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Abstract
We consider biconservative surfaces in Sols, find their local equations, and then show that
all biharmonic surfaces in this space are minimal.
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1 Introduction

Almost forty years ago, B.-Y. Chen [5] introduced biharmonic submanifolds of Euclidean
spaces [E”, as isometric immersions with harmonic mean curvature vector field. Then, in [6,
18] it was proved that biharmonic surfaces in E3 are minimal, a result that led to the still
open Chen’s Conjecture that biharmonic submanifolds of Euclidean spaces are minimal [5].

In the same era, independently and in a more abstract way, biharmonic maps were defined
by G.-Y. Jiang [16] as critical points of the L?—norm of the tension field. This type of a
variational problem was suggested back in the 1964 by J. Eells and J. H. Sampson in their
seminal paper [10]. We note that the two definitions agree in Euclidean spaces E”.

Since ambient spaces with non-positive curvatures do not allow for interesting compact
examples, most of the research has been done on biharmonic submanifolds of Euclidean
spheres and other spaces with convenient curvature properties (for detailed accounts see [12,
30]).

The notion of biconservative submanifolds was derived from the theory of biharmonic
submanifolds by only requiring the vanishing of the tangent part of the bitension field.
Although a rather new one, this subject is already well established. If we are to illustrate only
the literature on biconservative surfaces, we refer to papers like [2, 4, 11, 15, 21, 25-27, 29]
to gain a satisfactory (if fairly incomplete) imagine.

Studying the geometry of surfaces in Sol3 seems to be the most challenging among the
eight Thurston geometries. The lack of some powerful tools used in other homogeneous
3-manifolds to describe the geometry of immersed surfaces lead to many difficulties that do
not appear in the case of the remaining seven geometries (see [8]). However, in spite of these
difficulties, there are important results on the existence and uniqueness of constant mean
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curvature (CMC) spheres [8, 23, 24], on totally umbilic surfaces [32], half-space theorems
for minimal surfaces [7], as well as Jenkins-Serrin type results for minimal [28] and CMC
surfaces [19]. In a local approach, one classified constant angle surfaces [20]. Also CMC
biharmonic surfaces were studied in [31] and it turned out that in Sols they are actually
minimal.

In our paper, we first prove that CMC biconservative surfaces in Sols are minimal. Next,
we show that non-CMC biconservative surfaces are constant angle surfaces and find their
local equations. We conclude with the fact that all biharmonic surfaces in Sol3 are minimal.
This last result is similar to that for biharmonic surfaces in E? (see [5, 9]).

Conventions. Throughout the paper surfaces are oriented, we will use the following sign
conventions

R(X,Y)Z =VxVyZ —VyVxZ — Vix,v1Z, A = trace Vz = trace(VV — Vy),

and objects on Sols will be indicated by .

2 Preliminaries

Biharmonic maps ¢ : M™ — N" between two Riemannian manifolds are critical points of
the bienergy functional

1
Ey:C®M,N) > R, Ex¢)= 5[M|r(¢>|2dv,

where 7(¢) = trace Vd¢ is the tension field of ¢. The Euler-Lagrange equation, also called
the biharmonic equation, was derived by G.-Y. Jiang [16]

72(¢) = At(¢) — trace RN (dg (), T($))dg () =0, 2.0

where 12 (¢) is the bitension field of ¢.

Since any harmonic map is biharmonic, the important case, from the point of view of
biharmonicity, is that of non-harmonic biharmonic ones.

Next, if we consider a fixed map ¢ and let the domain metric vary, one obtains a functional
on the set G of Riemannian metrics on M

Fr:G =R, Fa(g) = E2(9).
Critical points of this functional are characterized by the vanishing of the stress-energy tensor
S> of the bienergy (see [21]). This tensor was introduced in [17] as
|
H(X,Y) = 5|T(¢)|2(X, Y)+(dp, VT () (X, Y) — (dp(X), VyT(¢9))
—({do(Y), VxT()),

and it satisfies
div $3 = —(12(9), d¢).

For isometric immersions, (div $2)* = —12(¢) ", where 2(¢) | is the tangent part of the
bitension field.

Definition 2.1 A submanifold ¢ : M™ — N" of a Riemannian manifold N” is called
biconservative if div S, = 0.
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Biconservative surfaces 2365

From the definition, it is easy to see that a submanifold is biconservative if and only if the
tangent part of the bitension field vanishes.

Now, let us consider a surface X2 in a Riemannian manifold N”, with the unit normal
vector field £. The Gauss and the Weingarten equations of the surface

VNY =VxY +0(X,Y) and V}E=—AX,

hold for all vector fields X and Y tangent to the surface, where V is the induced connection
on X2, o is its second fundamental form, and A its shape operator. The mean curvature vector
field of £2 is given by H = f&, where f = (1/2) trace A is the mean curvature function.
If f is constant, then %2 is called a constant mean curvature (CMC) surface.
The Codazzi equation of the surface reads, for any vector fields X, Y, Z tangent to =2,
and any normal vector field V,

(RIX,Y)Z, V) = (Vy0)(Y, 2Z), V) — (Vio)(X, Z), V), (2.2)
where (Vyo) (Y, Z) = Vyo(Y,Z) —o(VxY,Z) —o (Y, VxZ).
The Gauss equation of the surface is
(RIX,Y)Z, W) = (R(X,Y)Z, W) + (AY, Z)(AX, W) — (AX, Z){AY, W), (2.3)

for all tangent vector fields X, Y, Z, and W, where R is the curvature tensor of »2,
Specializing a general result in [21] in the case of surfaces, we have the following splitting
of biharmonic equation theorem.

Theorem 2.2 [21] A surface X2 in a Riemannian manifold N is biharmonic if and only if
Af — fIA]> — f(trace(RN (-, §)-),§) =0
ANVE)+ fVf + firace(RV (-, £)) T =0.

Corollary 2.3 A surface 2 in a Riemannian manifold N" is biconservative if and only if
ANV + fVf + f race(RN (-, §)) " = 0. 24

Next, we shall briefly recall some basic facts on Sols. This Lie group is R with the
Riemannian metric
<’> — eszx2 + e*ZZdyZ +dZ2,

where (x, y, z) are the canonical coordinates of R3.
A left-invariant orthonormal frame field {E, E>, E3} with respect to this metric, called
the canonical frame, is defined by

E 29 E ‘ E 9
=e "7! =e 5 = —.
: ax : ’ T oz
The Levi-Civita connection of Sols is then the following
Vg Ey = —E3, Vg, E2 =0, Vg Ez=E;
Ve,Ey =0,  Vg,Ey=E3, Vg, E3 = —E) (2.5)

§E3E1 =0, ?E3E2 =0, 653 E; =0.

One can see that the vertical vector field E3 foliates Solz by vertical geodesics. Moreover,
we get that the sectional curvatures of the vertical plane fields (E1, E3) and (E3, E3) are
equal to —1, while that of the horizontal plane field (E1, E>) is equal to 1.
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2366 D. Fetcu

The only totally geodesic surfaces in Sols are the leaves of the first two canonical foliations
F1 = {x = constant} and JF, = {y = constant},

which are isometric to the hyperbolic plane H? (see [32]).

The leaves of the third canonical foliation F3 = {z = constant} are isometric to R? with
its usual flat metric and are minimal.

The curvature tensor R of Sols is given by (see [32])

R(X,YV)Z = (Y, Z)X — (X, Z2)Y +2(Z, E3)({X, E3)Y — (Y, E3)X) (2.6)
+2(<X! Z)<Y! E3> - <Y! Z><X7 E3))E3

3 Biconservative surfaces in Sols

As we have seen, CMC biharmonic surfaces in Solz are minimal [31]. The following result
shows that this stands true when we only keep the weaker biconservative condition.

Proposition 3.1 A CMC biconservative surface in Solz is minimal.

Proof From Corrolary 2.3 and the expression (2.6) of the curvature tensor of Solz, one can
easily see that a CMC surface X2 is biconservative if and only if either the vector field E3 is
either normal or tangent to the surface.

If E3 is normal, then ¥? is minimal and therefore we only have to study the case when
Ej3 is tangent. In this situation, we consider an orthonormal frame field {X; = E3, X3} on
the surface and, since 653 E3 =0, it follows that AX| = 0and AX, = 2 f X5. Also, we can
write X, as

X> =cosaE| +sinaEs,

and then
E| = cosa Xy + sin &, E, =sina Xy — cosaé,

along the surface, where £ = sina E| — cos « E3 is a unit vector field normal to »2,
Next, using formulas (2.5) and the Gauss and Weingarten equations of the surface, one
obtains

Vx,E1 = —cosaE3
= Xs(cosa) X2 +cosaVy,X> + 2 f cosa& + Xo(sina)é — 2 f sina X,
and
@XQEZ = sinaE3
= Xo(sina) Xy +sinaVy, Xo + 2 f sinaé — Xp(cosa)é + 2 f cosaXs.
Taking the inner product with X in both equations, we get
cosa(Vy, X2, X1) = —cosa and sina(Vy,X>, X|) =sina,

which leads to sin o cos @ = 0. This means that either £ or E; is normal to X, and therefore
the surface is totally geodesic.

Remark 3.2 In contrast to our situation, any CMC surface in a 3-dimensional space form is
biconservative [4] and also in the other 3-dimensional BCV-spaces (that are local models
for six of the Thurston geometries, the exceptions being H> and Sol3) non-minimal CMC
biconservative surfaces do exist [27].
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Biconservative surfaces 2367

We will henceforth focus on non-CMC biconservative surfaces. Let %2 be a biconservative
surface in Solz such that V f # 0 at a point p € %2, Therefore, there exists a neighborhood
V of p with Vf #£ Oon V. Since f cannot vanish on V, there exists an open subset U of V
such that f # 0 at each point of U. Moreover, we can assume that f > 0 on U. Next, we
consider an orthonormal frame field {X, X»} on U, where

Vf

= , X2 L Xy, |Xp|=1
IV £l

X1

We now have
Vf=X1(HX1+ X2() X2,

which leads to
X1(f)=IVfl>0 and X»(f)=0. (3.1

Next, let H = f& be the mean curvature vector field of >2, where & is a unit vector field
normal to the surface. By a straightforward computation, using isothermal coordinates (x, y)
on the surface and since $? is biconservative, one obtains (see also [22]),

0 0 af o of o
E=(VaAn)s-—(Vadn)—=3f (-2 4202,
ax ay ay dax dy dx  dx dy
which shows that X; L E on U, i.e., E and X, are collinear.

On the other hand, from the Codazzi equation (2.2) and the expression of the curvature
tensor (2.6), we get

0 0 0 d d 0
E=(Vs A — — (Vs A — =2 E —,E3)— —{(—, E3)—
( 2 H) 3y ( i H) ™ &, 3>(<8y’ 3>8x <ax, 3> ay),

and this readily shows that E is orthogonal to E3. Therefore, the two vector fields X, and
E5 are orthogonal and, along U, we can write

E| =sinBsin6X| + cos BX, — sin B cos &
Ey) = —cosfBsinf X + sin BX, + cos B cosHE (3.2)
E3 = cos6X| + sinb§,

or, equivalently,

X1 =sinBsinfFE; —cos BsinfEy 4 cos O E3
X> =cosBE| +sin BE, 3.3)
& =—sinBcosOE| 4+ cos BcosOEy + sinbE3,

where 8 and 0 are real valued functions on U.

From Corrolary 2.3 and formula (2.6) we easily get that the biconservative condition is
equivalent to

f
IV fl
and therefore X is a principal direction with the corresponding eigenfunction A1. It follows
that also X» is a principal direction and

AX| = — (f + sin(29)> X1 = M Xy, (34

f
IV fl
In the following, working on U, we will prove a sequence of three lemmas that will
eventually lead to our first main result.

AXy = <3f + sin(29)> X2 = M X>. 3.5)
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2368 D. Fetcu

Lemma 3.3 On the set U the following identities hold:

(1) X1(0) = —A1 + cos(2B) sin6;

(2) X2(0) = —sin(2B);

(3) cos&(Vx, X1, X2) = sin(2p) sin6;

(4) cos(Vx, X1, X2) = Aysinf + cos(2B);

(5) (X1(B) — (Vx, X1, X2)sin0) sin B = 0;

(6) X1(B)sin B cosf = 2sin® B cos B sin® 6;

(7) X2(B)cos® = Ay + cos(28)sinb;

(8) X2(B)sinf — (Vx, X1, X2) = —cos(2p) cos 6.

Proof From (2.5), (3.2), and (3.3), we have
Vx,E3 = sin Bsin@E; + cos Bsin0E,
= —X1(0)sin6X| +cosOVx, X1 +cosbo (X1, X1)
+X1(0)cosHE —sinOr X1,

and

@X2E3 =cosBE| —sin BE,
= —X2(0)sin0X| +cosOVy, X| 4+ X2(0) cos & — sinOrr X>.
Considering the inner product with X, X», and &, one obtains the first four equations.
Next, again using (2.5), (3.2), and (3.3), it follows
?Xl E| = —sinB8sin6E3
= X1(0)sin BcosHX1 + X1(B)cos BsinfX1 4 sin BsinOVyx, X4
+sin Bsinfo (X1, X1) — X1(B) sin BX; 4 cos BVx, X2
+X1(@)sin Bsinf& — X (B)cos BcosHE + sin BcosOr; X.
We take the inner product with X» and obtain the fifth identity. From this and the third identity,
the sixth one follows immediately.
Finally, we have
§X2E1 = — COS ,3E3
= X(0)sin BcosHX1 + X2(B) cos Bsinf X 4 sin Bsin OV, X1
+cos Bo (X2, X2) — X2(B) sin BX2 + cos BVx, X»
+X,(0)sin Bsinf& — X»(B) cos B cosB& + sin B cosOry X7,

and, taking the inner product with each X, X», and &, also using the third and the fourth
identities, we prove the last two items of the lemma.

Remark 3.4 Any two of the third, fifth, and sixth items of Lemma 3.3 imply the other one. This
also happens with the fourth, seventh, and eighth items. Therefore only six of the identities are
independent. It is easy to verify that this is the maximum number of independent equations
of this type that can be derived from the expressions of 6X,- E; i, je({l,2,3).

The next result shows that one of the two vector fields E; or E; is tangent to the surface
¥2 at any point of U.

Lemma 3.5 On the set U we have sin(28) = 0.
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Biconservative surfaces 2369

Proof From the Codazzi equations (2.2) and (2.6), one obtains
(Vx,A) X2 — (Vx,A) X1 = —sin(20) X,
which can be written as
{Xl()\z) + (k2 — A)(Vx, X1, X2) +5in(20) = 0 36
X2(A1) — (A2 — 21)(Vx, X2, X1) = 0.

Using Lemma 3.3, the second equation become
Xo(A1)cosO + (Ay — A1) sin(2B) sin6 = 0. 3.7
In the following, we will compute X;(A1). Since X2(f) = 0 and X(f) = |V f], we

have, also using Lemma 3.3,

Xa00) = —Xs (f + Wf - sin(20)>
_f <X2(X1(f))
VS V£l

Now, since X2 (X1(f)) = X1(X2(f) —[X1, X21(f) = —[X1, X2](f) and, from Lemma
3.3, we know that

sin(26) + 2 sin(28) cos(29)> . (3.8)

cosO[X1, X2] = cos0(Vyx, X, — Vx, X1)
= —sin(2B)sinfX| — (A2 sind + cos(28)) X»,

one obtains
cos 0 X2(X1(f)) =sin(2p) sinf X 1(f) = sin(2p) sinbO|V f|. 3.9
Replacing in (3.8) we get

f sin(2B) cos? 0,

Xo(A1) = 2
ST

and then, from (3.7), since

2
ho—dy=af+ 2L

V7] sin(26),

one obtains
2sin(2p8)
[V £l

Therefore, at each point of U, either

sin(2B) =0 or 2|V f|siné +cosd (1 + sin’6) = 0.

(2/V f|sin6 + cosd (1 + sin* §)) = 0.

Assume that sin(28) # 0 at a point ¢ € U. Then, there exists a neighborhood W C U of
g such that sin(28) # 0 at all points of W, which means that

2|V f|sin@ + cos 6 (1 +sin?6) =0 (3.10)
on W. From here, it follows that
2X5(X1(f))sinf + 2|V f|cos® — sin6 — sin> 6 + 2 sin 6 cos® ) X»(9) = 0,

on W. We then multiply by cos 8, use (3.9), Lemma 3.3, and again (3.10), to obtain, after a
straightforward computation, that cos & = 0 on the set W. But, from (3.10), this implies that
also Vf = 0 on W, which is a contradiction and we conclude.

@ Springer



2370 D. Fetcu

Lemma 3.6 Throughout the set U we have
cost) #0, sin® #0, Xi1(0)=-2f, X2(0)=0, Vx X1 =0, Xo2(X1(f) =0,
and either

(1) Vx,X1 =cos8Xy;
(2) Ay = —sinb,

or

(1) Vx,X| = —cos6Xy;
(2) Ay =siné,

asBp=0o0rB=m/20nU.
Proof The claims on Vyx, X1, X»(6), and A; follow directly from Lemmas 3.3 and 3.5. Then,

using the expression of A, and again the two previous lemmas, one obtains that X1 (0) = —2 f.
If sin® = 0 at a point ¢ € U, then, at this point, A, = 0 and A; = 2f. But, from the
biconservative condition (3.4), it follows that A; = — f which implies that f = 0, at q.

Therefore, sin 6 # 0 at any poiny of U.

Next, from the first equation of (3.6), one can see that, if we assume cosd = 0 at a point
q € U, then, at that point, we have X{(A2) = 0. But, in general, on U,

X1(h2) =3X1(f) + X1 (i> sin(26) + in(G)cos(ZG),
IV fl IV fl
and therefore, at ¢,
X102 =3V 1+ L
IV fl

as X1(0) = —2f. Since f > 0 and |V f| # 0 on U, this is a contradiction, i.e., cos8 # 0
throughout U. To conclude, we note that Vy, X; = 0 now follows immediately from Lemma
3.3,and X»2(X1(f)) = 0 from Eq.(3.9).

Now, we can state the rigidity of biconservative surfaces result.

Theorem 3.7 Let %% be a biconservative surface in Sols with f > 0 and V f # 0 at any
point. Then, locally, £? can be parametrized as either

x1(u, v) = ve"WE| + &1 (u)e VW Ey + W) Es = (v, @1 (u), ¥(u)), (3.11)
or
o, v) = Gr(w)e VWE +ve VW E) + Ww)Es = (dr(u), v, W(w),  (3.12)

where
u

u u
W (u) :/ cosO(s)ds, D1 () = —/ sin0(s)eYDds, &y (u) :/ sinf(s)e Y ds.
u U

0 uo 0

The function 8 = 6 (u) is given either by
0(u) = 2arctan eI =Y1u/3 0, (3.13)
or by the following first order ODE
0+ 2a; sin0)%? = c(0' + 2a; sin 6%, (3.14)
such that 8’ < 0 and 6" < 0, where ay » = (—1 4+ +/13)/6 and ¢ > 0 is a positive constant.
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Biconservative surfaces 2371

Proof From Lemma 3.5, we know that either E or E; is tangent to our surface and therefore
%2 is aconstant angle surface as defined in [20], where Egs. (3.11) and (3.12) of such surfaces
were found.

We will consider only the case of the first surface, that with our notations correspond to
B = 0, meaning that X, = E. The computations in the second case are similar and therefore
we will omit them.

In [20], the local coordinates (#, v) were chosen such that

Xi= L and X = a0
= — an =oaUu,v)—,
' 2 v

for some function «, which is allowed by the fact that
[X1, X2] = =V, X1 = —cos6X.

Therefore, in this setting, X2(f) = 0 and X»(0) = 0 imply that f = f(u) and 6 = O(u). It
is now straightforward to verify that surfaces defined by (3.11) and (3.12) satisfy all identities
in Lemma 3.6.

Thus, we only have to find the function 6 = 6 (u) by solving the biconservative equation,
which, for the first surface, taking into account Lemma 3.6, can be written as

A =- (f + % sin(20)> =2f +sinb,
or, equivalently,
3ff + f'sinf + fsin(20) =0, (3.15)
where §’ = —2 f. Denote y = sin § and then we can see that
2yy’ =26'sin6 cosf = —2 f sin(26),

and Eq. (3.15) becomes
3+ =y =0.

We can write f' = y’(df /dy) and, replacing in the last equation, we have

df df
3fy = +yy L —yy' =0.
Iy dy Ty T
Since from Lemma 3.6 we know that cos @ # 0 and we also have 8’ = —2 f # 0, it follows
that y = 0’ cos & # 0, which shows that the above equation is equivalent to
af | df
3f— — —y=0.
f dy +y a7

We denote f = yg and, after a straightforward computation, this equation reads as
dg 2 _
y(3g+1)5+3g +g—-1=0. (3.16)

We now have two cases as 3g2 + g — 1 = 0 or 3g2 + g — 1 # 0. In the first one,
g =a12 = (—1x+13)/6isaconstant and f = a sin 8, where a stands either for a; or a;.
Since 0’ = =2 f, it follows that

2a€—2au 4a2€—2au(e—4au _ 1)
— -2 — ! —
O(u) =2arctane ", f(u) = T o—dan’ and f'(u) = 15 e—dany?
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2372 D. Fetcu

Since f > 0, we see that a = (+/13 — 1)/6, and, from f'(u) = X1(f) = |Vf] > 0, it
follows that # must be negative.
In the second case, a simple computation shows that Eq. (3.16) has the implicit solution

(y(g —a)® = c(y(g — a2)*, (3.17)
where ¢ € R is a positive constant. Hence, we have
(f — a1 sin0)%? = ¢(f — ar sin )%,
which is just Eq. (3.14).

Remark 3.8 In the case when & = 6 (u) is given by (3.13), one can compute the explicit
expression of the function ¥ = W (u) as

“ 1
W(u) = f cosf(s)ds = — In (e_4a” + 1) +u + co,
o 2a
witha = (—1 + +/13)/6, co = constant € R.
In this case, we can also compute, using Eq. (2.3), the Gaussian curvature of the surface
4ae—4au 4 (1 _ e—4au)2

— 2 ing —
K =—cos"0 —2fsinf = — (1§ o—daiy < 0.

Remark 3.9 The only possible solution of the biconservative Eq.(3.15) of the form f =
asinf, where a € R is a constant, is the one with a = (—1 + +/13)/6. Otherwise, Eq. (3.14)
implies that 6 is a constant and therefore f = 0.

Theorem 3.10 Any biharmonic surface in Solz is minimal.

Proof The case of CMC biharmonic surfaces was studied in [31] so we only have to show
that if 2 is a biharmonic surface in Sols such that there exists a point p € X2 at which
V f # 0, then the surface is minimal.

As before, we consider an open neighborhood U € £ of the point p such that V f # 0
and f > 0 on U. As in the proof of Theorem 3.7, suffices treating only the case of a surface
given by (3.11), the other one being similar. We will also use the same setting and notations
as in the proof of Theorem 3.7.

From Theorem 2.2, we know that the normal part of the biharmonic equation is

Af = [IAP — f{uace(R(-,§)-). §) = 0.
A direct computation, using Lemma 3.6, shows that
|A]> =412 +4fsin6 + 2sin® 6.
From formula (2.6) we find
(trace(R(-, £)-), &) = 2sin® 0.

It follows that the biconservative surface X2 given by (3.11) is biharmonic if and only if

Af=4f(f2+fsin9+sin29)>0. (3.18)
Now, let us assume that 6 is given by (3.13) and, therefore,
Dae~2au —1+/13
fuy =" a=
1+ e—au 6
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Biconservative surfaces 2373

From Lemma 3.6, we have that
Af = f"+cosbf,
and then, a direct computation leads to
4o—0au (ef4au(2a3 — @)+ MM 2a3 — a?) 4+ 2a% — 1203)

A =
f (1 + e—4au)3

It is easy to verify that A f < 0, in this case, which is a contradiction.

Next, let the function 8 be a solution of Eq. (3.14) and again denote g = f/sin#, as in
the proof of Theorem 3.7. From Remark 3.9, we have that g 7~ 0 throughout U.

The first derivative of f is given by the biconservative equation as

Fee f sin(26)
3f +sinf’
where we have also used 8’ = —2 . Taking into account Remark 3.9 (and possibly restricting

to an open subset V C U) we can see that f’ is well defined. Using this formula, and again
0’ = —2f, it is straightforward to compute f” and then

_ f
~ (3f +sing)3

—f(12sin* 6 — 8sin* 0) + 2sin® 6 — 2 sin’ 9).

Af (36f3(1 —2sin?6) — f2(6sin6 + 18sin’ 0)

Replacing in (3.18), and taking into account that sin6 # 0 on U, one obtains the following
equation
sin® 0 Py (g) — P2(g) =0, (3.19)

where Pj(g) and P>(g) are two functions of u, given by
Pi(g) =100g° +216g* +324¢> +166g> +32g 46

and
Py(g) =36g° —6g> —12g +2.

Since g satisfies Eq. (3.17), we can write

(g —a)™

sin®§ = —————,
c(g —an™

where by 2 = (6a1,2)/+/13 and ¢ € R is a positive constant. Then, Eq. (3.19) can be written

as
(g — @) Pi(g) = c(g — a)? Pa(g).

Differentiating with respect to u and using that g’(u) # 0 at any point of U, we obtain

dP; dpP,
(g—a)” (g—an) (biP1+ (g —a))—— | = c(g—an)” (g—ar) (2P + (g —a) ——
dg dg

The last two equations imply

23+ PP+ (Bg*+g—1) <P17g _pt
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After a long but simple computation, this polynomial equation reads as
25128 4492760 g7 +85632 g®+15840 g° —19352 g*—13224 g3 —1872 g>+656 g+160 = 0,

and shows that g is a constant, which is a contradiction. We conclude that there are no
biharmonic surfaces in Sols other than the minimal ones.

Remark 3.11 This last result is similar to that in [6, 9, 18] on biharmonic surfaces of the
Euclidean space E3 and even to the one in [3] about biharmonic surfaces in the Euclidean
sphere S3. Although in this last case non-minimal biharmonic surfaces do exist, they are also
CMC, and, therefore, there are no non-CMC such surfaces in S3. We note that similar results
were also proved for hypersurfaces in space forms, with additional geometric hypotheses
(see, for example, [1, 13, 14]).
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