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Magic, also known as nonstabilizerness, quantifies the distance of a quantum state to the set8

of stabilizer states, and it serves as a necessary resource for potential quantum advantage over9

classical computing. In this work, we study magic in a measurement-only quantum circuit with10

competing types of Clifford and non-Clifford measurements, where magic is injected through the11

non-Clifford measurements. This circuit can be mapped to a classical model that can be simulated12

efficiently, and the magic can be characterized using any magic measure that is additive to the13

tensor product of single-qubit states. Leveraging this observation, we study the magic transition in14

this circuit in both one- and two-dimensional lattices using large-scale numerical simulations. Our15

results demonstrate the presence of a magic transition between two different phases with extensive16

magic scaling, separated by a critical point in which the mutual magic exhibits scaling behavior17

analogous to entanglement. We further show that these two distinct phases can be distinguished18

by topological magic. In a different regime, with a vanishing rate of non-Clifford measurements, we19

find that the magic saturates in both phases. Our work sheds light on the behavior of magic and20

its linear combinations in quantum circuits, employing genuine magic measures.21

The resources of quantum physics allow us to reach an22

advantage over classical simulations. It is known that23

entanglement represents a necessary resource to achieve24

this goal, and has been thoroughly studied [1–3]. How-25

ever, probing entanglement is insufficient for quantum26

advantage [4]. For instance, there is a class of states27

called the stabilizer states [5] that can be efficiently sim-28

ulated classically in polynomial time [6–9]. Stabilizer29

states are constructed by Clifford circuits, which are gen-30

erated by the non-universal gate set of Hadamard, π/431

phase, and controlled-not gates. Therefore, any quantum32

circuit that should achieve a quantum advantage must33

include not only high amount of entanglement but also34

non-Clifford resources. Any extension of Clifford circuits35

enables them to perform universal quantum computation36

by allowing the input states to include the so-called magic37

states [10, 11], i.e., states that are not stabilizer states.38

The canonical magic-state is |T ⟩ =
(

|0⟩+ eiπ/4|1⟩
)

/
√
239

which enables the application of a single-qubit unitary40

T = diag(1, eiπ/4), which, combined with the Clifford41

gates, creates a universal gate set [5]. The amount of non-42

Clifford resources necessary to prepare a state is called43

nonstabilizerness, commonly referred to as “magic” [10–44

13].45

The importance of entanglement has stimulated inter-46

est in different fields. A prime example of this is hy-47

brid quantum circuits that consist of unitary gates in-48

terspersed with measurements [14–17]. These circuits49

can exhibit so-called entanglement transitions, where the50

system undergoes a shift between phases characterized51

by volume-law and area-law entanglement scaling. Nu-52

merical studies have extensively explored these transi-53

tions in various settings, such as random Clifford [16, 17]54

or Haar circuits [15] combined with projective measure-55

ments. Subsequent research has established that even cir-56

cuits solely comprised of non-commuting measurements57

can exhibit entanglement transitions [18–22].58

Despite its crucial role in achieving quantum advan-59

tage, little is known about the analogous magic tran-60

sitions in monitored random quantum circuits. Recent61

studies have provided evidence for the existence of magic62

transitions in different contexts [23–26]. In particular,63

Refs [25, 26] investigated magic transitions in the context64

of monitored Clifford circuits doped by T gates. As men-65

tioned above, Clifford gates along with the T gate form a66

universal gate set for quantum computation. Thus, such67

T -doped Clifford circuits interpolate between classically68

simulable and universal circuits, and the above works69

found that the two limits are separated by a transition70

in magic. In Ref. [25], Bejan et al computed the magic71

using Pauli-based computation [27] that essentially maps72

the quantum dynamics to a magic state register subject73

to mutually commuting measurements. They found cases74

where magic and entanglement transitions coincide, but75

also others with a magic transition in a volume-law entan-76

gled phase. Instead in Ref. [26], Fux et al studied both77

magic and entanglement transition using matrix prod-78

uct states (MPS) simulations, providing evidence that a79

transition in magic can occur independently of one in80

entanglement. However, both studies have some limita-81

tions. Ref. [25] only computed a proxy of magic which82

can increase under Clifford operations, while the results83

presented in [26] may suffer systematic errors due to MPS84

truncation. As such, a proper characterization of magic85

transition using a true measure of magic remains an out-86

standing challenge.87

Investigating magic transitions in quantum circuits88

presents significant challenges compared to entanglement89

transitions. While large-scale simulations of entangle-90

ment transitions often rely on efficiently simulable Clif-91
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ford circuits, these circuits are inherently incapable of92

hosting magic transitions. In this paper, we introduce93

and study the magic in a measurement-only circuit con-94

sisting of Clifford and non-Clifford measurements, de-95

picted in Fig. 1. Here, differently from previous studies,96

magic is injected through the non-Clifford measurements.97

We show that the magic dynamics in this circuit is effi-98

ciently simulable, employing any measure of magic that99

is additive for all tensor products of single-qubit states.100

This allows us to perform large-scale simulations to study101

the magic transition in this circuit, which can be viewed102

as a result of the competition between Clifford and non-103

Clifford measurements.104

The study of entanglement transitions has benefited105

significantly from the construction of linear combinations106

of entanglement measures [21, 22, 28–30]. Motivated by107

this success, we initiate a parallel investigation in the con-108

text of magic. We analyze the mutual magic and topo-109

logical magic, which will be defined according to some110

partitioning of the system (see Fig. 2(b)). Quantify-111

ing magic in mixed states, which arise when consider-112

ing subsystems, is notoriously difficult compared to pure113

states. For qubits, there are currently no known com-114

putable measures for mixed states. Despite the general115

difficulty, we can demonstrate that in our specific setup,116

the magic of subsystems exhibits a simplified form, al-117

lowing us to leverage existing, robust measures of magic.118

With constant density of non-Clifford measurements119

per time step, our results demonstrate that the magic120

scales extensively with no distinctive features near the121

percolation critical point. However, mutual magic serves122

as a clear indicator of the transition, showcasing a dis-123

tinct peak at the critical point. Specifically, it displays a124

logarithmic divergence with system size in one dimension125

and an area-law scaling in two dimension, analogous to126

entanglement entropy. Further analysis using topological127

magic enables precise finite-size scaling, allowing us to128

extract critical exponents which are found to match the129

bond percolation values. On the other hand, with van-130

ishing non-Clifford measurement rate, we found that the131

magic saturates to a constant, in agreement with previous132

studies. Finally, we discuss a specific scenario where the133

dynamics of mutual magic is exactly identical to the en-134

tanglement dynamics. Overall, our work provides a gen-135

uine understanding of the nontrivial dynamics of magic136

and its linear combinations, which importantly utilizes137

true measures of magic.138

The rest of the paper is structured as follows. In Sec.139

I, we introduce the quantum circuit with Clifford and140

non-Clifford measurements. In Sec. VIA, we present a141

classical simulation of the circuit. In Sec. II, we discuss142

the magic properties of the circuit and introduce mutual143

magic and topological magic. In Sec. III, we present144

our numerical results in both one- and two-dimensional145

lattices. In Sec. IVA, we briefly comment on the con-146

nection to the participation entropy and then conclude147

in Sec. V.148

(b) 

t 

(a) 

FIG. 1. Measurement-only quantum circuit with two types
of competing measurements in (a) one-dimensional and (b)
two-dimensional lattices. Gray boxes on edges denote mea-
surements Mzz on adjacent spins and violet circles denote
measurements Mx on a single spin. Each time step comprises
one row of Mzz measurements followed by a row of Mx mea-
surements.

I. MODEL149

Consider a system with spin-1/2 degrees of freedom in150

every site i. Each spin is represented by Pauli matrices151

σαi with α = {x, y, z}. The quantum circuit is defined152

by projective measurements of observables O, and the153

action of such a measurement is given by154

M [O]|ψ⟩ = Pλ|ψ⟩
√

⟨ψ|Pλ|ψ⟩
, (1)

which is the post-measurement state after measurement155

of the discrete eigenvalue λ of O with probability Pr(λ) =156

⟨ψ|Pλ|ψ⟩. Here, Pλ denotes the projector onto the cor-157

responding eigenspace. We are interested in measure-158

ments of the observables σ̃xi (θ) = e−iθ/2σ
z
i σxi e

iθ/2σz
i and159

σzi σ
z
i+1. The angle θ, which can vary in space and time,160

will play an important role on the behavior of magic, as161

discussed further below. The eigenvectors of σ̃xi (θ) are162

|±θ⟩ = |0⟩ ± eiθ|1⟩. The projectors associated with the163

two measurements are164

P σ̃
x

λ =
1

2
(1 + λσ̃x) (2)
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FIG. 2. (a) Sketch of rotated Bell cluster. (b) Schematics of
partitions: in the left part we show the partition for an open
chain for the calculation of topological magic in Eq. (9). In
the right part we show the partition for periodic boundary
condition for the calculation of mutual magic in Eq. (7).

165

P
σz
i σ

z
i+1

λ =
1

2

(

1 + λσzi σ
z
i+1

)

, (3)

with the set of outcomes λ ∈ {+1,−1}. Each time step166

comprises one row of Mzz measurements followed by a167

row of Mx measurements. Each edge e = (i, i + 1) is168

measured by the observable σzi σ
z
i+1 with probability 1−p169

and each site i is measured by the observable σ̃xi (θ) with170

probability p (see Fig. 1). Given the state |ψ(t)⟩ at time171

t, the new wave function at t+ 1 is given by172

|ψ(t+ 1)⟩ =MxMzz|ψ(t)⟩ (4)

with measurements173

Mx =
∏

i

Mx
i Mzz =

∏

i

Mzz
i . (5)

For any realization of such a circuit there is an ensemble174

of quantum trajectories of pure states, where each trajec-175

tory is labeled by the sequence of measurement outcomes.176

We are interested in the long time limit of magic aver-177

aged over both quantum circuit realizations and quantum178

trajectories.179

II. QUANTIFYING MAGIC180

For the circuit described above, it can be shown that181

the state of the system can always be described as a ten-182

sor product of “rotated Bell clusters” (RBCs) defined as183

states that can be written as184

|m⟩+ eiθ |m⟩ , (6)

where m =
∏

i σ
x
im, as depicted in Fig. 2(a). More185

details can be found in Sec. VI. The fact that the186

states at each time step are composed of RBCs of-187

fers a significant advantage for quantifying magic. To188

see this, consider an RBC with size LB . We can de-189

fine a Clifford unitary consisting of CNOT operations190

C = CNOT1,2CNOT2,3 . . . CNOTLB−1,LB
. Applying191

C to the RBC |ψ⟩ = |b⟩ + eiθ
∣

∣b
〉

results in the state192

C |ψ⟩ = (|b0⟩ + eiθ |b0⟩) ⊗ |c2⟩ ⊗ · · · ⊗ |cLB
⟩, where193

ck = bk−1⊕bk. In other words, RBCs can be transformed194

to a product state of a single-qubit magic state and stabi-195

lizer states by applying Clifford unitaries. This observa-196

tion is crucial because magic measures must be invariant197

under Clifford unitaries and composition with stabilizer198

states [9]. It follows that the magic within the original199

circuit can be determined solely by considering the tensor200

product of these single-qubit magic states. This signif-201

icantly simplifies the task of calculating magic in such202

circuits.203

Our analysis extends to investigating the magic of sub-204

systems ρA = TrAc [|ψ⟩⟨ψ|], where Ac is the comple-205

ment of A. The key point is that partially tracing an206

RBC yields a classical mixture of two computational ba-207

sis states, irrespective of its phase. Therefore, the re-208

duced density matrix has the form of a tensor product209

of pure RBCs and classical mixtures. Since such a clas-210

sical mixture is a mixed stabilizer state, the magic of ρA211

can again be reduced to the magic of tensor-product of212

single-qubit pure magic states.213

The above observations pave the way for efficient magic214

calculations in these circuits. Since the magic of the215

entire system boils down to the magic of single-qubit216

pure magic states in a tensor product structure, we can217

leverage magic measures that exhibit a key property:218

additivity for all tensor products of single-qubit states.219

Such measures exist [31–35], including those whose orig-220

inal definitions involve minimization procedures, and are221

thus generally difficult to compute beyond a few qubits.222

Importantly, this includes bona fide, strong measures of223

magic for both pure states and mixed states, such as the224

relative entropy of magic [9]. Hereafter, we will use M225

to denote any measure of magic that is additive for all226

tensor products of single-qubit states. For any M, the227

magic of the full state is simply given by the total sum228

of the magic of individual RBCs, measured by M.229

For a magic measure M, we will consider the “mutual230

magic”, defined in a subsystem A as231

IM(A) = M(|ψ⟩)−M(ρA)−M(ρAc). (7)

We will use the notation IM(ℓ) to denote the case A =232

{1, ..., ℓ}. This quantity can be viewed as the amount233

of magic that resides in the correlations between sub-234

systems. A similar quantity has been studied previously235

in the context of mana [36, 37] and stabilizer Rényi en-236

tropy [38–40], where it was shown that such mutual-237

information-like quantity is able to detect the transition238

when the full-state magic does not show any features at239

the transition.240

In terms of RBCs, IM(A) is given by the sum of the241

magic of RBCs with support both in A and Ac. This242
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FIG. 3. (a) Magic density M/MT

L
and (b) mutual magic of

half subsystem IM(L/2)/MT with periodic boundary condi-
tion.

interpretation offers a physical picture of mutual magic243

as entanglement modulo stabilizer contributions. In par-244

ticular, it immediately follows that it is upper bounded245

by the entanglement entropy 1:246

IM(A) ≤ S(A). (8)

Finally, in order to distinguish the magic content be-247

tween different phases, we will consider the topological248

magic defined as249

Mt
topo = M(ρABC)+M(ρB)−M(ρAB)−M(ρBC), (9)

for systems with open boundary condition. Here, the250

system is divided into three non-overlapping parts A,B,251

and C. Such linear combination was first introduced in252

the context of entanglement by the name of “general-253

ized topological entanglement entropy” [41, 42] to probe254

symmetry-breaking orders. The latter has also been con-255

sidered in the context of measurement-induced entangle-256

ment transition [21, 29]. In our setup, Mt
topo is given by257

the sum of the magic of RBCs with support in A,B and258

C.259

III. NUMERICAL RESULTS260

A. Magic in (1+1)D circuits261

We will focus on the case of fixed θ = π/4. In this262

case, the possible phases of the RBCs become restricted263

to multiples π/4. If the phase is a mutiple of π/2, the264

state is a stabilizer state. If it is not, then it is equivalent265

to the canonical T state, up to a Clifford unitary. We266

will denote the magic of a T state as MT . Applying the267

update rule in Sec. VIA, one can see that any RBC of268

even size is a stabilizer state, while an RBC of odd size269

has the magic equal to MT . This simplification allows270

1 Here, we assume that M is upper bounded by one for single-
qubit states, which is typically the case (or can be made so after
rescaling).

−5 0
log2 [sin(π ℓ/L)]

−0.75

−0.50

−0.25

0.00

(I
M
(ℓ
)
−

I M
(L

/2
))
/M

T

(a)

102 103

t

0.8

1.0

1.2

I M
(L

/2
)/
M

T

(b)

L = 128

L = 256

L = 512

L = 1024

FIG. 4. (a) Mutual magic (IM(ℓ) − IM(L/2))/MT at p =
pc and L = 2048 and (b) the dynamics of IM(L/2)/MT as
a function of time t for different system sizes with periodic
boundary condition. The black line denotes a linear fit.

for faster simulations by solely tracking the parity of the271

sizes of the RBCs.272

We now present our numerical results. We start with273

the initial product state |ψ(0)⟩ = |+θ⟩⊗L and run the cir-274

cuit for 2L time steps for the system to reach the steady275

state. We then average the quantities of interest over276

104 − 105 trajectories. We show the magic and the mu-277

tual magic in Fig. 3 as a function of p for systems with278

periodic boundary condition. Here, we only consider even279

L, such that M vanishes for p = 0 as the state is a global280

(stabilizer) Bell cluster. If L is odd, the state becomes281

a global RBC, whose magic is M = MT . For p = 1,282

the state is a tensor product of T states, such that the283

magic is given by M/L = MT . Our numerical results284

show that the magic scales extensively at any nonzero285

p, as shown in Fig. 3(a). However, around the percola-286

tion transition at pc = 0.5 [43], the magic appears rather287

featureless. Instead, the transition is clearly identified288

using the mutual magic, which appears to diverge with289

L (see Fig. 3(b)). This behavior is reminiscent of entan-290

glement entropy, which grows logarithmically at pc = 0.5291

[20, 44, 45]:292

S(ℓ) =
c̃

3
log2

[

L

π
sin

(

ℓ
π

L

)

]

+ γ, (10)

where c̃ = 3
√
3 ln(2)/(2π) ≈ 0.573, and γ is a non-293

universal constant. We thus postulate that the mutual294

magic follows similar scaling:295

IM(ℓ) =
c̃M
3

log2

[

L

π
sin

(

ℓ
π

L

)

]

+ γ′. (11)

We show the scaling of IM(ℓ) − IM(L/2) at pc in Fig.296

4(a), which confirms the hypothesis in Eq. (11). Indeed,297

we observe that IM(ℓ) − IM(L/2) ≈ c̃M
3 log2

[

sin
(

ℓ πL
)]

,298

where c̃M ≈ MT c̃/2.299

We further investigate the magic growth with time,300

particularly at the critical point. At criticality, and for301

timescales significantly shorter than the saturation time,302

we postulate,303

IM(ℓ, t) =
c̃M,t

3
log2 t+ γ′′ (12)
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FIG. 5. (a) The topological magic M
t
topo/MT with open

boundary condition. (b) Data collapse for the topological
magic, showing excellent agreement with the percolation value
pc = 0.5 and ν = 4/3.

where γ′′ is a non-universal constant. Fig. 4(b) shows304

the dynamics of IM(L/2) as a function of time t, which305

supports the postulate in Eq. (12). Remarkably, we find306

that c̃M,t = c̃M, mirroring the behavior observed for en-307

tanglement in conformal field theories (CFTs) with dy-308

namical exponent z = 1.309

We then turn to open boundary condition and in-310

vestigate the topological magic Mt
topo. Here, we set311

L = 4LA = 4LC = 2LB . The results are shown in312

Fig. 5. It is clear that Mt
topo tends to 0.5(0) for313

0 < p < pc(p > pc) with increasing system sizes. This314

is again reminiscent of the behavior of the generalized315

topological entanglement entropy; however, the topolog-316

ical magic does not seem to be quantized to an integer317

value. Note that, for p = 0, Mt
topo vanishes since the318

magic itself vanishes (for even L). However, we found319

that Mt
topo → 0.5 for any infinitesimal value of p. This320

observation can be explained as follows: for p → 0, a321

macroscopic Bell cluster emerges [20], which weight have322

the same probability of being odd or even, on general323

grounds.324

We further investigate the finite-size scaling of Mt
topo,325

using the finite-size scaling hypothesis:326

Mt
topo = f

(

L1/ν(p− pc)
)

, (13)

where f(x) is some unknown function, pc is the criti-327

cal value of tuning parameter p, and ν is the correlation328

length critical exponent. We found that our numerical329

data exhibits excellent data collapse with pc = 0.5 and330

ν = 4/3, expected from 2D bond percolation.331

Let us now consider a different scenario. We introduce332

a parameter q, such that the measurement of σ̃x is per-333

formed at an angle θ = π/4 with probability q and θ = 0334

(Clifford measurement) with probability 1−q. Note that335

the previous scenario corresponds to q = 1. To mimic336

previous studies [25, 26] where non-Clifford operations337

occur at a vanishing rate, we set q = 2/L. The magic338

behavior is shown in Fig. 6. In contrast to the pre-339

vious case, the magic no longer exhibits extensive scal-340

ing with system size. Instead, it saturates to a constant341

0.0 0.5 1.0
p

0
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3

M
/M

T

(a)

L = 256

L = 512

L = 1024

L = 2048
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I M
(L
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L = 256
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L = 1024

L = 2048

FIG. 6. (a) Magic density M/MT

L
and (b) mutual magic of

half subsystem IM(L/2)/MT with periodic boundary condi-
tion and q = 2/L.

value. This observation confirms the existence of such342

O(1) magic phase that emerges when non-Clifford oper-343

ations are introduced at a vanishing rate. In this case,344

the mutual magic appears to play the role of an order345

parameter, being zero for p > pc and nonzero for p < pc.346

B. Magic in (2+1)D circuits347

We extend our analysis to a 2D square lattice, where348

the model exhibits a connection to three-dimensional349

bond percolation on the cubic lattice with a critical rate350

pc ≈ 0.75, as numerically determined in Ref. [46]. We351

will again consider the scenario of fixed θ = π/4. Em-352

ploying a simulation procedure similar to the 1D case, we353

simulate systems of size N = L×L with periodic bound-354

ary conditions, and we run the circuit for L time steps355

to reach the steady state. Fig. 7 displays the behavior356

of magic and mutual magic (IM(ℓx × ℓy) for a region of357

size ℓx × ℓy) as a function of the parameter p. Similar to358

the 1D scenario, magic remains featureless while mutual359

magic captures the transition at p = pc. However, in360

the 2D case, the mutual magic exhibits area-law scaling361

at the critical point, as shown in Fig. 8. This is again362

consistent with the behavior of entanglement.363

Setting q = 2/N , we again observe a similar behavior364

as in the 1D case. The magic and mutual magic are365

shown in Fig. 9. While the total magic saturates to a366

constant value, the mutual magic emerges as a clear order367

parameter, signaling the phase transition.368

C. Random θ369

We now discuss the case when the angles θ are chosen370

uniformly at random in the interval [0, 2π), both in space371

and time. We will show that the dynamics of mutual372

magic can be tuned to be identical to the entanglement.373

To this end, we will focus on a specific measure of374

magic called the stabilizer nullity [35]. It is simply related375

to the size of the stabilizer group Stab(ψ), which is the376
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L
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periodic boundary conditions.
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FIG. 8. Mutual magic IM(ℓ× ℓ)/MT at p = pc and L = 128
on 2D square lattice with periodic boundary conditions. The
black line denotes a linear fit.

group of Pauli strings that stabilize |ψ⟩. The stabilizer377

nullity is defined as [35]378

ν(|ψ⟩) = N − log2 (|Stab(ψ)|) . (14)

It is known that ν is a strong magic monotone, which is379

also additive under tensor product.380

Stabilizer nullity has only been formally defined for381

pure states. To analyze the mutual magic, we would need382

to extend it to mixed states. One possible extension is383

by using the convex roof construction:384

ν(ρ) = min
{pi,|ψi⟩}

∑

i

piν(|ψi⟩), (15)

where the minimum is taken over all possible convex385

pure-state decompositions of ρ: ρ =
∑

i pi |ψi⟩ ⟨ψi|. Note386

that, the particular extension is not relevant, as long as it387

is invariant under composition with stabilizer states (see388

Sec. II). The convex roof construction is convenient as it389

satisfies such condition.390

A peculiar property of stabilizer nullity is that it can391

only take integer values. In particular, for a single-qubit392

state, it is zero for the single-qubit stabilizer states, and393

one otherwise. In terms of the RBCs, it is zero for an394

RBC with phase θ = kπ/2 with integer k, and one oth-395

erwise. With randomly chosen θ, the probability of en-396

countering an RBC as a stabilizer state is essentially zero.397

This implies that any RBC that has support in both A398

and Ac will contribute one to the mutual nullity Iν(A),399

that is exactly the same procedure to compute entangle-400

ment entropy [20]. We thus conclude that the mutual401
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FIG. 9. (a) Magic density M/MT

L
and (b) mutual magic

of half subsystem IM(L/2)/MT on 2D square lattice with
periodic boundary conditions and q = 2/N .

nullity in this setup is identical to the entanglement, as402

claimed.403404

IV. DISCUSSION405

A. Connection to participation entropy406

While this work focuses on the magic transition, we407

find it insightful to explore the connection with partici-408

pation (Shannon) entropy, defined as409

Spart(|ψ⟩) =
∑

σ

−|⟨σ|ψ⟩|2 log2 |⟨σ|ψ⟩|2. (16)

This quantity measures the spread of the wavefunction410

across different computational basis states. In our setup,411

one can see that it simply counts the total number of412

RBCs. This observation allows us to establish an in-413

equality (that holds in our circuit):414

M ≤ Spart(|ψ⟩). (17)

Therefore, like magic, the participation entropy is exten-415

sive at any nonzero p [47]. Note that the inequality is416

saturated in the case of random θ (see Sec. III C).417

For reduced density matrix ρA, the participation en-418

tropy is defined as419

Spart(ρA) =
∑

σA

−⟨σA|ρA|σA⟩ log2⟨σA|ρA|σA⟩, (18)

i.e., it is the Shannon entropy of the diagonal elements420

of ρA. We can consider the Shannon mutual information421

[48]:422

IS(A) = Spart(ρA) + Spart(ρAc)− Spart(|ψ⟩). (19)

Previous studies have shown that it exhibits a scaling be-423

havior similar to entanglement entropy in (1+1)D CFT424

[48–52]. In our specific case, it is straightforward to see425

that the Shannon mutual information is exactly equal426

to the entanglement. This model thus provides an in-427

teresting example where the entanglement and Shannon428



7

mutual information exhibit the same scaling behavior,429

which can be understood on a microscopic level.430

While the dynamics of entanglement and Shannon mu-431

tual information are not affected by the angles of σ̃x, we432

have seen in Sec. III that the dynamics of magic highly433

depends on them. By adjusting these angles (and po-434

tentially using different measures), we can manipulate435

the prefactor of the logarithmic scaling observed in the436

mutual magic, while the prefactors for entanglement and437

Shannon mutual information remain fixed. This high-438

lights a significant distinction in how magic behaves com-439

pared to the other two resource quantities.440

V. CONCLUSIONS AND OUTLOOK441

In this work, we have introduced a measurement-only442

circuit which exhibits nontrivial magic dynamics. No-443

tably, we show that, although the circuit is tuned away444

from the Clifford limit, it remains efficiently simulable445

through a mapping to a classical stochastic model. This446

allows for large-scale numerical simulations, revealing a447

competition between Clifford and non-Clifford measure-448

ments driving a magic transition between two distinct449

phases in which magic scales extensively with volume.450

These two phases can be distinguished from the topo-451

logical magic, which takes a constant nonzero value for452

p < pc, but vanishes for p > pc. Furthermore, the mutual453

magic exhibits divergence at p = pc, with logarithmic454

scaling in 1D and area-law scaling in 2D, similar to en-455

tanglement entropy. In the 1D case, this behavior aligns456

with the previous observation in (1+1)D CFT [36]. Our457

results highlight the intriguing behavior of specific lin-458

ear combinations of magic (that draws inspiration from459

entanglement), motivating further exploration in generic460

models.461

Interestingly, magic appears to exhibit distinct behav-462

ior compared to entanglement and participation entropy,463

as the latter two are completely independent of the an-464

gles of σ̃x. This raises general questions about the rela-465

tionship between various quantum resources [53–55] in a466

broader class of circuits.467

Let us note that, unlike previous studies [25, 26], we468

find that the magic and entanglement transitions coin-469

cide. Future investigations could explore modifications,470

such as correlated monitoring [25], to potentially sep-471

arate these transitions. Moreover, our approach readily472

extends to simulating magic in symmetry-protected topo-473

logical phases [21] and toric code phases [22]. This opens474

exciting avenues to explore the role of topology on magic475

dynamics.476

VI. METHODS477

A. Classical simulation478

In this section, we show that the state in the circuit479

can always be described as a tensor product of RBCs. To480

see this, let us consider the example of two-qubit:481

• Measuring σ̃x1 (θ) in the two-qubit RBC482

|00⟩+ eiϕ |11⟩
=(|+θ0⟩+ ei(ϕ−θ) |+θ1⟩) + (|−θ0⟩ − ei(ϕ−θ) |−θ1⟩)

(20)

yields either |+θ⟩⊗(|0⟩+ei(ϕ−θ) |1⟩) or |−θ⟩⊗(|0⟩−483

ei(ϕ−θ) |1⟩) with equal probability. Notice that all484

the states are RBCs. The number of clusters in the485

state is increased by one.486

• Measuring σz1σ
z
2 in the product state487

(|0⟩+ eiϕ1 |1⟩)⊗ (|0⟩+ eiϕ2 |1⟩)
=(|00⟩+ ei(ϕ1+ϕ2) |11⟩) + (eiϕ2 |01⟩+ eiϕ1 |10⟩)

(21)

yields either |00⟩ + ei(ϕ1+ϕ2) |11⟩ or |01⟩ +488

ei(ϕ1−ϕ2) |10⟩ with equal probability. Notice that489

all the states are again RBCs. This process can be490

seen as a merging of RBCs.491

Generalization to higher number of qubits is straightfor-492

ward.493

Consequently, the circuit can be efficiently simulated494

by a classical stochastic process. The state of the system495

is characterized by vectors s ∈ N
L
0 and b ∈ Z

L
2 . The496

nonnegative integer si ∈ N0 encodes that site i belongs497

to an RBC with label si. Moreover, an RBC labeled by498

n is associated with a phase pn. Let An = {qi} be the499

set of sites that belongs to the RBC n. The state of the500

RBC reads501

|bi⟩i∈An
+ eipn

∣

∣bi
〉

i∈An
(22)

Since the state is simply a product states of RBCs, the502

vectors s ∈ N
L
0 , b ∈ Z

L
2 and the phase pn for each RBC503

completely specify the state. Moreover, they can be up-504

dated very efficiently, as we shall discuss in detail below.505

We will provide the update rule for the two types of506

measurements. Here, sites that are not mentioned remain507

unchanged.508

• Measurement of σ̃xi (θ). The outcome is λ = ±1509

with equal probability. Set s′i := next(s). Here,510

next(s) = min(n ∈ N0 \ s) returns the smallest511

integer that is not currently used as a cluster label512

in s. Set b′i = 0, p′si = ps′i − (−1)biθ + δλ,−1π, and513

p′s′i
= θ + δλ,−1π.514

• Measurement of σzi σ
z
j . The outcome is λ = ±1515

with equal probability. Set s′l = si for all sites l516

with sl = sj . There are two cases:517
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– λ = 1− 2bi ⊕ bj . Set p
′
si = psi + psj .518

– λ = 2bi ⊕ bj − 1. Set b′l = 1− bl for all sites l519

with sl = sj . Set p
′
si = psi − psj .520

Notice that the dynamics of the the vectors s and b are521

not affected by the angles θ. Thus, they are identical also522

to the stabilizer case when all θ = 0, whose entanglement523

transition has been studied in Ref. [20] (see also [56]).524

Setting nonzero θ is however crucial to induce nontrivial525

magic dynamics. In the following, we perform the sim-526

ulation of the circuit using the update rules above. We527

have also benchmarked our results numerically against528

MPS simulations [57, 58].529
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