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BOREL SUBALGEBRAS OF LIE ALGEBRAS OF VECTOR FIELDS
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To Leonid Makar-Limanov on occasion of his 80th birthday

ABSTRACT. Let X be an affine variety. In the present paper, we introduce the notion of
a locally integrable Borel subalgebra of the Lie algebra Lie(Aut(X)). We show that these
are precisely the tangent algebras of the Borel subgroups of Aut(X). We classify the locally
integrable Borel subalgebras in the Lie algebras of the groups Aut(.S) of toric affine surfaces S,
notably of the affine plane and its cyclic quotients. See [5] for a description of the Borel
subgroups and, more generally, maximal solvable subgroups of Aut(S5).
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We are working over an algebraically closed field k of characteristic zero; A" stands for the
affine space over k of dimension n, and G, resp. G,, for the additive resp. multiplicative

group of k.

Recall that a Borel subalgebra of a Lie algebra g is a maximal solvable Lie subalgebra
of g, that is, a solvable Lie subalgebra that is maximal by inclusion among the solvable
Lie subalgebras of g. A Borel subgroup of an ind-group & is a maximal solvable connected

subgroup of &.
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Let G be a connected affine algebraic group over k with Lie algebra Lie(G) = g. It is well
known that the correspondence B +— Lie(B) yields a bijection between the Borel subgroups
of G and the Borel subalgebras of g. In this case, all Borel subgroups are conjugate, and
all Borel subalgebras are Ad-conjugate. The latter is also true for all finite dimensional Lie
algebras in characteristic zero: all their Borel subalgebras are conjugate under the action of
the automorphism group, see [17, Theorem 16.4]. However, this breaks down for some simple
Lie algebras of Cartan type in positive characteristic p > 0, as follows from [16, Remark 14.3].
For example, if p > 3, then the first Witt Lie algebra W/, has precisely two conjugacy classes
of Borel subalgebras, see [32, Theorem 4.2]. See also [7, Theorem 4.6] for the conjugacy
classes of Borel subalgebras of W, in positive characteristic p > 3.

In the following, X denotes an irreducible affine algebraic variety over k. The automor-
phism group Aut(X) has a natural affine ind-group structure, see e.g. [13]. Its Lie algebra
Lie(Aut(X)) is a subalgebra of the Lie algebra of derivations Der(O(X)). For example, the Lie
algebra Lie(Aut(A")) = Vec®(A™) consists of polynomial vector fields over A" with constant
divergence, see e.g. [13, Proposition 15.7.2], while Der(k[z,...,z,]) = Vec(A™) consists of
all polynomial vector fields over A™.

The one to one correspondence between Borel subgroups of algebraic groups and Borel
subalgebras of their Lie algebras is generally not satisfied for Aut(X), even in the case X = A2
Indeed, all Borel subgroups of Aut(A?) are conjugate to the triangular subgroup JONQ(A?),
see [8]. Their Lie algebras are Borel subalgebras of Lie(Aut(A?)); they are pairwise conjugate
under the adjoint action of Aut(A?). However, not every Borel subalgebra of Lie(Aut(A?))
corresponds to a Borel subgroup of A2, see Remark 4.7.

It is known that the triangular subgroup JONQ(A™) is maximal among the solvable sub-
groups of Aut(A") for every n > 1, see [11]. Concerning the maximality of the triangular Lie
subalgebras of Lie(Aut(A")), we have the following theorem, see Propositions 4.9 and 4.13.

Theorem 1.1. The Lie subalgebra j; = Lie(JONQ(A?)) of triangular derivations of K|z, ]
is mazimal among the solvable subalgebras of Lie(Aut(A?)). By contrast, the Lie subalgebra
of triangular derivations j3 = Lie(JONQ(A?)) is not mazimal among the solvable subalgebras

of Lie(Aut(A3)).

Thus, the triangular Lie subalgebra j3 is not a Borel subalgebra of Lie(Aut(A?)). In Sec-
tion 3 we provide a criterion for determining whether a subalgebra of the Lie algebra of
Aut(X) corresponds to a Borel subgroup of Aut(X). We use the following terminology.

Definitions 1.2. Recall that a set S of derivations of the structure algebra O(X) is called
locally finite if, for every f € O(X), the vector subspace A(S)(f) C O(X) is finite dimen-
sional, where A(S) stands for the associative subalgebra of End(O(X)) generated by S. Since
Lie(Aut(X)) C Der(O(X)), we can speak about locally finite Lie subalgebras of Lie(Aut(X)).

A Lie subalgebra b of Der(O(X)) will be called integrable if h C Lie(G) for a connected
algebraic subgroup G C Aut(X). By [22, Theorem EJ, b is integrable if and only if it is
locally finite; in the latter case, h C Lie(Aut(X)).

A Lie subalgebra h of Lie(Aut(X)) will be called locally integrable if it is filtered by a
sequence of locally finite Lie subalgebras. If a solvable b is locally integrable and maximal
among the solvable locally integrable subalgebras of Lie(Aut(X)), then we say that b is a
locally integrable Borel subalgebra of Lie(Aut(X)).
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Note that a Lie subalgebra b C Lie(Aut(X)) is locally integrable if and only if h C Lie(G),
where G is a connected nested subgroup of Aut(X), cf. [22]. The following result is central
to our paper, see Corollary 3.6.

Theorem 1.3. The correspondence G — Lie(G) leads to a one to one correspondence between
the conjugacy classes of the Borel subgroups of Aut(X) and the Ad-conjugacy classes of the
locally integrable Borel subalgebras of Lie(Aut(X)).

The proof explores several recent results concerning the structure of unipotent and solvable
subgroups of Aut(X), see [10, 21, 22, 27]; see also Theorem 2.13 and Lemma 3.1 below.

Recall that every Borel subgroup of Aut(A?) is nested and conjugate to the triangular
subgroup JONQ(A?) ([3]). The same applies to Borel subgroups of the group s of automor-
phisms of A% whose Jacobian is equal to 1 ([3]) and to Borel subgroups of the group Autg(A?)
of automorphisms fixing the origin ([5]).

As follows from Theorem 1.3, any locally integrable Borel subalgebra of Lie(Aut(A?)) is
Ad-conjugate to the triangular Borel subalgebra j, of Lie(Aut(A?)) (which is maximal among
the solvable subalgebras of Lie(Aut(A?)), see Theorem 1.1).

The group Aut(A?) has non-conjugate Borel subgroups, see [29]. Hence, by Theorem 1.3,
it also has locally integrable Borel subalgebras that are not Ad-conjugate to the subalgebra
j3 C Lie(Aut(A?)) of the triangular derivations.

Given a primitive root of unity ¢ of order d > 1 and an integer number e with 1 < e < d and
ged(d, e) = 1, we denote by Gy C Aut(A?) the cyclic group generated by (z,y) — ((°z, Cy).
The quotient Xy, = A%/ G is a normal affine toric surface. Any normal affine toric surface
is isomorphic to some X4, except for A2, Al x Al and (Al)?, where Al := A\ {0}.

The groups Aut(X,.) are amalgams, see [1]. Any Borel subgroup of Aut(Xy.) is isomorphic
to a triangular one. However, the lower and upper triangular subgroups of Aut(Xg.) are
conjugate if and only if €2 =1 mod d. Otherwise, there exist exactly two conjugacy classes
of Borel subgroups of Aut(X,.), see [, Theorem 1.1] or Theorem 5.4 below. The next
corollary follows immediately from this last result and from Theorem 1.3.

Corollary 1.4. If e2 = 1 mod d, then there exists only one Ad-conjugacy class of locally
integrable Borel subalgebras of Lie(Aut(Xg.)). Otherwise, there exist exactly two such classes.

Recall that the Lie algebra Der(X) is simple if and only if X is smooth, see [19] and [31];
see also [0] and [17] for alternative proofs. The Lie algebra Vec’(A™) of zero divergence vector
fields on A™ also is simple and is the unique proper ideal of the Lie algebra Vec®(A") =
Lie(Aut(A™)) of constant divergence vector fields, see [30, Lemma 3]. For the affine toric
surfaces Xy, (which are singular for d > 1), we establish the following results.

Theorem 1.5.
(a) The Lie algebra Lie(Aut(Xg.)) can be naturally identified with a subalgebra of
Lie(Aut(A?))Ad(Gae)
(b) Suppose that e|(d +1). Then Lie(Aut(X,,)) = Lie(Aut(A?))AdGae),
(¢) The subalgebra gq. C Lie(Aut(Xa.)) of zero divergence vector fields is not simple.

See Lemma 5.8 and Corollary 5.10 for (a), Example 5.13 (where e = 1) and Proposition
5.16 (where e > 1) for (b), and Proposition 5.20 for (c). We do not know whether (b) holds
for all pairs (d, e).
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The content of this paper is as follows. Section 2 contains the necessary preliminaries.
Theorem 1.3 is proved in Section 3, Theorem 1.1 in Section 4, and Theorem 1.5 in Section 5.

2. PRELIMINARIES

2.1. Tangent Lie algebras of derivations.

Definition 2.1 (cf. [22, Definition 4.1.1]). A Lie algebra is called nested if it has an ascending
filtration by a sequence of finite-dimensional Lie subalgebras.

For an affine variety X, the automorphism group Aut(X) is an affine ind-group, see e.g. [13].
The Lie algebra of derivations Der(O(X)) coincides with the Lie algebra of vector fields
Vec(X). The tangent Lie algebra Lie(Aut(X)) is a subalgebra of Der(O(X)). For exam-
ple, Lie(Aut(A™)) consists of derivations in Der(k[z1, ..., x,]) with constant divergence, see
[13, Proposition 15.7.2]. For n > 2, Lie(Aut(A")) is a maximal proper Lie subalgebra of
Der(k(z1,...,x,)]), see [0, Proposition 2.21].

Note that the Lie algebra Lie(Aut(X)) viewed as a vector space is of countable dimension.
Indeed, let us choose a dense open subset U C X such that TX |y is a trivial vector bundle of
rank n = dim(X). The vector space Vec(X) is clearly a subspace of Vec(U) ~ O(U)™. Since
O(U) is of countable dimension, the same is true for Vec(X) and Lie(Aut(X)).

The following theorem gives a uniform estimate for the derived lengths of solvable Lie
subalgebras of derivations, cf. also [25, Theorems 1.1-1.3].

Theorem 2.2 ([21, Corollary 4]). Let L be a nilpotent (solvable, respectively) subalgebra of
Der(O(X)). Then the derived length of L is at most n (2n, respectively).

We need the following simple lemma. Tts second part follows from Proposition 3.10 in [14]
and its proof.

Lemma 2.3. Let b be a Lie algebra. An ascending chain of solvable subalgebras b, of b, whose
derived lengths are uniformly bounded, has a solvable union whose derived length satisfies the
same bound. An analogous statement holds for an ascending chain of solvable subgroups of a
given group, whose derived lengths are uniformly bounded.

Proof. We present the proof for the case of a Lie algebra; it adapts mutatis mutandis to the
case of a group. We write h© = b, hr+D) = [p(") )],
By our assumption, h&d) = 0 for some d > 0 and for every index . Let by = J, ho. Any

element w € f)(()d) is a Lie word formed from a finite set of elements hq, ..., h, in hy. Choose
« such that h; € b, forie=1,...,n. Then w € h,(ld) = 0, which implies that I)(()d) = 0. O

Corollary 2.4. Any solvable Lie subalgebra L C Der(O(X)) is contained in a Borel subalge-
bra. The same is true for the Lie subalgebras of Lie(Aut(X)).

Proof. This follows from Zorn’s Lemma due to Lemma 2.3 and the uniform boundedness of
derived lengths in totally ordered chains of Lie subalgebras, see Theorem 2.2. 0

Remark 2.5. The Lie algebra Der(O(X)) may be unsolvable even if Aut(X) is a solvable
algebraic group. For example, this is the case for X = A'. Indeed, Aff(A') = Aut(A!) =
Gum X G, is a metabelian affine algebraic group, while Der(O(A')) contains a simple Lie
subalgebra b ~ s[(2,k) generated by

e=12%0/0x, f=-0/0r, and h=220/0x,
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see [3, Proposition 3]. The solvable Lie subalgebra
Lie(Aut(A')) = kd/0z & kxd/0x C Der(O(A"))
consists of vector fields on A! with constant divergence.

2.2. Correspondence “ind-subgroups «+ tangent subalgebras”. In this subsection we
mainly follow [22]. We begin with the following remarks.

Remarks 2.6.

1. A Lie subalgebra h C Der(O(X)) is locally finite (see Definitions 1.2 in the Introduction)
if and only if every finite dimensional subspace V' C O(X) is contained in an h-invariant finite
dimensional subspace V' C O(X). A locally finite Lie subalgebra h C Der(O(X)) is finite
dimensional, see [22, Lemma 1.6.2]. Indeed, let us choose an h-invariant finite dimensional
subspace £ C O(X) that contains a system of generators of the algebra O(X). Then the
linear restriction map h — b|p C End(E) is injective.

2. Let G C Aut(X) be an algebraic subgroup. Then Lie(G) C Lie(Aut(X)) is a locally
finite Lie subalgebra. However, a locally finite Lie subalgebra of Lie(Aut(X)) is not necessarily
the tangent algebra of an algebraic subgroup of Aut(X).

If G C Aut(X) is a nested ind-subgroup, then Lie(G) C Lie(Aut(X)) is a nested Lie algebra
filtered by locally finite Lie subalgebras. A partial converse of this is also true.

Proposition 2.7 ([22, Proposition 4.2.1]'). Let h = limb; C Lie(Aut(X)) be a nested Lie
subalgebra. Then the following hold.

(1) If b is generated by locally nilpotent derivations, then there exists a nested subgroup
G=lmG; C Aut(X) such that h = Lie(G) = lignLie(GJ.

(2) Suppose that all b; are locally finite. Then there exists a unique smallest connected
nested ind-subgroup G = Guin(h) C Aut(X) such that h C g := Lie(G). Moreover, a
closed ind-subgroup G C Aut(X) contains G if and only if h C Lie(é).

The following is a version of [22, Theorem 5.1.1]. *

Theorem 2.8. Let G C Aut(X) be a solvable subgroup generated by a family of connected
algebraic subgroups H; C G, 1 € 1.
(1) If I is finite, then G is a solvable algebraic subgroup with Lie algebra Lie(G) =
(Lie(H;) |1 € I)pje-
(2) In general, G is nested and is of the form G = Ug x T, where T C Aut(X) is a torus
and Ug 1s a nested unipotent group.
(3) If G is generated by a family of unipotent algebraic subgroups, then G = Ug is a nested
unipotent group.

The proof relies on the following recent and important result, kindly communicated by
Hanspeter Kraft to the second author. It confirms a conjecture in [23, Conjecture 6.6]. See
also an earlier version [11, Theorem B] concerning connected abelian subgroups of Aut(X).

IThe adjective ”unipotent” is misleading in part (1) of [22, Proposition 4.2.1]. By deleting it, the propo-
sition and its proof remain valid.

?In the original formulation, Theorem 5.1.1 in [22] is applied to an arbitrary affine ind-group, not necessarily
of the form Aut(X). The proof of this theorem in [22] is based on Lemma 5.1.6 in [22]. However, this lemma
turns our to be false, and so Theorem 5.1.1 therefore requires a proof. In the present restricted version,
Theorem 2.8 is due to Hanspeter Kraft and the second author.
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Theorem 2.9 ([10, Theorem AlJ; see also [21, Theorem 5]). Let X be a quasi-affine algebraic
variety, A be an irreducible algebraic variety, and f: A — Aut(X) be a morphism such that
idy € f(A). Let G be the subgroup of Aut(X) generated by the image f(A). If G is solvable,
then G is a connected algebraic subgroup of Aut(X).

Proof of Theorem 2.8. For the implications (1)==-(2) and (2)==(3), see the proof of Theo-
rem 5.1.1 in [22]. To prove (1), we note that G = (Hy,..., H,) is generated by the product
Hy---H,. Let,in Theorem 2.9, A = Hy; x---x H, and f: A — Aut(X) be the multiplication
map. By this theorem, we conclude that G = (f(A)) C Aut(X) is an algebraic subgroup. [

Corollary 2.10. Any solvable subgroup G C Aut(X) generated by connected algebraic sub-
groups is nested of derived length < dim(X) + 1.

Proof. By Theorem 2.8(2), G is nested of the form G = Ug X T'. A nested unipotent subgroup
U C Aut(X) is solvable with derived length < max{dim(Uz)|z € X} < dim(X), see [22,
Theorem 5.3.1]. Therefore, G is of derived length < dim(X) + 1. O

Definition 2.11. Abusing the language, we say that an ind-group G is nested by connected
algebraic subgroups, if it admits a countable ascending filtration by connected algebraic sub-
groups.

Remarks 2.12.

o If a subgroup G C Aut(X) is nested by connected algebraic subgroups, then it is
algebraically generated in the sense of [22] and Lie(G) is locally integrable.

o If g C Lie(Aut(X)) is a locally integrable subalgebra, then it consists of locally finite
elements.

Corollary 2.10 can be strengthen as follows.

Theorem 2.13 ([10, Theorem AJ; see also [21, P. 29, Corollary B]). Let G C Aut(X) be a
solvable closed connected subgroup. Then G is nested by a sequence of connected algebraic
subgroups G; and has a derived length < dim(X ) + 1. The Lie algebra g = Lie(G) is locally
integrable and solvable with derived length < dim(X) + 1.

For the reader’s convenience, we provide an argument.

Proof. The closed ind-subgroup G C Aut(X) has an ascending filtration by irreducible alge-
braic subsets A; equivalent to the original filtration, see [13, Proposition 1.6.3]. We can replace
any A; by A’ such that A} is an irreducible algebraic subset containing idx and the A} form
an equivalent filtration again. Indeed, let us take an irreducible curve C' C G that contains
idx and an element a;l where a; € A;. The image C'A; of C' x A; under the multiplication
morphism C' x A; — Aut(X), (¢,a) — ca, contains A; and is an irreducible constructible
subset of some A,;). Now replace A; by the closure A; = C'A;. Then G; = (A%) is a solvable
algebraic subgroup of GG, see Theorem 2.9. Therefore, G = hgl G, is nested by the connected
algebraic subgroups G;. By Corollary 2.10, the derived length of G is < dim(X) + 1. This
proves the first assertion. Now, the second assertion follows by applying [22, Lemma 5.1.4(2)]
and its proof. O

Let us also mention the following theorem.

Theorem 2.14 ([27, Theorem 1.4]). Any connected nested subgroup G C Aut(X) is closed.
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Remark 2.15. A connected ind-group & is commutative if Lie(®) is, see [13, Corollary 7.5.3].
However, we do not know whether a connected ind-group & is solvable if Lie(®) is, see [22,
Question 5.

The following partial result is implicit in the proof of [22, Proposition 4.2.1] (see Proposi-
tion 2.7). For the reader’s convenience, we provide a proof.

Proposition 2.16. Let h = hg[jz C Lie(Aut(X)) be a solvable locally integrable Lie subal-
gebra, where all b; are locally finite (see Definitions 1.2). Let G = Guin(h) C Aut(X) be the

unique smallest connected nested ind-subgroup such that  C Lie(G), see Proposition 2.7(2).
Then the following hold.
(1) G is solvable and closed with derived length < dim(X) + 1.
(2) If b is generated by locally nilpotent derivations, then it consists of locally nilpotent
derivations, the group G is unipotent and b = Lie(G).

Before moving on to the proof, let us first recall some definitions and Lemmas 2.18-2.20
borrowed in [22], then deduce an additional Lemma 2.21.

Definitions 2.17.

e A finite-dimensional Lie subalgebra t C Der(O(X)) is called toral if it consists of
semisimple (locally finite) elements.

e A locally finite Lie subalgebra g C Der(O(X)) is called J-saturated if it contains, with
each element p, the semisimple and the locally nilpotent parts us and .

A toral subalgebra t is abelian and therefore locally finite, see [17, Section 8.1] and [22,
Section 1.8].

Lemma 2.18 ([22, Lemma 1.8.2]). For a toral Lie subalgebra t C Der(O(X)), there ezists
a unique smallest torus T C Aut(X) such that t C Lie(T). Furthermore, if a subspace
E C Der(0(X)) is invariant under the adjoint action of t, then E is invariant under T

Lemma 2.19 (see [22, Lemmas 1.6.3 and 3.1.3]). Let g C Der(O(X)) be a solvable locally
finite Lie subalgebra and t be a maximal toral subalgebra of g. Suppose g is J-saturated. Then
the locally nilpotent elements from g form a Lie ideal g, of g, and g =t X g,.

Lemma 2.20 ([22, Lemma 3.2.1(1)]). Let h C Vec(X) be a solvable locally finite Lie subal-
gebra. Then, the smallest J-saturated Lie subalgebra ¢ = gmin(h) C Vec(X) containing b is
solvable and locally finite.

In the proof of Proposition 2.16, we use the following lemma (cf. the proof of [22, Propo-
sition 4.2.1]).

Lemma 2.21. Let h C Lie(Aut(X)) be a locally finite solvable Lie subalgebra. Then there
exists a unique minimal solvable connected algebraic subgroup G = Guyin(h) C Aut(X) with
derived length < dim(X) + 1 such that b C Lie(G).

Proof. Let g = gmin(h) be the smallest locally finite solvable J-saturated Lie subalgebra of
Der(O(X)) that contains b, see Lemma 2.20. We have a semidirect product decomposition
g = t X g,, where t is a maximal toral Lie subalgebra of g and g, is a nilpotent ideal
consisting of locally nilpotent elements, see Lemma 2.19. Moreover, there exists a minimal
torus 7" C Aut(X) with t C Lie(7") such that 7" normalizes g,, sce Lemma 2.18. The algebraic
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subgroup U := exp(g,) C Aut(X) is unipotent with Lie algebra Lie(U) = g,. The product
G =TU =UT ~ T x U is a solvable connected algebraic subgroup of Aut(X) such that
h C g C Lie(G). By construction, G is the smallest subgroup possessing this property. By
Corollary 2.10, the derived length of G is bounded above by dim(X) + 1. O

Proof of Proposition 2.16. By Lemmas 2.20 and 2.21, we have b; C gmin(h;) C Lie(Gumin(h:)).
By the uniqueness of subalgebras g; := gmin(h;) and solvable connected algebraic subgroups
G := Guin(h;) we conclude that g; C g;41 and G; C G41.

Let G = lim(G;). Certainly, G is a solvable connected nested subgroup of Aut(X) with
derived length < dim(X)+1 and b C Lie(G) = lig Lie(G;). Since G and G are connected and

nested, they are closed, see Theorem 2.14. By Proposition 2.7(2), we have G = Gpin(h) C G.
Therefore, G is solvable and closed with derived length < dim(X') + 1. This proves part (1).

To prove part (2), suppose that b is generated by locally nilpotent derivations d,, a € A.
By Proposition 2.7(1), there exists a nested subgroup G’ = lim G C Aut(X) such that
h = ligLie(Gg). We can assume that G’ and all G are connected. Since all Lie(G}) are
solvable, the connected algebraic subgroups G are also solvable.

Now consider the unipotent one-parameter subgroups U, = exp(kd,). Since 0, € Lie(G})
for some i = i(a), we have U, C G.. For a finite set of indices n = {ay,...,an} C A we
can find i = i(n) such that U, := (Us,,...,Us,) C G}. It follows that U, is a solvable
connected affine algebraic group generated by unipotent subgroups. Certainly, such a group
is unipotent.

On the other hand, since by our assumption b = (9, |a € A)e, for every i we can find

i = {aﬁ“, ce ,a,(fi)} C A such that
Lle(G;) C <8a(1i), . ,8a§f_>>Lie.

It follows that G} C U, (see [13, Remark 17.3.3]) is a unipotent algebraic group. Thus,
G' = 1‘113 G, = h_D;l U,, is a nested unipotent ind-group, and h = ligLie(Um) consists of locally
nilpotent derivations.

By Proposition 2.7(2), we have G C G'. Hence, G is also a nested unipotent ind-group. As
shown, b C Lie(G) C Lie(G’) = b, therefore Lie(G) = b, as stated. O

The following question arises naturally in view of Theorem 2.8(1) and Propositions 2.7
and 2.16. Cf. also closely related Questions 2 and 3 in [22].

Question 1. Let h = (h1,...,bu)Lie be a solvable Lie subalgebra of Lie(Aut(X)) generated
by the locally finite Lie subalgebras by; C Lie(Aut(X)). Is it true that b is locally finite, and
therefore also finite dimensional?

See [33] for some partial results.
The following example shows that the local finiteness assumption in Question 1 is essential.

Example 2.22. Let X = A'xA! = Speck[z, y,y7!]. Consider the metabelian Lie subalgebra
h C Der(k[z,y,y~']) generated by the derivations

§=0/0y and 0=y '0/0x.

The vector space b is infinite dimensional with a basis 6,0; = 0, s, . .., where 9; = y~'0/0x.
Notice that ¢ ¢ Lie(Aut(X)), and it is not locally finite.
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3. CORRESPONDENCE “BOREL SUBGROUPS «+ BOREL SUBALGEBRAS”
In this section we prove Theorem 1.3. Let us start with the following simple lemma.

Lemma 3.1. Every Borel subgroup B C Aut(X) is a closed subgroup of derived length
< dim(X) + 1 nested by connected algebraic subgroups.

Proof. The closure of a solvable subgroup is also a solvable subgroup, see [22, Lemma 5.1.3(2)].
Therefore, B is closed. Theorem 2.13 now applies and gives the result. ]

We have the following analogue of Corollary 2.4 (see Definition 1.2).

Lemma 3.2. Any solvable locally integrable subalgebra by of Lie(Aut(X)) is contained in a
locally integrable Borel subalgebra b C Lie(Aut(X)).

Proof. Let {h, | @ € A} be a totally ordered ascending chain of Lie subalgebras of Lie(Aut(X))
that contain h and are filtered by solvable locally finite subalgebras. Let G, = Guin(ha), see
Proposition 2.16. Then {G,, |« € A} is a totally ordered ascending chain of solvable connected
nested subgroups of Aut(X). By Lemma 2.3 and Theorem 2.13, the closure G of G := lim Go
is a solvable connected subgroup of Aut(X) of derived length < dim(X) + 1 filtered by an

ascending sequence of connected algebraic subgroups G;. Then g := Lie(G) = liﬂLie(Gi) C

Lie(Aut(X)) is a solvable Lie subalgebra filtered by locally finite Lie subalgebras Lie(G;).
Since h, C Lie(G) for all a € A, Lie(G) is an upper bound for the chain {h,}. By Zorn’s
Lemma, the set of solvable Lie subalgebras of Lie(Aut(X)) that contain § and are filtered
by locally finite subalgebras has a maximal element b. Thus, b is a locally integrable Borel

subalgebra which contains §. O

Lemma 3.3. Let B C Aut(X) be a Borel subgroup. Then b := Lie(B) is a locally integrable
Borel subalgebra.

Proof. We have B = lim B;, where the B; are connected algebraic subgroups, see Lemma 3.1.
Any vector v € b = T,B is tangent to B; for i > 1. Therefore, b = ligbi, where the
b; = Lie(B;) are locally finite, see [22, Section 1.6, Corollary].

Let b =limb; C Lie(Aut(X)) be a solvable locally integrable subalgebra that contains b,
where the b; are locally finite. Let also G = Guin(h) C Aut(X) be the unique smallest
solvable connected nested ind-subgroup such that f C Lie(G), see Proposition 2.16. We have
G = ligGi, where G; = Guin(h;) C Aut(X) is the minimal connected algebraic subgroup
containing h;, see Lemma 2.21. For every i, there exists j such that

bi = Lle(Bl) C bj C Lie(Gmin(hj)).

An embedding of algebraic Lie subalgebras implies an embedding of the corresponding con-
nected algebraic subgroups, see [18, Theorem 13.1]. Therefore, B; C G; = Guin(h;), and so
B C G. Since G is solvable, G = B by the maximality of B. Thus, b = b, which proves the
claimed maximality of b. OJ

The main result of this section is the following theorem.

Theorem 3.4. Let b = limb; C Lie(Aut(X)) be a locally integrable Borel subalgebra. Then
there exists a unique Borel subgroup B C Aut(X) such that b = Lie(B). Moreover, any
solvable closed connected subgroup H C Aut(X) with Lie(H) = b coincides with B.
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Remark 3.5. There exists an example of a closed ind-subgroup G' C Aut(A?) and a proper
closed subgroup H C G such that Lie(H) = Lie(G), see [13, Theorem 17.3.1]. Therefore, the

uniqueness in Theorem 3.4 is a special phenomenon.

We prove the existence and the uniqueness statements separately.

Ezxistence proof. By Lemma 2.21, there exists a unique minimal solvable connected algebraic
subgroup G; C Aut(X) such that b; C Lie(G;). We have G; = T; x U;, where T; is a maximal
torus and U; is the unipotent radical of G;.

By the uniqueness of the subgroups G; we have G; C G;y1 and U; C U;y;. Therefore,
U .= ligUi is a nested unipotent ind-subgroup of Aut(X). The maximal tori T; of G; can
be chosen such that T; C T;.;. Since the sequence (T}); stabilizes, we can assume that
Ti = Ty = T for all i. Thus, G := limG; = T'x U C Aut(X) is a connected nested
ind-subgroup. By Theorem 2.14, GG is closed.

Since U is solvable, see [22, Theorem 5.3.1], G = T x U is also solvable. We have

Lie(G) = lim Lie(G;) = Lie(T") x lim Lie(U;) = Lie(T") x Lie(U),

where the factors are solvable, see Theorem 2.13. Therefore, Lie(G) is a locally integrable
solvable subalgebra of Lie(Aut(X)) filtered by the locally finite subalgebras Lie(G;). By
assumption, b = limb; C Lie(G) is a locally integrable Borel subalgebra of Lie(Aut(X)).
Therefore, we have b = Lie(G).

Let G C Aut(X) be a solvable closed connected subgroup containing G. By Theorem 2.13,
G is nested, and so Lie(G) C Lie(Aut(X)) is a solvable locally integrable Lie subalgebra
containing Lie(G) = b. Since b is a locally integrable Borel subalgebra of Lie(Aut(X)), we
have Lie(G) = b.

Let {é’a}ae 4 be a totally ordered ascending chain of solvable closed connected subgroups
containing G. By Theorem 2.13, they are all nested by connected algebraic subgroups and
have derived lengths < dim(X) + 1. Consider the closure S of the solvable subgroup S =
UaeaGla, see Lemma 2.3. Then S is solvable (see [22, Lemma 5.1.3(2)]) closed connected
subgroup of derived length < dim(X) + 1 with Lie(S) = b that majorates our chain. By
Zorn’s Lemma, the set of all solvable closed connected subgroups of Aut(X) containing G
has a maximal element, say B (cf. [11, Proposition 3.10]). Thus, B D G is a solvable closed
connected subgroup of Aut(X) maximal among the subgroups of Aut(X) with the same

properties. That is, B is a Borel subgroup of Aut(X) such that Lie(B) = b. O

Uniqueness proof. Let B be a Borel subgroup of Aut(X) with Lie(B) = b, and let H C
Aut(X) be a solvable closed connected subgroup with Lie(H) = b. By Lemma 3.1 resp.
by Theorem 2.13, B = hﬂBi resp. H = ligHi is nested by solvable connected algebraic
subgroups B; resp. H;. This produces the ascending filtrations b = hg b, = hgi h; by locally
finite Lie subalgebras b; := Lie(B;) resp. bh; := Lie(H;), see Remark 2.6. For any i there
exists j such that h; C b; and b; C b;. Therefore, we have H; C B; and B; C H;. It follows
that H = B. OJ

The following immediate corollary of Theorem 3.4 and Lemma 3.3 proves Theorem 1.3.

Corollary 3.6. The conjugacy classes of the Borel subgroups of Aut(X) are in natural one
to one correspondence with the Ad-conjugacy classes of locally integrable Borel subalgebras of
Lie(Aut(X)).
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Remark 3.7. Let B C Aut(X) be a Borel subgroup. It is not true, in general, that Lie(B)
is a Borel subalgebra of Lie(Aut(X)), that is, a maximal solvable subalgebra of Lie(Aut(X)).
See Proposition 4.13 below for the corresponding example.

4. BOREL SUBALGEBRAS OF Lie(Aut(A™)) FOR SMALL n

In this section we prove Theorem 1.1, see Propositions 4.9 (n = 2) and 4.13 (n = 3).

4.1. Borel subgroups of Aut(A"). Recall that the lower and upper triangular (de
Jonqueres) subgroups of Aut(A”") are

JONQ+(A”) = {Cbi (fﬂla e »fn) — (alxl +P1y - 704nl“n+]9n) | a; €k*, p; € k[xi+17 e ,fEn]},
resp.

JONQ™ (A™) = {o: (21,...,2n) —> (11 +p1, - -, Ty +Dn) | €K ps € K[y, ..., 254]}-

They are conjugate via the reversion (x1,...,2,) — (Zp, ..., 21).

The following results are well known: see [1/, Theorem 1.1 and Corollary 1.2] for (a), (d)
and (e), [29, Corollary 1.5] for (b), and [8, Theorem 1] for (c).
Theorem 4.1.

(a) For allm > 2, the triangular de Jonquicres subgroups JONQE(A™) are Borel subgroups
maximal among the solvable subgroups of Aut(A™).

(b) For all n > 3, there exist Borel subgroups of Aut(A™) non-conjugate to JONQ*(A™).

(¢) Every Borel subgroup of Aut(A?) is conjugate to both JONQ*(A?).

(d) The subgroup JONQF(A?) is mazimal among the closed subgroups of Aut(A?).

(e) The subgroup JONQF(A?) is not mazximal among all proper subgroups of Aut(A?).

Note that the locally integrable Borel subalgebra
it := Lie(JONQ*(A™)) C Der(k[z1, ..., z,))
consists of the lower resp. upper triangular derivations.

4.2. The case of the affine line. Here we classify the Borel subalgebras of the Lie algebra
Der(k[z]). The polynomials in k[z] of the form

f(z) =Xz —a)"+ pulr —a), where k>0 and o\ pu€k,
will be called special. Non-special polynomials exist in any degree > 3.

Proposition 4.2.

(a) Every Borel subalgebra of Der(k[z]) is of dimension 1 or 2.

(b) The one-dimensional Borel subalgebras of Der(k[z]) are precisely the subalgebras
kp(x)0/0x, where p € k[z| is non-special.

(¢) The two-dimensional Borel subalgebras of Der(k[z]|) are precisely the metabelian Lie
subalgebras

(1) (k(z — )" @ k(z — o)) /0,
where a € k, k>0 and k # 1.

See the proof at the end of this subsection.
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Corollary 4.3. Any derivation f(x)0/0x € Der(k([z]) with a non-special polynomial f € k|x]
is contained in the unique Borel subalgebra kf(x)0/0x of Der(k[z]).

Remark 4.4. Letting in (1) « = 0 and k = 0 we see that
Lie(Aut(A')) = kzd/0z x kd/0x
is a Borel subalgebra of Der(k[z]). In fact, it is a unique locally integrable Borel subalgebra
of Der(k[z]).
Recall that
[f0/0x,90/0x] = (fg' — f'9)0/0x.
The proof of Proposition 4.2 is preceded by the following notation and Lemma 4.6.

Notation 4.5. Given f € k[z] we set v(f) stand for the zero order at x = 0 of f. If f, g € k|x]
and v(f) # v(g), then

@) W(fd = 1'9) = v(f) + vlg) — 1.
Especially, if v(f),v(g) > 2, then

v(fg' = f'g) > max{v(f),v(9)}.

Lemma 4.6. Consider a subalgebra g C Der(k[z]). Let u; = f;(z)0/0x € g, 1 = 1,2 be
such that min{v(f1),v(f2)} > 2 and v(f1) # v(f2). Then the commutant [g,g] contains two
elements v; = g;(x)0/0x, i = 1,2 such that min{v(g1),v(g2)} > 3 and v(g1) # v(g2).

Proof. Consider the elements
v = [ug, [ur,us]] = g1(2)0/0x  and vy = [uy, us] = go(x)9/0x.
Using (2), we obtain:

v(gi) = 2v(f1) +v(f2) =2 > v(g2) = v(fi) +v(fe) =1 > 3.
O

Proof of Proposition /.2. Let g C Der(k[z]) be a Lie subalgebra of dimension > 4, and let
w; = fi(x)0/0x € g, 1 = 1,2,3,4 be linearly independent. Suppose that

v(fi) <vifin), i=1,2,3.
By replacing the u; by their appropriate linear combinations, we may assume that

V(fz) < V(fi—l—l)y 1=1,2,3.
It follows that
2 <v(fs) <v(fa)

Applying Lemma 4.6, we see that all successive commutants of g do not vanish, so g is
not solvable. Thus, every solvable subalgebra, and in particular every Borel subalgebra of
Der(k[z]), is of dimension < 3. Finite dimensional Lie subalgebras of Der(k[z]) are classified
in [3, Proposition 3|. Every one-dimensional Lie subalgebra is abelian. Up to isomorphism,
there is a unique two-dimensional Lie subalgebra; it is not abelian but metabelian, and
therefore solvable. Up to isomorphism, there exists a unique subalgebra § of dimension 3,
isomorphic to sl(2,k), see Remark 2.5. This proves (a). Now, (b) and (c) follow from the
explicit description of these subalgebras, see [3, Proposition 3. |
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4.3. The case of the affine plane.

4.3.1. Borel subgroups. We consider the following remarkable subgroups of Aut(A?) (resp. of
Auto(A?)):

e the subgroup 4, C Aut(A?) of automorphisms of A2 whose Jacobian is equal to 1;

e the triangular de Jonquieres subgroups

JONQ*(A?) = {¢: (z,y) — (ax +p(y), By +7) |, B €K',y €k, p € kt]}
and
JONQ™(A%) = {¢: (z,y) — (az +7, By +q(z)) |a, B €K',y €k, ¢ € K[t]}
(resp.  Jong™(A?) = {¢ € JONQ*(A?) | $(0) = 0}),
e the standard maximal torus
T = {¢: (z,y) — (az, By)} C Jong™(A?) N Jong™ (A%);
e the unipotent radical
U* ={¢ € JONQT(A?) |a =B =1} (resp. Uf ={¢ € Jonq=(A?)|a =3 =1}).
We have
JONQ*(A?) =T x U* (resp. Jong™(A?) =T x Uj).

4.3.2. Lie(Aut(A?)) as a bigraded Lie algebra. Recall that Lie(Aut(A?)) = Vec®(A?) consists
of polynomial vector fields on A? with constant divergence, where the divergence of a vector
field § = f0/0x+g0 /0y is div(8) = 0f /Ox+0g/0y. The Lie subalgebra Vec’(A?) C Vec®(A?)
of vector fields over A% with zero divergence coincides with Lie(ily), see for example [13,
Proposition 15.7.2]. There is a decomposition

(3) Vec®(A?) = Vec’(A?) @ k(z0/0z + y0/dy).
Letting
Vecy(A?) := Vec’(A?) N Vec§(A?), where Vec§(A?) = {§ € Vec®(A?)|6(0) = 0},
we obtain
Lie(Auto(A?)) = Vec)(A?) @ k(xd/0x + y0/0y),
see [22, Section 6.2].
The standard Z*-grading on k[x,y] induces a Z?-grading on Lie(Aut(A?)) = Vec®(A?) and
on Lie(4y) = Vec’(A?). For 7,5 > 0 we have
bideg(z'y’0/0x) = (i — 1,5) and bideg(x'y?0/0y) = (i,7 — 1).

Thus, the bidegrees of homogeneous derivations are the pairs (m,n) € Z?, where m,n > —1
and (m,n) # (—1,—1). If 0 € Der(k[z,y]) is a homogeneous derivation of bidegree (a,b)
and z'y’ ¢ ker(9), then bideg(d(z'y’)) = (a +4,b + j). For non-commuting homogeneous
derivations 0 and § we have bideg([d, d]) = bideg(d) + bideg(d).

The homogeneous elements of Vec”(A?) with bidegree (a,b), where a,b > 0, are (up to a
scaling) of the form

Oup = 2y’ (b + 1)20/0z — (a + 1)yd/dy).

For min{a,b} = —1 they are of the form

O_1n=(n+1)y"0/0x and 0y 1= —(m+1)2™d/0y.
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Every homogeneous locally nilpotent derivation 0 of k[x,y] belongs to Vec’(A2). Up to a
scalar factor, 0 coincides with d_;, or 0, _1. These homogeneous derivations verify the
following commutation relations:

(4)
!
[0, Our ] = det <Z, 1—1 Zi i) Ouwtarprry  for all a,b, a, b > —1, (a,b), (a’,b’) # (—1,-1),

where we let 9_; _; = 0. Every semisimple homogeneous derivation of Vec®(A?) has bidegree
(0,0). They are of the form 6,5 = axd/0x + Py0d/Jy and satisfy the commutation relations
(5) [00,8: 045l =0 and  [dqg, Oap) = (@ + £b)0y .

Furthermore, we have
Ea+1
ko ly kta, I+b
(6) Oup( y)—det(l b+1>x Yy

4.3.3. Borel subalgebras of Lie(Aut(A?)). Let us begin with the following remark.

Remark 4.7. Let us show that Lie(Aut(A?)) contains non-conjugate Borel subalgebras.
Let g C Lie(Aut(A?)) be a Borel subalgebra Ad-conjugate to the triangular subalgebra
j3 := Lie(JONQT'(A?)). Then g is locally integrable, and therefore consists of locally fi-
nite derivations. However, Lie(Aut(A?)) = Vec®(A?) contains elements that are not locally
finite; for example, d = 91y = ¥20/0x — 22yd /0y € Vec’(A?) is such an element. Indeed, the
degrees of the iterates 9"(x) are unbounded. By Corollary 2.4, there exists a Borel subalgebra
f C Lie(Aut(A?)) containing 0. Therefore, f is not conjugate to j; and does not correspond
to a Borel subgroup of Aut(A?).

Consider the following Lie subalgebras of Lie(Aut(A?)) (resp. Lie(Autg(A?))):

e the metabelian (resp. abelian) Lie subalgebras of triangular locally nilpotent deriva-
tions

uy = Lie(U") = k[y]0/0x ® k0/0y and wu, = Lie(U~) =kd/0x ® k[z]0/dy
(resp. uyo = Lie(Uy) = yk([y]0/0x and uy, = Lie(Uy ) = 2k[z]0/0y);
e the abelian toral Lie subalgebra
ty = Lie(T) = kxd/0x @ kyd/dy;
e the triangular Lie subalgebras of derived length 3 (resp. 2)
iT = Lie(JONQ*(A?)) = Lie(T x U%) = t, x uf
(resp. ja = Lie(Jong™(A?)) = Lie(T x Uy') = t2 X uyy),
where

(7) iy =k[y|0/0z ® kxd/0x ® kyd/dy & kd/dy

(8) (resp. j3o = yk[y|0/0x @ kxd/dx ® kyd/y).
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Using (4) we see that
Lle(ng) = VGCO(A2) = <u§L, u2_>Lie-
Therefore, by (3) we have
Lie(Aut(A?)) = Vec®(A?) = (u], uy )rie ® k(20/0z + y0/0y).

Similar equalities hold for all A™ with n > 2; see, for example, the proof of [30, Lemma 2].
In the proof of Proposition 4.9 below we use the following simple lemma.

Lemma 4.8. Let A be a diagonalizable endomorphism of a wvector space V. Consider
the decomposition V. = &;V;, where the V; are eigenspaces of A corresponding to differ-
ent eigenvalues \;, i = 1,...,m. Let a subspace U C V be invariant under A, and let
u=1uy+---+uy, €U, where u; € V;. Then u; € U for all i.

Proof. By symmetry, it suffices to show that u; € U. The latter is obviously true if u = uy.
Arguing by recursion, we can assume that our claim is true for v = uy + - -+ + ux_;. Now
suppose that v = u; 4+ - - - + ug, where 1 < k£ < m. We have

k-1
U Au—Nu =Y (A — M)uy.
j=1
By the inductive hypothesis, (A\; — Ag)u; € U for j = 1,...,k — 1, where \; — Ay # 0. In
particular, u; € U. |
Proposition 4.9. The subalgebra i3 = Lie(JONQ¥(A?)) is a Borel subalgebra of

Lie(Aut(A?)).

Proof. To prove that j5 is a Borel subalgebra, it suffices to show that any Lie subalgebra
h C Lie(Aut(A?)) properly containing j; also contains a subalgebra isomorphic to s[(2,k).
Therefore, h cannot be solvable.

Choose v € b\ j3. As a vector space, j; is generated by its homogeneous elements. Hence,
v contains homogeneous components that do not belong to j3. We can assume that none of
the homogeneous components of v belong to j; .

Since t; C jj, the semisimple derivations A = ad(xd/0x) and B = ad(yd/dy) from
End(Der(k[z,y])) leave b invariant. Let v,, be the homogeneous component of v of bide-
gree (a,b). Then v,y is an eigenvector of A (resp. of B) with eigenvalue a (resp. b). Let us
show that v, € b\ i3 .

Note that Al is locally finite. Therefore, v belongs to a finite-dimensional A-invariant vec-
tor subspace V' C h. Being semisimple, Al is diagonalizable and defines an eigenspace
decomposition of V. If v = Z(mb) Vap 15 the usual weight decomposition, then the A-
homogeneous components of v are of the form v, = ), v,p. They belong to V' due to
Lemma 4.8. The same argument applied to B = ad(y9d/dy) € End(Der(k[z,y])) shows that
the B-homogeneous components v, of v, also belong to V. Thus, v, € b \ j7 for all (a,b).

Let us return to the proof of the proposition. First, note that v,; € k*0,,. Consequently,
Dap € b\ i3 for some pair (a,b) € Z* such that a > 0, b > —1, and (a,b) # (0,0), (0,—1).
Thus, it suffices to examine the following possibilities for the bidegree (a,b) of 0, € b:

e (a,b) = (a,—1), with a > 1. Since §_19 = 9/dx € j5, formula (4) implies

Oa—1,-1 € K*[0_10,04,-1] C b.
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By iteration, we deduce that zd/dy € h. Since yd/0x € j5 C b, we have
sl(2,k) ~ (x0/0y, y0/0x)1: C b.
e a>1,b>0. Since dy_, = 9/dy € j5, we obtain by (4),
Oap—1 € k*[00,—1,0up] C .

Iterating, we arrive at the case where b = —1. So, 0,1 € b for some a > 1. This
brings us back to the previous case.

e (a,b) = (0,b), where b > 1. Then, by (4),
Oop—1 € k*[0,-1,00] C b.
Iterating, we arrive at the case where b = 1, that is, 91 € h. We then have
s((2,k) ~ ko1 @ kdpo & kdp1 C b.
This proves the assertion for Lie(JONQ™(A?)); the proof is similar for j; . O

Remark 4.10. Let us show that the triangular subalgebra j; C Lie(Aut(A?)) is not a Borel
subalgebra of Der(k[z,y]). It suffices to verify that the subalgebra

g:= (i3 ,0)rie C Der(k[z,y]), where § = zyd/0x,
strictly containing j5 is solvable. It is easy to see that
l9,0] Cuf @ké ®kad/dx and g® Cif.
Now the claim follows.

As per the following proposition, an analogue of Proposition 4.9 does not hold for the Lie
algebra Lie(Autg(A?)).

Proposition 4.11. The de Jonquiéres Lie subalgebra i3, C Lie(Auto(A?)) is not a Borel
subalgebra of Lie(Auto(A?)). More precisely, the distinct Borel subalgebras of Lie(Autg(A?))
that strictly contain j;o form an infinite sequence

hk = <]‘;—’0, 80,k>Lie7 k‘ = 1,2,...
None of the by are locally integrable.
Proof. We have 0y, € Lie(Autg(A?)), and consequently by C Lie(Autg(A?)), see (8). For a
fixed k > 1, from formula (6) we obtain
8(()?2@) = cqry™ where ¢4 #0, d>0.
It follows that 0y is not locally finite. This proves the second assertion.
To show that b, is solvable, note that i, := uio@k Oo.i is an ideal of by and that [by, bi] = ix.

Furthermore, u;’ o 1s an abelian ideal in i;, whence h,(f) - u;’ o, and f),(j) =0.

Let us show that each by is a maximal solvable subalgebra of Lie(Autg(A?)). Suppose
that a Lie subalgebra h C Lie(Auto(A?)) strictly contains h;. Proceeding as in the proof of
Proposition 4.9, we see that h must contain a homogeneous derivation 0, with (a, b) # (0, k),
where a > 0. If @ = 0, then we let 0,5, = 0y, where [ = b # k. If a > 0, then we can replace
aa,b by

(9) Doy € k*ad(0_1,,) P (Dap), where [ =1(m)=am+Db# k.
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We claim that the Lie subalgebra

B = (Ooks Qog)rie C B

is not solvable. Let Py; C N be the sub-semigroup generated by k£ and [. By (4), we have
Oon € b, for all n € Py;. It is easy to see by induction, using (4), that, for any fixed d > 0,
the derived ideal f),(jl) contains 0, for all sufficiently large n € P, hence it is nonzero.

This proves that by is a Borel subalgebra of Lie(Autg(A?)) strictly containing uj,. By the
preceding, b cannot contain 0y; for | # k, hence by # b;.

Finally, let us show that the b, are the only Borel subalgebras of Lie(Autg(A?)) containing
j50- Indeed, consider a Lie subalgebra b C Lie(Auto(A?)) strictly containing uj,. Suppose,
for the sake of contradiction, that b is solvable and that h # b for all & > 1. As before,
b admits a vector basis consisting of homogeneous derivations d,, and there exists d,p € b
such that a« > 1. Then, by (9), it follows that also 0y am+s € b for all m > 1, which, as we
have already noted, contradicts the assumption that f is solvable. |

4.4. The case of A*. Unlike the affine plane case, the triangular subalgebra of Lie(Aut(A?))

is not maximal among the solvable subalgebras of Lie(Aut(A?)) = Vec®(A?). In other words,

it is a locally integrable Borel subalgebra (see Theorem 4.1(a)) and not a Borel subalgebra.
We use the following notation.

Notation 4.12. The ind-subgroup JONQ'(A3) and its Lie algebra j; of triangular deriva-
tions of k[z,y, z] are nested and admit the semidirect product decompositions

JONQ'(A®) =Ty x Uy resp. j5 =tz x uf,
where T3 ~ G2, is the diagonal 3-torus, U;" is the unipotent radical of JONQ™(A?),
t3 = Lie(T3) = kx0/0z & kyd /0y & kz0/0z
and
uy = Lie(U3") = Kly, 2]0/0z @ k[2]0/0y & kd/0z.

Proposition 4.13. The Lie algebra ji of triangular derivations of k[, y, 2] is not mazimal
among the solvable subalgebras of Lie(Aut(A?)) = Vec®(A3).

Proof. Let
§ = 2(x0/0x — y0/dy) € Vec®(A?) \iF .

Consider the Lie subalgebra b = (j3, d)1ie C Vec®(A?) which strictly contains j3. We claim
that b is also solvable. Indeed, an easy calculation shows that

ad(0)(kly, z]0/0x) C kly, z]0/0x, ad(d)(k[z]0/Jy) C k[z]0/Dy,

and

ad(0)(ko/0z) = k(z0/0x — y0/dy).
So,
(10) ad(0)(u3) C ui ® k(xd/d0x — yd/dy).
Moreover,

ad(0)(xd/0z) = ad(d)(y0/0y) =0 and ad(d)(z0/0z) = —o.
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Therefore, ad(d)(t3) = kd. This shows that h = j3 ©kd (as vector spaces). It follows that
[b,0] =[5, 351 @ [13', 0] © v ® k(20/0z —y0/dy) © k.

Since ad(8)(x0/0x — yd/dy) = 0, using (10) we deduce h® C jF. Therefore, the Lie algebra
b is solvable. O

Remark 4.14. Note that J is not locally finite. Indeed, § : x2" + 2"

5. SUBALGEBRAS OF Lie(Aut(Xy.))

This section is devoted to the proof of Theorem 1.5.

5.1. Generalities. Let us recall the notation and some results from [, Section 4] and [,
Section 7.1].

Notation 5.1. Let ¢ be a primitive root of unity of order d > 1 and e be an integer number
with 1 < e < d and ged(d,e) = 1. We denote by Gg. the cyclic subgroup of Aut(A?)
generated by (x,y) — ((°z, (y). We consider the normal affine toric surface

Xa,e = Spec(k[z, y|“<)
with the acting torus

TI = T/G&e ~ G?n

The unique singular point of X, . is the image of the origin of A% see e.g. [12, Section 2.6].
Consider the normalizers

Nd,e = NormAut(Az)(Gd’e) and Nd,e = NOI‘IHGL(Q’]]()(GCLe) = Nd,e M GL(?, ﬂ()
Let 7: (x,y) — (y,z) be the twist. We have

GL(2,k) ife=1,
Nge = { Normgrew(T) = (T,7) ife#lande*=1 modd,
T if 221 mod d.

We consider the lower and upper triangular subgroups Jonqi(Az), where Jonq~ (A?) =
rJongt(A?)7, see subsection 4.3.1. Let also

Njfe = Ny, N Jong*(A?) and Ndj; = Ny N Jong®(A?).
We have
Ni. NNy, = Jong*(A?) N Jonq (A?) =T.
Letting Bia = Nie/Gd7€ we get By NB,, =T
Proposition 5.2 (see |1, Lemmas 4.3 and 4.5]). We have
(11) Aut(Xge) ~ Nae/Gae,
and T" is a mazimal torus of Aut(Xg.). Furthermore,
Nie = Normyongt (a2)(Gae) = {1 (2,y) = (az +y°p(y*), By) | p € Klt], o, B € k" }

and

Nie = Notthong- a2y (Gae) = {62 (2,9) = (az, By +2q(2)) |q € Klt], 0, § € k" }.
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The group
(12) Ny =TxUg,
1s metabelian. The commutant
Nie Nl = {0 €Ny la =5 =1}
15 abelian and coincides with the unipotent radical Ujfe of Nie.

The group Aut(X,.) admits a free amalgamated product structure.
Theorem 5.3 ([, Theorem 4.2 and Proposition 4.4]).
(a) In case € #1 mod d we have
Nge >~ Nzlfe * che
and
Aut(Xge) ~ B;e x By, -
(b) In case ¢ =1 mod d we have
Nd,e ~ N;:e *N;r,e Nd@

and
Aut(Xdye) ~ BIE *Nje/Gd,e Nd,e/Gd,e-

Theorem 5.4 ([5, Theorem 1.1]).

(a) Lete> =1 mod d. Then the Nie (resp. the Bie) are Borel subgroups of Ng. (resp. of
Aut(Xg4.)), and they are conjugate. Any Borel subgroup of Ny, (resp. of Aut(Xga.)) is
conjugate to Nze (resp. to BZE).

(b) Let €2 # 1 mod d. Then Ny, (resp. Aut(Xye)) has exactly two conjugacy classes of
Borel subgroups represented by the Nie (resp. by the Bie).

5.2. On the Lie algebra Lie(Aut(X,.)).

Lemma 5.5. We have

(13) Lie(Nj,) = Lie(T) x Lie(Ug,) = t, x uj,,

where the abelian Lie subalgebras

(14) wp, = Lie(Uy,) = {6, := y'p(y")0/0x | p € k[y]} = P ky***0/0x
k>0

and

(15) ug, = Lie(U;,) = {6, := 2“q(x")0/dy | q € k[z]} = P ka*"0/0y
>0

are made up of triangular locally nilpotent derivations from Lie(Ng.), while the toral subal-
gebra

(16) ty = Lie(T) = (x0/0x,y0/0y)ric = kad/0zx ® kyd/dy

is made up of semisimple derivations from Lie(Ng.).
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Proof. Let & be an ind-group and G C & be an algebraic subgroup. Then we
have Lie(G) C Lie(®). If & = limG; is nested by algebraic subgroups Gi, then
Lie(®) = liAqLie(Gi).

The equality (13) is a direct consequence of (12). Note that the replica d, (resp. d;) of
0/0z (resp. of 0/0y) is a locally nilpotent derivations of k[z, y].

Every u € U I . (resp. v € Uy ) is contained in a G,-subgroup

Uy = exp(kd,) = {(z + typ(y"),y) [t €k} (resp. U, :=exp(kd,)).
Now (14) and (15) follow, and (16) is immediate. O
Corollary 5.6. The homogeneous locally nilpotent derivations
O g =y0/0x resp. 9., = 2“9 /0y, k1=0,1,2,...
generate the abelian Lie algebra uze resp. U, as a vector space.

l

Proof. Using (14) resp. (15), for p(y) = y* resp. q(z) = 2! we obtain

Lie(U;) koS 4 C ud6 resp. Lie(U, ) =kd,,,, Cu,,, k,1=0,1,2,...,
and therefore uy, = @, k. 14 resp. Uy, = P2 kI - O

Remark 5.7. The subgroup Ny, is defined as the normalizer of G4, in Aut(A?), see No-
tation 5.1. However, since the origin of A? is the unique fixed point of Gg., we have
Ny C Autg(A?).

Let G be a connected algebraic group and F' C G be a finite subgroup. It is well known
that the Lie algebra of the centralizer Centg(F') coincides with the fixed-point subalgebra
Lie(G)A®) | see for example [26, Chapter 1, Section 2.11, Exercise 4]. In our setup, there is
the following partial analog, cf. [22, Section 6.2, formula (2)].

Lemma 5.8. We have Lie(Ng,.) C Lie(Autg(A2))A4Cae)  In other words, the Ad-action of
Ga.e on Lie(Aut(A?)) is identical on the Lie subalgebra Lie(Ny.), and then also on the Lie
subalgebras ty = Lie(T), Lie(U(fe), and Lie(Nje) of Lie(Ng.).

Proof. We have
Lie(deye) = Lie(Ng}e) and :Nge C CentAutO(Az)(Gdﬁ).

The second inclusion follows from the fact that the conjugation map sends Ny into the finite
group Aut(Gg.); it is therefore constant on the connected component Nj, and coincides

with the identity there. Now, the inclusion Lie(Ng.) = Lie(Ny,) C Lie(Autg(A2))Ad(Gae)
follows. U

Remark 5.9. From the decomposition
Lie(Aut(A?)) = Lie(Auto(A?)) @ kd/0z & kd/dy
it follows that Lie(Aut(A2?))A4(Gae) = Lie(Autg(A?))Ad(Cae).
The following corollary is immediate.

Corollary 5.10. The surjection Ny, — Aut(Xg.) = Nye/Gae, see (11), induces isomor-
phisms
Lie(Aut(Xg.)) ~ Lie(Nge/Gae) >~ Lie(Nge).
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Remarks 5.11.

1. The T-action on Vec(A?) leaves invariant the subalgebra Lie(Ny.). By Lemma 4.8, for
any 0 € Lie(N.) every homogeneous component of 0 also belongs to Lie(Ng,).

2. Since ty = Lie(T) C Lie(Ng,), the homogeneous derivations axd/dx + fyd/dy € t, and
07 ka € Ug e Ouyyg € Uy, belong to Lie(Ng.).

Lemma 5.12. A homogeneous derivation & € Vec®(A?) of bidegree (a,b) is fized by the
Ad(Gype)-action if and only if ae +b =0 mod d. Therefore, we have

(17) Lie(Auto(A?))A4Cee) = kzd/0x & kyd /oy & kIS 1, & Pkdy g P Kdap.
k>0 1>0 (a.b)EAg,e

where the submonoid Age C 72 is defined as follows:
(18) Age :={(a,b)|ae+b=0 modd, a>0, b>0, a+b>0}.
Proof. Any derivation axd/dx + fyd/dy € t of bidegree (0,0) is fixed by the Ad(T)-action,
hence also by the G .-action. Since Vec®(A?) = Vec’(A2) @ k§, where § = 20/0z + yd/dy
has bidegree (0, 0), it suffices to prove the assertion for Vec”(A?).

We can easily see that 0_1,, resp. O, —1, is fixed under the Ad(Gy.)-action if and only if
n = e+ kd, resp. m = ¢ + ld, for some k,l > 0, if and only if the bidegree (a,b) = (—1,n)
resp. (a,b) = (m, —1) satisfies the relation ae +b =0 mod d.

Recall that the weighted component of Vec”(A?) of bidegree (a,b), where a,b > 0, is one-
dimensional and is generated by

Oup = 2"y’ (b + 1)20/0x — (a + 1)yd/dy).

Since x0/0x and y0d/0y are fixed under the Ad(Gg.)-action, 0, is also fixed if and only if
G, fixes 2%y°, if and only if ae + b= 0 mod d. OJ

Question 2. For which pairs (d,e) the equality
(19) Lie(Ng.) = Lie(Autg(A?))Ad(Cae)
holds? In particular, is it true that
zy(20/0x — yd/dy) € Lie(Auto(A?))*(@43)\ Lie(Ny3),
and, more generally, that (19) holds if and only if ee’ € {1,d + 1}?
See Example 5.13 and Proposition 5.16 below for some partial results.

Example 5.13. Suppose that ee’ = 1, that is, e = ¢/ = 1. In this case, the derivations 8f+kd
and 0y, belong to Lie(Aut(Xgy;1)), see e.g. (14) and (15). Thus, Lie(Aut(Xg4,)) contains
0] = y9d/dx and 9] = x0/dy. Then also [9;,0]] = xd/dx — yd/dy € Lie(Aut(Xy1)), and
therefore

(20) Lie(Aut(X41)) D kyd/0x & kxd /0y & k(xd/0x — yd/0y) ~ sl(2,k).
From (4) we deduce
Ouakd = (07414 074 pal € Lie(Aut(Xy1)) Vk,1>0.
In particular, djq0 € Lie(Aut(Xy1)) for I > 0. Then also
ad(9y ) (Dua0) = asOlg—s.s € Lie(Aut(Xq1)) Vs=1,...,1d, where a, > 0,
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see (4). Thus, 0,5 € Lie(Aut(Xg4,)) for all (a,b) with a,b > 0 and a +b =0 mod d. Since
ty C Lie(Aut(Xg4.)) it follows from (17) that

Lie(Aut(Xy1)) = Lie(Ny;) = Lie(Auto(A?))A4(Can),

Remark 5.14. The surface X, is isomorphic to the d-th Veronese surface V; C A% where
d > 2, that is, to the affine cone over the rational normal curve

Co={(u: v w:. . ;v |(u:v) € P} cP
Note that Vj is the closure of an SL(2,k)-orbit in the irreducible SL(2,k)-module A% of
degree d binary forms, see e.g. [28]. The sl(2, k)-subalgebra (20) of Lie(Aut(V;)) is the tangent

Lie algebra of the SL(2,k)-action on V. The SL(2,k)-module A%"! can be considered as the
Zariski tangent space of the cone V, at its vertex, equipped with the induced SL(2, k)-action.
In turn, the SL(2,k)-action on the pair (A%t V) induces the natural PSL(2,k)-action on
the pair (P, Cy).

The interested reader can find further information on automorphisms and derivations of
Veronese subalgebras over a field of characteristic zero in [1] and [2].

Example 5.15. We have Lie(N3,) = Lie(Autg(A2))A4(:2) see [22, Lemma 6.2.1]. In this
example, ¢ =e=2and d =e¢’ — 1 = 3.

The last example can be generalized as follows.
Proposition 5.16. The equality (19) holds provided that ee’ = d + 1°.

Proof. Recall that 9f € uj_ and 9, € ugy,. Fix an arbitrary (a,b) € Ag., see (18). We will
show that under our assumptions,
8a,b c @j, 86_/>Lie C Lie(Aut(Xd@)).
Since uie and ty are also subalgebras of Lie(Aut(X,.)) (see Remark 5.11.2), the above inclu-
sion implies (19).
We have an equivalence

ae+b=0 modd<a+bd =0 modd.

Let u = (—1,e) and v = (¢/, —1). There exists a pair (n,m) of strictly positive integers such
that

(21) (a,b) = nu+ mv = (me’ —n,ne —m).

Indeed, since by assumption ee’ = d + 1, the system (21) of diophantine equations admits an

integer solution
be’ b
(n,m):<a+ caet ), where n,m > 0.

d ~ d
By (4) we have
utv=_(—-1e—1) and Q11 =—2ad(d7)(,) € (0], 0. )Lic-

e Vel

3For d > 2 the latter equality is equivalent to the conditions e > 1 and e|(d + 1) (cf. Theorem 1.5), and
also to the conditions €’ > 1 and €'|(d + 1).
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Since ee’ = d+ 1, the vector (a,b) = (¢/ —1,e— 1) is a unique lattice vector in Ay, satisfying
the inequalities
(22) a<e, b<e.
Consider the strictly positive, integer valued function
f:Nae = dZ=o, f(a,b) = (ae+b)+ (a+be') = (e+ 1)a+ (¢ + 1)b.

Suppose that (22) fails for (a,b) € Age. Let, for example, a > ¢ > 1, and therefore p :=
| &) > 1. Consider the lattice vector

(a’,0") = (a,b) — pv = (a — pe’,b+p) € Age.
Using (4) we deduce
Oap = B(ad(3,))" (0w ), where B=[(b+2)(b+3)---(b+p+1)]"" #0,

and

f(d, V) = fla,b) = pd < f(a,b).
By symmetry, if b > e > 1, then letting n = [2] > 1 and (d/, ') = (a,b) —nu € A4, we obtain
Oup = 0(ad(01) (D), where o £0,
and
f(d V) = fla,b) —nd < f(a,b).
Thus, any (a,b) € Ay, distinct from (¢’ —1,e — 1) = u+ v can be written in one of the forms
(a,b) = (', b))+ pv or (a,b)=(d,b)+nu,

where p,n > 1 and f(a/,0") < f(a,b). The minimum of f on A4, is equal to 2d and is achieved
at a single point u 4+ v = (¢/ — 1,e — 1). Continuing in this way, we finally achieve the point
(a',0') = (¢/ — 1,e — 1), where the function f attains its minimum.

Summarizing, any (a,b) € Ag. can be written as

(a,b) =u+v+po+mu+- - +nu+po, k>0,
where
l4+p1+--+pe=m and 14+m+- - +n_1 =n,

one of the py, pi or both can be zero, while the other coefficients are positive, and all partial
sums

u+v, ut+v+pw, utv+pw++mu, ..., (a,b)

are lattice vectors from A,.. This allows to represent 0, as follows:

(23)  Oap = c(ad(9,))™ (ad(97))™* - - - (ad(97)™ (ad(0,,))"*ad(9") (9) € (O, Oy )Lie;

e e

where ¢ € k is nonzero, see (4). O
Corollary 5.17. Under the assumption ee’ = d + 1 we have
Lie(Aut(Xd,e)) = fg D (8+ 87)Lie.

e’ Ye
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Proof. According to (23), 0,5 € (0F, 0. )1ie for all (a,b) € Age. In particular, for all k,1 > 0
we have

(24) Oo kds Olapo € <8 02 ) Lie-

e Ve

Moreover, by (4),
Of g = (e+kd+1)" 'ad(0F)(Ooka) and 9 g = — (€ +1d+ 1)~ ad(9.)(D1a0)
also belong to (9, 9 )Lie. Now the claim follows. O

e el

By combining Theorem 1.3, Theorem 5.4, Lemma 5.5, and Corollary 5.10, we arrive at the
following conclusion.

Corollary 5.18. The locally integrable Borel subalgebras of Lie(Aut(X.)) are precisely the
Ad-conjugates of ty X uie.

Remark 5.19. However, ty X uie is not always a Borel subalgebra of Lie(Aut(Xg,.)) =~
Lie(Nge). Indeed, suppose that ee’ = d+ 1. Then we have 0y 4 € Lie(Aut(Xy.)), see (24). In
this case, the solvable Lie subalgebra

h:= (o X uje, Goyd)me C Lie(Aut(Xd,e))
strictly contains t; X uie; see the proof of Proposition 4.11.

5.3. The Lie algebra of zero divergence vector fields on X,;. is not simple. Re-
call that the subalgebra Vec’(A?) of divergence-free vector fields is the unique proper ideal
of the Lie algebra Lie(Aut(A?)) = Vec®(A?). Moreover, the codimension one subalgebra
Vec’(A?) C Lie(Aut(A?)) is simple, see [30, Lemma 3].

In the Lie algebra Lie(Ng.), we consider the codimension one ideal

ga.c = Lie(Ng.) N Lie(thy) = Lie(Ng.) N Vec’(A?).

Since Lie(Aut(Xg.)) can be naturally identified with Lie(Ng.), see Corollary 5.10, we can
consider g4, as a maximal ideal of Lie(Aut(Xg.)).

Proposition 5.20. The Lie subalgebra gq. C Lie(Aut(Xy.)) is not simple.

Proof. In the lattice
Li.={(a,b) € Z*|ae+b=0 mod d}

we consider the submonoid
Age = {(a,b) € Lae|a,b> —1, (a,b) # (—1,—1)}.
It properly contains the submonoid Ay, of (18). More precisely,
/A\dye =N U{(—l,e+kd)|k>0}U{(e"+1d,—1)]1 >0} U{(0,0)}.
We also consider the submonoid
Age = Mg\ {(—1,¢), (¢/, =1),(0,0)}

and the homogeneous subalgebra I, C Lie(Auty(A2))A4(“a.c) of codimension 4 supported by

Ad,e, Where
@ka +ka D @k 141a D @ kb,

k>1 >1 (a,b)EAg, e
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cf. (17). We claim that I, is an ideal of Lie(Autg(A?))A4(@ae) Using (4), it suffices to check
the inclusion
(Ad,e + )\d,e) N Ad,e C )\d,e-
Suppose this inclusion is not true. Then the left-hand side contains one of the lattice vectors
(—1,e), (¢/,—1) and (0,0). Assuming that (—1,e) = ¥ 4 v, where v € /A\d’e and v € A\g., we
obtain
(—l,e) =(—1,e+kd)+ (0,ld) for some Fk,I >0,

which is impossible. The same argument applies to (¢/,—1). Similarly, if (0,0) = 0 + v,
then either o = v = (0,0), or {0,v} = {(-1,1), (1, —1)}. But this is impossible because
(070)7 (_1’ 1)’ (17 _1) ¢ )\d,e-

Since I;. is a homogeneous ideal of codimension 4 of Lie(Auty(A2))A4(Gac) then also
[3’6 = Ig. N gge is a homogeneous ideal of codimension 3 of the subalgebra g;. C

Lie(Autg(A2))A4(Gae)  Indeed, it is transversal to the vector subspace
k! ®kd, ®kdoo C gae-
Therefore, the Lie algebra gq. is not simple. OJ

Remarks 5.21.

1. This proof does not work for Lie(4ly), because this Lie algebra contains the derivations
0/0z and 0/0y whose adjoint action corresponds to the left or down shift by one unit on the
lattice Z?, see (4). And, indeed, this algebra is simple, see [30, Lemma 3].

2. Any normal affine toric surface X carrying no non-constant invertible regular function
is isomorphic to either A? or to some X . = A?/Gg.. It follows from Proposition 5.20 that
X ~ A? (that is, X is smooth) if and only if the maximal ideal of divergence zero vector

fields from Lie(Aut(X)) is simple (cf. [31]).
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