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1 Introduction

Axion-like particles (ALPs) are light spin-0 bosons emerging in several extensions of the
Standard Model (SM) after the spontaneous breaking of an underlying global symmetry
at energies much larger than the electroweak scale [1-4]. Therefore, their lightness can
be naturally explained by their pseudo-Nambu-Goldstone boson (pNGB) nature. ALPs
are a generalization of the QCD axion, as their mass and symmetry breaking scale are
independent parameters to be probed by experiment. Remarkably, ALPs can answer several
open questions in particle physics, such as the strong CP problem [5-8], the flavor puzzle [9-
13], and the electroweak scale naturalness [14]. Furthermore, ALPs can be natural dark
matter candidates [15-18]. ALPs with masses below the MeV scale can leave their imprints
in several cosmological and astrophysical experimental searches [19-31]. Instead, larger ALP
masses can be explored at colliders and through a variety of rare processes [32-39]. ALP
interactions with SM fields are typically treated model-independently by means of dimension-5
effective operators [40]. This approach has the advantage of capturing general features of
large classes of ultraviolet models without sticking to any particular scenario. Quite recently,



a systematic classification of higher-dimensional ALP operators — up to dimension 8 —
appeared in ref. [41] exploiting on-shell techniques [42, 43].

The pNGB nature of ALPs forbids non-derivative interactions with SM fields. As a
result, ALP interactions show an inherent growth with energy, making them particularly
prone to experience strong unitarity constraints. In particular, partial wave unitarity bounds
— stemming from general properties of the scattering S-matrix — provide a theoretically
robust way to infer upper limits on the strength of such interactions, thus complementing
experimental bounds. Historically, the emergence of unitarity violation for the WW scattering
process led to an upper bound on the Higgs boson mass below the TeV scale [44, 45], motivating
the construction of the LHC. More recently, unitarity bounds have also been extensively
discussed in the context of Effective Field Theories (EFTs) [46-57]. These bounds are
inherently perturbative in nature and signal the scale at which new dynamics is expected to
emerge, either via additional degrees of freedom or the onset of a strongly coupled phase.

The standard approach to calculate them exploits 2 — 2 scattering processes of particles
with helicities h; and proceeds through the following steps: i) expansion of the helicity
amplitudes into partial waves aii with total angular momentum J using the Wigner rotation
matrix [58] and ii) diagonalization of the partial wave scattering matrix. As a result, the
tightest limit arises from the partial wave unitarity bound |a;{i|max < 1 on the largest
eigenvalue. However, the above method is not suited to treat either 2 — N (with N > 2)
amplitudes, which are of great relevance for future high-energy colliders, or spin-2 or higher-
spin theories, relevant for EFTs of gravity, given the difficulty in calculating amplitudes via
Feynman rules. By contrast, on-shell methods — which have been shown to be very efficient
in capturing EFT ultraviolet effects via renormalization group equations [59-71] — turned
out to be the ideal tool also to account for unitarity bounds of EFTs at high energies [72]. In
particular, building on a vectorial formalism [73] based on spinor-helicity techniques [74], in
ref. [72] we provided the general angular momentum basis for 2 — 3 amplitudes thanks to the
amplitude-operator correspondence [43, 75-77]. Moreover, we discussed unitarity bounds for
some dimension-6 and -8 operators in the Standard Model Effective Field Theory (SMEFT)
as well as for spin-2 or higher-spin theories.

The aim of this work is to extensively apply the method of ref. [72] to ALP EFTs up
to dimension 8, improving and generalizing previous results in the literature. In particular,
we revisit the bounds of ref. [57] relative to dimension-5 operators and include those for
weak-violating ALP interactions, which exhibit energy enhancements in various processes
such as charged meson decays and W boson decays [78]. Moreover, we address the unitarity
bounds for higher-dimensional operators up to dimension 8 recently classified in [41, 79, 80].

Finally, we evaluate the complete set of positivity bounds for ALP EFTs, discussing their
complementarity and interplay with partial wave unitarity constraints [72]. Positivity bounds
provide a powerful handle to infer the parameter space of consistent EFTs as they follow
from requiring the EFT to be the low-energy limit of a unitary, local, and causal quantum
field theory [81]. They have been applied across a broad range of frameworks, including the
SMEFT [82-104], Higgs EFT [105, 106], and gravitational theories [107-119].

In the following, we outline the structure of the paper. In section 2 we review the
method for computing partial wave unitarity bounds in the on-shell approach. In section 3



we present the ALP EFT, including effective operators up to dimension 8. In section 4
we systematically present the partial wave unitarity bounds in our scenario, emphasizing
the important role of a coupled-channel analysis. In section 5 we discuss positivity bounds
for dimension-8 operators and their complementarity with partial wave unitarity bounds.
Section 6 is dedicated to some phenomenological applications of our results. Our conclusions
are discussed in section 7. In appendix A we list the conventions adopted throughout the
paper, in appendix B we list the relevant amplitudes to obtain the most stringent partial
wave unitarity bounds reported in the main text, while in appendix C we test the obtained
positivity bounds against a specific UV extension.

2 Partial wave unitarity bounds in the on-shell approach

In this section, we review the method for computing partial wave unitarity bounds in the
on-shell formalism [72]. The partial wave analysis enables one to project a generic amplitude

|A;— ¢) onto a kinematic basis [B{, ;) with definite angular momentum .J as follows

i—f

‘Ai%f> = Za;’]—n‘ ’Bg—n‘> ) (2.1)
J

where a;] _,f are the partial wave coefficients. The building blocks of this decomposition are
the Poincaré Clebsch-Gordan coefficients C‘I]i , defined as [73]

(P, 1. 0iT) =t 5 (P - zpz-) , 22
1€T

that is, the overlap between the multiparticle state |Z) and the Poincaré irreducible multipar-

ticle state | P, J, h), where h refers to its helicity. The coefﬁcien‘cs C%i , can be interpreted

as elements of the complex vector space Vz_,,, i.e., \ T *> € Vz_4, and, correspondingly,

the angular momentum basis elements read

Jh

where \C*_>I> = |(CI_>*) ) € Viosz and Vi = Vi, ® Vi p. The partial wave coefficients
J

i—f
to the vector space Vs as follows

a can then conveniently be determined by extending the inner product in Vz_,, [120]

1 1 ]
alsy = 57 BhslAing) = 57 /d@zd@f (BL) A, (2.4)

where d®7 = S%__ [lrez (2;3)3#”2’“& is the Lorentz-invariant phase space measure related to |Z)
and St is the symmetry factor accounting for identical particles in |Z).! Notice that the
adopted basis normalization (B; f|BZ L) = (2J+1)8 77" has been chosen to obtain the partial
wave unitarity bounds in the standard form. Indeed, this choice implies

[ dex IBLx) 91845 = 1B 5) 67 (25)

'Explicit parameterizations for the n-body phase space in terms of spinor-helicity variables can be found
in [60, 121-124].



which, when applied to the generalized optical theorem
[Aicsg) = A7) =1 [ d0x Aisx) @ 147 x) (2.6
X
leads to
a;fﬁf—(af_}iy:i;a;]_)x (af_»()* (2.7)
and therefore to the partial wave unitarity bounds
Real,;|<1, 0<Ima/,, <2, lal <1, (2.8)

where i # f. The angular momentum basis elements |B;] . f>, required by the partial wave
decomposition, can be determined without passing through the Poincaré Clebsch-Gordan

coeflicients |C‘I]_h>*>, via the following steps:

1. Determine a set of kinematic monomials in terms of spinor-helicity variables that
are consistent with particle helicities, span V;_,f, and are mutually independent after
accounting for momentum conservation and Schouten identities.?

2. Apply the Pauli-Lubanski operator squared [125]

1 v o = 1 s —
Wi = (P (€47 Mz oMz 5+ €Ve My 4 M .5 ) + ZIP’%O‘]P’ZWMI@BML s (29)

to these monomials and construct the corresponding matrix. In the previous expression,

Z =1, f and
P =3 APAY, (2.10)
€L
0 0
S (A? + ) : (2.11)
N\ ong " ONa
MY =3 (36 9 (w2 ). (2.12)

3. Find the eigenvectors of the above matrix and the associated angular momentum values
Jz from the Casimir eigenvalues —P2Jz(Jz + 1).

4. Normalize the elements of the determined orthogonal basis so that their norm is

V2J7 + 1.

As a consistency check, for 2 — 2 scattering, the basis |B;

i—f
to the Wigner d-matrix [73]. Moreover, the partial wave coefficients for N — M scattering
(with N, M > 2) reproduce the elements of the reduced scattering matrix [53, 126-128] for

the s-wave contributions [72].

) turns out to be proportional

2Public Mathematica packages allowing one to achieve this goal can be found in [42, 43].



¢o?H + h.c. P X2 #2H2D?
Qe | 0TperH | Qupe | 0BuwB"™ || Quape | (94004 0)(H'H)
5 %uH qﬁqpurﬁ 5Q¢W2 b W;{VWI#V
Qo | 0T H | Quee | 0GA,GY

Table 1. Dimension-5 and -6 ALP operators. Operators with +h.c. have Hermitian conjugates. The
indices p, r denote weak eigenstates. The labels of the operator classes contain a cross-reference to the
corresponding unitarity bounds.

3 The ALP effective field theory

ALP interactions with SM fermions and gauge bosons are generated starting from dimension-5
effective operators [40]. The ALP EFT Lagrangian takes the form

1 d, d
Ly= B P0G+ > CLQy, (3.1)
dk

with d = [ko] =4 - [de] € {5,6,7,8}. The complete set of operators invariant under a
shift symmetry has been systematically classified in [41, 79, 80] up to mass dimension 8
and is reported in tables 1, 2, and 3.

4  Unitarity bounds

An interesting framework for performing a detailed analysis of unitarity constraints is that
of EFTs for ALPs. Indeed, the pNGB nature of the ALP forces its interactions with SM
fields to be of derivative type and, therefore, to grow with the energy. As a result, strong
unitarity bounds are typically expected [57]. Clearly, as the dimensionality of an operator
increases, the energy growth of the interaction also increases, leading to more stringent
unitarity constraints. However, the larger the dimensionality of an operator, the smaller its
expected phenomenological impact on physical observables. One could then question the
approach itself of putting unitarity bounds on higher-dimensional operators if their effects
are somehow expected to be subdominant in any case. However, this is not necessarily the
case, as was shown for instance in [41] for the production of a Higgs-ALP pair at a lepton
collider: the impact of the dimension-7 operators 0,,¢ DF{He and Ouo (H D,e on the total
cross section was there shown to be significantly larger than the one due to the dimension-5
operator ¢ {He in a wide region of the parameter space. Motivated by these considerations,
we stress the possible relevance of placing unitarity constraints on higher-dimensional ALP
interactions, which constitutes the subject of this section.

4.1 Dimension-5 and -6 operators

The dimension-5 and -6 ALP operators are reported in table 1.



»Yp2 X D b X H2D?
Qf;@p; (0"9) (€py"Lr) B Q¢BH2 i(0), )(H' D, H) B
Qfefé (0"9)(Lyy"Lr) By Q¢BH2 i(0 ¢)(HTD H)BM
Qfﬁifé (0" 9)(epy”er) By Q¢WH2 i(0, )(HTDI YW i
P | 0 0) @ en)Bu | Q% | i(8,0) (HIDLH)WIm
QUL | (0"6) (@1 4) B $Y2H2D
QEEL | (0"0) (@ a) By me (0,0) @y 0, ) (HTH)
QUL | (00) (@ ur) By QWHQ (0,0) Gy ol 6,) (H o H)
qugf; (0%9) (1" ur) B Q¢q2m (0u0) @, " qr) (HT )
Q¢d2B (0"6)(dpy"dr) By Q¢q2H2 (0,0) (@0’ q)(HI o H)
QUEL | (0" d) By || Qape | (0u0) (@) (HTH)
QU | (@) T Wh, || Qs | (040 @) (HTH)
QUEL | (0r) Gy o )WL, | Qe | (0u0) () (HTH)
Quk | (00) @0 g W, o2 HD? + h.c.
%?fé”v (@)@ o' e WL, || QW | (@.0)(EDre H)
QU | (04 e) @ )G || QU (0u0) (D" Ty, H)
QO | (@040) @ NG, | QW | (9u0)@, D)
Qe | @)@ )G, | QN | (000D d)
QUL | (0r) @y Mun) G, || QN (0,0) (@, D"d, H)
Qe | @0 2N)G, | QG | (0u0) (DT )
QEEL | (010)(dpy N dy) G, dH*D?

Quui | i(040)(H'D,H)(HH)

Table 2. Dimension-7 ALP operators. Operators with +h.c. have Hermitian conjugates. The indices

p,r denote weak eigenstates. o

I

are the Pauli matrices and A4 are the Gell-Mann matrices. The

labels of the operator classes contain a cross-reference to the corresponding unitarity bounds.



¢2X2D2 ¢21,Z)2D3

Q¢232 (096.0,0)BuoB" || Q% | (040 0u0) (" D¥Ly)
Q¢232 (04 0#0)Bup B || Qe | (00 000) (€  DVer)
PR | (0,00"0)ByB” | Qe | i(0.00,0)(@" D ar)
Qe | (0200, )WL WP | QL L | (0 Oy) (@ DV uy)

(d )

Qe | (Quodre)WIL W || Q7 | i(0,60,0)(dyy* D d,

Qe | Quodr)wlwive ¢**HD? + h.c.

QUige | (0"00,0)GLGY | Qe | (040 00)(Tpe, H)

Qe | (0u0 0" )GALE || Q% | (040 040)(@yurH)

Qe | (0u00#0)GLEY | QT | (040 090)(g,drH)
¢4D4 ¢)2H2D4

Qi (Oup O )? SQ;?HQ (04000 90" $) (H'H)
¢*H*D? Qe | (0400°¢)(D,HD,H)

Quops | (90 0"¢)(HH)?

Table 3. Dimension-8 ALP operators that conserve lepton and baryon numbers. Operators with
+h.c. have Hermitian conjugates. The indices p, r denote weak eigenstates. The labels of the operator
classes contain a cross-reference to the corresponding unitarity bounds.

¢X? class. The strongest partial wave unitarity bound associated with the interaction
C 5X2 o X v ‘Qq, where Xﬁqy is the field strength of a generic gauge group G, X fy =
Teuwpe X107 (with 9123 = 1), and of € {1,...,d(G)} is an adjoint index, is

vq%%w

. 4m 8
Smm{¢2ﬂG ¢1+V@Ml} (4.1

where d(G) is the dimension of G. This bound is derived from the J = 0 partial wave

coefficients of the amplitudes for XX — XX and XX — ¢¢, constructed with a double

insertion of the operator 5Q sx2 = o XX ﬁ,, see appendix B.1 for their expressions.
This implies that the Wilson coefficients associated with the dimension-5 bosonic operators

in table 1 are subject to the following individual constraints:®

5 8w
s|C <y |—==19, 4.2
\[‘ oB%| =\ + 33 (4.2)

3In ref. [57] it is claimed that, for /5 > 260 GeV, the strongest bound on 5C¢W2 arises from the W W~ —
3/2

Z(vy)® processes as they are linearly dependent on ko) »w2 and scale with energy as s*/°. By an explicit
calculation of the associated scattering amplitudes, both in the broken and unbroken phases of the SM, we
find instead a s'/? energy dependence, as it is also manifest by adopting the equivalent gauge of [129]. As a

result, the processes XX — XX and XX — ¢¢ set the most stringent bound on 5C¢W2 at any energy scale.



5 8

C </ ——=~1.5, 4.3
V[ Cow| < \ 1+ 07 (43)

5 [4m

For example, the bound for C 552 is obtained considering the scattering matrix

—4%C2 , B 0 8°C2, [21)2
2
el s e (45)
8°C3 g (34)° 8°C3p: [43]? 0

where i, f € {B~B~, Bt B, ¢¢}. The associated J = 0 partial wave scattering matrix, after
including the 1/ V2 factor for identical particle pairs in the initial and final states, is

-10 2
S 5
a?ﬁfzﬂcgm 0 —-12], (4.6)
2 20

whose eigenvalues are g2 (1 & V/33) 5037 g2 and 50(;25 g2 In this case, since the gauge bosons
are Abelian, we have A(B*B* — BTBT) = 0. On the other hand, if the gauge bosons are
non-Abelian, the associated amplitude for the same helicity configuration no longer vanishes
and contributes to having 72 (2d(G) — 1) 50; 2 as an eigenvalue, which corresponds to the
first term on the right-hand side of eq. (4.1).

Stronger bounds can be obtained by considering also scattering processes where these three
Wilson coefficients are simultaneously non-vanishing. In fact, in that case, the amplitudes for
BB - WW,WW — GG, and BB — GG are each proportional to the product of the two
different Wilson coefficients. As a result, if we include them, the bounds on C 552 C W2
and °C $G2 become correlated and more stringent than when considered independently. The
largest eigenvalues of the entire partial wave scattering matrix with J = 0 are given by the

roots x; of the cubic and quartic polynomials

p(z) = ap + a1z + apa® + 23, q(z) = by + bix 4 boz?® + bgz® + 2, (4.7)
with
ag = 23 503)32 50(}23‘/[/2 503)6'2 R6 5 (48)
_ 5~2 52 5~2 52 5~2 52 4
a) = — (17 C¢B2 C¢G’2 +7 C¢B2 C¢W2 + 21 C¢W2 CquQ) R s (4.9)
ag = (50(]2532 + 5 SC(?)WQ + 15 5C;G2) R2 s (410)
and
5 5 5 5 5 5
by = —8"C2p "Clyya "Coi ((C2pa +3°Cyn +8°C200 ) RS, (4.11)

5 5 5 5 5 5 5 5 5
b = ("C2p "Chyya "Chn — 8°Clpa "Clyya — 24°Cln "Clhyya — 8°Cla Clia

5 5 5 5 5 5
—24°C8,: "C2 0 — 64°C2 "Clhgn — 64°C2y2 "Cha ) RS, (4.12)
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Figure 1. Plots of the boundaries of the parameter space allowed by the partial wave unitarity
bounds in eq. (4.15) in the SC’¢Br5C¢W2 plane (left panel) and in the 5C¢F275C¢Z2 plane (right
panel) for different values of |5C sc2|- The Wilson coefficients 5C¢F2 and 5C¢>22 are defined as
5C¢F2 = C%V 5C¢BQ + S%/V 5C¢W2 and 5C¢Z2 = S%V SC’d)Bz + C%V 5C’¢W2 (where sy and ey are the sine
and cosine of the weak mixing angle) and mediate the interactions of the ALP with photons and Z
bosons, respectively: £ D SC’¢F2 ¢ Fu, F' + 5C’¢)Z2 &L ZM.

b2 - |:50(;2SB2 5O§)W2 + 503‘)32 503)(;2 + 50;w2 5C(§G2 - 8 (50332 + 3 5031/{/2 + 8 503(;2)] R4 y
(4.13)
by = (O + Cya +°C ) B2, (4.14)

where R = \/s/(4m). The corresponding unitarity bounds are then found by imposing |z;| < 1
on each root. Using the Jury stability criterion [130] (see also [131], Theorems 1.4 and 1.5),
we can avoid the explicit calculation of the roots of p(z) and ¢(x). In fact, |x;| < 1 holds for
each root of p(z) and ¢(z) if and only if all the following inequalities are satisfied, respectively:

|bi + b3| <14 by + ba,
|by — b3 < 2(1 —bp),
by — 3bo < 3,

b2 + by + bo(1 4 by + boba + b3) < 1+ b3 + 2bgba + (1 + bo)b1bs .
(4.15)

lag +ao| < 1+ay,
|a2—3a0|§3—a1,

ag + a1 —agag < 1,

The corresponding plots, where we take the intersection of the two regions (which is equivalent
to taking the most stringent bound), are shown in figure 1.

@2 H class. The individual bounds for this class of Wilson coefficients are

s E ‘ Cg;eH < 6477, s E ’ Cg;uH < 37 s E ‘ CgZdH < 37 (4.16)
p?r p’r p7""
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Figure 2. Summary of the marginalized partial wave unitarity bounds on the Wilson coefficients
associated with the dimension-5 and -6 ALP operators.

while the combined bound is
5 2 9
> (’ eeH( +3cs +3] ol ) < 64n?. (4.17)
p’r

These are derived from the J = 0 partial wave coefficients of the amplitudes for ¢H — 1,1,
¢?H?D? class. The bound for this Wilson coefficient is

< 8, (4.18)

6
S) C¢2H2

which is derived from the J = 0 partial wave coefficients of the amplitudes for ¢p¢ — HH.
In figure 2, we summarize the marginalized partial wave unitarity bounds on the Wilson
coefficients associated with the dimension-5 and -6 ALP operators.

4.2 Dimension-7 operators

The dimension-7 ALP operators are reported in table 2.

o2 HD? class. The individual bounds for this class of Wilson coefficients are

§3 2) 2
Z‘ qﬁEeH + C¢€61;§ < 102477, (419)
3/ 2|37 Cy — O < 96, $2'elr — 37cim | < o6, (4.20)

,10,
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Figure 3. Parameter space allowed by partial wave unitarity bounds in eqs. (4.19)—(4.24) associated
with the dimension-7 operators Q(l P" and Q(2 P' with k = ¢leH, pquH, pgdH and p,r = 1,2, 3.
The imaginary parts of the Wilson coefﬁc1ents are taken to be zero.

32‘ ot + Co "< 103&79, (4.21)
3/2\3 ‘olr e | < 96r, s e, - 3'ch | < 96r, (4.22)
3 [l + el < e (429
3/2(3 ol el , 2|l - 3Tl (4.24)

while the combined bound is

32(‘ QZS’LHC” (2)pr

(2)pr

qu—l- C

) < 10247%. (4.25)

quH-i- C

These are derived from the J = 0 partial wave coefficients of the amplitudes for ¢ H — %@r
and the J = 1/2 partial wave coefficients of the amplitudes for ¢, — Ht,. The bounds
are reported in figure 3.

@2 X D class. The bounds for the Wilson coefficients belonging to this class are

$3 c@pr 2 3 2) " 2
Z’ ¢>€2B+ w’}g < 2887°, Z) ¢623+ . §5767r . (4.26)

3 pr - T~2)pr|? 2 §3 o@pr 2 2

Sy [eln + "ol < 96x?, Z‘ o +i'cPn” <1020%, (4.27)
p,r

— 11 —



32\ Clwr + i ;l)f; <19272, 8 Z] S+ dﬂ%} < 28877,  (4.28)
§ Z e 4 To@r F < g6 32 cml® < uan?, (4.29)
¢q2W ¢q2W - ’ d)q = ) .
&3 (1) r o@pr 2 2 3 o@pr|? 2
Z‘ COr i O < 98802, Z] (o i o) < 2s8n?. (4.30)

These are derived from the J = 1 partial wave coefficients of the amplitudes for ¢X — ,1),..
¢X H?2D? class. The bounds for the Wilson coefficients belonging to this class are

SO0 e 41O e < 24w, PO i O <24 (431

These are derived from the J = 1 partial wave coefficients of the amplitudes for ¢.X — HH.

¢H*D? class. From the J = 0 partial wave coefficients of the amplitudes for ¢H — HHH
we obtain

33/2‘7C¢H4 < 16v/672. (4.32)

@2 H?D class. The individual bounds for the Wilson coefficients belonging to this class are

3 el < (32\/67r2)2, 32‘ @l < (32\/67r2)2, (4.33)
p,r
S [fetm ] < (s2v2r?) 32' @ | < (s2v2r)", (4.34)
p,r
832 Cp62H2 2 < (64\/§7T2>2 ’ 32‘ u2H2 6471' 2 32‘ C¢d2H2 647T )
p,r
(4.35)

They are derived from the J = 0 partial wave coefficients of the amplitudes for HH — ¢tp,1),.
The combined bounds are

Sy (\ ‘0@ + 3o, ) < (32v672)",

a (4.36)

5 (g o [+ 246t ) < (1)
(4.37)

In figure 4, we summarize the marginalized partial wave unitarity bounds on the Wilson
coefficients associated with the dimension-7 ALP operators.

4.3 Dimension-8 operators

The dimension-8 ALP operators that conserve lepton and baryon numbers are reported
in table 3.
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Figure 4. Summary of the marginalized partial wave unitarity bounds on the Wilson coefficients
associated with the dimension-7 ALP operators.

¢*D* class. The strongest partial wave unitarity bound for this Wilson coefficient is

24

8
32) Cyi| < 5 (4.38)

and is derived from the J = 0 partial wave coefficient of the amplitude for ¢¢ — ¢o.

¢?H*D? class. The strongest partial wave unitarity bound for this Wilson coefficient is

< 128v273 (4.39)

82‘80¢2H4
and is derived from the J = 0 partial wave coefficients of the amplitudes for ¢¢ — HHHH.

¢?H?D* class. The partial wave unitarity bounds for this class of Wilson coefficients are

2|3°C s + Cpp| <487, S2[C s + 270 | < 487, (4.40)

which are derived from the J = 0 partial wave coefficients of the amplitudes for ¢¢ — HH
and ¢H — ¢H. They are shown in figure 7.




¢2X?2D? class. The individual bounds for this class of Wilson coefficients are

2\ (0B +47C,) + (4°0,) < 16v3r, (a1

g [8\80;;392 w3 /(0 + 1) + (1F00,) <10,y
s \/ (e + 480%‘,2) (4 0<2)W2) < 16\/§7r, (4.43)

s l8]80$2)wg + 3\/ (Claye +4 C@WQ)Q + (4 C(;Q)W)Q_ < 1927, (4.44)
2\ (0 +4°080) + (4°08) < sr. (1.45)

Sl oy (e 4°CRa) (1) < 10n o

while the combined one is
[ (0 + 1) + (%) + 3 (B +4°C) 43 (4700’
8 (i +4'0e) 3 (10)’] < (10v3m)”. @17

These bounds are derived from the J = 0 partial wave coefficients of the amplitudes for
¢ — XX and the J = 1 partial wave coefficients of the amplitudes for ¢ X — ¢X. They
are shown in figure 8.

@22 D3 class. The strongest individual bounds are

96

‘ Clie| < Zm  withy =/Lic,qu,d (4.48)

2w2 =
and are derived from the J = 1/2 partial wave coefficients of the amplitudes for ¢, — ¢1,.
The collective bound is

4 8 oPr
5 (e
p,r

and is derived from the J = 2 partial wave coefficients of the amplitudes for ¢p¢ — 1,1, .

+2] ch s

+3\02

3|

+ 6’80p;q2

2) < (160\/577)2 (4.49)

u2

¢22H D? class. The individual bounds for this class of Wilson coefficients are
st Z \ e H\ (32\/§7r2)2 . (4.50)
542180 o H‘ (3272)2, 42‘0 dH] (3272)2. (4.51)

p,r
The combined one is
= (‘805’;56}1\2 + 3‘8Cg§quH|2 +3°C%an| ) < (32\/§7r2)2 . (4.52)
p,r

These are derived from the J = 0 partial wave coefficients of the amplitudes for ¢p¢ — wp@TH

In figure 5, we summarize the marginalized partial wave unitarity bounds on the Wilson
coefficients associated with the dimension-8 ALP operators.
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Figure 5. Summary of the marginalized partial wave unitarity bounds on the Wilson coefficients
associated with the dimension-8 ALP operators.

4.4 'Weak-violating ALP-lepton interactions

The EFT assumed so far was invariant under the electroweak gauge group. If we give up this
assumption, ALP-lepton interactions are described by the dimension-5 Lagrangian [78]:

gu 5 qu 5 Gy, _
L =0,0—-Iv" + 9,,0——Ilv"~5l + 0,0 —-T;v" P, l = 4.53
u¢2ml Y+ “¢2mz Y5l + u¢2mlvﬂ LVL » €, [, T, (4.53)

where the SU(2)y, invariance is recovered for g,, = g; — gu. The implications of the above
interactions are better understood by integrating the Lagrangian by parts [78]:

2 = _ 2
- e G — 9+ 9 e g Gu — gu(l —4sy) =
£=gullinsl) o+ 550 452, W wsw "
‘R gll(1 B 48%/[/) B gll(l — 4812/1/ + 88%/[/) + 9y, 7 U
- gllF,ul/FM + 2 9 Z/JJ/ZM o
8siyCiy

) - _

+—T gy g+ o) (I PLv)W, ¢ + hec., (4.54)
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Figure 6. Excluded values of the weak-violating combinations |g;; — G;; + ¢,| as function of /s by
imposing the partial wave unitarity bounds of eq. (4.55).

where sy is the sine of the weak mixing angle. All terms in eq. (4.54) are generated in the
SU(2)r symmetric limit, except for the last term, which is a genuine electroweak-violating
interaction. As shown in ref. [78], this term generates an (energy/m;) enhancement in various
processes such as charged meson decays and W boson decays.

The most stringent unitarity bound for the weak-violating combination of coefficients

gu — gu + gy, s

9lgu — Gy + gu| < 322, (4.55)

my iy

which is derived from the J = 1/2 partial wave coefficient of the amplitude for ¢i — W.
In particular, we have the following bounds

_ _ my
lgu — Gy + 9w | S107° <> <

TV 2
e) : (4.56)
Me

N

which are reported in figure 6.

5 Positivity bounds

Positivity bounds, stemming from the requirement that an EFT is the low-energy limit of
a unitary, local, and causal quantum field theory [81], provide another set of conditions to
infer the viable parameter space of consistent EFTs. Hereafter, we evaluate the complete
set of positivity bounds for ALP EFTs, associated with dimension-8 operators, discussing
their complementarity and interplay with partial wave unitarity constraints [72].
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Positivity bounds are derived from elastic 2 — 2 scattering processes whose amplitudes
grow with even powers n of s, with n > 2. By considering the scattering of a superposition
of states [u) = 32, u;[i) and |v) = 37, v;[j)

A(s,t) = Alu,v — u,v) Z u; v upvpA(i, j — k1), (5.1)

1,9,k

we can set in the forward limit [81, 132]

d—zA(s 0| >0. (5.2)

s=0
For example, with regard to the operators SQ((;Q)HQ and 8@5522)}[2, if we take
u) =1¢) +z|ma) .  |v) =[9) + |ma) , (5.3)

where 7, is any of the real components of the Higgs doublet

1 (m+ims
H=— , 5.4
\/§<7r2+i7r4> (5-4)

the amplitude is

A(s,0) = .A(u v — u,v)

[ Cype (64 44z + 622) + CG)a (11 + 342 + 1127)
(2 C(;Q)HQ — SC(;QQ)HQ) (1—xz)%cosb
(2% (14 2)2 + 0% (1+ 624 42) cos(w)} (5.5)
¢2H2 ¢2H2 .

and in the forward limit reduces to

A(s,0) = = [4°CH w4+ (14 207 (5.6)

52
E 2H2 ¢2H2
leading to the bound in eq. (5.13) by imposing 4 C’ég)HQ + Céﬂ)lﬂ (1+x)% > 0 for every = € RR.

Another example is provided by the operators Q $2B2> Q((;)BQ, and SQ((;)BQ. By param-

eterizing |u) and |v) as
u) =|¢) +a— |B7) + 24 [B),  |v)=1d) +y-|B") +ys|BF), (5.7)

and by using the amplitudes reported in egs. (B.43) and (B.44), the second derivative of
A(s,0) = A(u,v — u,v) with respect to s in the forward limit can be written as

d2

ZAGE0 = VAV, (5.8)

s=0
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with

A\'% (Re:p Imz_ Rexy Imzy Rey_ Imy_ Reyy Imy+) , (5.9)
8~(1)
-2C I B
A= B (5.10)
B 2%,
and
O +4°C 400 e +4700, 4700,
s | C%gz O 470 —aTCR O 14700,
O +4°CE 400 R +4700, 400,
400 R +4CR, 40, Ol -4,
(5.11)

Finally, imposing A > 0, one obtains the constraint in eq. (5.15).
In the following, we present the complete set of positivity bounds associated with the
dimension-8 ALP operators listed in table 3.

¢*D* class. The positivity bound related to this operator reads [81, 133]
"Cy 2 0. (5.12)

¢?H?D* class. The positivity bound for this class of Wilson coefficients, obtained by
considering all possible superpositions of scattering states, is shown in figure 7 and reads

8 8
Cle — |20 + 703 > 0, (5.13)

whereas the bound obtained without including such superpositions is

8
Cpyz > 0. (5.14)

They are consistent with those of [134].

¢%2X?2D? class. The positivity bounds for this class of Wilson coefficients, obtained by
considering all possible superpositions of scattering states, are

8

W+ (W + 4708 + (4°68)” <0 (5.15)
for every X = B,W,G and are shown in figure 8, whereas the bounds obtained without
including such superpositions are

8
Cé2)x2 <0. (5.16)

To highlight the impact of positivity bounds, we compare the volume of the parameter
space allowed by unitarity (see eqgs. (4.41)—(4.46)), Vol(%«), with the one obtained after
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Figure 7. Parameter space allowed by partial wave unitarity bounds (eq. (4.40), blue) and positivity
bounds (eq. (5.13), red) associated with the operators 8Q§;2)H2 and 8Q((;2)H2. The intersection area
constitutes 1/4 of the area of the blue region.

imposing the positivity constraints in eq. (5.15), Vol(% N P). In particular, for fixed values
of the center-of-mass energy, we find

36 (6 +v2)

Vol(U _ '
ol(%) 18V/d(G) ~11v2 iC) > 2,

361/d(G) — 6v/2
depending on the dimensionality d(G) of the associated gauge group G.

These bounds also apply if we substitute the ALP field with a Higgs doublet. If one
performs this substitution, one finds the dimension-8 SMEFT operators

QW 2 = (DPHTDYH) XS X507 (5.18)
QY2 pe = (DFHTD,H)XE X170 (5.19)
Q) o = (DMHI DL H)XE X007 (5.20)

with X fy = BuuaW;{wGﬁm of the basis in [135]. It follows that the associated Wilson
coefficients satisfy the constraints

2 2
n (e + 1) + (10%pe) <0 G2

for every X = B, W, G, which represent a generalization of the results presented in [86, 96]

that accounts for a non-vanishing CP-odd C’g?% H2D2"
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(3

$2X2 |

¢?vy2D3 class. The positivity bounds for this class of Wilson coefficients, obtained by
considering all possible superpositions of scattering states, are

8
C¢2w2 t 07
or, equivalently,

0<Tr("Cpoy) = Clhye +°CB

— 20 —

(5.22)

22+ CB e, (5.23)



0< ;[(Tr<0¢2w2))2—Tr(Sngwg)} O T e JNEL o3 WL 6/ IS o, B 0% 9
—\CW —lgcqﬁi’w —\80§§¢22, (5.24)
0 < det("Cpayz) = "Cllyo CB 2 "Cyo + °C3ya "CH o "C3h o
O e e, S o YN e I
—feB L fons - femLfen.l, (5.2s)

for every ¢ = f,e,q,u,d. This means that:

e Every diagonal entry of c g2z TUSE be positive;

e The modulus of the off-diagonal entries of 80 22 is bounded from above by combinations
of its diagonal entries.

Instead, if one did not consider all possible superpositions of scattering states, the resulting
bound would just involve the diagonal entries:

"oy (5.26)

2,¢,2 -
Also in this case, by substituting the ALP field with a Higgs doublet, one recovers the
dimension-8 SMEFT operators

QUM s = i(, " D"y) (D Dy HH), (5.27)
QU e = i(, " DY) (H' D, D, H) (5.28)
with ¢ = ¢, e, q,u,d, of the basis in [135]. Identifying SCZQW with — Cl(/)Q)HQDJ C’(Q)HQDJ,
the positivity bounds in eqgs. (5.23), (5.24), and (5.25) are translated in
Cpaps + Capa <0, (5.29)
or, equivalently,
0> Tr(CY s + Clpos ) (5.30)
0 [0(Cnps + Oos )] = | (O + O |- 63
0> det (Cf s ps + Ciypaps ) (5.32)

for every ¢ = ¢, e,q, u,d, which represent a generalization of the results presented in [96] that

accounts for non-vanishing off-diagonal entries of CSQ)HQ ps and Cff;Hg D3'4

*According to the results presented in [94-96, 136], one can notice that the positivity bound in eq (5.29)
is consistent with the fact that the one-loop renormalization group equation for the combination ol wz meps +
0(2)

W2 H2 DS if restricted to the terms stemming from double insertions of dimension-6 operators, is positive

semidefinite. In fact, from [137], we have that, e.g., dlnu (C’SEZDS + Cg)}’};m) D ?C”q CYr., which is

positive semidefinite since C'y. is a Hermitian matrix, being the Wilson coefficient associated with the operator
<>
Que = i(H'D, H)(ey"e) [138]. One can check that the same is true for all the other .
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Figure 9. Parameter space excluded by the partial wave unitarity bounds in eq. (4.15) for the
dimension-5 ALP couplings to photons (SC sz = ck o) sp2 T s C sw2) and Z-bosons (5C’ sz2 =

50¢W2), in the cases where 5C¢F25C¢Z2 < 0 (left panel) and SC’¢F250¢Z2 > 0 (right

s C B2 T i
panel). In both cases the coupling to gluons have been fixed to ‘50 ¢G2’ = 0.225 TeV~!. The black
region corresponds to the parameter space excluded by ref. [141] via non-resonant ALP searches at
the LHC, where the limits ’5C¢F25C¢G2 < 0.018 TeV~2 and ’5C¢Z250¢G2 < 0.061 TeV~2 are found

for mg < 200 GeV.

We note that the positivity bounds derived above are obtained at tree level. In the
SMEFT context, it is known that one-loop corrections can quantitatively modify positivity
bounds [94, 99, 102, 139, 140]. In particular, renormalization-group running of the Wilson
coefficients induces an energy-scale dependence of the bounds, while loop contributions from
light states entering the dispersive integral can shift the resulting constraints. A systematic
inclusion of these effects in the ALP-SMEFT framework is beyond the scope of the present
work. Nevertheless, the tree-level bounds derived here provide the leading-order constraints
implied by analyticity, unitarity, and crossing symmetry.

6 Phenomenological applications

In this section, we provide a few illustrative examples to emphasize the importance of
imposing partial wave unitarity bounds. As we will show, the size of physical effects in
several observables can be drastically reduced once we assume perturbative unitarity to
hold at a given energy scale.

6.1 Dimension-5 couplings to gauge bosons

As a first example, we consider the partial wave unitarity bounds for the dimension-5 ALP
couplings to gauge bosons. As discussed in ref. [141], non-resonant ALP searches at the
LHC are particularly effective in this case, leading to the excluded black regions of figure 9.
Depending on the assumed center-of-mass energy /s, unitarity bounds can be competitive
or superior to the experimental bounds to probe the ALP parameter space.

— 22 —



-
-
-
-
-
-
-
-
-

106 3

10° P Unitarity bound

b

g
\
\
\

101 _; Re

1/ —_— 0

017
10° 4 ——— ™

1 2 3 4 ) 6 7 8 9 10

Vs [TeV]

Figure 10. Cross section for the process [T~ — ¢h, with [ = e, i, in the high-energy limit. The
relevant Wilson coefficients are parameterized as 502)126 g =ty/f and 705521;1 = 70552% = 1/f3, where
f can be interpreted as the ALP decay constant.

6.2 Dimension-7 couplings in [T~ — ¢h

The relevance of higher-dimensional ALP operators can be nicely illustrated through the
process [Tl — ¢h [80], which receives contributions from both dimension-5 and -7 operators.
In figure 10, we show the cross section for this process in the high-energy limit. The relevant
Wilson coefficients are parameterized as SCéfge g =rty/f and 70;21;1 = 70552% =1/f3, where
f can be interpreted as the ALP decay constant.

In the high-energy limit, the cross section of [T~ — ¢h is 0 = ¢® + ¢(V where

2
n_ S 7MW 2 7A@ |2 7 (DU T2 & 5 L s 2
o = 7687 U Coterr| + ‘ Coterr| +Re ( Coterr Coterr )} , o= 764%’ Corerr| - (6.1)
On the other hand, the partial wave unitarity bounds lead to the following conditions
5%3 T
(M) « 22 (6) « L 6.2
7 =380 A (6.2)

that are illustrated in figure 10. As a result, large effects to the [T1~™ — ¢h cross section can
be significantly reduced depending on the ALP decay constant and the center-of-mass energy.

6.3 Weak-violating ALPs and rare decays

In the case of weak-violating ALP interacting with electrons (with g,. = g,, = 0), the
partial wave unitarity bound reads
TeV)2

|Gee| <1077 ( 7
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Instead, in the weak-preserving case (with g,. = gee and g,, = 0), we have

(6.4)

TeV
|gee| 5 4 <> .

NG

In order to monitor the impact of the above bounds on physical observables, we consider
the branching fractions of 77 — etv.d, KT — eTv.¢p, and W — eTv.¢ decays [78] in
the weak-violating case. Neglecting ALP mass effects and taking into account partial wave
unitarity bounds, we find that

4

B(rt — eTvep) <4 x 1077 (Te(\;') ) (6.5)
4

B(KT = eTr.0) <7x 1078 (TZ) , (6.6)
4

BWT = etv.¢) <6x107° (T\;\Q . (6.7)

The current bound for the 77 — eTv.¢ process arises from the SINDRUM experiment which
looked for e*e™ resonances in 7 — et ¢ followed by ¢ — ete™ with sensitivity to branching
ratios of O(10710) [142]. In the future, the PIONEER experiment aims to reach the sensitivity
of O(10~1) [143]. Concerning the K™ — etv,¢ decay, we exploit the E865 search for the SM
process KT — eTveeTe™ [144]. Assuming that the ALP channel does not exceed twice the
uncertainty in this measurement, we impose the bound B(K+ — eTr.¢) <4x 1079 [78]. Asa
future projection, we assume a reference bound of 10719 [78]. Moreover, following the analysis
of ref. [78], we also impose the constraints from leptonic charged meson decays in the CHARM
experiment [145]. As for the W — eTv.¢ decay, we require this mode not to contribute at
a visible level to the total width of the W boson I'yy = 2.085 + 0.042 GeV [146]. Dedicated
analyses for other rare W decays by CMS could improve the bound on the branching ratios
of Wt — eTu.¢ at the level of 1076 [78].

As shown in figure 11, unitarity bounds already exclude large regions of the parameter
space for /s = 1TeV and are typically stronger than the current experimental bounds on
charged meson as well as W boson decays.

7 Conclusions

Axion-like particles (ALPs) are generic pseudo-Nambu-Goldstone bosons (pNGBs) emerging
from the spontaneous breaking of some global symmetry above the electroweak scale. The
pNGB nature of ALPs forces their interactions with Standard Model fields to be derivative.
Therefore, ALP interactions exhibit an inherent growth with the energy, possibly leading
to the breakdown of perturbative unitarity at some large energy scale.

In this work, we have systematically evaluated partial wave unitarity bounds for ALP
Effective Field Theories (EFTs) including higher-dimensional operators up to dimension 8.
The adopted methodology is based on a recently developed formalism, based on on-shell
methods, which has proven particularly efficient for studying unitarity bounds of EFTs at
high energies [72].
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Figure 11. Theoretical and experimental bounds on the coupling g.. of a weak-violating ALP [78].
The partial wave unitarity bound is shown in grey and scales as 1/s. Searches for leptonic charged
meson decays are shown in blue (pions) [143] and red (kaons) [78, 144], while searches for rare W
boson decays are shown in green [78, 146]. Bounds from leptonic charged meson decays in the CHARM
proton beam dump [145] are shown in orange [78]. Dashed lines refer to the potential sensitivities

with dedicated searches at the PIONEER experiment [143] and kaon factories [78].

In particular, we first revisited and improved the bounds of ref. [57] relative to dimension-5
and -6 operators, finding that the processes XX — XX and XX — ¢¢ (with X = B,W, Q)
set the most stringent bounds at any energy scale. The summary of the partial wave unitarity
bounds on the individual Wilson coeflicients associated with these operators is reported
in figure 2. Stronger bounds can be obtained through a coupled-channel analysis, where
several scattering processes such as BB — WW, WW — GG, and BB — GG are generated
by the simultaneous presence of different Wilson coefficients; see figure 1. As a relevant
phenomenological application, we discussed the impact of the above bounds on non-resonant
ALP searches at the LHC [141]. Unitarity bounds can be competitive or even more stringent
than the experimental bounds already for center-of-mass energies at the TeV scale; see figure 9.

Moreover, we discussed partial wave unitarity bounds for dimension-5 weak-violating ALP
interactions, see figure 6, as in this case there is a striking energy enhancement (energy/m;)
in several processes such as charged meson and W boson decays [78]. As shown in figure 11,
unitarity bounds exclude large regions of the parameter space already for /s = 1 TeV and
are typically stronger than the current experimental bounds.

Finally, we analyzed the partial wave unitarity bounds for dimension-7 and -8 operators
which were recently classified in [41, 79, 80]; see figures 3, 4, and 5. As a phenomenological
application, we considered the process [T~ — ¢h, which receives contributions from both
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dimension-5 and -7 operators, and which can be looked for at future high-energy lepton
colliders [80]. As shown in figure 10, potentially large effects by dimension-7 operators are
severely reduced depending on the ALP decay constant and the center-of-mass energy.

The last part of this work was devoted to the derivation of positivity bounds, stemming
from the analyticity and causality of scattering amplitudes, for dimension-8 operators. These
were derived from elastic 2 — 2 scattering processes that grow with energy as s?. As shown
in figures 7 and 8, positivity and partial wave unitarity bounds are highly complementary in
constraining the parameter space of ALP EFTs. Interestingly, our results can also be used
to derive new positivity constraints in the SMEFT; see section 5.

To conclude, the positivity and partial wave unitarity bounds derived in our study can be
applied in several directions, such as ALP searches at colliders or in a variety of rare decays
or even as constraints for the event generation which can impact the shapes of the expected
distributions of experimental searches. Our work highlights the synergy and interplay of
first-principle-based theoretical bounds and experimental limits in our adventure to discover
new physics phenomena.
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A Conventions

Concerning the convention for the Minkowski metric, which is relevant for setting and
interpreting the positivity bounds, we adopt the mostly-minus signature.

As for the helicity spinors A, and A%, they transform in the (1/2,0) and (0,1/2) rep-
resentations of SL(2, C), respectively. Spinor indices are raised and lowered according to

A =€) and A = €3N\, where we use the convention €'? = €'? = —ejy = —¢j5 = 1. The

spinor decomposition of a light-like four-momentum p,, of an outgoing particle is given by

Pac = PpThs = Aada s (A1)
where o# = (1,5) and ¢! are the Pauli matrices. The Lorentz invariant angle and square
inner products are then defined as

(1) = MAja = €apMN L[] = Madd = —eg s AiN7 (A.2)

in such a way that Mandelstam invariants can be written as s;; = 2p; - p; = (ij)[ji]. Within
this formalism, polarization vectors can be represented as

_ (potq| _ (go”p]
=0 = apd P g (4:9)
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where ¢ is a reference momentum such that [pg], (gp) # 0, while spinors associated with
Dirac fermions are

uy(p) =v-(p) = <A0“> ; u—(p) = vi(p) = (;%) ; (A.4)

w(p) =-(p) = (0 Aa) . i (p) =(p) = (A 0) . (A.5)

B Amplitudes

In this appendix, we list the relevant amplitudes considered for obtaining the most stringent
partial wave unitarity bounds reported in the main text.

All particles are considered outgoing and massless, since we are interested in the high-
energy limit, and the superscripts + denote the signs of helicities. The following notation
is used:

e p,r, ... €{1,2,3} are weak-eigenstate indices;

® i j,...€{1,2} are SU(2) fundamental indices;

o [, J,...€{1,2,3} are SU(2) adjoint indices;

e «,(3,...€{1,2,3} are SU(3) fundamental indices;
o A B,...e{1,...,8} are SU(3) adjoint indices.

B.1 Dimension-5 and -6 interactions

The relevant amplitudes generated by one or two insertions of dimension-5 operators (see
table 1) are

-7 5

A(¢’£i_p7é;7 H) = (MeH <23>5ZJ ) (Bl)
A(D, Qi s ) = "Clr gy (2300503, (B.2)
A(¢a qC;ipaEIng ) C(];ZUH (23> af€ij (BB)
b ot e ey e (34)%[21]
A(B*,B*,B~,B7) = —4°C2, O (B.4)
A(¢, 6, B~,B7) =8°Cp (30)2, (B.5)
A(WI aWJ aWKa WL) —4 C;WQ @22[51]61J5KL (B'G)
+ + + +\ 4 5+2 [21”43] 1J KL [31][42]2 IK ¢JL
AW W WE W) =4 0¢W2[<12> bR 7“3) 515
[41][32] 1p, sk
o i Ll M £ ) } (B.7)
A, ¢, W, , W7 ) =8 C¢W2 (34)2617 (B.8)
A(G}. G, G, Gp) = —47Che <3‘§>12[>2 Hsmgen, (B.9)
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2 2
AGE,GE, G5, G = 450202[[21][43] §ABCD [31][42] §AC5BD

(12) (13)
[41<]1[i’>2]26AD5BC} 7 (B.10)
A(p,6,G5,Gp) = 8"C2n (34)2647 (B.11)
ABT, BT W, ,W;) = -4 Cd,BQ C¢W2 <3‘§>12[>21]5“ (B.12)
A(BY, BY W W) = 47C, 5.°C [4?2]12[31] " (B.13)
A(B*,B*,G;,Gp) = —4°Cypa Cyin @‘32%2”5/‘3 (B.14)
A(B*,B*,G},Gl) = 47Cy . "Cpn [4‘?}12[?1] 5B | (B.15)
AW WG4, Gp) = —4°Cppa Cpn @’22[5”5”5143 (B.16)
AW Wi GH,GE) = 47Cyp.°C o [432]12[31] 517 5AB | (B.17)

The relevant amplitude generated by the only dimension-6 operator (see table 1) is

6

A(p, ¢, Hi, Hj) = — Cyzppa (12)[21] 65 - (B.18)

B.2 Dimension-7 interactions

The relevant amplitudes generated by one insertion of dimension-7 operators (see table 2) are

A, 7 H;) = — (OS2 13)31) + €20 (12)[21) (230535, (B.19)
A6, Qa5 ) = —5 ((CS00 (13)[31) + O (12)[21]) (28)dasdy,  (B20)
A6, Gy 50, H3) = — (O (13)[31] + céﬂ (12)[2 11) (B)dagey,  (B21)

A(¢, 6,05, B7) = 12 (70 oyt c%%pg) 8ij » (B.22)

A, e B7) = —= (O +i o) 14 (B.23)
A(cb,qaip,qng,B—):g(?C; i+ CSI) (14)(24)[31]0005 (B.24)
A9, uly, W5, B7) = 12 (el +iCONE) (14) (34)[21]0,s, (B.25)
A(g,df, 5, BT) = 12 (et +i CORL) (14)(34)[21]65 (B.26)

A, 0, TH Wy ) = 12 (el +i'clm) (1) 2a)[31)};, (B.27)

A Gy W) = —= ((CO +0 €20 ) (14) (2)[31)0001, (5.25)
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- = — 1 7 2)pr
A(, Qi T G 1) = %( i TORE) (14)(24) 31020 (B.29)
Agut 75, G7) = — (TeWrr 4 Te@rry V2124 B.30
(¢, uap, u,BT‘7 A) - ﬁ ( ¢u2G + ¢u2G> af ( . )
—— _ 1 7 2)pr
A, ddys Dy, G2) = 5 (el + i) (14) (34) 2105 (B.31)
1

Al Hy Hy, B™) = —= ('C3 ) + i c;;Hz) (14)((24)[21] — (34)[31))33;,  (B.32)

2V2
A(¢,H,-,Hj,wl—)=2\1/§(7c§v)vm+ OS5 e) 1(20)[21) - 39)[31))0f;, (B.33)
A(6, Hy, Hy, Hy Hi) = 5 Copa (—(12)[21] + (13)[31] — (14)[41] + (15)[51])

X (001 + Oi0k;) » (B.34)
A(p ey e, Hi,Hj) =i Cg; 2 (13)[21]655 , (B.35)
Al,u ap,uﬁr,H,,H ) =i O o (13)[21]0003; (B.36)
A9, sy gy, Hi ) = i Cl o (13)[21]60,503; (B.37)
A, gy Uy, Hi Hy) = i [((CS, = TCSI ) 03300 + 2 Cl0, dudrg] (12)[31), (B.38)

A0, dip> T Hiy Hi) = [( C;f]ép};g - 7C¢(5q)sz) 0ijOt + 2 Cé i 5@15193} (12)[31]das
(B.39)

B.3 Dimension-8 interactions

The relevant amplitudes generated by one insertion of dimension-8 operators (see table 3) are

A(¢,¢,¢,¢>)=280¢4(< 2)%[21]7 + (13)%[31)° + (14)*[41)%) , (B.40)
A(¢, ¢, Hi, Hj, Hy, Hy) = 2 Cappa <12>[21](5”5kl + Gudkj) (B.A1)
A6, 6, Hi Hy) = 5 Ol 2P0 4 | c¢2H2<<13>[ 112+ (14)241]2), (B.42)
A6, B~ B™) = ( W+ C’g)Bz—i—z o) (34)° (B.A3)
A(¢,¢,B=,B) ="Clip, (13)*[41)2, (B.44)
A, b Wi W) = ( W+ D+ cf;’vw) (34)3[43)6" (B.45)
Ao, 6. Wi W) =0, (13)2[41)%677 (B.46)
A, 6,G5,C) =2 < W + 508, +i 0;2)(;2) (34)3[43]6°5 (B.AT)
Alp,6,G4,Gh) = c(;g)Gz< 13)2[41]264B | (B.48)
A6, 6,05, T1,) = cg;“@ (13) (14)[41)% + (23)(24) [42]2) 635, (B.49)
A6.0,65.7) = 5 Ol ((3) (1) 3117 + (23) 24)[32)) (B.50)
A6 6, i Thyy) = 5 Cligs ((13)(14) 411 + (23)(24) [42)°) 0 (B.51)
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A6,6, 83, = 5 0% o (13) (LBI? + (28)(24)327) 6 (B.52)
A9, 6,y T3) = 5 "l ((13) 1) BUP + (28)(2)[32]%) s (5.53)
A6, 6, Ly Hj) = —"C%%, 1 (12)(34)[21]65 (B.54)
A6, Qo Dy Hj) = =" C5 gy (12)(38) (21100635, (B.55)
(S, 6, G Ty Hy) = —"CPL 0 (12)(34)[21] 0 (B.56)

C Positivity bounds in a UV extension

To test the validity of the positivity bounds presented in section 5, we match a UV theory to
the ALP EFT. A simple way to generate at tree level the operators subject to the positivity
constraints consists in integrating out a massive spin-2 field h,, minimally coupled to the
stress-energy tensor 1), [147, 148]:
£ = o W — 00 h 0 0, — L onh = (i 12+ ST, (.
= 5N\ —Oplwx +0u v =50) _7(MV )+A w (C.1)
where h = hf; is the trace of the field, c is a real dimensionless coefficient, and A is an
energy scale much higher than the ALP EFT cutoff scale. Regarding the stress-energy
tensor, we can consider

Tw=TH+T4)+ > TP+ > T (C.2)
Y=~l,e,q,u,d X=B,W,G
with
,uu u¢au¢ g;w pra o, (C.3)
T7\!) = D,H'D,H + D,H'D,H — g,, D,H' D’ H , (C.4)
T;%)) = K( [4 (wp'YuDﬂbr + ¢p'YVD;ﬂ;Z)r> - guu%ilp%} ) (05)
TG0 = - X3 x50 4 gwxﬂ Xx*oo (C.6)

The matrices (%) must be Hermitian and positive definite (k(*) = 0) to ensure that unitarity
is not violated.

Integrating out at tree level h,,,, we generate dimension-8 operators that belong both to
the SMEFT and to the ALP EFT. Concerning the latter, the associated Wilson coeflicients
take the following values:

8 1 ¢ \2
Co =5 (337) - (1)
2 ¢ \? c \?
=2 () =) (C8)
2 2
8~(1)  _ ¢ 8.2 _1( ¢ 8(3) _ _
C¢2X2__(W) P C¢2X2_4<A]\4> ) C¢2x2_07 X—B,VV,G, (Cg>
8 ~pr (%) c \?
Cayz = Fpr <A]\4> , v =1{Lequ,d. (C.10)

All of them are consistent with the positivity constraints of section 5.
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The same conclusion holds if h,, is conformally coupled, which consists in substituting
H)
17

the expressions for T,Sf,s) and T,S in egs. (C.3) and (C.4) with the improved traceless

combinations [149]

1 1
TS = 046000 — 591000 06 — = (04D — 9u0°)6” (C.11)
17\!) = p,H'D,H + D,H'D,H — g, D,H D’ H

— %(D“DV + D,D,, — 29,,D,D?)(H'H), (C.12)

respectively. With respect to the previous case, none of the Wilson coefficients change value,
and the effective Lagrangian remains consistent with the positivity bounds.
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