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Abstract: In this work using subgradient algorithm we study a minimization problem with a convex ob-
jective function on a domain, which is the solution set of a common fixed point problem with a countable
family of quasi-nonexpansive mappings. Our algorithm generates a sequence of iterates which are approxi-
mate solutions of the corresponding fixed point problem. Additionally, also either this sequence converges
to a solution of our minimization problem or the sequence is strictly Fejer monotone regarding the solution
set of the common fixed point problem.
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Introduction

The starting point of the fixed point theory of nonlinear operators is Banach’s famous
work [1] where it was established the existence of a unique fixed point of a strict contraction.
Since that many important results were established in this area [11,12,14-16, 19,20, 23-25,
28,29] which includes the investigation of the asymptotic behavior of iterates of a nonlinear
mappings. It also includes the studies of feasibility, common fixed points, iterative methods
and variational inequalities and their applications in engineering, medical and the natural
sciences [4,6-8,10,13,24,25,28-30]. In the study of common fixed point problems the goal
is to find a common fixed point of a family of operators while for the feasibility problem the
goal is to find a point which belongs to the intersection of a given family of sets. Usually
in these studies the families of operators and sets are finite although there are interesting
exceptions [2,3,17,18,21,26,27,31,32].

Assume that (X, p) is a metric space. A mapping T : X — X is called a strict contraction
if there exists A € (0,1) such that

p(T(u), T(v)) < Ap(u,v)

for each u,v € X.
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According to the Banach’s celebrated theorem [1] a strict contraction T has a fixed point
zr € X for which
T(.TT) =2XT
and which attracts every sequence of iterates of T. Moreover it is known that this conver-
gence of iterates of T is uniform on all bounded subsets of X.
In [22] A. M. Ostrowski investigated the influence of computational errors on the behavior
of iterates of the strict contraction T'. He proved that every sequence {u;}2, C X for which

> pluig, T(us)) < oo
1=0

converges and its limit is the fixed point of T
A different approach was applied in [5] in order to generalize the result of [22] for a map
T : X — X which is merely nonexpansive. We assumed that

p(T'(0), T(u)) < p(v,u)

for all pairs of points v,u € X and showed that if all sequences of exact iterates of T
converge, then all the sequences of its inexact iterates with summable errors converges
too. This result has many applications and is an essential ingredient in superiorization
and perturbation resilience of algorithms [4,6,7]. The superiorization methodology works
by taking an iterative algorithm, investigating its perturbation resilience, and then using
proactively such perturbations in order to ”force” the perturbed algorithm to do in addition
to its original task something useful. This methodology can be explained by the following
result on convergence of inexact iterates.

Assume that (X, || - ||) is a Banach space, p(z,y) = ||z — y|| for all z,y € X, a mapping
A: X — X is nonexpansive and that for each z € X, the sequence {A™x}>2, converges in
the norm topology. zo € X, {8 }72, is a sequence of positive numbers satisfying

oo
> B < o0,
k=0

{ve}72y C X is a norm bounded sequence and that for any integer k& > 0,
Tpy1 = A(zg + Bror)-

Then it follows from the result of [5] that the sequence {z1}72, converges in the norm
topology of X and its limit is a fixed point of A. In this case the mapping A is called bounded
perturbations resilient (see [6] and Definition 10 of [9]). In other words, if exact iterates
of a nonexpansive mapping converge, then its inexact iterates with bounded summable
perturbations converge too. Under an appropriate choice of the bounded sequence {v;}7° ),
the sequence {zy}7° | possesses some useful property. For example, the sequence {f(zx)}52,
can be decreasing, where f is a given function. The superiorization technique was applied
in [10,30] where it was investigated an optimization problem with a convex objective function
and with a feasible region, which is the intersection of a finite family of closed convex
constraint sets. In this work we investigate a minimization problem with a convex objective
function on a domain, which is the solution set of a common fixed point problem with
an infinite family of quasi-nonexpansive mappings. We use a subgradient algorithm which
generates a sequence of iterates which converges to a solution of the corresponding fixed point
problem. Additionally, also either this sequence converges to a solution of our minimization
problem or the sequence is strictly Fejer monotone regarding the solution set of the common
fixed point problem.
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Preliminaries

Assume that (X p) is a complete metric space endowed with a metric p. For every z € X
and every r > 0 set

B(z,r)={ye X : p(z,y) <r}.

For each x € X and each nonempty set D C X define

p(z, D) = inf{p(z,y) : y € D}.
Fix
0eX.
Denote by Card(E) the cardinality of a set E. We assume that the sum over empty set is
zero. For each set C' C X denote by cl(C) its closure.

For each map S : X — X denote by S° the identity map, S°(z) = z, * € X, set
St = S0 S? for each integer i > 0 and define

Fix(S)={z€ X : S(z) = z}.

Assume that T; : X — X, i = 1,2,... are continuous mappings such that for each i €

1,2,...1,
Fix(T;) # 0

and that for each i € {1,2,...}, each z € Fix(T};) and each z € X,
o2 Ti(@)) < plz, ). (2.1)

In the literature the following assumptions are used [28,29].
(A1) There exists ¢ € (0,1) such that for each integer ¢ > 1, each z € X and each
z € Fix(T;),

p(z.2)? = plz, T (@) + epla, T (x))

(A2) For each M,y > 0 there exists § > 0 such that for each integer i > 1, each
x € B(0, M) satistying p(z,T;(z)) > v and each z € Fix(T;) N B(#, M) the inequality

p(z,x) =0 > p(z,Ti(x))

holds.
(A3) For each M,v > 0 there exists § > 0 such that for each integer ¢ > 1, each
x € B(6, M) satistying p(z,Fix(T;)) > v and each z € Fix(T;) N B(6, M) the inequality

p(z,2) =6 = p(z,Ti(x))

holds.

Note that assumptions (Al) holds for projections on convex, closed sets in a Hilbert
space (see Proposition 10.1 of [28]).

It is known [32] that (A1) implies (A2) and (A3) implies (A2).
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The Common Fixed Point Problem

We continue to use the notation and definitions of Section 2. Throughout the paper we use
the following notation.
Assume that for each integer i > 0,

Q,; C {1,2,...}
is nonempty,
Q,; C Qi+17 ?ion = {1,2,...} (31)
and there exists sg € €y such that
c(Ts, (X)) N B(#,r) is compact for every r > 0. (3.2)
Suppose that
F =N Fix(T;) # 0. (3.3)

Our goal is to find an approximate solution of the inclusion
z e F.

We consider the following algorithm. Assume that {A;}52, € (0,1].
Initialization: choose any element zy € X.
Iterative step: given a current iterate x; calculate z;4; such that

B(zt41,A¢) N {Tj(ift) 0 J €y, P(fftaTj(xt)) > p(e, Ti(xt)), i € Q) # 0.

Clearly, our algorithm is well-defined if all the sets £2;, ¢ = 0,1,... are finite. This is the
case which happens in practice.

The convergence of this algorithm was studied in [32] when Y ;°  A; < co. According
to our algorithm, given a current iterate z; we first find j € ), satisfying

p(xe, Tj(ze)) =2 p(we, Ti(zr)), i €

and then choose x41 € B(Tj(x¢), A). We do this according to the result of [5].
The following auxiliary result was proved in [32].

Lemma 3.1. Let M,e > 0. Then there exist § > 0 and an integer t > 0 such that for each
x € B(6, M) satisfying
pla, Ti(x)) <96, i€ Oy

the inequality p(x, F) < € holds.
The following theorem in one of the main results of [32].

Theorem 3.2. Assume that (A2) holds, M > 1, e € (0,1], {A;}2, C (0,1],

oo
Z A; < oo,
=0

F B0, M)+ 0.

Then there exists an integer ¢ > 1 such that for each sequence {x:}i2, C X satisfying

p(wan) <M
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and such that for each integer t > 0,
B(aiy1, Ad) N {Tj(@e) © j € Quy play, Tj(xe)) = plae, Ti(xr)), i € Qe # 0

there exist
zp € F

such that
p(z0,x¢) < € for all integers t > q

and the sequence {x}52, converges to a point of F.

The First Main Result

From now we assume that our space X is a Hilbert space equipped with an inner product
(-, ) which induces the complete norm

lz]| = (m,x>1/2, reX

and that p(x,y) = ||z — y||, z,y € X. We use all the definitions and notation introduced
in Sections 2, 3 and assume all their assumptions assumed there. In particular, we assume
that (A2) holds. Assume that f: X — R! is a convex continuous function such that

f(z) = 0. (4.1)

)| =00
For each x € X,
Of (@) ={le X : (Ly—a) < f(y) — f(), y € X}
is the subdifferential of the function f at x. For each nonempty set C' C X set
inf(f;C) =inf{f(x): x € C}, argmin(f;C) ={x € C: f(z) =inf(f;O)}.
We consider the minimization problem
f(xz) = min, z € F.

Since for each integer ¢ > 1 the operator T; is continuous, the set Fix(T;) is closed.
Therefore the set F' is closed too. In view of (3.2), the following property holds:

(i) For each r > 0, the set F'N B(0,r) is compact.

By (4.1), inf(f; F') is finite and the set

{S e F: f(§) <inf(f; F)+4}
is compact. Assume that 8 =0, M > 1,
[ X f(€) <mf(f; F) +4} € B(O, M), (4.2)

L>1

9

£ (&) = (&) < LlI& — &l; 1,62 € B(0,3M +2). (4.3)

We consider the following subgradient algorithm. Assume that

{ai}Zo (0,177, (4.4)
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o
Zai < 00. (4.5)
i=0

Initialization: choose any element zy € B(0, M).
Iterative step: given a current iterate x; € X calculate

uy € Of () (4.6)
and
J(t) € (4.7)
such that
|we — cvur — Ty (2 — awwe) || = [lze — vy — Ti(ae — awua)|], @ € (4.8)
and set
Ti41 = Tj(t)(aft — Q). (4.9)

Clearly, our algorithm is well-defined if all the sets €2;, © = 0,1,... are finite. This is the
case which happens in practice. It follows from the compactness of the set F'N B(0, M) and
(4.2) that

argmin(f; F) # 0, argmin(f; F') C B(0, M).

We prove our first main result.

Theorem 4.1. The sequence {x}}7°, converges in the norm topology of X to x, € F' and
one of the following cases holds:

(i) f(zs) = inf(f; F);

(i) f(zs) > inf(f; F) and there exist a natural number ko and Ao > 0 such that for each
x € argmin(f; F) and each integer k > ko,

lzr, — 2l? < flae—1 — 2] — Ao—r.

An Auxiliary Lemma

We use all the definitions, notation and assume all the assumptions from Section 4.

Lemma 5.1. Assume that

z € argmin(f, F), (5.1)
a€ (0,177,
v € B(z,2M + 1), (5.3)
P:X X,
Iz =PI <[z =&l £ € X, (5.4)
zeX,
u€ of(v),
y = P(x — au). (5.6)

Then the following assertions hold.

ly — 2l < ||z — 2|* + oL + 2a(f(2) — f(x)),
ly — 2| < 2M + 1.
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Proof. In view of (5.5),
(u,z —x) < f(z) = f(a).
By (4.2), (5.1), (5.3) and (5.5),
]| <3M+1, Jul| < L.
It follows from (5.4), (5.6), (5.7) and (5.8) that
ly = 2* = [Pz — au) — 2||* < [lz — au — 2|
<llw =2 + o?[lul® - 20 (u, @ — 2)
< llw = 21 + o?[Jul® + 2a(f(2) — f(x))
< lo = 2| + o®L? + 2a(f(2) — f(x)).

There are two cases:

f(x) < f(2) +4,
f(@) > f(z) +4.
Assume that (5.10) holds. It follows from (5.1) and (5.10) that

]| < M.
By (4.2), (5.2), (5.4), (5.6), (5.8), (5.12),
ly =zl = [|1P(z — au) — z[| < [l — au -z
<|lz—z|| + allu]| <2M + oL <2M + 1.
Assume that (5.11) holds. By (5.2), (5.9) and (5.11),
ly = 2lI* < llo — 2]* + &”L* — daL < ||z — 2|,
ly— 2l <l — 2l < 2M + 1.

Thus in both cases
ly — z|| < 2M +11.

This completes the proof of Lemma 5.1 itself.

@ Proof of Theorem 4.1
Fix
z € argmin(f; F).

In view of (4.2) and (6.1),
2] < M.

We show that for each integer ¢ > 0,
|z, — 2| <2M + 1.

By (6.2) and the relation ||zo]| < M, inequality (6.3) holds for ¢t = 0.

633
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5.11)
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(5.12)
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Assume that ¢ > 0 is an integer and (6.3) is true. In view of (4.9),
Ti41 = Tj(t) (l‘t — atut). (64)

Equations (4.4), (4.6), (6.1), (6.3), (6.4) and Lemma 5.1 applied with P = Tj), v = a4,
U= U, @ = 0y, Y = T¢qq imply that

||J,‘t+1 — Z” < 2M + 1,
lwe4r = 21 < flwe — 2] + @f L2 + 204 (f(2) = f(24)). (6.5)
Thus we showed by induction that (6.3) and (6.5) hold for each integer ¢ > 0. In view of

(4.3), (4.6), (6.2) and (6.3),
luel| <L, t=0,1,.... (6.6)

For each integer ¢ > 0, set
Yt = Ty — Q. (6.7)

By (4.8) and (6.7), for each integer ¢ > 0 and each i € {2,
1T (ye) = well = [Ty (20 — ) — (e — )|
2 || Tize — cvue) — (2 — cwue) || = [|T5(ye) — well, (6.8)
Yt+1 = Tr41 — Q41U
and in view of (6.4), (6.6),
lye+1 = Ty ()l = ye41 — T4 ]| < cpga L (6.10)

In view of (6.6) and (6.7),
lyoll < [lxol| + a0l < M 4+ 1.

Equations (4.4), (6.1), (6.2), (6.8), (6.10) and Theorem 3.2 applied with x; = vy, Ay = a1 L,
t=0,1,... imply that there exists
Ty € F

such that
Tim [y — .| = 0. (6.11)

It follows from (6.6), (6.7) and (6.11) that
Tim o — o < Jim o — gl + Jim [l — . = 0. (6.12)
Assume that the case (i) does not hold. This implies that there exists Ag > 0 such that
flze) > f(2) +2A0. (6.13)
By (4.5), (6.12) and (6.13), there exists a natural number k¢ such that for all integers k > ko,
ap—1 < L72Ag
and
flxr—1) > f(z) + 2A,.
Let k > ko be an integer. By (6.5) and the relations above,
ok = 2I* < llwk—1 = 2* + 0k 1 L? = 200140
< |lwg—1 — 2||* — ag—1(2A0 — aj—1L?)
< lwk—1 — 2|I” — ar—10.

Theorem 4.1 is proved.
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The Second Main Result

We use all the definitions, notation and assume all the assumptions from Section 4.

Let (X, (-,-)) be a real Hilbert space with an inner product (-, -) which induces a complete
norm || -||. For each z,y € X, p(z,y) = ||z — y.

It is well-known that the following proposition holds (see Proposition 10.1 of [28]).

Proposition 7.1. Let C be a nonempty, closed convexr subset of X. Then for every point
x € X there exists a unique point Po(x) € C which satisfies

| — Po(z)|| = plz, C).

Moreover
|Pc(x) — Pe()|l < llz =yl for allz,y € X

and for every point x € X and every point z € C,
(z = Pe(x),x — Po(x)) <0,
Iz = Pe(@)|® + ||z — Po(@)|” < |z — «|*

Let f: X — R' be a continuous convex function such that

{xeX: flx) <0} #0. (7.1)
Clearly, for every yo € X and [ € 9f (yo),
freX: f(@) <0} {ze X+ flyo)+(lz—yo) <O} (7.2)

It is well-known that the following lemma holds (see Lemma 10.2 of [28]).
Lemma 7.2. Let yo € X, f(yo) >0, 1 € 0f(yo) and let
D={zeX: f(y)+ {l,z—yo) <0}
Then I # 0 and

Pp(yo) = yo — f(yo) 1] ~>L. (7.3)
Let X = R" and for each integer ¢ > 1, f; : R® — R! be a convex continuous function,
Ci={reX: fi(x) <0}, (7.4)
T; = P, (7.5)

and
C=n2,C;. (7.6)

It is easy to see that for each integer i > 1, the set C; is closed, the function f; is Lipschitz
on all bounded sets and the set C is closed too. Clearly, (3.2) holds. Our goal is to find an
approximate solution of the inclusion

zeC.

Recall that for each integer ¢ > 0,
Q; C {1,2,...}

is nonempty,

qu C Qi—i—l» UinQi = {1,2, . }

The following result was obtained in [32].
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Theorem 7.3. Assume that {A;}2,, {vi}i2y C (0,1], M,L > 1,
ZA’L < 00, Z’%f < 00,
=0 =0

o0
fi(u) = fi(@)| < Llju = v, w,v € BO,3M + > A;j+1), i=1,2,...
j=0
and

B(O,M)NC #0,

Then for each sequence {x:}32, C X, each sequence {l;}52, C X and each sequence of
natural numbers {j(t)}52, which satisfy

lzol| < M,
and that for each t > 0,
j(t) € Q,
iy (@e) > fiwe), i € Q,
if
Fiy (@) < v, then ||z — o] < Ay, 1 =0,
if

ficy (@) > ve, then Iy € Of ;) (4),
21 = (20 = i (@) | 72| < Ay
the inequality

el <BM +> A, t=0,1,...
=0

holds and the sequence {x;}5°, converges to a point of C.

Assume that f: X — R! is a convex continuous function such that

f(x) = 0. (7.7

l|z]|—o0
We consider the minimization problem
f(x) = min, z € C.
Clearly, inf(f; C) is finite and the set
{€eF: f(& <inf(f;C)+4} is compact. (7.8)
Assume that M > 1,

{6€ X : f(€) <inf(f;C)+4} € B(0, M), (7.9)

[f(&1) = f(&)] < Lll& — &ll, &1,& € B(0,3M +2). (7.10)
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We consider the following subgradient algorithm. Assume that

{ai}Zo € (0,177, (7.11)
{71524 C (0, 1] satisty
D Ai<oo, Y i< oo (7.12)
=0 i=0

Initialization: choose any element
xo € B(0, M). (7.13)

Iterative step: for each integer ¢ > 0, given a current iterate z; € X calculate

and
jt) e (7.15)
such that
iy (@e — avur) > fi(we — owug), i € (7.16)
if
fiew (e — agug) <y, then
lt = 0, Tt41 = T — OlUg, (717)
if
fie) (2t — azug) > ¢, then calculate
lt S Bf](t) (xt), (718)
Ti41 = T — U — f](t) (l’t — atut)||lt||72lt. (719)

We prove the following result.

Theorem 7.4. The sequence {xj}72, converges in the norm topology of X to . € C and
one of the following cases holds:

(i) f(w.) = inf(f;C);

(i) f(z.) > inf(f; C) and there exist a natural number ko and Ao > 0 such that for each
x € argmin(f; C) and each integer k > ko,

lz = 2)1* < flow—1 — 2| — Docvk—1.

Proof. Fix
z € argmin(f; C). (7.20)
In view of (7.9), (7.13) and (7.20),
2]l < M, o — 2| < 2M. (7.21)
We show that for each integer ¢ > 0,
lze — 2| < 2M + 1. (7.22)

By (7.21), inequality (7.22) holds for ¢ = 0.
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Assume that ¢ > 0 is an integer and (7.22) is true. There are two cases:
Fiwy (@ — awur) <y (7.23)
Tie (e — agug) > . (7.24)
Assume that (7.23) holds. By (7.17),
Tip1 = Tt — Quly.

Equations (7.9), (7.10), (7.11), (7.14), (7.20), (7.22), the equality above and Lemma 5.1
applied with the identity operator P, x = x;, u = uz, @ = 4, Yy = T4 — azuy imply that

lwepr = 2l* < flwe — 207 + af L? + 200 (f (2) = f(@0))- (7.26)
Assume that (7.24) holds. Lemma 7.2 and equations (7.18), (7.19), (7.24) imply that

Tep1 = T — oty — fi) (e — cue) L] 72l

= Pp(xt — apuy) (7.27)

where
D= {.’ﬂ cX: fj(t) (l’t - atut) + <lt,$ — (fEt - cvtut)> S 0} D C](t) (728)

Equations (7.9)-(7.11), (7.14), (7.20), (7.22), (7.27), (7.28) and Lemma 5.1 applied with
P=Pp,z=u1u4 u=u, @ =0, y =241 imply that

e — 2l < 2M +1,

lwer = 2l* < llze — 2)1* + @ L? + 204(f(2) — f(z1))-

Thus in both cases (7.25) and (7.26) hold and we showed by induction that (7.25) and (7.26)
hold for each integer ¢ > 0. In view of (7.11), (7.14), (7.21) and (7.25),

lue| <L, t=0,1,.... (7.29)

For each integer t > 0, set
Yt = Ty — Q. (7.30)

By (7.29) and (7.30), for each integer ¢ > 0,
lye — z¢l| < o L. (7.31)

By (7.16), (7.17), (7.30) and (7.31), for each integer ¢t > 0,

Ficy(e) = filye), i € (7.32)
if
Ficywe) <,

then
lyerr — yell < llyerr — zeall + |z — yell < ugr L (7.33)

Assume that
ficy(We) > e
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Then by (7.18), (7.19), (7.30) and (7.31),
li € Ofj(r)(ur), (7.34)

lyerr — (e — iy Welllell 721 |
<y — el + lzerr — (e — cwy — Fie (@ — awue) L] 720 ||
< Nye+1 — T4l < @pa L (7.35)

In view of (7.21),
lyoll < M +1.

Equations (7.32)-(7.35) and Theorem 7.3 applied with z; = ys, Ay = ag1 L, t = 0,1,...
imply that there exists

z. €C
such that
tim s — .| = 0.
Together with (7.3) this implies that
Jim |z — .| = 0.

Assume that the case (i) does not hold. This implies that there exist Ag > 0 such that
f(@) > f(2) + 2400
and a natural number kg such that for all integers k& > ko,
ak—1 < L7?Ay,
f(xp—1) > f(2) + 2400
and together with (7.26) this implies that
ok — 22 < llan—s — 21 + ad_, L2 — 2041 A
< lag—1 — 2)* — ow—1(280 — ap—1L?)

< wp-1 — 2|1* = cw—140.

Thus (ii) holds and Theorem 7.4 is proved. O
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