels
differ by (|A[w). For example, if A is oscillatory (y|A|y) may be very small. This means that
the error in the spectrum is expected to be smaller than the error in the potential, as long as there
are no qualitative errors in the shape (such as discontinuities at the PES minimum described above).

In a previous paper,?*®

we found that the rmse of the energy levels was about a factor of 50 smaller
than the rmse of the PES when the test is the same as the collocation set. There are no other studies
in the literature comparing the rmse at the important quantum dynamics points and the energy level

errors and little is known about how the comparison depends on the PES fitting method.

In Ref. 25, for the first time, we evaluated the accuracy of PESs fit with two methods, at
test points that are exactly the PES points used to compute the observables. This was possible due
to the use of the rectangular collocation method of Manzhos and Carrington®® 215 276, 278, 281, 282, 291-
29 which allows one to compute a spectrum from a relatively small number of potential points
which could be the same as the test set used in PES fitting. We refitted a reference PES of H,CO3%
and computed vibrational spectra on the resulting potentials. Reference variational calculations
were also performed. We compared the performance of NN and Gaussian process regression*? 4

(both single NN and GPR and committees thereof) when fitting exactly the same data, in terms of
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potential error as well as in terms of the error in the vibrational spectrum. The results, reproduced
in Table 2, were instructive: the average error in the spectrum was up to two orders of magnitude
smaller than the average error in the potential at all points used to solve the Schrodinger equation.
In the absence of such a comparison, which may be impractical especially with quadrature based
methods where grid sizes of hundreds of millions of points are not uncommon, the quality of
property calculations is the ultimate arbiter. Simply put, the PES rmse values published in the
literature, even in comparative literature (including those in Ref. 68) may not be a reliable measure

of the effect of potential fitting error on the spectrum.

Table 2. The rmse (in cm™) of the PES on the test set of 120,000 points and the rmse (in cm™) of
the first 50 and 100 vibrational levels of H,CO with respect to reference levels computed in Ref.
215 The number of fitting points is 625 for both the NN and GPR surfaces. For all levels except
the ZPE, errors of differences from ZPEs are presented. <...> stands for a committee of 10 NNs
or 10 GPRs.

NN GPR
Ref. PES

1NN <10 NN> 1 GPR <10 GPR>

rmse of the PES on the test set
12.03 6.53 5.98 3.87

Spectrum rmse with respect to variational spectrum on the reference PES

ZPE error -0.23 -0.41 -0.17 -0.16 -0.13
rmse on 100 levels 0.82 0.82 0.83 0.82 0.81
rmse on 50 levels 0.47 0.43 0.47 0.46 0.45

Spectrum rmse with respect to the collocation spectrum on the reference PES

ZPE error -0.18 0.07 0.07 0.10
rmse on 100 levels 0.30 0.22 0.05 0.06
rmse on 50 levels 0.21 0.16 0.04 0.04

In Ref. % where many-body expansions were used to model water interactions, different
methods were used to fit the two- and three-body terms (defined as being due to water dimers and
trimers, respectively): the Behler type NN,> 8 permutationally invariant polynomials,?® and

Gaussian approximation potentials.2®* All three methods showed similar levels of accuracy in
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reproducing both two-body and three-body reference CCSD(T) data as well as interaction energies
of small water clusters, with test set rmse values on the order of 0.05 kcal/mol (about 4 cm™). In
Ref. 392 the Behler NN method was compared to the systematic molecular fragmentation (SMF)
approach®®3 3% which generates overlapping fragments of a certain size by gathering bonded atoms
into functional groups. The energy of the total system is calculated by summing the energies of
the fragments and subtracting the contributions of the overlap regions. With a benchmark set of
all-trans alkanes containing up to eleven carbon atoms, it was found that the NN approach, with a
test rmse of 0.00126 kcal/mol (0.44 cm™) per atom, yielded smaller errors vs CCSD(T) energies.
In Ref. 3%, the Behler NN 118 gpproach was compared with PIP-NN,?3 FI-NN,**® and a version
of PIP-NN using non-redundant PIP (NRPIP-NN)?'® when fitting PESs for reactions OH + CO, H
+ H2S, H + NHs, H + CH4, and OH + CHj4 to 74,000, 34,000, 100,000, 63,000, and 135,000
CCSD(T) points, respectively. All methods exhibit a similar level of accuracy, which is
summarized in Table 3. The large number of PIP inputs for larger systems can also be appreciated
from the table. It was found that the Behler method allowed study of systems with larger numbers
of atoms, making it more generally applicable than PIP based approaches, which were, however,
found to be computationally more efficient for smaller systems.

Table 3. Number of features / rmse values in meV (cm™) obtained with different NN based fitting
methods for the PESs of different reactions in Ref. 3%,

System \ method Behler PIP-NN NRPIP-NN FI-NN

OH+CO  48/58(47) 17/55(44) 7/68(55) 7/6.7 (54)
H + HoS 28/5.0(40) 22/3.0(24) 9/6.9(56) 9/5.6 (45)
H+NHs  28/38(31) 81/34(27) 38/3.6(29) 31/4.7(38)
H+CHs  28/8.0(65) 848/5.1(41) 203/6.3(51)

OH+CHs  50/4.7(38) 1331/3.8(31)

3.9 Notes on software implementation
Neural networks have become a method of first resort for high-accuracy multivariate PES
construction. Many proprietary or freeware or open source software packages provide NN

capabilities, including Matlab,3%® Octave,**” R,%% and Python.3%® 310 There is little need to code the
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basic feedforward NN building block in-house. Available packages can be used as building blocks
for a more involved method; that was the road taken by the authors.!*41® Recently rather involved
NN based packages dedicated to computational chemistry have also been proposed.t30: 135 311-313
Efforts to integrate NN potentials into standard simulation codes have also been made.3! We found
that the quality of NN fitting can be quite different between codes, and that one should be careful
not to make conclusions based on the use of an inefficient algorithm. Specifically, care should be
taken when choosing the optimization algorithm. We found that some much-touted in the ML
community optimizers such as classical backpropagation with gradient descent®* or the more

recently introduced Adam optimizer3®®

or other first-order gradient based optimization schemes
are simply not good enough to obtain highly (spectroscopically) accurate PES fits. Even if they
converge to the desired accuracy, they may require astronomic and unnecessary numbers of
epochs; NN fits with tens of thousands of epochs with the Adam optimizer have been reported.3!6
We68, 100, 114-116, 139, 162, 163, 165, 177, 215 and 0thersl40, 142, 144, 145, 157, 158, 167, 168, 186, 194, 202, 220, 257, 262, 265, 317
found that it is necessary to use the Levenberg-Marquardt (LM) algorithm.*®* While the cost per
epoch is higher with Hessian-based algorithms, the convergence is much better and the overall
cost lower. Our NN PESs reported above were obtained with 500-2,000 epochs, with the error
being in the ballpark of the converged error typically within 500 iterations. We recommend
reconsidering the algorithm, and if necessary the software, if convergence requires more than
1,000 epochs. Recognizing the high accuracy but also the high CPU cost of the Levenberg-
Marquardt algorithm, attempts at hybrid solvers have been made. With a combination of the LM
algorithm and extreme learning machine (ELM)3'8 it was possible in Ref. 31° to achieve a rmse for
the PESs for H + Hz and CH4 on Ni(111) similar to the LM rmse, but with a fraction of the CPU
time. With Behler type NNs, small errors (on the order of 0.1 kcal/mol or 35 cm™ for relatively
large reactive systems®?%) have been achieved with Kalmann filter®®? 320 pased optimization, in
which every point is presented to the algorithm sequentially, which is advantageous for large

systems and datasets.?%°

The availability (or lack thereof) of the LM algorithm is one reason why performance may
much differ between software implementations. Our NN PESs reviewed above were built with
Matlab. When working on some of them, we tried more than one code, specifically, Octave and
Python libraries. In our experience, Matlab’s Neural Network Toolbox (currently called Deep

Learning Toolbox) always outperformed any alternative. For other ML methods we found that
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other software and libraries than Matlab were as good or better; this was the case, for example,
with Gaussian process regression and genetic algorithms.?*> 276321 This is an issue to pay attention
to, as when comparing the performance of different PES fitting methods, comparisons may be
skewed by the efficiency of a particular software implementation; the best software for each

method should be used to do justice to the underlying method.?*

4  Conclusion

Having roots in the Kolmogorov theorem dating back to 1957, neural networks have had a long
history of development and are now a widely used tool in many areas of science and technology.
Like with many other ideas that have revolutionized our lives, such as lithium ion batteries and
lasers, decades passed before other developments led to conditions that allowed the idea to shine.
In the case of NNSs, it was an increase in easily accessible computer power that permitted
researchers to make full use of the power of NNs, which, at the conceptual level, had been
established in prior decades. Like a basis expansion, a NN is a universal approximator. In fact, one
way to think of a NN is as an expansion in a very flexible basis. Because an NN is a universal
approximator, it is possible to use NNs to make spectroscopically accurate PESs. However, as
recently as the 1990s, NNs were considered a curiosity and dismissed by some as a mediocre-
accuracy toy. Today, NN based spectroscopically accurate PESs are routinely made for small
molecules, and potentials made with NN based methods are, provided enough points are available,
as or more accurate than those made with any other method. This is made possible in particular by
the ease with which accurate non-linear optimization with thousands of parameters using millions
of data points can be done on modern computers. A critical advantage of NNs and other black-box
PES fitting methods is that the computer does the work: there is no need to invest time devising a

good fitting function.

NNs have been used to construct PESs for many small molecules and reactive systems and
used with classical or quantum dynamics calculations to compute spectra, rate constants, transition
probabilities etc. Many of these PESs were reviewed in this paper. It has not been possible in all
cases to achieve an accuracy on the order of cm™, even when the number of atoms is small. This
accuracy can now be routinely obtained with plain NNs for four- and five- atom isolated molecules
in the region around the potential well(s) (relevant in particular for calculations of vibrational

spectra). For reactive systems, and in particular for molecule-surface systems, it is common to
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have rmse values of many hundreds cm™. NNs being universal approximators, why is it not
possible to simple increase the NN size to bring the error down? If an infinitely large number of
ab initio points were available, this would indeed be possible. Sampling of the PES is, however,
in many cases costly, either because high-level methods are needed for small molecules or because
even DFT calculations are costly for molecules on surfaces. What we know for sure is that if the
number of fitting points is large enough, a NN is guaranteed to give a good fit. As the cost of
generating data decreases, black-box methods that require no tinkering on the part of the user

become increasingly attractive.

In actuality, the sampling density is always finite, and in many cases extremely low and this
must be taken into account when developing or choosing a PES fitting method. It is ultimately for
this reason that more complex (than a plain) NN approaches have been developed such as those
reviewed above, including representations with lower-dimensional functions or many-body terms
(which may or may not have fewer inputs than the original dimensionality of the configuration
space). Related to this is the issue of the distribution of points in configuration space which should
favor accuracy not just of the PES at test points but also of observables computed from the PES.
The rmse at a set of test (or fitting) points may not be representative of the error at the set of points
required to compute the observables of interest. More important is the fact that the error in
observables, for example transition frequencies, may be much less than the rmse at the set of points
required to compute the observables.?'® Adding more data points, using more neurons, adjusting
the structure of the NN etc. and reducing the rmse of the fitting and test point sets may not improve
observables computed on a PES.% 220 We found in Ref. © that, even if the test set rmse is slightly
larger, the spectrum computed on a plain NN can be as good as the one computed on PESs

obtained with more complicated (in terms of both CPU and manpower cost) methods.

Nevertheless, going beyond a simple NN and towards more complex schemes using NNs as
building blocks is useful and necessary for dealing with larger systems and systems where data are
costly and therefore sparse. With simple NNs, an accuracy of about 1 cm™ was first obtained for
isolated small molecules;*? now using methods that take NNs as building blocks, sub-kcal/mol

accuracy is routinely obtainable for molecules with dozens of atoms.1
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4.1 Pros and cons of neural networks

Neural networks and NN based methods are now widely used to construct potential energy
surfaces. The plain NN method is enticingly simple. Due to the existence of pre-packaged codes,
it can be used even by researchers or students who know very little about machine learning. More
involved schemes like DTNN and others are becoming easier to use as codes are made available
to the public. Neural networks are, however, but one of the methods available for fitting a PES
with spectroscopic accuracy. Users have an embarrassment of choices including PIP basis, IMLS,
GPR, and other methods listed in the Introduction. It is important therefore to point out some
advantages and disadvantages of neural networks and derived methods which should help users to

make a wise choice.

When choosing a fitting method, the first decision is whether one wishes to use a physically
motivated fitting function or a black-box method. For all but very simple PESs, finding a good
physically motivated fitting function requires knowing a lot about the system. Many users will
instead opt for a general black-box type algorithm. Black-box methods will almost always require
significantly more fitting points, but if one can afford to compute the points, they are easy to use.
Within the set of black-box methods, NNs have advantages and disadvantages. One disadvantage
of NNs is that they extrapolate poorly and therefore do not have correct asymptotic behavior. This
disadvantage is, however, shared by all black-box methods and can be palliated by coordinate
choices, as described above. NNs can and have been used to fit parameters of a physically
motivated functional form which can be chosen to have correct asymptotic behavior. A related
disadvantage is lower fit quality at the edge of the sampled space region. This issue can be ignored
if borders of the sampled region are in high-energy regions of the potential, but it cannot be if they
are not. This is an issue, for example, when fitting points are in a symmetry unique region and its
edge is in a low-lying region of the PES. The problem can be solved by sampling (and averaging,
as necessary) across the border of the region, as described above. That fact that plain NNs do not
automatically satisfy symmetry constraints is not a disadvantage specific to NNs, it is, like
extrapolation, shared by all black-box methods. In this review, we have presented established
methods for forcing symmetry onto NN PESs. The PIP-NN approach deals with symmetry from
the onset.

A disadvantage of NNs is the need for a non-linear fit. It makes the cost of fitting much higher

than that of methods with only linear coefficients, such as PIP basis methods. The CPU and
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memory costs can be significant, e.g., for four-atom and larger molecules, NNs with hundreds of
neurons and thousands of parameters are routinely used. Such fits may take hours, depending on
hardware and software; however, the time required for the fit is small compared to the cost of
computing the ab initio points. The cost issue is rapidly becoming less important as desktop
computers with dozens of CPU cores and hundreds of GB of RAM become widespread. The
number of parameters of a plain NN PES is actually small compared to that of some of the more
complicated methods such as those using Coulomb matrix inspired inputs.>% 6% 130135136 Neyral
networks can accurately fit in internal coordinates of which the number is relatively small. This is
not a trivial advantage; for example, using PIP based inputs leads to a very large number of
variables; even when mitigated with the fundamental invariant approach, the number of inputs is
quite large (dozens for a five-atom molecule). A very large number of inputs is also required by

methods based on environment-dependent atomic contributions.

In terms of the accuracy of the potential, plain neural networks seem to be surpassed by
methods like PIP basis, PIP-NN and PIP-IMLS. However, this underperformance has not been
shown for the accuracy of observables computed on the PES.°®8 NNs have been shown to
underperform only Gaussian process regression in terms of the error of the potential and of

observables in controlled comparisons.?*®

Neural networks also have significant competitive advantages. The ease with which a sum-
of-products PES can be obtained with a neural network is unrivalled. As long as the data
distribution is fairly uniform, accuracy can be improved (up to the limits imposed by the sampling
density) simply by increasing the size a single hidden layer. NNs can easily work with large
datasets as long as there is sufficient RAM; indeed, on modern desktop computers, we were able
to easily fit millions of data within minutes.%® When the dataset is too large, data can be fitted in
blocks, which can easily be done by fitting a subset of the data for a small number of cycles, which
imposes only minor jaggedness of the convergence path in the parameter space.’’” Alternatively,
Kalman filter®®? 320 |ike optimization methods can be used which, due to the sequential
presentation of data, are not limited by data set size at all. This is not a trivial advantage; for
example, the Gaussian process regression approach - to date the only PES fitting method that was
shown in a controlled comparison to beat NNs in both potential and observables accuracy — scales
badly with the sample size Npts, as one needs to compute the inverse of a Npts X Npts matrix which

is used during fitting. Calling a GPR-fitted function is also expensive because a vector of size Npts
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has to be used. Contrary to NNs, the GPR approach does not naturally allow splitting the data into
blocks and becomes unstable when data points are too close, although approximations have been
developed to allow using GPR to fit large data sets.3?? 3 Neural networks can work with large

data sets of any distribution at all.

A significant, and perhaps the most important advantage of neural networks, which ensures
them a prominent place in computational chemistry in the foreseeable future, is the fact that they
can be integrated with other approaches, such as PIPs, HMDR, DTNN etc. In particular,
approaches such as DTNN, PhysNet, SchNet which combine the advantages of Behler type NNs,
of symmetry-adapted features as well as information contained in atomic numbers (nuclear
charges) Z have produced very powerful tools that can predict molecular properties beyond the
PES and achieve record small errors for the PES. The idea of adding Z to the list of inputs and
fitting more than the PES (and maybe forces) is very powerful. Although costly, these approaches
have already made it possible to build PESs with record-breaking accuracies and for relatively
large molecules. They and other NN-based methods will surely continue to be useful for fitting

PESs of small molecules and reactions.

As computing power and the availability of software have progressed, NN based PES fitting
methods have become increasingly popular. This is true also for machine learning methods in
computational chemistry and physics in general. They have made it possible to tackle some
outstanding problems in computational chemistry,® 324 325 such as exchange-correlation326-328 and
Kinetic energy®: 316329330 fnctional development, solution of the Schrodinger equation,3313% and
prediction of properties without solving the Schrodinger equation®*3%" that require even more
powerful hardware and software resources than PES fitting, and in addition, manpower with
interdisciplinary knowledge. Due to the availability of these resources, these applications of ML
in chemistry (some of which are reviewed in this issue) have recently been experiencing rapid
growth. Using machine learning and specifically NN based methods to construct PESs led to
conceptual and computational advances in the application of ML techniques to quantum chemistry
data. In this sense, ML PES construction blazed the trail for the applications of NNs and ML in

general in chemistry that we are now witnessing.
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6 Abbreviations

AIMD
AM1
BO

ab initio molecular dynamics
Austin Model 1

Born-Oppenheimer

(U)CCSD(T) (unrestricted) couple cluster with single and double substitutions and non-iterative

CPU
DAF
DFT
DFTB
DOF
DTNN
(M)EAM
EANN
ELM
ERF

FI

GPR
HDMR
HDNNP
HIP-NN
IMLS
LM

mae

triples

central processing unit

distributed approximating functional
density functional theory

density functional tight binding

degree of freedom

deep tensor neural network

(modified) embedded atom model
embedded atom neural network

extreme learning machine

Rydberg function approximation
fundamental invariant

Gaussian process regression

high dimensional model representation
high dimensional neural network potential
hierarchically interacting particle neural network
interpolating moving least squares
Levenberg-Marquardt

mean absolute error
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MCTDH multiconfiguration time-dependent Hartree

MD molecular dynamics
ME moiety-energy

MEP minimum energy path
MM molecular mechanics

MP2 (MP4) 2" (4™ order Mgller-Plesset perturbation theory

MRCI multireference configuration interaction
MSI modified Sheppard interpolation

NN neural network

NRPIP non-redundant permutationally invariant polynomial
PCA principal component analysis

PES potential energy surface

PIP permutationally invariant polynomial
PM6 parameterization method 6

RAM random access memory

RBF radial basis function

RKHS reproducing kernel Hilbert space

rmse root mean squared error

RS random sampling

SDQ single, double and quadruple

SMF systematic molecular fragmentation
SOP sum of products
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