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Owing to the error, the formula did not cover the case
that both x; and x; are less or equal to a — 1. In the
code implementing the theory described in the paper,
this case was correctly considered so that the results
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Abstract

This work investigates the change in cell survival predicted by the local effect model (LEM) for an

irradiated cell containing metal nanoparticles (MNPs) depending on the distribution of neighboring
cells and the uptake of MNPs into the cells. In this first part of the paper, the theoretical framework is
described, which is based on analytical weighting functions for the energy deposition around a single
MNP and radially symmetric distributions of MNPs. The weighting functions allow calculation of
the radial profile of the absorbed dose in the cell nucleus as well as the mean dose and the mean square
of the dose in the nucleus. The latter two quantities determine cell survival according to the LEM. The
weighting functions are applied to isolated cells in a localized MNP distribution, cells in solution, and
densely packed cells in tissue. It is shown that only for the idealistic case of complete uptake of MNPs

itis sufficient to consider an isolated cell, as this otherwise leads to significant underestimation in
more realistic situations. In the case of cells in tissue, the MNP concentration within the range of
secondary particles around the cell must be taken into account. Different packing densities of the cells
may lead to values differing by up to 30% for the mean dose in the cell nucleus, depending on the
conceived scenario for the uptake of MNPs. The weighting function offers a versatile method for
assessing cell survival under irradiation in the presence of MNPs by the LEM, which is more general
than previously reported approaches which relied on a power-law dependence of the radial dose

distribution.

1. Introduction

Since Hainfeld et al (2004) showed in their pioneering
work that the presence of gold nanoparticles (NPs) in
biological cells exposed to ionizing radiation results in
decreased cell survival, gold and other metal nanopar-
ticles (MNPs) have been explored as potential agents
for improving radiation therapy of cancer (Jain et al
2012). A roadmap for the clinical use of gold NPs as
radiation sensitizers was presented by (Schuemann
etal 2016) and challenged by (Cui et al 2017). The state
of the art of enhancement of radiation effects by
nanoparticles (including but not limited to gold) was
reviewed by (Kuncic and Lacombe 2018), and the
translational challenges were explored in a more

© 2025 The Author(s). Published by IOP Publishing Ltd

generic roadmap for metal nanoparticles in radiation
therapy (Schuemann et al 2020). The use of nanopar-
ticles in clinical trials was recently reviewed by
(Kumarasamy et al 2024).

Numerous Monte Carlo (MC) simulation studies
have tried to explain this dose enhancement or radio-
sensitizing effect of MNPs as reviewed, e.g. by
(Chow 2018). While the majority of studies con-
sidered pure gold nanoparticles, more advanced types
of NPs such as gold-coated magnetic NPs (Xu et al
2022) or radioactive NPs (Kim et al 2024) have also
been investigated.

Many simulations considered the enhanced
energy deposition around a single MNP as an initial
step, e.g. (McMahon et al 2011b, 201la) for
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megavoltage x-rays. (Lin et al 2014) presented a com-
parison of radiation qualities, and (Zygmanski and
Sajo 2016) and (Martinov and Thomson 2017)
explored the challenge of connecting simulations of
macroscopic radiation transport with nanoscale
details of radiation effects around MNPs. Analytical
models are used to achieve the transition from the
dose distribution around a single MNP to the dosi-
metric effects at the cellular level, e.g. in (Lin
etal2015).

In many of these studies, simplified concentric
spherical geometries were considered such as in (Lin
etal 2015) and (Xie et al 2015). Some of these studies
used the local effect model (LEM) of Krimer and
Scholz (2000) to predict cell survival. Examples
include the work of McMahon et al (2011a) and Lin
et al (2015) where details on how the corresponding
integration over the three-dimensional dose distribu-
tion was achieved were not given. In their replication
study of the work of Lin et al (2015), Velten and
Tomé (2023) introduced a two-dimensional version
of the LEM. Pitfalls related to simplifications for com-
putational feasibility of application of the LEM to
MNPs may lead to severe overestimation of the reduc-
tion in cell survival as pointed out in (Rabus 2024b)
and later confirmed by (Velten and Tomé 2024).

Methodologically more sound approaches have
been presented by Melo-Bernal et al (2021) and
Rabus (2024b), assuming a simple power law describ-
ing the radial dose profile around an MNP. In the pre-
sent work, these earlier approaches are developed and
used to assess to what extent investigations consider-
ing MNPs in and around a single cell such as in
(McMahon et al 2011a, Lin et al 2015, Velten and
Tomé 2023) are representative of realistic scenarios of
cells in suspension or densely packed in tissue.

The approaches used by Melo-Bernal et al (2021),
Rabus (2024b) and the present work make use of the
fact that absorbed dose is an expectation value.
Namely, the expectation value of the distribution of
the stochastic quantity specific energy (energy impar-
ted per mass) (Braby et al 2023). MC simulations rely
on the law of large numbers which ensures that the
mean specific energy as determined by MC sampling
converges to this expectation value. Therefore, the
sample-mean and the sample standard deviation can
be used as estimates of the absorbed dose and its
uncertainty.

In the case of the strongly heterogenous geometry
with MNPs in a cellular environment, MC sampling
faces two critical challenges:

First, the probability of an MNP responding to the
radiation, i.e., of an ionizing interaction to occur in it,
is generally small. For instance, with photons from a
50 kV x-ray spectrum, the expected number of inter-
actions in a gold NP of 50 nm diameter is 1.1 x 10>
(Rabus et al 2021a) when a photons hits the NP. The
probability of a photon hitting a particular NP in an
MC simulation is given by the ratio of the cross-

2
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section of the NP and the cross-section of the photon
beam. If the beam has a square cross section of 10 pm
side (typical dimension of a mammalian cell), this
probability is about 2 x 10~°. The resulting number
of ionizing interactions per primary photon is thus
about 2 x 10~%, Therefore, depending on the number
of primary particles simulated only a proportion of
the MNPs present undergo an ionizing interaction,
and the sample-mean only refers to this subset of
MNPs. However, in order to obtain an estimate of the
absorbed dose, the simulations would have to be per-
formed with a number of primary particles so large
that all MNPs undergo a large number of photon
interactions. Otherwise, the sampling statistics may
result in outcomes that are not representative of the
expectation value.

Second, and more important, a single simulation
with a given distribution of MNPs is only representa-
tive of this statistical sample of MNP locations. There-
fore, in practice, MC simulations do not determine an
estimate of the statistical expectation value for a uni-
form spatial distribution but rather for a single sample
drawn from such a spatial distribution. In order to
exploit the law of large numbers, the MC simulations
would have to be repeated several times with suffi-
ciently large number of events and a new geometry
rendering of the NP positions before each simula-
tion run.

Both challenges impose a large number of
required simulated histories that are presently diffi-
cult to realize. If the geometry rendering was done 100
times and each simulation then aimed at 100 interac-
tions per MNP, the number of primary photons to be
simulated would be 5 x 10'? for the very favorable
case of gold NPs with a diameter of 50 nm and 50 kV
x-rays. For an NP diameter of 5 nm, this number
would be a factor of 1000 larger, and for a 50Co spec-
trum with three orders of magnitude lower interac-
tion probability (Rabus and Mkanda 2025), there
would be another factor of 1000 more. Therefore, it
appears that determining absorbed dose from a dis-
tribution of MNPs in a cell requires an approach dif-
ferent from direct MC simulation.

Similar to preceding work of Melo-Bernal et al
(2021) and Rabus (2024b), the analysis is based on
idealizing assumptions such as that the dose distribu-
tion around an MNP is radially symmetric and that
MNPs are present in spatially uniform distributions
in parts of the considered geometry. While the emis-
sion of secondary particles and the resulting spatial
distribution of energy imparted may not be exactly
spherically symmetric, anisotropy only occurs in the
vicinity of the MNP (Derrien et al 2023) and, even
there, the anisotropy was shown to be in the range of a
few percent (Rabus 2024a). Similarly, MNPs tend to
be non-uniformly distributed in and between cells,
which leads to statistical variations in cell survival, as
discussed by Zygmanski et al (2013).
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This implies caveats to the present approach,
which should still be sufficient for addressing ques-
tions such as whether predictions of cell survival
based on simulations considering isolated cells (Lin
et al 2015) are representative of the expected outcome
for cells in suspension in radiobiological experiments
or for survival of cells in tissue.

The approach used in this work is based on geo-
metrical weighting functions for the radial distribu-
tion of energy imparted around a single spherical
MNP. These weighting functions allow calculation of
the radial dose profile in a spherical cell nucleus as
well as of the mean dose and the variance of the dose
in a spherical cell nucleus from the radial distribution
of the dose around a single MNP. This approach is
more general than those presented previously by
Melo-Bernal et al (2021) and Rabus (2024b), in that
no assumption is made regarding the functional
dependence of the dose distribution around an MNP.
The weighting functions can be applied to MNPs of
any material and also to the often-considered water
NP of the same size.

Such weighting functions are determined for the
case of a uniform MNP distribution in a sphere sur-
rounding the cell nucleus as well as for simple exten-
sions such as MNPs only in a spherical shell or MPNs
at different concentration in a sphere and one or two
spherical shells around. The generalization to a con-
tinuously varying radially symmetric concentration
profile of MNPs is also discussed. General considera-
tions are made regarding the suitability of approaches

M(D_) 32; a, ﬁ) D) = aD + BD_Z

found in the literature that consider a localized MNP
distribution around a single cell. In addition, the case
of cells in tissue is considered, and the applicability of
a simplified surrogate model of the MNP concentra-
tion. Application of the model with dose distributions
around MNPs from several recent publications will be
discussed in the second part of the paper.

2. Materials and methods

2.1. Thelocal effect model

The LEM formulated by Kramer and Scholz (2000)
assumes that the survival probability of a cell exposed
to an ion beam producing a largely inhomogeneous
dose distribution is given by equation (1):

Si(D) = e (1)
In equation (1), N; is the expected number of

lethal lesions produced in the cell nucleus, which is
given by equation (2):

H Rabus and L Thomas

Ni(D, D% a, 8, D) = (N) = /f/v | ND@) @ 5, Do)

Va
@)

Herein, D(7) is the local dose at point 7, V,, is the
volume of the cell nucleus, and «, 3, D; are the coef-
ficients of the linear quadratic linear (LQL) model of
cell survival applying to irradiation with photons at a
uniform dose distribution (over the dimensions of a
cell). The expected number N,(D; o, 3, D;) of
lesions in the nucleus for a uniform dose distribution
in the LQL model is given by equation (3):

aD + BD? D < D,
(o + 28D,)D — 8D;2 D > D,
3)

Nu(D; , ﬁ) Dt) = {

In equation (3), D, is the threshold dose for trans-
ition between the linear quadratic dose dependence to
the high-dose linear dose dependence. It should be
noted that the functional dependence of N, on D is
continuous and smoothat D = D,.

The quantities D and D? on the left-hand side of
equation (2) are the mean dose and mean square of
the dose in the nucleus, respectively (equation (4)):

_ 1 .
D= va D(#)dV,
— 1 (4)
D= —
Vi

fvn D2(#)dV,

The quantity N;(D, D% a, 8, D,) is thus the int-
egral of the spatial density of the expected lesions and
can be expressed by equation (5)’:

+ B(D — D)* = B{(D — Dy)*): )

The third term on the right-hand side of
equation (5) is the variance of the dose. The quantity
<D — D,)*>, represents the mean squared excess
dose over the regions in the cell nucleus in which the
dose D exceeds D, as indicated by the integration
domain V; in equation (6):

1 N
(@ =Dy =4 fv (D(F) — DAV, (6)

The term defined by equation (6) leads to a reduc-
tion in the number of predicted lesions as per
equation (5). Neglecting this term, as we also do fol-
lowing the example of Melo-Bernal et al (2021), there-
fore gives an upper bound for the expected number of
lesions. It must be emphasized, however, that if the
mean dose exceeds the threshold dose, then the
volume V; comprises the whole nucleus, and the fol-
lowing linear expression is obtained:

?Byvirtueof 2D,D — D,2 = D* — (D — D)
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Table 1. Summary of the scenarios considered in this study. The second and third columns
specify the intracellular distribution of MNPs by giving the ratios of the nanoparticle
concentrations in the nucleus (7,) and cytoplasm (77,) to the average nanoparticle
concentration in a cell (77,.). The fourth and fifth columns show the ratios of the MNP
concentrations in cells and in the extracellular region (7,,) to the overall average MNP
concentration (7,). ¢y is the packing density of cells or the average fraction of the volume
covered by cells. V. and V;, are the volumes of the cell and nucleus, respectively, where the
radii used by (Lin et al 2015) were applied (i.e. R, = 6.75 pmand R, = 4 pm). V is the volume
of a sphere of radius slightly larger (100 nm) than the nucleus. V, and Vj, are the volumes of
spheres with radius R, = 5 pum and Rj, = 6 pum, respectively.

Scenario i,/ fi, fip/ fic fic/ i Tt/ fla

1 cell 1 1 ot 0

2 nucleus V./V, 0 o ! 0

3 cytoplasm 0 V./(V: — V) o ! 0

4 extern 0 0 0 1 = ¢e)!
5 n10% 0.1V,/V, 0.9V, /(V, — V) 1 1

6 &50% 0.1V./V, 0.9V./(V. — V) 2 - ! 22 — o)t
7 surface 0 V./(Vi = V) ot 0

8 endosome 0 V./(V, — V) o ! 0

Ni(D, D% a, 3, Dy) = (o + 28D,)D — 8D;* (7)

In this work, the quantities D and D? entering
equation (5) are derived from the radial dose distribu-
tion around a single MNP undergoing an ionizing
interaction using geometrical weighting functions
derived from the geometrical distribution of MNPs
for different scenarios.

2.2.Scenarios of MNP distributions

Many studies in the literature on the dosimetric effects
of MNPs at the cellular level have focused on a single
cell only. For instance, Lin et al (2015) considered
several cases of distributions: (1) MNPs only in the
cell; (2) MNPs uniformly distributed only in the cell
nucleus; (3) MNPs only in the cytoplasm; (4) MNPs
only in a thin spherical shell outside the cell; and (5)
MNPs uniformly distributed in the cytoplasm and in
a thin spherical shell outside the cell at the same
concentration and in the cell nucleus at a different
concentration.

The first three correspond to extreme cases, in all
of which there is a complete uptake of all available
MNPs into the cell. In the secondcase, there is even
complete uptake by the cell nucleus, which may be
considered the ideal case for achieving optimum dose
enhancement. The last case may be considered more
realistic, in that the nuclear membrane may hinder
diffusion of MNPs into the cell nucleus without com-
pletely suppressing it, while there is a uniform con-
centration outside the cell nucleus.

These cases are also among the potential scenarios
for MNP uptake by cells considered in the present
work (see table 1). The first five scenarios correspond
to those of (Lin et al 2015). In scenarios 1 to 3, there is
a complete uptake of the MNPs into the cells, where
the MNPs have a uniform concentration throughout
the cell or only in the nucleus or only in the cyto-
plasm. In scenario 4, there is no uptake by the cells, so
that the MNPs are only outside. In scenario 5, the

4

average concentration of MNPs in the cell is the same
as outside, while only 10% of the MNPs inside the cell
are within the nucleus. The additional scenario 6
assumes that the concentration of MNPs in the cell is
half that outside the cell, and only 10% of the MNPs in
the cell are within the nucleus. In scenario 7, the
MNPs are only near the outer surface of the cell
nucleus, and in scenario 8, they are only in the middle
of the cytoplasm (mimicking MNPs in an endosome).

These scenarios are characterized by the expected
number densities (particles per volume) of MNPs
undergoing an ionizing interaction in the nucleus
(71,), the cytoplasm (77,), and in the extracellular
region (7i,,). The intracellular distribution of MNPs is
characterized by the ratios of 77, and 7, to the average
number density of interacting MNPs in the cell (7).
These ratios are listed in the second and third col-
umns of table 1. For the first six scenarios, these ratios
depend only on the ratio of the volume of the nucleus
to that of the cell. The last two columns of table 1 give
the ratios of 7, and 7, to the average number density
(7,) of interacting MNPs in the considered geometry.
This average depends parametrically on the propor-
tion of the volume (¢y) occupied by the cell(s).

However, the assumption that MNPs are confined
to a region slightly larger than the cell appears not to
be very relevant. If the envisaged scenario is a solution
of cells in water, as encountered in radiobiologic cell
experiments, then it would be more plausible to
assume the concentration outside the cell to be uni-
form everywhere outside cells. Another plausible
assumption is then that MNPs are distributed in
neighboring cells in the same way as in the considered
cell. This will change the density of MNPs contribut-
ing to the dose in the considered cell, particularly if
cells are densely packed within tissue.

Therefore, four different cases are considered
(table 2) in this work: isolated cells with MNPs present
only in their proximity; cells in solution; and surro-
gate models for cells in tissue represented by densely
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Table 2. Summary of the cases considered in this study. The
packing density given in the third column is the fraction of total
volume taken by the spheres representing the cells. R, and R, are
the radius of the nucleus and the cell, respectively. R, is the
maximum radial distance. The first case is the one considered by
(Lin etal 2015). The cases sSFCC and sSC are the surrogates for
densely packed cells in a face-centered cubic (FCC) and simple
cubic (SC) lattice in which the MNP concentration outside a
considered cell is replaced by the corresponding average
concentration.

Casenumber  Packing den-

and name sity o R./R, iy

1  isolated ﬁ 22—: -1 iy

2 solution 1077 30 neey + g (1 — o)
3 sFCC % 30 fecy + fig (1 — o)
4 sSC Z 30 neey + fig (1 — o)

packed spheres in simple cubic (SC) and face-cen-
tered cubic (FCC) lattices. (An FCC lattice has the
highest packing density among cubic lattices). The
packing densities are given in the second column of
table 2 The other two columns give the ratio of an
effective outer radius R, of a spherical MNP distribu-
tion to that of the nucleus (R,,) and the effective num-
ber density 7, of interacting MNPs outside the cell.

For the case of an isolated cell, the MNPs in sce-
narios 1 and 2 are uniformly distributed in a single
sphere that is concentric to the spherical nucleus.
The corresponding geometric weighting functions are
derived in section 2.3. In scenarios 3, 4, 6, and 7, the
MNPs are uniformly distributed in a single spherical
shell that is concentric with the nucleus. The deriva-
tion of the corresponding weighting functions is given
in appendix A3. Scenarios 5 and 6 consider MNPs at
different concentrations in a sphere and two con-
centric spherical shells. The corresponding weighting
function is described in section 2.4 (and derived in
appendix A5).

For the other cases, the MNP distribution around
a particular nucleus is no longer spherically

p=_L
Vi Jv, Vi

symmetric. Since the dose contributions depend only
on the radial distance to the MNP, only the average
number density of MNPs at a given distance is rele-
vant. This number density is generally a complicated
function of the radial distance, and the corresponding
weighting functions are derived in appendices A6 and
A7. In this work, it is also investigated how well the
more complex radial MNP distribution and the rela-
ted weighting functions can be approximated by a
surrogate model similar to scenario 6, i.e., an MNP
distribution that has constant values in the nucleus,
the cytoplasm, and the extracellular region. This
effective extracellular distribution is characterized by

H Rabus and L Thomas

two parameters, an effective outer radius R, and an
effective number density 7, of emitting MNPs, that
are listed in the last two columns of table 2.

2.3. Weighting functions for dosimetric effectsina
spherical cell nucleus from a uniform distribution
of MNPs inside a concentric sphere
In the following it is assumed that the nucleus is a
sphere of radius R, and that N,, MNPs made of
material m are uniformly distributed in a concentric
sphere of radius R. > R,. If p, is the expected
number of ionizing radiation interactions in an MNP
(or decays for radioactive MNPs), then the expected
number of MNPs emitting electrons or photons is
given by N = N,,p,, and the number density 7,, of
emitting MNPs is given by equation (8):

_ 3Nuwp,,

fly, = 8
"= R )

For a given geometrical arrangement of the N
emitting MNPs at positions 7z (i = 1, 2,...,N), the
absorbed dose at a point 7 in the nucleus is given by
equation (9):

N
D(¥) = Dy + Y Di(I7 — #[) ©

i=1

Here, D, is the dose contribution originating in
interactions of the incident radiation occurring out-
side MNPs (zero for radioactive MNPs). The contrib-
ution from one emitting MNP, Dy, is the expected
energy imparted per mass at a given radial distance
from the center of the MNP due to the particles emit-
ted from the MNP after ionizing radiation interaction
or a decay event.

The mean value of the dose and the square of the
dose in the nucleus for a fixed geometrical arrange-
ment of the N emitting MNPs are given by
equations (10) and (11), respectively:

N
D@V =Dy + = [ 32 Du(I7 — 7V, = D, + Dy (10)

Vii=1

D?=D,*+2D,Dy + Di, + D, (11)

The quantities D3, and D—ﬁ,p are the contributions
of all individual MNPs and of all pairs of MNPs to the
mean square of the dose given by equations (12) and
(13):"

N 1 N
DY = — | DIID(7 = FDPAV,  (12)

n Y Vai=1

* A list of frequently used symbols and their explanations can be
found in Supplementary table 1.
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Figure 1. Schematic illustration of geometrical weighting. In each graph, the yellow shaded circle represents a cut through the sphere
containing nanoparticles by a plane passing through its center and a point at a radial distance r. The small black circle represents the
cell nucleus. The blue circle and blue arc indicate the part of a sphere surface around the chosen point inside the sphere containing
nanoparticles, the red dashed arc and circle indicate the portion of the sphere surface outside the region with nanoparticles. (a)
corresponds to the first case in equation (17), namely distances r; to the MNP of at least the sum of the radius R, of the spherical
region containing MNPs and the radial distance r of the considered point (at which the dose is determined) from the center of the
nucleus. In this case there are no MNPs located at a distance r; from the considered point. (b) corresponds to the second case in
equation (17), that is, distances r; to the MNP not greater than the difference between R, and r. In this case MNPs located at a distance
r; from the considered point cover the whole solid angle. (c) corresponds to the third case in equation (17), that is, distances r; for
which MNPs are found on a part of the solid angle on a sphere of radius r; around the considered point.

— 1 N
DYy = — [ S5 D7 = AhDi(7 - DV,

n Vi iz j=i
(13)

These two quantities determine the variance of
the dose, as shown in equation (14):

Var(D) = (D — D)* = D}, + D, — Dy (14)

2.3.1. Weighting function for the dose at a point in the
cell nucleus

Equation (9) makes use of the fact that the absorbed
dose is an expectation value and gives the absorbed
dose conditional on the geometrical arrangement of
the N emitting MNPs. To obtain the unconditional
expectation value representing the absorbed dose for
a uniform distribution of MNPs in a sphere,
equation (9) must be averaged over all possible
arrangements of the N emitting MNPs. This can be
achieved by replacing the sum by an integral over the
probability density of MNP positions, which is
constant and given by equation (8). This leads to
equation (15):

D) =Dy + [ iy x Dy(lF = &NV, (15)
Vi

It should be noted that by the definition of absor-
bed dose, in both equations (9) and (15), D(7) is an
expectation—in the former case for a fixed arrange-
ment of the MNPs, and in the latter case for a uniform
distribution of emitting MNPs in a volume. This
means that equation (15) corresponds to the statistical
average over all possible geometrical arrangements
compatible with the requirement that the MNP dis-
tribution is to be spatially uniform. In contrast to the

results from an MC simulation which provides an
estimate for the absorbed dose for a given geometrical
arrangement of MNPs, the dose calculated according
to equation (15) corresponds to an expectation-true
estimator of the dose from a uniform distribution
of MNPs.

To evaluate the integral on the right-hand side, it
is advantageous to choose the point 7 as the center of
the coordinate system (blue point in figure 1) and
introduce spherical coordinates. This transforms
equation (15) into equation (16):

D) = Dy + 7y [ Din)ss rIRIR; (16)
Tp

In equation (16), r, denotes the radius of the sphe-
rical MNP, and r;Q)(r;, 7|R,) is the part of the surface
of a sphere of radius 7, around a point at distance r
from the center of the nucleus which falls inside the
sphere where MNPs are present. In figure 1, this
region is indicated by the yellow shaded area, and a
portion of the surface inside the sphere containing the
MNPs is indicated by the blue circle and arc, respec-
tively. The solid angle subtended by the part of the
surface inside the region with MNPs is given by
equation (17), where the three cases correspond to the
situations illustrated in figures 1(a)—(c):

0 r<r— R
QG IR 47 r<R.,—r
i, TlK) = 2 2
R _ —
nr

17)

The first of the three cases in equation (17) means
that the distance r; from the considered point is so
large that all points at this distance from a point inside

6
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the nucleus are outside the region containing MNPs.
The red dashed circle in figure 1(a) corresponds to the
smallest value of r; for which this is the case. The sec-
ond case in equation (17) applies to all points in the
nucleus for which the whole sphere of radius r; is
within the region containing MNPs. The solid blue
circle in figure 1(b) indicates the largest sphere for
which this applies. The third case corresponds to dis-
tances r; from the chosen point for which some points
are inside (blue arc in figure 1(c)) and some are out-
side (red dashed arc in figure 1(c)).

2.3.2. Mean dose in a cell nucleus from a uniform
distribution of MNPs inside a sphere

As shown in section S1.1 of Supplement 1, the average
excess dose Dy produced in a spherical nucleus
(radius R,,) from a uniform distribution of MNPs in a
concentric spherical volume (radius R, volume V)
can be written as follows:

m = ﬁmd_l(Rc) (18)

In equation (18), i, is the number density of
emitting MNPs in the volume V,, and d; is the ratio of
the dose contribution from a single emitting MNP to
the number density of one emitting MNP in V, and
can be obtained from the radial dose distribution
around an emitting nanoparticle by the following
relation:

FR) = [ Dy x AmaiRId (19)
Tp

The dimension of d; is dose times volume. The
symbol r; in equation (19) denotes the radial distance
from the nanoparticle, and ®(r|R.) is a weighting
function defined by equation (20):

R, '
3 f Q(r;, 1IR.) 2dr (20)

R 3

w(r|R) =
ilRe n Jo 4T

Explicit expressions for the weighting function are
given in appendix Al. The quantity @(r|R,) is the
mean fraction of the surface area of a sphere of radius
1; around an arbitrary point within the nucleus that is
within the region loaded with MNPs, averaged over
the cell nucleus.

2.3.3. Mean square of the dose in a spherical cell nucleus
from a uniform distribution of MINPs inside a concentric
sphere

Itis evident that the third term in equation (11) can be
treated in the same way as Dy. This leads to
equation (21) for the contribution D—I%,S to the square
of the dose from the dose around individual MNPs:

D}, = ND} = fi,d} @1

In equation (21), D_12 is the average contribution
to the mean square of the dose in the nucleus from a
single emitting MNP, and d_lz is the corresponding
average contribution per number density of emitting
MNPs given by equation (22):

H Rabus and L Thomas

BER) = [T DR x aroiR) Ay (22)
Tp

The last term in equation (11) can be written in an
analogous way (see Supplement 1, section S1.3). This
gives the following expression for the contribution
D?,P to the mean square of the dose in the nucleus
from all pairs of MNPs undergoing an ionization,
where V,, denotes the volume of the MNP:

D}, = iy x [d} — 8V, x d}] (23)
The quantity E (equation (24)) is the ratio of the
average synergistic contribution from a pair of MNPs

to the square of the number density of emitting
MNPs:

ZR)= [~ [ DinDiry)r
2 j; Ip 177
X (41)%@, (1, 1j|R.) drjdh; (24)

In equation (24), &, (7, rj|R.) is a bivariate weight-
ing function defined by equation (25):

3 Ra Q(r;, r|R,) Q(rj, 1R
@1 1jlR) = — f (i rIR) S4r 71 C)rzdr
R,° Jo 4 4

(25)

Explicit expressions for the function @, (r;, rj|R.)
are given in appendix A2.

2.3.4. Weighting function for the variance
From equations (14), (21), and (23), the variance
Var(D) of the dose can be written as

Var(D) = fipdy (1 = in8Vy) + i *(d; — di%)
=l X var; + fi,,> X (var,—8V,vary)
(26)
where V), denotes the volume of the MNP. That is, the
variance has one term proportional to the number
density of emitting MNPs and one term proportional
to the square of the number density. The quantity van

in the proportionality factor in this second term is
given by equation (27):

iZ-a = [ [ D
p p

X (4m)*Dy(r;, 1|R) dridr;

var, =

(27)

The modified weighting function appearing in
equation (27) is given in equation (28):

D (13 rj|Rc) = @y (1, rlec) - G)(”i|RC)®(rj|Rc) (28)

The quantity vap and the resulting contribution
to the second term in equation (26) describe the
contribution to the variance of the dose resulting
from pairs of emitting MNPs.

2.4. Weighting functions for a spherical shell and
combinations of sphere and spherical shells

The weighting functions presented in the previous
section are for a uniform distribution of MNPs in a
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sphere. In potential radiotherapy applications,
enhanced uptake of MNPs into cells or even the cell
nucleus is desirable. Adversely, the membranes of the
cell or nucleus may hinder diffusion of MNPs into the
cell nucleus or the cell without completely suppres-
sing it. In both cases, the result may be that the MNPs
have different number densities in the nucleus
(n~_n), the cytoplasm (7,), and the extracellular
region (7i,), while still being uniformly distributed in
each of these regions. Examples considered in litera-
ture are situations in which the MNPs are only present
in the cytoplasm or only outside the cell (Lin
etal 2015).

Appendices A3—-A5 show the derivation of the
corresponding relations for the cases of MNPs only in
a spherical shell, for MNPs at different concentrations
in a sphere and a surrounding spherical shell, and for
three different MNP concentrations in a sphere and
two enclosing spherical shells. The latter case is sug-
gested as a surrogate for the general case of a con-
tinuously varying radially symmetric concentration of
emitting MNPs, for which the corresponding expres-
sions can be found in appendices A6 and A7.

As can be seen in the appendices, the resulting
contributions from single MNPs or pairs of MNPs
turn out to be linear or bilinear combinations of the
quantities d, f, and E described by equations (19),
(22), and (24), respectively. In the case of different
MNP concentrations in three radial intervals
(appendix A5), the mean contribution to the dose
(Dy) and the square of the dose from single MNPs
(D—IZVS) and pairs of MNPs (D—If,p) turn out to be given
by equation (29):

Dy = figxd ()
DZ, =71, x d(0)
DE, =ii,> x (d3(0) — 8V,d3 () (29)

Here, V, is the volume of the MNP, and
0 = {Ry, R, Ry, uy, 1y, uy} is the set of radii and
concentrations relative to the average number density
fi, in the sphere of radius R,. i, is related to the aver-
age number of emitting MNPs per cell, i.e., the ratio of
the number density of emitting MNPs and the num-
ber density of cells present in the sphere of radius R,,
where R, can be chosen arbitrarily large.

The quantities d, (9), ?(9), E(e), and dl_zb(e) are
obtained from the radial dose distribution around a
single emitting MNP using equations (30)—(33), with
the weighting functions w;, w,, and wy, (explicit
expressions are given in appendix A5 by
equations (A19)—-(A21)), respectively:

FO) = [ D x amwGlovds (30)

A2 ) = foo [Dy ()11 x 4wy (ri|@)dr;  (31)

™
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Tp

X (4m)*w, (13, 1j|0) dr;dr; (32)

450 = [T IR X dnyw Glods (63)

Tp

As before, d;(f) is the mean contributions per
average number density of emitting single MNPs to
the mean dose in the nucleus. Correspondingly, dZ ()
is the mean contributions per average number density
of emitting MNPs to the mean square of the dose in
the nucleus due to single MNPs. The quantity
E(@) — 8VPE(0) is the mean contribution to the
square of the dose in the nucleus from pairs of MNPs
normalized to the square of the average number den-
sity of MNPs. The first term of this difference is what
one gets by ignoring the fact that the two different
MNPs must be at distinct locations (i.e. have a dis-
tance of at least the diameter of an MNP). The second
term is the corresponding approximate correction for
non-overlap between MNP.

2.5. Application of the weighting functions
The radial dose distribution around an MNP is
obtained, e.g. by MC simulation, as an average dose in
a spherical shell. This yields an estimate of the
function Di(r;) by a piecewise constant function.
Evaluation of equations (30)—(33) then gives
equations (34)—(37)
Kinay
di(0) = > Di(rri? x drwi(rd@) Arg  (34)
k=1

Kimax

d20) = > [Di(rn)Pri? x 4wy () Are  (35)

k=1
— kmaxnmax . -
d; () =" Di(r)r’Dy ()1,
k=1n=1
X (47)2w, (11, 1,|0) AriAr, (36)
— kmax .
d(0) = > [Di(r)Pri? x 4wy (r0) Are (37)
k=1

Here, 1, and 1, are the mean radius of the k-th and
n-th radial shell, respectively, D (1) and D, (r,) are
the corresponding mean dose values, and Ar; and
Ar, are the corresponding shell thicknesses.
Equations (34)—(37) are approximate and apply to the
case that the thickness of the radial shells is small. If
this is not the case, then interpolations of the radial
dose distributions must be applied. In the numerical
evaluations of this work, the quantity D;(r;) x 1.2
(proportional to the dose-area-product) is inter-
polated using cubic-spline interpolation. Given the
peak-like structures that may be present in the dose-
area-product from the Bragg peaks of Auger electrons
(see, e.g., Supplementary figure 6), this local approx-
imation appears beneficial over attempts at approx-
imating the complete radial dose dependence in
closed form by a simple analytical function.
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Figure 2. Weighting function for calculating the mean contribution per emitting MNP to the dose in the cell nucleus (radius R,,)
from the radial dose distribution around a single MNP. The MNPs are uniformly distributed in a sphere of radius R, which is
concentric to the nucleus. The different curves correspond to different ratios of R,/R,, (see legend). (R,, is the radius of the nucleus, R,
is the radius of the sphere containing MNPs, and r; is the considered radial distance between a given point and an MNP.

Figure 3. Functional dependence of the weighting function @, (see equation (25) and appendix A2) for pairs of MNPs (contributing
to the mean square of the dose in the nucleus) on the ratios r;/R,, and r;/R,, (x- and y-axes) for the value a = 1.6875 of the ratio R./R,,.
(R, is the radius of the nucleus, R, is the radius of the sphere containing MNPs, and r;and r; are the considered radial distances

between a given point and two MNPs).

3. Results

3.1. Elementary weighting functions for MNPs
uniformly distributed in a sphere

Sample weighting functions that allow calculation of
the dose in a cell nucleus for different radial distances
from the nucleus center from the dose around a single
MNP emitting photons or electrons can be seen in
Supplementary figure 1. The curves were calculated
with equation (17) for a ratio of the radius R, of the
sphere containing MNPs to that of the cell nucleus

(R,) corresponding to the cell geometry considered by
(Linetal 2015).

Weighting functions for calculating the mean
dose to the cell nucleus for different sizes of the sphere
filled with MNPs are shown in figure 2. The weighting
functions were calculated according to equation (20)
(explicit expressions are given in equation (A1)) for
different ratios R, /R, between 1 (MNPs only in the
cell nucleus) and 2. It can be seen in figure 2 that the
weighting function peaks at radial distance 0 and
monotonously decreases when the MNPs are only in

9
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Figure 4. Functional dependence of the weighting function #, (equation (28)) for the variance of the absorbed dose in the nucleus on
theratios r;/R,, and 7;/R,, (x- and y-axes) for the value a = 1.6875 of the ratio R./R,. (R, is the radius of the nucleus, R is the radius of
the sphere containing MNPs, and r; and r;are the considered radial distances between a given point and two MNPs.

12.5
nucleus
cell
10.0 4 cytoplasm
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7.54
~
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Figure 5. Weighting function for calculating the mean contribution per emitting MNP to the dose in the spherical cell nucleus
(radius R,)) from the radial dose distribution around a single MNP (which depends on r;, the radial distance from the MNP). The
different curves apply to an isolated cell and different distributions of the MNPs in different compartments of the cell (see legend).
The cases are as follows: all MNPs in the nucleus; all in the cell (sphere of radius R,); all in the cytoplasm (spherical shell of inner
radius R,, and outer radius R,); all at the nucleus surface (spherical shell of inner radius R,, and outer radius R,,4+-50 nm); and allin a
spherical layer in the middle of the cytoplasm (spherical shell of inner radius 1.25R,, and outer radius 1.5R,,) corresponding to MNPs

in an endosome.

the cell nucleus. When the radius of the sphere con-
taining MNPs exceeds the radius of the nucleus, an
initial plateau is found before the function begins to
fall to zero.

An example of a bivariate weighting function
(determining the synergistic contribution of pairs of
MNPs to the mean square of the dose) is shown in
figure 3. The value of the parameter a = R./R,, deter-
mining the distribution corresponds to the cell model
used by (Lin et al 2015) and the case that the MNPs are

uniformly distributed within the whole cell. In this
case, the weighting function is unity for radial dis-
tances of up to 75% of the nucleus radius and gradu-
ally drops to zero while one or both radial distances
increase. Weighting functions for some other choices
of R./R,, can be found in section S1.3.1. of Supple-
ment 1.

The functional dependence of the weighting func-
tion for the part of the variance depending quad-
ratically on the MNP concentration can be seen in

10
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Figure 6. Weighting function for calculating the mean contribution per emitting MNP to the dose in the spherical cell nucleus
(radius R,,)) from the radial dose distribution around a single MNP (which depends on r;, the radial distance from the MNP). The
solid lines correspond to an isolated cell in which MNPs are contained in a sphere of radius 2.5 jum larger than the cell, as in (Lin
etal2015). The dashed lines correspond to cells in solution with the same concentration in the extracellular medium as for the solid
lines. The cases considered are as follows: MNPs only outside the cells (red); same average concentration of MNPs in the cells as in the
extracellular medium, but only 10% of the MNPs internalized in cells are inside the nucleus (magenta); the concentration in the
extracellular medium is twice the average concentration inside the cells, and again 10% of the internalized MNPs are in the nucleus

(green).

figure 4. A general feature of this weighting function is
that it vanishes for small values of r;/R,, and r;/R,,
where a plateau can be seen in figure 3. It is worth not-
ing that the peaks and troughs seen in figure 4 have
only small amplitudes in the order of magnitude of
0.01. This implies that the corresponding contrib-
ution to the variance of the dose in the nucleus will
only become significant at high number densities of
emitting MNPs.

3.2.Isolated cells versus cells in solution

Five of the MNP uptake scenarios listed in table 1 (see
Supplementary figure 2) assume a complete uptake of
the MNPs by cells. Scenarios 1 to 3 correspond to cases
considered by (Lin et al 2015) of MNPs uniformly
distributed within the entire cell, only in the cell nucleus,
or only in the cytoplasm. The other two cases corre-
spond to scenarios discussed in the literature (Douglass
et al 2012), in which MNPs aggregate at the membrane
of the cell nucleus or are clustered in a region of the
cytoplasm such as an endosome.

The weighting functions for the radial dose dis-
tribution around a single MNP used to calculate the
mean contribution to the dose in the spherical cell
nucleus per emitting MNP shown in figure 5 corre-
spond to these scenarios. They apply to an isolated cell
with a ratio R./R,, of the cell model used in the work of
(Lin et al 2015) (about 1.69) with the reference con-
centration of MNPs pertaining to a sphere of 2.5 pm
larger radius than the cell as considered in these
papers. The black curve in figure 5 corresponds to
MNPs uniformly distributed within the whole cell
(scenario 1), whereas the blue curve is for all MNPs in
the cell nucleus (scenario 2). The green line in figure 5

corresponds to scenario 3, in which the MNPs are dis-
tributed only in a spherical shell of inner radius R;, in
equation (A9) identical to the radius R, of the cell
nucleus. The outer radius R, is equal to the radius of
the cell, so that MNPs are only in the cytoplasm. This
weighting function prefers the dose distribution
around an MNP at distances between R,,and 1.5 R,,.

It can be seen from figure 5 that the weighting
function favors the dose distribution at small radii
when the MNPs are only in the nucleus, where the
high absolute values of the weights are related to the
enhanced concentration of MNPs in the nucleus (for
scenario 2). Not surprisingly, the case of the MNPs
concentrated on the outer side of the nuclear mem-
brane (red line) gives lower weights to very small
radial distances which are still significantly higher
than what is obtained when the MNPs are uniformly
distributed within the entire cell. When the MNPs are
uniformly distributed in the cytoplasm or in a layer in
the middle of the cytoplasm, the curves show a peak
around distances equal to the nuclear radius. Whether
the MNPs are spread over the whole cytoplasm (green
curve) or are only in a part that does not neighbor the
nucleus (violet line) does not seem to have a big
influence.

It can be seen from table 1 that the relative con-
centrations of MNPs listed in the fifth column depend
on the fraction of the total volume that is filled by
cells. For the geometry considered in the work of (Lin
et al 2015), the fraction of the total volume is about
40%. However, if such a cell is conceived as beingin a
solution of cells, a volume fraction of cells of 10> is
assumed in the second row of table 2. For the cell
dimensions considered by (Lin et al 2015), this
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Figure 7. Dependence of the dose contribution per density of emitting MNPs on the maximum radius R, considered in its calculation
for the first six scenarios (table 1) of MNP distribution in cells in solution. The curves were produced from the data for a 50 nm gold
MNP irradiated at 100 pm depth in water by a mixed photon and electron fluence spectrum originating from a 100 kVp x-ray
spectrum. These data were produced with the simulation described in (Thomas et al 2024) scoring to distances up to 100 pum from the

gold nanoparticle.

corresponds to a number density of cells in the order
of 1000 pl !, which appears to be a reasonable value.
For complete uptake of the MNPs into cells, this
implies that the ratio of the MNP concentration in the
cells to the average concentration is 1000. Using the
average concentration of MNPs in the considered
solution may then not be the best option. Using the
concentration of MNPs internalized in cells may be
preferable in such a situation, as this is also the quan-
tity determined by experimental techniques such as
atomic emission spectroscopy (Coulter 2012).

When the cells are in solution, the weighting func-
tions for scanarios with complete uptake of the MNPs are
essentially unchanged, except for a small contribution
due to other cells in the order of 10>, which would not
be discernible in figure 5. For the other scenarios, this is
different, as illustrated in figure 6. Here, the solid lines
represent the case of an isolated cell with the considered
MNPs present only within a sphere about 40% larger in
diameter than the cell. When the MNPs are only outside
the cell (red curve), it is the dose around MNPs at dis-
tances between one and three times the nuclear radius
that contributes to the dose in the nucleus. The magenta
curve corresponds to the ‘mixed case’ of (Lin et al 2015)
with the same average concentration in the cell and its
environment but only 10% of the intra-cellular MNPs
internalized in the nucleus. The solid green curve repre-
sents scenario 6 (&50%) in table 1, in which the average
concentration in the cell is smaller by a factor of 2 than in
the extracellular medium. In both scenarios, the presence
of MNPs in the cytoplasm and nucleus results in an
increased weighting of the dose distribution at small
values, as could be expected.

When the cell is in solution, the assumption that
the MNPs are only present in its vicinity is implau-
sible. In this case, it appears more reasonable to

12

assume a constant concentration of MNPs outside
cells. The resulting weighting functions for the three
scenarios are shown as dashed lines in figure 6. For
scenario 5 (n10%, magenta), where the average con-
centration in the cell was assumed to be the same as
outside, the weighting function essentially stays at
unity instead of dropping to zero. For the other two
cases, a similar plateau is obtained but with a value
higher than unity. This is related to the fact that if the
concentration outside cells is assumed to be constant
and the average concentration is lower inside cells,
then the average concentration is higher for cells in
solution than for the isolated cell.

The resulting plateaus extend to infinity. This
means that the complete dose profile around an MNP
contributes equally to the dose in the nucleus for these
uptake scenarios and cells in solution. The resulting
average dose in the nucleus will thus be significantly
higher than what is obtained for a single isolated cell.
This is illustrated in figure 7, which shows how the
estimated dose contribution per density of emitting
MNPs varies with the outer radius of the region
around the MNP considered in evaluating the weight-
ing function w, in equation (A19).

In the scenarios with complete uptake of MNPs
into the cells, there is only a small indiscernible
increase in the dose contribution per MNP density. In
the scenario with all MNPs outside cells (dark blue
data in figure 7), there is an increase by a factor of
almost 5 compared to the starting value at a radius
corresponding to the region containing MNPs in the
isolated cell case. When the MNP concentration out-
side cells is the same as the average concentration in
cells (magenta symbols), the increase amounts to a
factor of 2. When the concentration outside is twice
the average concentration in cells, the increase is by
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Figure 8. Average concentrations of nanoparticles at a radial distance r from the center of the nucleus (radius R,,) around a cell in
tissue for (a) complete and (b) partial uptake of the MNPs by the cells. Further assumptions in (a) are a uniform distribution within
the entire cell (black and green) or only in the cell nucleus (blue and red curves). The black and blue curves correspond to cells
densely packed in a face-centered cubic (FCC) three-dimensional lattice, and the green and red curves to a simple cubic arrangement.
In (b) the scenarios 5 and 6 from table 1 are considered, where only 10% of the MNPs in a cell are in the nucleus. The black line
corresponds to equal average concentration inside and outside cells, the blue line to an average cellular concentration of 50% of the
concentration in the extracellular region. The dashed lines represent the surrogate density distribution of constant value equal to the
average number density at radial distances exceeding the cell radius or twice the cell’s radius minus the nuclear radius (for MNPs only
in the nuclei). The data correspond to the cell geometry considered by Lin et al (2015) and are normalized to the concentration in (a)
the cell nucleus and (b) the extracellular region. Note that at small radii in (a), the red line is hidden by the blue line and the black line
by the green one. In (b) the dashed blue line at small radii is hidden by the solid blue line and the dashed black and solid blue lines are
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hidden by the solid black line.

more than a factor of 3. This shows that with these
uptake scenarios, the dose in the cell nucleus is heavily
underestimated when isolated cells are considered.

3.3.Cellsin tissue

If the cell is part of a tissue, it appears reasonable to
assume that neighboring cells also contain MNPs at
the same concentrations. (This was also implicitly
assumed in the preceding for cells in solution.) For
simplicity, two different regular arrangements of the
cells are considered, which correspond to different
packing densities. Both arrangements correspond to a
cubic Bravais lattice. The less densely packed version
is the simple cubic (SC) one in which the cells’ centers
are located on the vertices of the cubic unit cell. In the
second arrangement, the face-centered cubic (FCC)
one, there are cells at the vertices and the centers of the
faces of the cube.

The resulting variation in the average radial con-
centration profile of MNPs around the center of a
particular cell is shown in figure 8. All data in figure 8
correspond to the cell dimensions used in the work of
(Lin et al 2015). The black and green lines in
figure 8(a) correspond to the FCC and SC arrange-
ments of cells, respectively, and relate to the case that
the MNPs are uniformly distributed within the cells
with no MNPs in interstitial regions. The blue and red
lines are the corresponding average concentrations
when the MNPs are only in the cell nuclei. The hor-
izontal dashed lines show the surrogate concentration
profiles, with constant values corresponding to the
packing densities of the spheres as listed in table 2.

These constant concentrations outside the considered
cell will be used below to estimate the overall dosi-
metric effect from a concentration of MNPs.

Figure 8(a) shows the relative concentrations of
MNPs for the four cases up to a value of r;/R,, of 30 as
solid lines. The concentrations have been normalized
to the density in the nucleus of the considered cell.
The dashed lines represent the packing density
(volume fraction) of cells or nuclei and correspond to
the large-scale average concentration of MNPs. These
constant values also apply to all larger radial distances
(up to potential boundaries of the region loaded with
MNPs). The data suggest that for complete uptake of
the MNPs into the cells at constant intracellular con-
centration, the average concentration of MNPs out-
side the cell would be 52% or 74% of the
concentration in the cells, depending on the cell pack-
ing density. If the MNPs are only present in the nuclei,
the effective concentration outside the considered cell
decreases to 10% and 14% of the concentration inside
for SC and FCC packing of the cells, respectively.

Cases 5 and 6 (see Supplementary figure 3(c) and
table 1) assume that the nuclear membrane hinders
diffusion of MNPs, so that there is a lower concentra-
tion of MNPs in the nucleus than in the cytoplasm. In
case 5, the average cellular concentration is the same
as outside the cell, in case 6 it is only 50% of that con-
centration. The concentration profile that corre-
sponds to case 5 for an FCC arrangement of the cells is
shown as the black line in figure 8(b); the corresp-
onding concentration profile for scenario 6 is shown
as the purple line in figure 8(b). It should be noted
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Figure 9. Weighting function for calculating the mean contribution per emitting MNP to the dose in the spherical cell nucleus
(radius R,)) from the radial dose distribution (as a function of r;) around a single MNP for the case of the surrogate MNP distribution
for cells that are densely packed in an FCC lattice. The different curves apply to the following situations: MNPs only in the nuclei
(blue); MNPs only in the cells (red); same concentration of MNPs in the cells and extracellular medium, but only 10% of the MNPs
internalized in cells are inside the nucleus (black); the concentration in the extracellular medium is twice the average concentration
inside the cells, and only 10% of the internalized MNPs are in the nucleus. The ratio of the radii of the spherical cells to those of the
concentric spherical nuclei corresponds to the cell geometry employed by (Lin et al 2015).
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Figure 10. Weighting function for calculating the contribution per emitting MNP to the mean dose in the spherical cell nucleus
(radius R,,)) from the radial dose distribution (as a function of ;) around a single MNP for cells that are densely packed in an FCC

lattice. The curves apply to the first six uptake scenarios in table 1. (a) MNPs only in the nuclei; (b) MNPs uniformly distributed in the
cells (black); MNPs uniformly distributed in the cytoplasm (green); MNPs only in extracellular medium (cyan); same concentration
of MNPs in the cells and extracellular medium, but only 10% of the MNPs internalized in cells are inside the nucleus (magenta); the
concentration in the extracellular medium is twice the average concentration inside the cells, and only 10% of the internalized MNPs

are in the nucleus (blue). The ratio of the radii of the spherical cells to those of the concentric spherical nuclei corresponds to the cell

geometry employed by (Lin et al 2015).

that in figure 8(b), the concentration is normalized to
the maximum concentration, which occurs at the cell
surface. When the average concentration in the cell is
the same as outside and only 10% of internalized
MNPs are in the cell nucleus, the global average MNP
density is about 10% lower than the maximum den-
sity. When the concentration in the cell is only 50% of
that in the extracellular medium, the average con-
centration (purple dashed line in figure 8(b)) is only
about 62% of the maximum value. In the nucleus of
the considered cell, the relative MNP concentration is

significantly higher than 0.1. This is because the sce-
nario assumes 10% of the internalized MNPs to be in
the nucleus, while the volume of the nucleus is about
20% of the cell volume for the geometry considered.
Therefore, the concentration in the nucleus is about
50% of the concentration outside. (It is not exactly
50% because the concentration in the cytoplasm must
be slightly increased to have the required average den-
sity in the cell).

The resulting weighting functions for the surro-
gate concentration profiles pertaining to FCC packing
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Figure 11. Contribution per emitting MNP concentration to the mean dose in the cell nucleus for different upper radius values R,
used in the determination of the weighting function for the MNP density distributions (lines) and their surrogates (symbols) as
shown in figures 8(a) and (b) pertain to full MNP uptake into the nuclei, (c) and (d) pertain to the uptake scenarios 2 to 6 in table 1
(seelegends). (a) and (c) are for FCC packing of cells, and (b) and (d) are for SC packing. The data apply to the dose distribution
(shown in Supplementary figure 6) around a 50 nm gold MNP that is irradiated with a mixed photon and electron field originating

froma 100 kVp x-ray photon spectrum from (Thomas et al 2024).

are shown in figure 9. The corresponding data for SC
packing can be seen in Supplementary figure 4. As
would be intuitively expected, radial distances exceed-
ing the nuclear radius or the cellular radius receive a
significantly higher weight than small radial distances
for the concentration profiles shown in figure 8(b),
i.e., when there is reduced uptake of the MNPs by the
cells or the cell nucleus. For enhanced uptake into the
cells, there is more weight given to the dose at a small
distance from the MNP.

3.4. Comparison of the FCC and SC concentration
profiles with the respective surrogates
The MNP concentration profiles of the FCC and SC
arrangements of cells deviate significantly from the
dashed lines in figure 8. The corresponding weighting
functions have been obtained based on the approach
presented in appendix A6. Those for the FCC cell
arrangement are displayed in figure 10 for the first six
scenarios for MNP uptake into the cells (see table 1).
The weighting functions in figure 10 have a much
smoother appearance than the density profiles in
figure 8, but they still show significant oscillations
where the crests reflect the coordination shells. The
weighting functions oscillate around unity at radial
distances from the MNP exceeding the cell radius,
because the average MNP concentration is identical to
the values indicated by the dashed horizontal lines.
The bias introduced by using the surrogate weighting
functions instead of those shown in figure 10 is illustrated

in figure 11. This figure shows the contribution to the
mean dose in the nucleus per average MNP concentra-
tion, d; (R, Ry Ry Up, Uy) (equation (A22)), as a
function of the radius of the outermost sphere represent-
ing the MNP-containing region around the considered
cell for the first six uptake scenarios in table 1. The colors
indicate the uptake scenario (see legends), the symbols
represent the results obtained using the surrogate MNP
concentration outside the cell shown as dashed lines in
figure 8. The solid lines are the corresponding results
based on the weighting function shown in figure 10 and
Supplementary figure 5, where figure 11(a) relates to the
FCC arrangement of cells and figure 11(b) to the SC
packing.

It can be seen that there appears to be almost no
bias for the case of full MNP uptake into the nuclei in
FCC-packed cells (figure 11(a)) and only a small bias
for SC-packed cells (figure 11(b)). Larger offsets can
be seen in figures 11(a) and (b) for the other scenarios
with both packing densities of cells. In the case of no
uptake into the cells (dark blue symbols and lines), the
discrepancy is in the order of 20%. However, there
seems to be an offset rather than a variation of the dis-
crepancy with the value of the upper integration limit.
This suggests that the discrepancy is already accumu-
lated in the vicinity of the cell surface where the
weighting functions show the highest oscillations
(figure 10) and the deviations between the actual and
surrogate concentrations are largest (see figure 8).
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This indicates that the deviations seen in
figures 11(a) and (b) could be reduced by using addi-
tional spherical shells around the sphere representing
the cell to better approximate the concentration pro-
files shown as solid lines in figure 8. On the other
hand, cells in tissue do not form a crystal lattice, so
that the two cases of FCC and SC packing and their
surrogates are only an estimate of the situation that
would be found with real cells in real tissue. The dif-
ference between the two packing densities amounts to
almost 35% in the case of complete uptake into the
nucleus (red curves and symbols infigures 11(a) and
(b)). For MNPs uniformly distributed in cells (black-
curves and symbols in figures 11(a) and (b)), the dif-
ference is in the order of 10%, and only for the ‘mixed’
cases with reduced MNP uptake in the cell nuclei do
the differences appear to be in the range of a few
percent.

4, Discussion

4.1. Key features of the presented approach

An approach is presented that allows calculation of
the mean and variance of the dose in a cell nucleus
from the dose resulting from the emission of particles
from an MNP undergoing an ionizing radiation
interaction or decay. The approach is based on
weighting functions derived from the concentration
profile of MNPs around the cell under consideration,
which are dimensionless and depend parametrically
on the geometry and the relative concentration of the
MNPs in different regions of the geometry. The actual
dosimetric effects produced by a given MNP distribu-
tion are the sums of terms scaling with the average
number density of emitting MNPs, 7,, or its square
(equation (29)). The factors scaled by 7, and 7,2 are
weighted averages of the radial distribution of the
dose contribution from a single emitting MNP or of a
quadratic form (bilinear combination) of this radial
dose distribution.

The corresponding results are expectation-true
estimates of the quantities considered, and their esti-
mated uncertainties can be determined by using the
same weighting functions, following the Guide to the
Expression of Uncertainty in Measurements
(JCGM 2008). Determining the uncertainties could,
in principle, also be achieved by Monte Carlo techni-
ques. However, to the authors’ knowledge, all studies
determining the dose effects of MNPs based on the
LEM have only simulated the dose in the cell nucleus
for one configuration of a set number of randomly
distributed MNPs. That is, only for a single sample of
the distribution of positions. Assessing the contrib-
ution to the uncertainty resulting from different sets
of MNP positions would require multiple such simu-
lations, which may become challenging in terms of
computation time.
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4.1.1. Required input data

To apply the weighting functions, the dose distribu-
tion from particles emitted upon an ionizing interac-
tion (or a decay) occurring in the MNP is needed. To
determine this quantity, several authors, such as (Lin
et al 2015), first simulated the radiation interaction
with an MNP in a vacuum to obtain the fluence of
emitted secondary particles. The latter was then used
as input for a second simulation step to determine the
contribution of the emitted particles to the dose
around the MNP. (Li et al 2020, 2024) simulated an
MNP in water irradiated by a confined beam. The
difference between the results obtained with the MNP
and without can be used as an estimate of the
contribution of an ionizing interaction in the MNP to
the dose around it (Rabus et al 2019, 2020).

A similar approach was used by (McMahon et al
2011a) and (Thomas et al 2024), with the difference
that in a precursor simulation, the fluence of photons
and electrons impinging upon the MNP was deter-
mined as input for the simulation of the radiation
interaction and ensuing dose deposition around the
MNP. In (Thomas et al 2024), these two further steps
were determined in the same simulation, so that
again, the difference between the results in the pre-
sence and absence of the MNP must be used as surro-
gate for the dose produced by particles emerging from
the MNP as a result of an ionization occurring within
it. As will be shown in the second part of the paper, the
fact that (Thomas et al 2024) determined imparted
energy separately for the cases of incident photons
and electrons and for emitted electrons and photons
allows this drawback to be remedied.

The best dataset for use with the weighting func-
tions is obtained when two conditions are met. First,
the fluence impinging on the MNP is determined in a
precursor simulation, such as in (Thomas et al 2024),
and this fluence—and not the fluence of the primary
beam—is used in the next step. Second, in the next
step, it is assured that the contribution from interac-
tions in the MNP is separated from the contributions
due to interactions in water of the incident particles
that have not interacted in the MNP. This can be
achieved by a two-step approach like the one used by
(Lin et al 2015). Alternatively, the histories of primary
particles leaving the MNP can simply be terminated in
the simulation. With data obtained in this way also for
awater nanoparticle instead of a MNP, it is possible to
use the weighting functions to determine the dose
contribution from all water nanoparticles present in a
geometry without need for obtaining this information
by a separate simulation (as in (Thomas et al 2024)) or
by reference to literature data (as in (Rabus et al
2021b)).

A further condition placed on the dataset is that it
covers the complete radial range in which energy is
imparted by particles emitted by the MNP or their
descendants. For the data of (Thomas et al 2024), this
is the case, as can be seen in Supplementary figure 7.
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Supplementary figure 7(a) shows that the energy
imparted per radial interval tends toward zero at the
highest radial distances used for scoring. Conse-
quently, the curves of the cumulative energy imparted
in spheres of increasing radius around the emitter
show saturation behavior.

Since the weighting functions are purely geome-
trical, they are generally applicable for any type of pri-
mary particle and energy spectrum. The key
requirement is that the radial dose distribution
around an MNP is known. In situations where there
are large changes in the fluence spectrum within the
radiation field over the region of interest (Rasouli et al
2019), application of the approach may require simu-
lation results of the dose around an MNP for different
locations within the region of interest. This is not a
caveat of the approach presented here but rather of
the input data that is needed. It should also be noted
that the weighting functions do not depend on the
MNP size, while their application to obtain the con-
tributions to the mean dose and mean square of the
dose involves an integral over the radial dose distribu-
tion around the MNP that has the radius of the MNP
as its lower limit. Investigating the dependence of the
results on this parameter is one of the questions that
will be addressed in the second part of the paper.

4.2. Comparison with the approach of Melo-Bernal

etal

The first and most important difference to the
approach taken by (Melo-Bernal et al 2021) is the
different perspective taken as a starting point. Melo-
Bernal et al considered the part of the dose distribu-
tion around a given MNP that falls inside a region
such as a cell or a cell nucleus. Here, the initial
question was, how many MNPs at a given distance
from a considered point inside the scoring region
contribute to the dose at this point? The latter
perspective allows determination of the dose at
different radial distances from the center of the
nucleus. When the mean dose or mean square of the
dose from a single MNP is determined, both
approaches are equivalent and give the same results.
However, the approach presented here also allows
determination of the synergistic contribution from
pairs of MNPs to the mean square of the dose in the
nucleus.

In the approach of (Melo-Bernal et al 2021), the
synergistic contribution from pairs of MNPs cannot
easily be assessed, and Melo-Bernal et al argued that it
is negligible, given the low probability of radiation
interaction within a MNP. However, equation (23)
shows that the synergistic contribution varies with the
square of the MNP concentration, like the square of
the mean dose. As can be seen in figure 4, the weight-
ing function for the difference between the synergistic
term and the square of the mean dose has very small
values compared to the weighting function for the
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synergistic term shown in figure 3. This means that
the variance of the dose in the nucleus is essentially
given by the contribution to the mean square of the
dose from single MNPs, D_I%,S, which is proportional to
the MNP concentration, as is the contribution to the
mean of the dose from MNPs, Dy .

However, this does not imply that the approx-
imation of neglecting the synergistic term made by
Melo-Bernal et al was justified. On the contrary, when
the synergistic term is neglected, the mean square of
the dose is underestimated. This is because the syner-
gistic term is approximately the same as the square of
the mean dose which is responsible for the nonlinear
part of the logarithm of survival probability.

A second difference is that the weighting func-
tions determined here parametrize geometry and the
uptake scenario and can be readily used with data pro-
duced by any studies determining the radial depend-
ence of the dose contribution from an emitting MNP.
They can also be easily coupled with parameteriza-
tions of the radial dose distribution, such as was done
in (Melo-Bernal et al 2021). However, the assumption
that the radial dependence of the dose distribution
around an MNP can be described by a power law is a
very rough approximation, as can be seen in Supple-
mentary figure 6. In this figure, the data used to pro-
duce the results in figures 7 and 11 are displayed as the
product of dose and radius squared, i.e., as the quan-
tity to which the weighting functions are applied in
equations (19) and (22). It is evident that the curve
plotted in Supplementary figure 6 (in a log—log repre-
sentation) is not well represented by a straight line.

Further differences are that the present approach
involves a transparent separation of the overall quan-
titative effect, encoded by the average number density
of emitting MNPs”, the relative effects related to geo-
metry and uptake scenario, and the specific dose dis-
tribution around an emitting MNP. The radial dose
distribution around a single emitting MNP depends
on the MNP radius and radiation quality. The
corresponding  weighted ~ quantities  d;(R,)
(equation (19)), f(Rc) (equation (22)), and E(RC)
(equation (24)) for a uniform MNP distribution in a
sphere of radius R, depend parametrically on the
radius r, of the MNP and the ratio of R, to the radius
R, of the cell nucleus. They do not depend on the
average concentration of emitting MNPs. The result-
ing quantities for an uptake scenario (equation (29))
are linear or bilinear combinations of these elemen-
tary weighted dose quantities. They depend on

> The average number density 7, of emitting MNPs may appear to
be a somewhat unimaginative concept. In principle, it could be
replaced by the product of 7, and the cell or nucleus volume. In
which case the resulting reference quantity would be the ratio of the
number of emitting MNPs to the number of cells or nuclei. Or the
mean number of emitting MNPs per cell or cell nucleus but without
them necessarily being present in the cell or the nucleus (depending
on uptake scenario). While this may be more imaginative, correctly
phrasing what this reference quantity is exactly appeared a bit
cumbersome.
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radiation quality as well as MNP radius, geometry,
and relative concentrations, but they do not depend
on the absolute concentration of emitting MNPs. It
must be noted, however, that the density of emitting
MNPs is determined by the concentration of the
MNPs and the expected number of interactions per
MNP (equation (8)). For external irradiation, the lat-
ter depends on MNP size, the radiation quality, and
fluence; for radioactive MNPs, they depend only on
the activity per MNP and the exposure time.

4.3.Relevance

The surrogate model of a sphere plus two concentric
shells is a generalization of approaches in the literature
to assess the impact of MNPs on the survival of cells
within the framework of the LEM (e.g., (Lin et al
2015)). It was shown to approximate the case of cells
in tissue reasonably well. Regarding the effects of
MNPs in different uptake scenarios, it was shown that
in contrast to cases with complete uptake of MNPs by
cells (figure 5), the weighting functions for incomplete
uptake scenarios show large differences between
isolated cells and cells in solution (figure 6). For
in vitro studies of cells and incomplete uptake of
MNPs by the cells, the background concentration of
MNPs in the solvent can therefore have a significant
effect on the mean dose in the cell nucleus. With the
data shown in figure 7, this effect translates into a
factor of between 2 and 5 for the considered radiation
quality and uptake scenarios. This implies that for
these cases, there is an underestimation of the lesions
resulting from the linear term of the LQ model by a
factor of 2 to 5 and of the lesions according to the
square term by a factor of 4 to 25! And this is even
without considering the LEM-specific additional
lesions due to the dose non-uniformity.

For scenarios with complete uptake of the MNPs
by cells, figure 7 showed no significant influence of the
environment when the cells are in solution. However,
for cells in tissue there is a significant contribution to
the mean dose in a considered cell due to MNPs emit-
ting in neighboring cells. This contribution amounts
up to several 10% (figure 11). For incomplete uptake
scenarios, similar factors are obtained as with cells in
solution. Comparison of figures 11(a) and (b) shows
that different packing densities of cells also result in
changes in the order of up to several 10%. It will be
interesting to explore how these differences affect the
predicted survival curves. This will be investigated in
the second part of the paper.

4.4. Impact of the approximations implied

Several approximations were implicitly made in the
approach (and in that of (Melo-Bernal et al 2021)).
One is that the contribution of an MNP to the dose in
its vicinity has spherical symmetry. (Derrien et al
2023) reported an anisotropy of energy imparted
around a spherical MNP amounting to several 10%
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for monoenergetic photons with a simulation setup
that did not assure charged particle equilibrium
(CPE). (Rabus 2024a) showed that after correction for
CPE, the anisotropy was reduced to below 4% for the
extreme cases reported by (Derrien et al 2023).
(Rabus 2024a) also pointed out that this non-isotropy
may, to some extent, be a simulation artefact, since
some radiation transport codes model photoemission
from all atomic shells according to Sauter’s formal-
ism, which strictly only applies to K shells.

A second assumption is that the radial dose dis-
tribution around an MNP does not change in the pre-
sence of other MNPs. In the study of (Thomas et al
2024), it was found that for electrons impinging upon
MNPs, the fluence of outgoing electrons is only
slightly different from that of incident electrons, with
a minor reduction in the percent range at energies
higher than 1 keV. At kinetic energies below 100 eV, a
reduction of about 50% was found. But these elec-
trons are stopped within tens of nanometers and can
therefore be ignored. Higher-energy electrons (ener-
gies of several tens of keV) have ranges of 50 pm or
higher and may therefore interact with multi-
ple MNPs.

Since elastic electron scattering occurs pre-
dominantly in the forward direction, elastic collisions
will not lead to major distortions of the spatial dis-
tribution of energy transfer points. However, the
small energy losses caused by impact ionization inter-
actions with MNPs will accumulate and may lead to a
reduction in the electron range. At the same time,
there is also production of bremsstrahlung photons,
which will carry their energy over longer distances
than electrons would. The mentioned effects may lead
to a change in the radial dose profile which can pre-
sumably be treated as a small uncertainty. However,
this must be confirmed in further studies which
could, e.g., simulate the dose distribution around an
MNP immersed in uniform mixtures of water and the
MNP material at different concentrations of the latter.

Another approximation was the use of the LQ
model instead of the LQL model of cell survival. This
leads to an overestimation of the number of induced
lesions owing to the contribution from emitting
MNPs located in the nucleus (equation (5)). This
effect is not expected to be large. Using the weighting
functions for the radial dose profile in the cell nucleus,
it is possible to calculate the quantity defined in
equation (6) for given radial distance from the nucleus
center after evaluating the expected dose according to
equation (16). However, this is more involved, since it
requires determination of the dose profile for a spe-
cific scenario and the average number density of emit-
ting MNPs. Therefore, addressing this point is
postponed until future work.

Finally, the approach assumes that the cell
nucleus is a sphere and that the MNPs have a
spherical symmetric distribution, thus also imply-
ing that cells are spherical. Cells are generally not
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Figure 12. Modified weighting functions for the sSFCC case (cftable 2) and complete uptake into the cells for cells located near the
surface of a spherical tumor of 1 mm diameter. The dark gray curve corresponds to cells directly at the surface, the colored curves
correspond to cells at between two and eight cell layers from the tumor surface (see legend).

spheres, and studies have shown that the choice
of cellular geometry has an impact on the dose to
the cell nucleus in the presence of MNPs (Sung
et al 2017). Similarly, scenario 8, presented as a
surrogate for the situation of MNPs clustered
inside an endosome, appears far from realistic,
since endosomes are generally not in the form of
a spherical shell. Another obvious over-idealiza-
tion was assuming cells to be arranged in a sim-
ple cubic or face-centered cubic lattice like atoms
or ions in a crystal. However, for the latter case
of cells in tissue, it was shown that the ideal
arrangement of cells can be approximated by a
surrogate concentration profile for the MNPs
with a constant value in the extracellular region.
The value of the constant depends on the average
density of cells only and not on their exact
arrangement. If the cells are randomly distributed
within a certain range around the ideal lattice
points, the system will be amorphous, and the
oscillations seen in figures 8 and 9 with the radial
density profile and the resulting weighting func-
tion will be smeared out and dampened away.
With the case of MNPs in the endosome, a similar
approach of angular averaging of the MNP density
can be applied by determining the solid angle of a
sphere of radius 7, around a point in the nucleus
according to equation (16). The key point here is that
the weighting functions refer only to radial distances.
Leaving aside synergistic effects that have been repor-
ted for MNP clusters (Rudek et al 2019), it should not
matter for the dose to the nucleus whether the MNPs
are concentrated in a small volume or are smeared out
over the spherical shell defined by the MNPs closest
and farthest from the center of the nucleus. In the lat-
ter case, the larger solid angle and value of the weight-
ing function is compensated by the reduction in MNP
density. Therefore, only the assumption of a uniform

density in the spherical shell may be questioned.
Given the insight from the case of cells in tissue, it can
be expected that a surrogate concentration profile
with a constant value may also give a reasonably ade-
quate approximation in this case. This conjecture can
be confirmed by using a similar approach as for cells
in tissue and is left for future work.

Another caveat to be mentioned is that for
the case of cells in tissue, it was implicitly
assumed that all cells would be surrounded by
cells containing the same concentration of MNPs
and that these cells would therefore have the
same expectations for the mean and standard
deviation of the dose. However, there may be a
distribution of the mean and standard deviation
of the dose per cell. For instance, in a tumor uni-
formly loaded with MNPs, the cells near the sur-
face have a lower coordination number of
neighbors containing MNPs and, therefore, have
a lower mean dose than cells in the inner of the
tumor. There also could be a gradient from the
surface inward owing to hampered uptake (like as
happens with hypoxia).

As was pointed out by (Zygmanski et al 2013), a
non-uniform dose distribution in a cell population
will lead to modifications of cell survival fractions.
However, these cases can also be approximately
addressed by the formalism discussed in this paper. As
an illustration, figure 12 shows the modified weight-
ing functions for cells located at between one and
eight cell layers from the surface of a spherical tumor,
assuming the surrogate case of densely packed cells
and MNPs uniformly distributed within the cells. For
the cells at the surface, the weighting factor outside of
the cell is significantly lower than unity for all radial
distances larger than the cell radius. The same applies
to the second layer. Starting with the third layer, a pla-
teau appears in which the weighting function is unity
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until it finally starts to drop (when the distance from
the center of the considered cell exceeds its distance
from the surface). This assessment relies on the gen-
eralized weighting functions given in appendix A6.

5. Conclusions

An approach has been presented that allows calcul-
ation of the mean dose and variance of the dose in a
cell nucleus from the radial distribution of the
additional dose around an MNP undergoing an
ionizing interaction or radioactive decay. The metho-
dology is based on the probability of finding MNPs at
a given distance from a point at which the dose is
evaluated. With this different perspective, it also
became possible to assess the synergistic contribution
of pairs of MNPs to the variance of the dose. It could
be shown that this contribution is of similar magni-
tude to the square of the mean dose and therefore
cannot be neglected as was done in the previous study
of (Melo-Bernal et al 2021). The weighting functions
for several surrogate cases have been explicitly stated
in the appendix and can be used by other researchers
to assess cell survival according to the LEM from their
simulations of the dose around single MNPs. Based
on the weighting function, conclusions could be
drawn regarding the suitability of model cases of
isolated cells in a spatially confined distribution of
MNPs. It could be shown that for complete uptake
scenarios and cells in solution, such simple cases can
be used, whereas for partial uptake scenarios or cells
in tissue, the presence of MNPs in an extended
environment cannot be ignored. The extent of this
environment is defined by the radial range within
which the particles emitted by an MNP impart their
energy. The case of a sphere and two surrounding
spherical shells with constant MNP concentration in
each but different between these regions has been
suggested as a surrogate model for cells in tissue and
shown to approximate to within a few 10% the results
obtained with an idealized exact placement of the cells
in a regular lattice. Similar deviations were found
between different packing densities of cells. The
approach presented here will be used in the second
part of the paper to derive predictions of cell survival
based on the LEM for different radiation qualities and
uptake scenarios.

wi(xila) xj<a-—

‘DZ(r'> TlR ) =
v 0™ (x;, xjla) 2a —

@ (x;, xj0a) a -1 <
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Appendix

Al. Analytical expression for the monovariate
weighting function

The weighting function @(r;|R,) for the dose at a radial
distance r; from the MNP used to obtain the mean
dose in the cell nucleus from a uniform distribution of

MNPs in a sphere of radius R, is given by
equations (A1):
1 xi<a—1
@(r|R) = @i(xila) = y@P (xfa) a —1<x;<a+1
0 xj>a+1
(A1)

Here, the reduced quantities given by equation
(A2) have been used:
7 R

Xj=—;a=— (A2)
R, R,

The function @, ® is given by equation (A3):

1 3
@@ (xia) = 5(1 + a’) — g(l + a?)x;

1 3
+ —x7 = —=(1 — a?)’x; !
i~ g )X

T (A3)

A2. Analytical expression for the bivariate
weighting function @,

The analytical expression of the weighting function
@, (for the derivation see section S1.3 of Supplement 1) is
given by equation (A4) using the reduced quantities
defined by equation (A5):

Xj

(A4)
x; < x <x,<a+1

0 xi>xj>a+1
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Table Al. Coefficients of the polynomials P;® (xjla),
B (x)),and P;® (xj|a) in equation (A6).

e 2O j2X6)

' (a—1*Qa+1) _(@—1)’@Ba®+9a+3)
i , Ol R 80

1 300 - g2 1 32— 1)
Xj 6 a1 —a% 3 = (a 1)

2 3 L — 1)
Xj 6 0 16(“ 1)°Qa + 1)

1 1

Xj 6 Te0 0

Table A2. Coefficients of the polynomials
P (xila), P,® (xia),and Ps™ (x;|a) in equation (A7).

X0 pW @
x;0 0 —a?—ad 8+ 150" —a?+3)
1 316 R 80
%! - =1 -a) 5@ =1
8 316 ,
x;2 0 2 d—a"—a)
16 16
3 1 1 1
Xi _—— R J——
160 16 8
Rc max(r,, r]) min (rza r])
a=—5x= X = (A5)
R, R, R,

The functions @;, @,®, and @,® appearing in
equation (A4) are given by equations (A1), (A6), and
(A7), respectively:

1 1 Xi
@9 (x5 %) = @) + @) — = + =P (xjla)
2 2 Xj

X; 1
+ 2RO () + —PsO (xja) (A6)
Xi x,-xj

1 X
W (x, x) = —w(x) + =Ps@ (x)
2 x]'
X 1
+ L@ (xjla) + —Ps@ (xi|a)
Xi XiXj
(A7)

P (xjla) and P™ (xila) (k € {3, 4, 5}) are poly-
nomials of third degree in the first argument. The
polynomial coefficients depend on the parameter a
and are listed in tables A1 and A2.

A3.MNPs uniformly distributed in a spherical

shell only

Since the dose from different sources is additive, the
weighting functions for the radial dose distribution in
the nucleus and for the mean dose in the nucleus are
easily obtained from equations (16) and (19). The
adjusted formulas for MNPs inside a spherical shell of
inner radius R, and outer radius R, only are given by
equations (A8) and (A9):

D) =Dy + i [ DI 1R
= Q(n, IR ri%dr; (A8)
D_(Rm R) =Dy, + 7y [d_l(Rc) - d_l(Rn)] (A9)

Here, i, is the number density of MNPs in the
spherical shell, and d;(R,) and d;(R,) are the dose
contributions per number density of emitting MNPs
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corresponding to spheres of radius R, and R, respec-
tively (given by equation (18)).

The average contribution of a single MNP to the
mean square of the dose can be calculated in the same
manner as the last term in equation (A9) by substitut-
ing d? for d, .

However, for the mixed terms in
equation (24) pertaining to the synergistic
contribution from pairs of MNPs to the mean
square of the dose, it is not possible to simply
subtract the weighting functions for the smaller
sphere from those of the larger one. This is
because the contribution from two MNPs within
the larger sphere is the sum of the cases that (a)
both MNPs are in the spherical shell, (b) both are
in the inner sphere, and that (c) one of them is
in the spherical shell and the other in the inner
sphere.

The last contribution is given by the product of
the mean doses per number density for one MNP in
the spherical shell and the other in the inner sphere.
This leads to equation (A10), which can be rewritten
asequation (A11):

DY = An® % [d3(R) — 8V, x df (R)]
— fi,? X [d2(R,) — 8V, X dE(R,)]
- 2ﬁmd_l(Rn) X n_m[d_l(Rc) - d_l(Rn)]
(A10)

D3Ry R) = iiw*(dI(R) — d3(Ry)
— 2 R)IAR) — &R
— 1, 8Vp(dZ(R) — dZ(Ry))
(A11)

A4. MNP distribution with different constant
values in a sphere and a surrounding spherical shell
The case that MNPs are uniformly distributed in a
sphere of radius R, at a number density 7, and in a
surrounding spherical shell at a different number
density 7, could, for instance, occur if there is
complete uptake of the MNPs into a cell, while the
uptake into the nucleus is reduced compared to the
cytoplasm. The case is also treated here as a prelimin-
ary to the generalization to a continuous variation of
the number density with radial distance from the
center of the cell nucleus (see appendices A6 and A7).
For the case of the contribution of MNPs to the mean
dose, the resulting expression is simply the sum of
equation (18) and the second term on the right-hand
side of equation (A9), as shown in equation (A12):

D = Dy, + fi,di(Ry) + ip[di(R:) — di(Ry)] (A12)

The contribution to the mean square of the dose
from the same MNP is similarly obtained by equation
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(A16), with the E given by equation (22). This results
in equation (A23):

D = i, X di(R,) + 7, X [dZ(R,) — dZ(R,)]
(A13)

For the synergistic term originating from pairs of
MNPs, the situation is a bit more complex. In addi-
tion to the contributions of the sphere (equation (24))
and the spherical shell (equation (A10)), there is a
contribution due to pairs of MNPs of which one is
located in the sphere and the other in the spherical
shell. This leads to equation (A14), where V,, and V;
denote the volumes of the spheres of radius R, and
R, respectively:

H Rabus and L Thomas

m = ﬁnd_l(Rn) + ﬁp [Z(Rc) - d_l(Rn)]

ix[di(Ry) — di(R)] (A15)

The contribution to the mean square of the dose
from the same MNP is similarly obtained by
equation (A16), with d;? given by equation (22):

D2, = findZ(Ry) + Ap[dZ(R.) — dZ(Ry)]

+ A [dE(Ry) — d2(R)] (A16)

The synergistic term takes the rather complex
form of equation (A17), where V,, V,, and V, denote
the volumes of the nucleus, cell, and extracellular
region, respectively:

DR, = ,2d} (R,) + M, (d3 (R) — d3(R,) — 2 (R)[d (RS — di(R,)])
+ T2 (Ry) — d2(R) — 2d (R (R — di(R)])
— 8V, (2} (Ry) + 12 [df (Re) — dif (Ry)]) — 8V, [d] (Ry) — dif(R,)]
+ 27, d R (R — di(R)] + 27, di (R [ (RY) — di(R)]

+ 2ﬁpﬁx [d_l(RC) - JI(Rn)] X [571 (Rx) - 6?I(Rc)]

D, = A, AR, + NI (R — dF(R,)
—2d,(R,) [d(R) — d;(R)]) — 8V,
x (i, dER,) + 1, [dE (R — dE(R,)])
+ 2,7, di (R,) [d(R) — dh(R,)]
(A14)

The last term in equation (A14) is the synergistic
term for MNP pairs in which one MNP is in the
sphere and the other in the spherical shell.

A5. MNP distribution with different constant
values in a sphere and two concentric spherical
shells

In the case of different MNP concentrations 7, i,
and 71, in the nucleus, cytoplasm, and extracellular
region, respectively, the expression for the mean dose
contribution from MNPs is given by equation (A15):

(A17)

By normalizing the three number densities
appearing in equations (A15)-(A17) to the average
number density 7, in the sphere of radius R,, the rela-
tive concentrations u,, u, and u, are obtained
(equation (A18)):

(A18)

Together with the radii R,,, R, and R,, these three
parameters characterize the uptake scenario. The set
0 = {R,, R;, Ry, Uy, Up, U}  parameterizes new
weighting functions w;, w,, and wyy,, as given by
equations (A19)—(A21), respectively:
wi(hl0) = (u, — up)D(riR,)

+ (up — u)Q(r|Re) + ux@(rRy)
(A19)

wa (1, 1il0) = [un? — up 2102 (15 7R,

+ [up? — u s (n, 1ilR,)

+ uy 2@2(7% rj|Rx) + 2(up —

”p)“p@(’ﬂRn)

X (@(r|R) — @(rj|Ry))
+ 2(up — 1) ux (1R (O(rj|Ry) — ©(rilRL))
+ 2(up — up) ux (7R, (@(rj|Ry) — (1|R,)) (A20)
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wi(10) = [u,? — up?an(rlR,)
+ [Mp2 - uxz]ajl(rich) + uxzajl(rile)
(A21)

With these weighting functions, the contributions
to the mean dose and mean dose squared specific to
the uptake scenario are obtained by equations (A22)—
(A24):

Dy = figdi(0) = i, foo Di(r)1;% % 4w (1;]0) dr;
p

(A22)

D, = md2 ) = [ (D)Pr? X 4mw (l0)dr,
p

(A23)

DZ, = i x (d2(0) — 8V,dh(0)  (A24)

The synergistic term of MNP pairs contributing to
the mean square of the dose in the nucleus is given by
equation (A25), and the correction for nonoverlap-
ping of the two MNPs by equation (A26):

2O = [ [ DinDiryr2
2 J; ‘j’; 170

X (47)*ws(r;, 1il60) dr;dr; (A25)

2 0) = f h [Di (1)1 x 4wy, (1110) dr; - (A26)

"

A6. Generalized weighting function for the
contribution to the mean dose

From equation (A15), it is evident that considering
further radial shells would simply add additional
terms of the same structure as the last two. If the
separation between subsequent radii is an infinitesi-
mal increment and their number increases to infinity,
then the sum becomes an integral over the radial
density of MNPs, as in equation (A27):

_ R, —_—
D =Dy + idi(R) + [ (R (R
Rﬂ
(A27)

In equation (A27), #i,,(R) is the number density of
emitting MNPs as a function of the radial distance
from the center of the cell nucleus, and d_l/(R) is the
derivative of d;(R) with respect to R. From
equation (19), this derivative is given by
equation (A28):

T ® = [7 Do < ax 2R g (a)
TP aR
The partial derivative of &(r;|R) with respect to R
is given by equations (A29) and (A30), where the
reduced quantities x; = ;/R,, and a = R/R,, have
been used:
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1 0w, (xila) 4
R, Oa
0 else

Oo(rlR) _ —1<x<a+1

OR
(A29)

91 (xila) = iaz - ia[xi — (1 —adxi7 1 (A30)
Oa 4
The sequence of integration can be interchanged
in the double integral obtained by substituting
equation (A28) into equation (A27), so that
equation (A31) is obtained with (r;) defined by
equation (A32):

o 0
D =D, + adR) + 7, [ D) x 4min(r)dr,
»

(A31)
_ R An(R) 00(nIR)
wi(n) = j; CTa R drR (A32)

The factor i, in front of the integral in
equation (A31) is the mean number density of emit-
ting MNPs inside a chosen reference volume V; (e.g.,
the cell) and was introduced for convenience to make
the weighting function w,(r;) dimensionless. The first
fraction under the integral in equation (A32) gives the
relative profile of the MNP concentration.

A7. Generalized weighting function for the
contribution to the square of the dose

As before, the same weighting function applies to the
contribution to the square of the dose from single
MNPs. For the synergistic term due to pairs of MNPs,
the starting point is to consider equation (A17) for the
case that R, = R, + dR is only infinitesimally larger
than R,. This leads to the following expression for the
derivative of D_f,p (with R, replaced with R):

D3, (R) = (n(R)? x [d} (R) — 8Vpd? (R)]
= 20 (R) di(R) &' (R)
+ 271 (R) & R [,y (R,)
+ fo () A1) dr]
(A33)

Integration by parts of the integral in the last term
transforms equation (A33) into equation (A34):

DZn (R) = (iin(R)? x [d2 (R) — 8V,d? (R)]
+ 201,(R) dy (R) X [y — ()] (Ry)
_ - R dii,(r) -
~ 2R di (R) [, R dr

(A34)

Using the same line of argument as in the previous
section, equation (A35) is obtained with the quan-
tities W, (r;, ;) and W, (;, r;) given by equations (A36)
and (A37):
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DY, = DR + 712 [ [ D Dir)r?
o YT

X (410)* W (13, 1j)drjdr; —

x 4mws (1) dn + 2[7, —

o0
7,78V, f [Dy () P12
T

4

i (Ry)]di (Ry)

sy [ Dy x vy () dn, (A35)
p
7 28— I3 iR
o ) — j:zx(nmﬁ(R)) wz(gRrjl )dR
r (A36)

+
Ry l, OR
i Re ( fi,y(R) Y 021 (1{R)
) = dR A37
W3(r) fR( - ) o (A37)
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