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The random clusters introduced by Fortuin and Kasteleyn (FK) and analyzed by Coniglio and
Klein (CK) for Ising and related models have led first Swendsen and Wang and then Wolff to
formulate remarkably efficient Markov chain Monte Carlo sampling schemes that weaken the critical
slowing down. In frustrated models, however, no standard approach has yet been identified to achieve
comparable gains in configurational sampling at low frustration—let alone to efficiently sample the
strongly frustrated regime. In order to understand why formulating appropriate cluster criteria
for frustrated models has thus far been elusive, we here study minimal short-range attractive and
long-range repulsive as well as spin-glass models on Bethe lattices. Using a generalization of the CK
approach and the cavity-field method, the appropriateness and limitations of FK–CK-type clusters
are identified. We find that a standard, constructive cluster scheme is then inoperable, and that the
frustration range over which generalized FK–CK clusters are even definable is finite. These results
demonstrate the futility of seeking constructive cluster schemes for frustrated systems but leaves
open the possibility that alternate approaches could be devised.

I. INTRODUCTION

In the early 1970s, Kees Fortuin and Piet Kasteleyn
(FK) unified the descriptions of Ising, Potts, and perco-
lation models via their formulation of random clusters [1,
2]. That framework has since had a marked impact
on stochastic geometry and mathematical physics [3].
Roughly a decade later, Coniglio and Klein (CK) real-
ized that a geometric characterization of the Ising criti-
cal point could be made in terms of clusters that perco-
late with the Ising critical exponents, thus making these
clusters more immediately physically consequent [4, 5].
(That setup was later generalized to a few other models
by Robert Edwards and Alan Sokal [6].) Both results
were indeed leveraged in the subsequent formulation of
novel Markov chain Monte Carlo sampling schemes that
could significantly weaken the critical slowing down: the
Swendsen–Wang [7, 8] and Wolff [9] algorithms. While
the correlation decay time τ of standard (single-spin)
Metropolis sampling grows critically with the equilib-
rium correlation length ξ as τ ∼ ξz, with z ≥ 2 [10, 11],
FK–CK cluster–based algorithms do so with z ≪ 2;
see, e.g., [12, 13]. The definition of FK–CK clusters
was later extended [14] to the antiferromagnetic Ising
model [15] and to Ising models with any ferromagnetic
interaction between any pair of sites [16]. Separately,
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the Swendsen–Wang algorithm has found applications
well beyond physics, including in image processing and
computer vision [17, 18].

In statistical physics proper, however, relatively lit-
tle progress has since been achieved. One key hurdle
is that the FK–CK clusters are not obviously gener-
alizable to models with frustration. For models with
short-range attractive and long-range repulsive (SALR)
interactions (without quenched disorder), the generaliza-
tion proposed by Pleimling and Henkel [19, 20], among
others, has been met with limited success [21]. For spin-
glass models (with quenched disorder), the roadblock has
motivated the formulation of altogether different cluster
schemes, such as the Chayes–Machta–Redner [22] and
the Houdayer [23] algorithms, although with a similar
outcome [24]. Irrespective of the type of frustration, FK–
CK-like clusters seemingly fail to significantly weaken
the critical slowing down even in the weak frustration
limit [21, 25]. The underlying reason had long remained
hazy until some of us recently showed for a specific
model with SALR interactions that clusters would need
to be constructed using a confounding negative proba-
bility of including spins with frustrated interactions for
the proper clusters to be identified [21].

It should be emphasized that these families of mod-
els are not mere statistical physics curiosities. Lattice
SALR interaction models recapitulate the rich phase be-
havior of microphase formers as varied as diblock copoly-
mers, surfactants, microemulsions, and certain magnetic
alloys [26–29]. Their study has been key to disentangling
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the mesoscale assembly behavior of various ordered [27]
and disordered [30] morphologies. Lattice spin-glass
models have a similarly long track record with an even
broader array of applications ranging from neural net-
works to quantum error correction codes [31–34]. For
instance, the connection between the two-dimensional
frustrated random-bond Ising model (RBIM) and cer-
tain classes of Toric codes has played an important role
in determining the error correction threshold of the latter
(see Refs. [35–38] and references therein). Understand-
ing the root of the failure of standard cluster schemes
in these models could therefore have an impact much
broader than might first appear.

In this work, we generalize the finding of Ref. [21]
by presenting a more formal demonstration of the result
(Sec. III) and by identifying the limitations of FK–CK
clusters, however generalized, for three frustrated mod-
els on a Bethe lattice. The rest of this article is orga-
nized as follows. Section II presents the specific models
considered and Sec. IV their cavity-field method solu-
tion [39, 40]. Results are then presented and discussed
in Sec. V. An extended conclusion follows in Sec. VI.

II. THE MODELS

Three different frustrated models are considered in
this work: a model with isotropic and an another with
anisotropic next-nearest-neighbor SALR interactions as
well as the diluted random bond Ising model (RBIM)
with frustration. These examplars are both canonical
members of the SALR interaction (without quenched
disorder) and spin-glass (with quenched disorder) classes
of models, respectively, and sufficiently simple to be
amenable to a complete analysis on Bethe lattices. In
this section, their definition and static properties on
various lattices is recapitulated; the calculation of their
equilibrium properties on Bethe lattices is presented in
Sec. IV.

A. Isotropic and Anisotropic SALR interaction
models

We consider two types of homogeneous models of Ising
spins, si = ±1 = ↑ / ↓, with up to next-nearest neighbor
interactions. The first model has a purely isotropic (iso)
Hamiltonian,

Hiso({si}) = −J
∑
⟨i,j⟩

sisj + κJ
∑

⟨⟨i,j⟩⟩

sisj − hext

∑
i

si ,

(1)
with ⟨i, j⟩ and ⟨⟨i, j⟩⟩ denoting nearest and next-nearest
neighbors, respectively, and the nearest neighbor cou-
pling constant J > 0 setting the unit of energy. The sec-
ond model has an anisotropic Hamiltonian incorporating

axial next-nearest neighbor interactions (ANNNI),

HANNNI({si}) = −J
∑
⟨i,j⟩

sisj+κJ
∑

[i,j]axial

sisj−hext

∑
i

si ,

(2)
with [i, j]axial denoting next-nearest neighbors along the
chosen axial direction. Both models either have purely
attractive (κ ≤ 0) or SALR (κ > 0) interactions. (In the
rest of this work, the external field of these models is set
to zero, hext = 0, which endows them with Z2 symme-
try, thus simplifying their analysis.) The purely attrac-
tive regime of both models straightforwardly presents a
paramagnetic-to-ferromagnetic (P-F) phase transition at
a finite temperature Tc(κ), which belongs to the Ising
universality class. Their SALR interaction versions,
however, significantly differ.

The ANNNI model with SALR interactions on cubic
lattices has been studied with relatively high numeri-
cal accuracy using transfer matrices in d = 2 [41, 42],
and with various Monte Carlo simulation schemes and
series expansions in d = 3 [27, 29]. In both dimen-
sions, at small κ the P-F transition remains within
the Ising universality class. At large κ, by contrast,
the ground state is modulated along the axial direc-
tion. The resulting paramagnetic-to-modulated phase
transition is then within the XY universality class. In
d = 3, a finite-temperature tricritical Lifshitz point at
κL = 0.270 cleanly separates the two regimes. By con-
trast, in d = 2 the details of the low-temperature tran-
sition region around κ = 1/2 remain debated.

The behavior of the model with isotropic SALR in-
teractions is somewhat more complicated. In d = 2,
transfer matrix studies of the SALR interaction regime
(or, equivalently, the biaxial next nearest neighbor Ising
model, BNNNI) have revealed a phase diagram struc-
turally similar to that of the d = 2 ANNNI model, albeit
with a paramagnetic-to-modulated phase transition that
is harder to tease out at high κ [41]. In d = 3, generic
field-theoretic arguments suggest that the paramagnetic-
to-modulated phase transition is weakly first-order in
nature [30], but the model phenomenology remains in-
completely described. More robust advances have been
made for systems on Bethe lattices [30], in which case the
paramagnetic-to-modulated phase transition is clearly
within the XY universality class.

B. Frustrated RBIM

We also consider the frustrated random-bond Ising
model (RBIM) with Hamiltonian

HRBIM({si}) = −
∑
⟨i,j⟩

Jijsisj − hext

∑
i

si , (3)

where the couplings Jij are taken from a bimodal distri-
bution with probability ρ of being ferromagnetic, Jij =
J0 > 0, and probability 1−ρ of being anti-ferromagnetic,
Jij = −J0. In other words, the couplings are taken at
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random from the probability distribution:

p(Jij) = ρδ(Jij − J0) + (1− ρ)δ(Jij + J0) , (4)

with J0 setting the unit of energy. Clearly, the standard
ferromagnetic Ising model is recovered for ρ = 1, and
the standard antiferromagnetic Ising model is recovered
for ρ = 0. There also clearly exists a duality: ρ ↔
(1− ρ) ∧ J0 ↔ −J0.

The RBIM on d = 2 [43–51] and d = 3 [25] cu-
bic lattices, in particular, has been extensively stud-
ied. For all d ≥ 2 and ρ close to unity the P-F tran-
sition is Ising-like. As ρ decreases, however, dimen-
sional differences emerge. In d = 3 the model ex-
hibits a finite-temperature spin-glass phase for ρ <∼ 0.78,
while in d = 2 spin-glass ordering is only present at
T = 0 (for ρ <∼ 0.897). In mean-field models, such as
the infinite-connectivity Sherrington-Kirkpatrick (SK)
model as well as comparable models defined on the Bethe
lattice, an additional phase emerges: the ferromagnetic-
spin-glass (FSG) phase. This intermediate phase be-
tween the ferromagnetic and the spin-glass ones exhibits
spin-glass behavior while maintaining a non-zero mag-
netization [52–55].

Interestingly, for all d ≥ 2, local gauge symmetry gives
rise to a Nishimori line [33, 56]

βNJ0 =
1

2
ln

ρ

1− ρ
, (5)

where βN = 1/kBTN is the inverse Nishimori tempera-
ture. Along this line certain thermodynamic quantities,
such as the internal energy, have closed-form expressions.
This line is also invariant under renormalization-group
transformations, as is the P-F transition line. The in-
tersection point of the two lines therefore gives rise to a
multicritical fixed point; this Nishimori point (NP) sep-
arates the paramagnetic, ferromagnetic and spin-glass
phases in d ≥ 3. In d = 2, although no spin glass phase
exists, the dynamical (critical) exponent of single spin
flip Metropolis Monte Carlo at the Nishimori point has
a very high value, z ≃ 6, independently of lattice geome-
try and random bond distribution [36, 37]. Such a high z
significantly inhibits configurational sampling (and equi-
libration) in this regime.

III. GENERALIZED FK–CK CLUSTER
SCHEME

In this section, we generalize the FK–CK random clus-
ters to the models presented in Sec. II. The general result
is that FK–CK clusters in non-frustrated systems encode
thermodynamic correlations [6],

⟨sisj⟩ = ⟨γ∥
ij⟩ , (6)

where ⟨sisj⟩ is the spin-spin correlation function, and
⟨γ∥

ij⟩ denotes the probability that spins i and j are par-
allel and belong to a same (random) cluster of the cor-
responding percolation problem. (Clusters will be de-
fined more explicitly below; for now, the intuitive notion

should suffice.) This geometric identification enables up-
dating correlated particles at once, thus accelerating con-
figurational sampling down to the critical temperature,
Tc.

In models with frustrated interactions, this rela-
tion was later extended by considering both ferromag-
netic and antiferromagnetic bonds between neighboring
spins [57–61]

⟨sisj⟩ = ⟨γ∥
ij⟩ − ⟨γ ̸∥

ij⟩, (7)

where ⟨γ∥
ij⟩ and ⟨γ ̸∥

ij⟩ denote the probability that parallel
and antiparallel spins i and j belong to the same cluster,
respectively. In the frustrated case, the clusters are con-
structed by joining together neighboring spins such that
Jijsisj > 0. As a result, some of the bonds in a cluster
can link neighboring parallel spins and other bonds anti-
parallel spins. Generalized cluster schemes that sum the
contributions of parallel and antiparallel spins necessar-
ily overestimate the spin correlations, i.e.,

|⟨sisj⟩| ≤ ⟨γ∥
ij⟩+ ⟨γ ̸∥

ij⟩. (8)

The resulting clusters therefore percolate at tempera-
tures higher than Tc. As a result, these clusters are
largely ineffective at configurational sampling in the crit-
ical regime, as has been repeatedly demonstrated in nu-
merical simulation [21, 25, 62–66].

In the rest of this section, we first review the FK–CK
construction for the standard Ising model (Sec. III A)
and then show that the FK–CK formalism can be rig-
orously generalized to frustrated systems with SALR
interactions (Sec. III B) and to the frustrated RBIM
(Sec. III C)—albeit with some of the bonding “proba-
bilities” taking negative values. In contrast to the com-
monly considered approach corresponding to Eq. (8), we
hence obtain a proper cluster-based geometric descrip-
tion of the generalized relationship for pair correlations.

Before doing so it is instructive to recall the difference
between the CK and the FK approaches for the Ising
model with nearest-neighbor interaction J . In the CK
formalism, a cluster—also called droplet—is defined as
the maximal set of nearest-neighbor parallel spins con-
nected by bonds with probability

pB = 1− e−2J/kT (9)

(The bonds are fictitious; they only define the connectiv-
ity and do not change the spin interaction energy.) By
contrast, in the FK formalism the introduction of bonds
modifies the original spin interaction J into J = ∞ with
probability p and J = 0 with probability 1 − p. This
approach leads to the random cluster model with clus-
ters composed of spins connected by infinite interactions.
Because of this difference in framing, CK droplets were
long seen as unrelated to FK clusters. Only after Swend-
sen and Wang introduced the cluster dynamics based on
the FK formalism was it formally shown that the distri-
bution of CK droplets is the same as that of FK clus-
ters [57, 67]. Although nowadays the CK droplets and
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the FK clusters are often co-identified, their different ori-
gin should nevertheless be kept in mind throughout the
demonstration to clarify the argument.

A. Physical clusters for the (unfrustrated) Ising
model

We here review the FK–CK construction for the stan-
dard (unfrustrated) Ising model, which leads to the re-
sult in Eq. (6). This demonstration further establishes
the notation and highlights the key steps that are then
followed for frustrated systems in the following subsec-
tions.

Consider a system of Ising spins on a lattice with fer-
romagnetic nearest-neighbor interactions, for which—up
to an irrelevant additive constant—the Hamiltonian can
be written as

H({si}) = −
∑
⟨i,j⟩

J(sisj − 1) . (10)

The key idea is to replace the original Ising Hamiltonian
with an annealed diluted one

H ′({si}) = −
∑
⟨i,j⟩

J ′
ij(sisj − 1) , (11)

where

J ′
ij =

{
J ′ with probability pB ,

0 with probability 1− pB .

For a given J ′, the parameter pB is chosen such that

eβJ(sisj−1) = pB eβJ
′(sisj−1) + (1− pB) . (12)

In the limit βJ ′ → ∞, we have eβJ
′(sisj−1) = δsi,sj ,

and from Eq. (11) we recover Eq. (9). As a result, the
Boltzmann weight of each spin configuration is

e−βH({si}) =
∏
⟨i,j⟩

eβJ(sisj−1) =
∏
⟨i,j⟩

[
pBδsi,sj + (1− pB)

]
.

(13)
After expanding the products in the above relation, we
can write

e−βH({si}) =
∑
C

WFK({si}, C) , (14)

where

WFK({si}, C) =
∏

⟨i,j⟩∈C

pBδsi,sj
∏

⟨i,j⟩̸∈C

(1− pB)

= p
|C|
B (1− pB)

|A|
∏

⟨i,j⟩∈C

δsi,sj . (15)

Here, C is a subset of all the bonds that correspond to
a specific configuration of the interactions J ′, such that
the bonds with J ′ = ∞ belong to the cluster configu-
ration C, and the subset of bonds with J ′ = 0 defines

A, with |C| + |A| = |E| for E the set of all bonds. In
other words, WFK({si}, C) is the statistical weight of a
spin configuration {si} with the set of interactions {J ′

ij}
in the diluted model with |C| edges interacting with in-
finite strength and all other edges interacting with zero
strength. The Kronecker delta indicates that two spins
connected by an infinite interaction strength must be in
the same state. Therefore, the cluster configuration C
can be decomposed into clusters of parallel spins con-
nected by interactions of infinite strength.

The partition function Z can then be obtained by sum-
ming over all spin configurations with their Boltzmann
weight given by Eq. (14). Because each disconnected
cluster in C gives a factor of 2, one then gets

Z =
∑
C

2NCp
|C|
B (1− pB)

|A| , (16)

where NC is the number of clusters in C. Put differently,
the FK–CK formalism gives a partition function, Z =∑

C W (C), whose structure is equivalent to that of a
correlated bond percolation model,

W (C) =
∑
{si}

WFK({si}, C)

= 2NCp
|C|
B (1− pB)

|A| ,

(17)

which coincides with the weight of the random bond per-
colation except for the extra factor 2NC . All clusters and
their weights for the spin configuration (st, sr, sb, sl) =
(↑, ↑, ↑, ↑) are shown in Fig. 1.

From Eqs. (14) and (15), it follows that

⟨sisj⟩ = ⟨γ∥
ij⟩W , (18)

where γ
∥
ij(C) = 1 if i and j belong to the same cluster

C and 0 otherwise, ⟨· · · ⟩ is the thermodynamic average
with the Boltzmann weights and ⟨· · · ⟩W is the average
over bond configurations in the bond correlated perco-
lation with weights given by Eq. (17). This result is
obtained by taking the sum over all spin configurations,
using the weight in Eq. (15), which gives

sisj =

{
1 if i an j belong to the same cluster
0 otherwise.

(19)

B. Generalization to SALR interaction models

Having established the FK–CK framework for unfrus-
trated systems, we now extend it to models with SALR
interactions. The key conceptual step is recognizing that
the mathematical formalism remains intact even when
NNN interactions are antiferromagnetic, thus making
some bonding “probabilities” negative. In other words,
although the equality between spin correlations and clus-
ter connectivity still holds exactly, the constructive sam-
pling interpretation is lost.
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α4l r

b

t

α3(1− α)l r

b

t

α2(1− α)2l r

b

t

α(1− α)3l r

b

t

(1− α)4l r
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t

FIG. 1. Chain of four Ising spins with ferromagnetic interac-
tions, Jij = J > 0, under periodic boundary conditions, in its
minimal energy spin configuration (st, sr, sb, sl) = (↑, ↑, ↑, ↑).
All possible clusters are shown, with zero to four links (solid
red lines), thus identifying spins as being either part (filled
circle) or not (unfilled circle) of a cluster. Cluster multiplic-
ities are 1, 4, 6, 4, and 1, respectively, and FK–CK cluster
weights WFK (center) are expressed for bonding probability
α = e−2βJ ∈ (0, 1].

Consider a model with isotropic SALR interactions.
(The extension to the anisotropic version is straightfor-
ward.) Again, apart from an irrelevant additive con-
stant (and in the absence of external magnetic field),
the Hamiltonian of the isotropic model in Eq. (1) can be
rewritten as

Hiso({si}) = −J1
∑
⟨i,j⟩

(sisj−1)−J2
∑

⟨⟨i,j⟩⟩

(sisj−1) , (20)

with J1 = J > 0 and J2 = −κJ < 0. For any pair of
interacting spins we define

eβJν(sisj−1) = p
(ν)
B δsisj +

(
1− p

(ν)
B

)
, (21)

with a generalization of Eq. (9),

p
(ν)
B = 1− e−2βJν , ν = 1, 2 . (22)

We can then generalize Eq. (14) as

e−βHiso({si}) =
∑
C

WFK({si}, C1, C2) , (23)

where

WFK({si}, C1, C2, ) =
(
p
(1)
B

)|C1| (
1− p

(1)
B

)|A1|

×
(
p
(2)
B

)|C2| (
1− p

(2)
B

)|A2| ∏
⟨i,j⟩∈C1

δsisj
∏

⟨⟨i,j⟩⟩∈C2

δsisj .

(24)
Here, C1 and C2 are the cluster configurations of the
interactions J1 (of type 1) on NN bonds and J2 (of type
2) on NNN bonds, respectively.

The partition function is then

Z =
∑
C1

∑
C2

(
p
(1)
B

)|C1| (
1− p

(1)
B

)|A1|

×
(
p
(2)
B

)|C2| (
1− p

(2)
B

)|A2|
2N(C1,C2) ,

(25)

where N(C1, C2) is the number of clusters with the com-
bined bond configuration. Therefore, the weight of the
cluster configuration (C1, C2) in the associated corre-
lated bond percolation problem is

W (C1, C2) =
(
p
(1)
B

)|C1| (
1− p

(1)
B

)|A1|

×
(
p
(2)
B

)|C2| (
1− p

(2)
B

)|A2|
2N(C1,C2) ,

(26)
and, as for the unfrustrated model,

⟨sisj⟩ = ⟨γ∥
ij⟩W , (27)

with γ
∥
ij = 1 if i and j belong to the same cluster, and

0 otherwise. This result is independent of the sign of
the coupling constants, and in particular holds in the
SALR interaction case, i.e., J1 > 0 and J2 < 0. For this
model, however, p

(2)
B is negative and hence 1 − p

(2)
B >

1. Therefore, rewriting the Boltzmann weights can no
longer be interpreted in terms of probabilities.

C. Generalization to the frustrated RBIM

We also consider the specific case of the random
bond Ising model (RBIM) that introduces frustration
through the presence of quenched disorder, as described
in Eq. (3). The FK–CK generalization nevertheless pro-
ceeds analogously to the SALR interaction case. The
crucial result is that for any fixed disorder realization,
the spin-spin correlation function equals the cluster con-
nectivity probability, and this equality survives averag-
ing over the quenched disorder. This establishes that the
generalized FK–CK clusters properly encode thermody-
namic correlations in the presence of both frustration and
disorder.

Once more, apart from an irrelevant additive con-
stant (and in the absence of external magnetic field),
the Hamiltonian in Eq. (3) can be rewritten as

HRBIM({si}) = −
∑
⟨i,j⟩

Jij(sisj − 1) . (28)

We then replace this expression with an annealed diluted
Hamiltonian

H ′({si}) = −
∑
⟨i,j⟩

J ′
ij(sisj − 1) , (29)

where

J ′
ij =

{
J ′ with probability p

(ij)
B ,

0 with probability 1− p
(ij)
B .
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For a fixed J ′, p(ij)B is chosen such that

eβJij(sisj−1) = p
(ij)
B eβJ

′(sisj−1) +
(
1− p

(ij)
B

)
(30)

for each bond. In the limit J ′ → ∞, we have
eβJ

′(sisj−1) = δsi,sj , and p
(ij)
B is given by

p
(ij)
B = 1− e−2βJij . (31)

(As anticipated, for Jij < 0 the parameter p
(ij)
B is nega-

tive; the formal construction can nevertheless be contin-
ued.) Consequently, the Boltzmann weight is

e−βHRBIM({si}) =
∏
⟨i,j⟩

[
p
(ij)
B δsi,sj +

(
1− p

(ij)
B

)]
, (32)

and hence we can write
e−βHRBIM({si}) =

∑
C

WFK({si}, {Jij}, C) , (33)

where
WFK({si}, {Jij}, C) =∏

⟨i,j⟩∈C

p
(ij)
B δsi,sj

∏
⟨i,j⟩̸∈C

(1− p
(ij)
B ) . (34)

Here, C is a subset of all the bonds that correspond to
a specific configuration of the interactions J ′

ij , such that
the bonds with J ′ = ∞ belong to the cluster configura-
tion C, and the subset of bonds with J ′ = 0 defines A,
with |C|+ |A| = |E| for E the set of all bonds. Note that
we have here included the dependence on the full real-
ization of the random couplings {Jij} in the definition
of the FK statistical weights, because the quenched dis-
order over bond types make their “probabilities” differ
for each system realization.

The partition function Z can then be obtained by sum-
ming over all spin configurations,

Z =
∑
C

2NC

∏
⟨i,j⟩∈C

p
(ij)
B

∏
⟨i,j⟩̸∈C

(1− p
(ij)
B ) , (35)

where NC is the number of clusters in C. There-
fore, the FK–CK formalism gives a partition function,
Z =

∑
C W (C), whose structure is equivalent—albeit,

as anticipated above, with some negative pB—to that of
a correlated bond percolation model,

W (C) =
∑
{si}

WFK({si}, {Jij}, C)

= 2NC

∏
⟨i,j⟩∈C

p
(ij)
B

∏
⟨i,j⟩̸∈C

(1− p
(ij)
B ) .

(36)

It follows that
⟨sisj⟩ = ⟨γ∥

ij⟩W , (37)

where γ
∥
ij(C) = 1 if i and j belong to the same cluster,

and 0 otherwise. We emphasize that this equality holds
when averaging over Boltzmann weights and averaging
over bond configurations, for any fixed disorder realiza-
tion {Jij}. Consequently, the equality must hold after
averaging over the quenched disorder as well. A concrete
example is discussed in the concluding Sec. VI.

D. Cluster definition remarks

In all the above cases, the equality between the spin-
spin correlation function and ⟨γ∥

ij⟩W follows from the
FK–CK clusters ensuring that the Boltzmann weight
of every spin configuration coincides with the statisti-
cal weight of the corresponding random-bond percola-
tion model defined by the measure W (C). This prop-
erty crucially implies that, even if one constructs an-
other cluster model for which clusters percolate exactly
at the Ising critical point and exhibit the same criti-
cal exponents—as for the α-parameter cluster model de-
scribed in Secs. IV A 4 and IV C 4—the equality between
the Boltzmann weight of the spin configurations and the
statistical weight of the cluster model no longer holds.
Hence, nothing guarantees that throughout the phase di-
agram, the spinspin correlation function is equal to the
percolation correlation function. Consequently, an algo-
rithm based on such a cluster model is not expected to
weaken the critical slowing down with any significance,
as was observed in Ref. [21] for a specific SALR inter-
action model. We are tempted to conjecture that this
equality is a necessary condition for weakening the criti-
cal slowing down in general, but cannot formally demon-
strate it at this point.

IV. EXACT SOLUTION OF THE MODELS ON
THE BETHE LATTICE

The Bethe lattice provides an ideal testing ground for
cluster schemes because it admits exact solutions via the
cavity method [31, 39]. In this section, we solve the three
models presented in Sec. II on this lattice. The analy-
sis of each model follows a common structure. We first
derive recursive equations for the local spin configura-
tion probabilities, η, which encode all thermodynamic
properties such as spin correlations and the system free
energies. We then develop analogous recursive equations
for the cluster percolation probabilities—denoted P for
site probabilities and π for the cavity form, in which the
influence of a given neighbor is omitted to construct the
recursion. These equations characterize the geometric
properties of clusters, in particular whether spins be-
long to the infinite percolating cluster. These two sets
of equations are structurally similar but serve different
purposes. The configuration probabilities η determine
when the system undergoes thermodynamic phase tran-
sitions (e.g., P-F), while the percolation probabilities P
and π determine whether clusters span the entire sys-
tem. Comparing the temperatures at which the thermo-
dynamic and the percolation transitions occur reveals
whether a given cluster definition properly captures the
physics of the critical regime. The technical derivations
presented here can be solved iteratively for given param-
eter values; their solutions and physical implications are
discussed in Sec. V.
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A. Isotropic SALR interaction model

For the isotropic SALR interaction model of Eq. (1),
the recursive equations of the thermodynamic properties
as well as the percolation behavior of two different clus-
ter criteria are considered. Because the phase behavior
of the model is non-trivial even at relatively small κ,
we also obtain the linear expansion in κ. To facilitate
the numerical work, we additionally analyze the linear
stability of the solutions.

1. Cavity field and recursion relations

For a Bethe lattice with connectivity c+1, the cavity
method provides the (local) configuration probabilities
for the current site s and the backward (or cavity) site
s′ [40]

ηcav(s, s
′) = Z−1

cav

c∑
l=0

(
c

l

)
[ηcav(↑, s)]l[ηcav(↓, s)]c−l (38)

× eβJs(2l−c)e−βκJs′(2l−c)e−βκJ
l(l−1)+(c−l)(c−l−1)−2l(c−l)

2 ,

where Zcav is the normalization factor of these probabil-
ities,

∑
s,s′ ηcav(s, s

′) = 1, and the spin density

η(s) = Z−1
site

c+1∑
l=0

(
c+ 1

l

)
[ηcav(↑, s)]l[ηcav(↓, s)]c+1−l

(39)

× eβJs(2l−c−1)e−βκJ
l(l−1)+(c+1−l)(c−l)−2l(c+1−l)

2 ,

where Zsite is the normalization factor, such that η(↑
)+ η(↓) = 1. The free energy per site, which is obtained
by averaging over all possible choices of removed sites
and removed edges [30], is

βf = βfsite −
c+ 1

2
βflink (40)

where βfsite = − lnZsite and

βflink = − ln (E2eβJ +R2eβJ + 2F O e−βJ ), (41)

using the short-hand notation E/F/O/R to encode the
different spin configuration probabilities ηcav(s, s

′) (see
Fig. 2).

Symmetry Proposition 1. The Z2 symmetry of the
isotropic SALR interaction model provides the following
identities:

(a) for κ = 0,

E = F = Z−1
cav (EeβJ +Oe−βJ )c , (42)

O = R = Z−1
cav (Ee−βJ +OeβJ )c ; (43)

(b) for any κ within the paramagnetic phase, E = R
and F = O;

(c) for any κ within the paramagnetic phase, the net
magnetization is zero with η(↑) = η(↓) = 1/2, and
hence E + F = O +R = 1/2.

2. Linear expansion around κ = 0

For the special case κ = 0, closed-form expressions of
the cavity field equations for the paramagnetic phase can
be obtained as in Eqs. (42)-(43). For κ ̸= 0, however,
these equations need to be solved iteratively. In order to
validate these results, we here also consider corrections
linear in κ to the configuration probabilities,

ηcav(s, s
′) = η0cav(s, s

′) + κJ
∂ηcav(s, s

′)

∂κJ

∣∣∣∣
κ=0

, (44)

which entails computing

∂ηcav(s, s
′)

∂κJ
= Z−1

cav

∂fcav(s, s
′)

∂κJ
− fcav(s, s

′)

Z2
cav

∂Zcav

∂κJ
. (45)

To streamline the presentation, we separately con-
sider the derivatives of the summation, fcav(s, s

′) =
ηcav(s, s

′)Zcav, and of the normalization factor, Zcav.
From Eq. (38), we have

∂fcav(s, s
′)

∂κJ

∣∣∣∣
κ=0

=

c∑
l=0

(
c

l

)
[η0cav(↑, s)]l[η0cav(↓, s)]c−leβJs(2l−c)(−β)

[
s′(2l − c) +

l(l − 1) + (c− l)(c− 3l − 1)

2

]

+

c−1∑
l=0

(
c

l

)
[η0cav(↑, s)]l[η0cav(↓, s)]c−l−1eβJs(2l−c)(c− l)

∂ηcav(↓, s)
∂κJ

+

c∑
l=1

(
c

l

)
[η0cav(↑, s)]l−1[η0cav(↓, s)]c−leβJs(2l−c)l

∂ηcav(↑, s)
∂κJ

,

(46)

where η0cav(s, s′) denotes the corresponding configuration probabilities at κ = 0, and
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FIG. 2. Configurations with up (black) and down (white) spins corresponding to the various cavity fields of the isotropic
SALR interaction model on a Bethe lattice with connectivity c+ 1 = 5. ηcav(s, s

′) is the (local) configuration probability for
the current site s and the backward (cavity) site s′. The upper labels E, F, O, R equal ηcav(s, s′) in each of the four cases
and are used as short-hand notation for the latter in the text. Here and in what follows we will denote with an up arrow, ↑ ,
the spins pointing up and with downarrow, ↓ , the spins pointing down.

∂Zcav

∂κJ
=
∑
s,s′

∂fcav(s, s
′)

∂κJ
. (47)

Equations (45)-(47) provide recursive relations with
which the four derivatives ∂κJηcav(s, s

′) can be directly
obtained. Various simplifying relations can then be in-
voked. For conciseness, we write the coefficients of the
three terms in Eq. (46) as ϕ̂i, where i ∈ {0, 1, 2} is the
order of the term, and ϕ ∈ {E,F,O,R} denotes the con-
figuration of fcav(s, s′), as in Fig. 2.

• Because the coefficients of the second and third terms
are independent of s′, we get that Êi = F̂i and Ôi =
R̂i for i = 1 or 2.

• From Prop. 1(a) and (b) for the paramagnetic phase,

we have that each η0cav(s, s
′) = 1/4, and hence

Ê1 = F̂1 = Ô2 = R̂2 = c

(
cosh (βJ)

2

)c−1

eβJ , (48)

Ê2 = F̂2 = Ô1 = R̂1 = c

(
cosh (βJ)

2

)c−1

e−βJ , (49)

Ê0 = R̂0, (50)
F̂0 = Ô0. (51)

• From Prop. 1(b) and (c) for the paramagnetic phase,
we have

∂E

∂κJ
= − ∂F

∂κJ
= − ∂O

∂κJ
=

∂R

∂κJ
. (52)

In short-hand notation, Eq. (47) then becomes

∂Zcav

∂κJ
= (Ê0 + F̂0 + Ô0 + R̂0) + (Ê1 + F̂1)

∂E

∂κJ
+ (Ô1 + R̂1)

∂F

∂κJ
+ (Ê2 + F̂2)

∂O

∂κJ
+ (Ô2 + R̂2)

∂R

∂κJ
. (53)

Applying Eqs. (46) and (53) to Eq. (45), gives four equa-
tions for the four variants of ∂κJηcav(s, s′), hence reduc-
ing the problem to an exercise in linear algebra. From
Eq. (52), we have that the various ∂κJηcav(s, s

′) for the
paramagnetic phase are interchangeable, which we de-
note ∂κJE. Using the aforementioned symmetry rela-
tions, Eq. (45) at κ = 0 becomes

∂E

∂κJ

∣∣∣∣
κ=0

=
Ê0 − F̂0

2Zcav
, (54)

which, as expected, only depends on the (inverse) tem-
perature βJ and on connectivity c + 1. To linear order
in κ, the configuration probabilities are then

ηcav(s, s
′) =

1

4
+ (2δs,s′ − 1)κJ

∂E

∂κJ

∣∣∣∣
κ=0

. (55)

3. Linear stability analysis

To sidestep some of the numerical difficulties associ-
ated with determining Tc from the free energy, we an-
alyze the linear stability of the recursive expressions in
Eq. (38). For small fluctuations around a fixed state, we
can express the cavity field as

ηcav(s, s
′) = ηfix

cav(s, s
′)+ J dηcav(s, s

′). (56)

In short-hand notation, this matrix equation becomes E
F
O
R

 =


Efix

F fix

Ofix

Rfix

+ J

 dE
dF
dO
dR

 , (57)
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where J is the 4 × 4 Jacobian matrix of derivatives of
Eq. (38) with respect to each configuration variable

Jij = Z−1
cav

∂fcav(si, s
′
i)

∂ηcav(sj , s′j)
− ηcav(si, s

′
i)

Zcav

∂Zcav

∂ηcav(sj , s′j)
(58)

with fcav(s, s
′) defined as in Sec. IV A 2. For conciseness,

in the rest of this subsection we denote fcav(s, s
′) and

Zcav as fϕ (ϕ ∈ {E,F,O,R}) and Z, respectively, thus
yielding

J =


1
Z

∂fE
∂E − E

Z
∂Z
∂E −E

Z
∂Z
∂F

1
Z

∂fE
∂O − E

Z
∂Z
∂O −E

Z
∂Z
∂R

1
Z

∂fF
∂E − F

Z
∂Z
∂E −F

Z
∂Z
∂F

1
Z

∂fF
∂O − F

Z
∂Z
∂O −F

Z
∂Z
∂R

−O
Z

∂Z
∂E

1
Z

∂fO
∂F − O

Z
∂Z
∂F −O

Z
∂Z
∂O

1
Z

∂fO
∂R − O

Z
∂Z
∂R

−R
Z

∂Z
∂E

1
Z

∂fR
∂F − R

Z
∂Z
∂F −R

Z
∂Z
∂O

1
Z

∂fR
∂R − R

Z
∂Z
∂R

 . (59)

For a given set of converged configurational
probabilities—as obtained from Eq. (38)—this matrix
and its eigenvalues can be computed. The leading eigen-
value, λmax determines the stability of a state. For
λmax < 1, repeatedly iterating the cavity equations
leads to convergence, and hence the corresponding state
is equilibrated; for λmax > 1, divergence ensues, and
hence that state is unstable; for λmax = 1, the state is
marginally stable.

0.05 0.06 0.07 0.08

0.6

0.8

1

1.2

1.4

-3.8

-3.6

-3.4

-3.2

-3

-2.8

FIG. 3. Free energy (right axis, red) and leading eigenvalue
(left axis, blue) of the isotropic SARL model for κ = 0.22
on the c + 1 = 3 Bethe lattice. The hysteresis of the heat-
ing (solid line) and cooling (dashed line) curves hints at the
presence of a (weakly) first-order P-F phase transition—as
suggested in Ref. [30]. The end of the metastability range of
these curves, Theat = 0.06977 and Tcool = 0.06137 (dashed
vertical lines), coincides with λmax = 1 (horizontal dotted
line) for the complete expression in Eq. (59) (solid blue line)
and its homogeneous reduction in Eq. (62) (dashed blue line),
respectively. These results bound the thermodynamic transi-
tion temperature, Tc = 0.06560, where the free energy curves
cross.

The leading eigenvalue of the Jacobian matrix can be
obtained numerically for any configuration, whether in
the paramagnetic or the ferromagnetic phase. For the
paramagnetic phase, leveraging symmetry further sim-

plifies the analysis. In particular, Prop. 1(b) yields:

∂fE
∂E

=
∂fR
∂R

,
∂fE
∂O

=
∂fR
∂F

,
∂fF
∂E

=
∂fO
∂R

,

∂fF
∂O

=
∂fO
∂F

,
∂Z

∂E
=

∂Z

∂R
,

∂Z

∂F
=

∂Z

∂O
. (60)

The Jacobian matrix structure is therefore

J =

 a b c d
e f g h
h g f e
d c b a

 ,

for which the four eigenvectors can be organized in two
families of the form x1 = (u, v,−v,−u)T and x2 =
(u, v, v, u)T , each associated with a pair of distinct eigen-
values and associated parameters u and v. As a result,
for the homogeneous phase all four eigenvalues of J can
be extracted without actually diagonalizing the 4 × 4
matrix. In particular, because the eigenvector associ-
ated with the leading eigenvalue is of the form x1, the
eigen-equation J x1 = λx1 gives

u

v
=

u

v

∂fE
∂E

− ∂fE
∂O

u

v

∂fF
∂E

− ∂fF
∂O

. (61)

Treating the ratio u/v as a single variable leaves a simple
quadratic equation to solve. The resulting eigenvalue is
(in the original notation)

λ = Z−1
cav

(
∂fcav(↓, ↓)
∂ηcav(↓, ↓)

− v

u

∂fcav(↓, ↓)
∂ηcav(↑, ↓)

)
, (62)

where λmax is determined by taking u/v as the greater
of the (positive) solutions of Eq. (61).

Although this strategy enforces homogeneity even
when such homogeneity is pathologically unstable—such
as at low temperatures—the onset of that instability
helps identify phase transitions. For an Ising-like transi-
tion, for instance, the largest eigenvalue of the complete
4× 4 matrix in Eq. (59) as well as the eigenvalue of the
simplified form in Eq. (62) give numerically consistent
estimates of the critical temperature, Tc. The symmetry-
informed linear stability analysis is particularly effective



10

at accelerating convergence around the Lifshitz point,
whereat the numerical diagonalization of J is unstable.

Figure 3 illustrates yet another way in which the lin-
ear stability analysis can help detect phase transitions.
In the vicinity of a (weakly) first-order P-F transition
(see Sec. V for details), the leading eigenvalue obtained
from two different approaches to the transition behave
differently. For the full 4 × 4 matrix (with config-
urational probabilities initialized in the ferromagnetic
phase), the leading eigenvalue increases with tempera-
ture and reaches λmax = 1 at a temperature identified
as Theat, where the metastable ferromagnetic solution is
lost. By contrast, for the homogeneously reduced expres-
sion, the leading eigenvalue extends to low temperatures
but crosses unity at Tcool, denoting the limit of metasta-
bility of the paramagnetic phase. These two estimates
concisely bracket the free energy discontinuity calculated
from Eq. (40). Because that discontinuity presents but a
faint numerical signal, analyzing leading eigenvalues pro-
vides useful and robust bounds to the actual transition
temperature.

4. Percolation of the α-parameter cluster model

A naïve extension of the nearest-neighbor FK–CK
cluster scheme to systems with next-nearest neighbor
interactions entails rescaling the bond probability in
Eq. (9) as

prevB (α) = 1− exp (−2βJα), (63)

with tuning parameter α. So as to account in an effec-
tive sense for next-nearest neighbor interactions in this
α-parameter cluster model, we expect α ≥ 1 for models

with purely attractive interactions and α < 1 for those
with SALR interactions. Prior simulations of d = 2 lat-
tices have shown that tuning prevB such that Tp = Tc for
this α-parameter cluster model improves the sampling ef-
ficiency of the associated Monte Carlo cluster algorithm
for small to moderately-sized systems, but not so for
larger ones [21]. As discussed in Sec. III, the resulting
clusters do not properly capture structural correlations,
thus explaining the breakdown. Here, an analysis of this
cluster model on the Bethe lattice provides additional
physical insights into the mismatch.

In order to determine Tp for the α-parameter cluster
model, we follow the strategy of Ref. 30 of designing
recursive relations to calculate the percolation probability
that a spin belongs or not to the percolating cluster C∞.
For simplicity and without loss of generality, we consider
only clusters of up spins. (Results for clusters of down
spins are the same, by symmetry.) We then define the
probabilities that spin i points up and belongs or not to
C∞, which we denote θi = 1 or 0, respectively, in terms
of the cavity field

πR ≡ Pr(si = ↑ ∧ sj = ↑ ∧ θi = 1), (64)
qR ≡ Pr(si = ↑ ∧ sj = ↑ ∧ θi = 0), (65)

where πR+qR = R. Taking the bonding probability into
account, we define the auxiliary quantities

π̂ = πR prevB , q̂ = qR + (1− prevB )πR, (66)

which are the probabilities that an up spin is or is not
connected to the parallel and already percolating neigh-
bor spin, respectively. Recursive expressions for these
quantities can be obtained

πR = Z−1
R

c∑
l=1

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)F c−l

l∑
k=1

(
l

k

)
π̂k q̂l−ke−βκJ

l(l−1)+(c−l)(c−1−l)−2l(c−l)
2 , (67)

qR = Z−1
R

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)F c−lq̂le−βκJ

l(l−1)+(c−l)(c−1−l)−2l(c−l)
2 , (68)

where ZR is such that πR + qR = R. Given converged πR and qR, the percolation probability P and the probability
of non-percolated up spin Q are

P = Z−1
site

c+1∑
l=1

(
c+ 1

l

)
eβJ(2l−c−1)e−βκJ

l(l−1)+(c+1−l)(c−l)−2l(c+1−l)
2 F c+1−l

l∑
k=1

(
l

k

)
π̂k q̂l−k,

Q = Z−1
site

c+1∑
l=0

(
c+ 1

l

)
eβJ(2l−c−1)e−βκJ

l(l−1)+(c+1−l)(c−l)−2l(c+1−l)
2 F c+1−lq̂l, (69)

where Zsite is such that P +Q = η(↑).

As validation of the above scheme, Appendix A solves
for α as a function of connectivity c+1 in the regime lin-

ear in κ around κ = 0. That analysis also reveals that the
change of prevB around κ = 0 is continuous and smooth
for attractive and repulsive next-nearest-neighbor inter-
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actions.

5. Percolation of generalized FK–CK clusters

For the generalized FK–CK cluster scheme, we define
as in Eq. (22) the bond probabilities between nearest
and next-nearest neighbors, p1 = 1 − e−2βJ and p2 =
1 − e−2βκJ , respectively. We also define variables that
describe the probabilities of different local configurations
and percolation status:

• πi(sj , θj) corresponds to the current site i having
si = ↑ and being part of the percolated cluster,
θi = 1, and its backward site j being in state
(sj , θj);

• qi(sj , θj) corresponds to the current site i having
si = ↑ and not being part of the percolated cluster,
θi = 0, and the backward site j being in state
(sj , θj);

• wi(sj , θj) corresponds to the current site i having
si = ↓ and not being part of the percolated cluster,
θi = 0, and the cavity site j being in state (sj , θj).

As in Sec. IV A 4, we only consider clusters consisting
of up spins. In this case, the backward site can take
one of three possible states, (sj , θj) = (↑, 1), (↑, 0), or
(↓, 0). As a result, the recursive relations for a set of nine
variables can be written (with indices i and j neglected
for generality) as Eqs. (C1)–(C9) in Appendix C.

The approach to obtain these equations can be under-
stood by first considering the d = 1 chain (or, equiv-
alently, the Bethe lattice with c + 1 = 2). We can
then more straightforwardly examine how to calculate
the percolation probability involving both nearest and
next-nearest neighbor bonds. The recursive equations
for d = 1 are obtained in Eqs. (70)–(78) below by con-
sidering three consecutive spins . The solid or
empty circle denotes whether the spin is in the perco-
lated cluster or not, respectively. The recursive relation
is πi(sj , θj) (or qi(sj , θj) or wi(sj , θj)) expressed as a
function of πk(si, θi) (or qk(si, θi) or wk(si, θi)). Since
the edge between i and k is recovered while that of i and
j is removed through the cavity method, we here con-
sider the possibility of a nearest-neighbor bond between
i and k and a next-nearest-neighbor bond between j and
k. If a new bond is formed and therefore the spin joins
the percolating cluster, then it is denoted as a shaded
circle.

For the configuration (↑, ↑) (denoted E in Fig. 2), one
has ηcav(↑, ↑) = π(↑, 1) + π(↑, 0) + q(↑, 1) + q(↑, 0) with

πi(↑, 1)Zcav = eβJ(1−κ)πk(↑, 1)p2

+ eβJ(1−κ)πk(↑, 0)p1p2

+ eβJ(1−κ)qk(↑, 1)p1p2
(70)

πi(↑, 0)Zcav = eβJ(1−κ)πk(↑, 1)(1− p2)

+ eβJ(1−κ)πk(↑, 0)p1(1− p2)

+ eβJ(1−κ)qk(↑, 1)p1(1− p2)

+ eβJ(1−κ)qk(↑, 1)(1− p1)

+ e−βJ(1−κ)wk(↑, 1)
(71)

qi(↑, 1)Zcav = eβJ(1−κ)πk(↑, 0)(1− p1)p2
(72)

qi(↑, 0)Zcav = eβJ(1−κ)πk(↑, 0)(1− p1)(1− p2)

+ eβJ(1−κ)qk(↑, 0)
+ e−βJ(1−κ)wk(↑, 0)

(73)
For the configuration (↑, ↓) (denoted O in Fig. 2), one
has ηcav(↑, ↓) = π(↓, 0) + q(↓, 0) with

πi(↓, 0)Zcav = eβJ(1+κ)πk(↑, 1)

+ eβJ(1+κ)πk(↑, 0)p1
+ eβJ(1+κ)qk(↑, 1)
+ e−βJ(1+κ)wk(↑, 1)

(74)

qi(↓, 0)Zcav = eβJ(1+κ)πk(↑, 0)(1− p1)

+ eβJ(1+κ)qk(↑, 0)
+ e−βJ(1+κ)wk(↑, 0)

(75)
For the configuration (↓, ↑) (denoted F in Fig. 2), one
has ηcav(↓, ↑) = w(↑, 1) + w(↑, 0) with

wi(↑, 1)Zcav = e−βJ(1+κ)πk(↓, 0)p2
(76)

wi(↑, 0)Zcav = e−βJ(1+κ)πk(↓, 0)(1− p2)

+ e−βJ(1+κ)qk(↓, 0)
+ eβJ(1+κ)wk(↓, 0)

(77)
Finally, for the configuration (↓, ↓) (denoted E in Fig. 2),
one has ηcav(↓, ↓) = w(↓, 0) with

wi(↓, 0)Zcav = e−βJ(1−κ)πk(↓, 0)
+ e−βJ(1−κ)qk(↓, 0)
+ eβJ(1−κ)wk(↓, 0)

(78)
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In order to calculate the (non)percolation probability
of an up spin, we consider the additional case of the
node i being the cavity site of both nodes j and k, and we
recover the complete d = 1 chain by adding the two prior
edges. For convenience, we calculate the nonpercolation
probability Q—recalling that the percolation probability
P can be obtained from P +Q = η(↑):

QZperc = eβJ(−2−κ)w(↑, 0)2

+ 2eβκJw(↑, 0)π(↑, 0)(1− p1)

+ 2eβκJw(↑, 0)q(↑, 0)
+ eβJ(2−κ)π(↑, 0)2(1− p1)

2

+ eβJ(2−κ)q(↑, 0)2

+ 2eβJ(2−κ)π(↑, 0)q(↑, 0)ϕ
(79)

where ϕ = (1− p1)
2p2 + (1− p1)(1− p2), corresponding

to the cases that the percolated site k is connected to
site j by a NNN bond or not, respectively. Although
this percolation probability is trivial in d = 1 because
percolation is not possible for T > 0, the approach can
be directly adopted for the ANNNI model (which has
a SALR interaction chain along one direction) and ex-
tended to the isotropic SALR interaction model.

In order to validate the above solution of the gener-
alized FK–CK cluster scheme, we here check that the
spin-spin correlation ⟨sisj⟩ and the probability of two

parallel spins being part of the same cluster ⟨γ∥
ij⟩ are

indeed equivalent for the d = 1 chain (see Eq. (6) and
Sec. III B). The former is retrieved using the transfer
matrix scheme described in Ref. [21], while the latter is
obtained from the recursive Eqs. (70)–(78) for c+ 1 = 2
(see Appendix B). As can be seen in Fig. 4, for both
positive and negative κ we have ⟨sisj⟩ = ⟨γ∥

ij⟩. In par-
ticular, the two quantities are characterized by a same
correlation length, ξ, extracted from fitting an exponen-
tial form to the numerical results. In other words, the
thermodynamic and geometric properties for the gener-
alized FK–CK cluster scheme match perfectly.

For the Bethe lattice more generally the same nine
variables describe the percolation probability of the cav-
ity field, with the caveat that now more than one site k is
connected to the current site i due to the tree-like struc-
ture of the lattice. As a result, many more cases of NNN
bond(s) have to be considered in the recursive relations.
In this case, we define auxiliary functions to describe the
probabilities of different cases forming NNN bond(s), as-
suming the current site i has l nearest-neighbor sites with
up spin (excluding the cavity site).

(i) Let Φ(k,m) be the probability that m NN sites
(↑, 0) of site i are connected to k NN sites (↑, 1) of site
i through one or more NNN bonds. Notice that the m
sites (↑, 0) may be connected to each other. Then, any
of these sites connected to the sites (↑, 1) would result in
the percolation of all these sites. A recursive formula of
the conditional probability is thereby obtained,

Φ(k,m) =


1, for m = 0,
0, for m > 0 and k = 0,
m−1∑
i=0

(
m
i

)
[1− (1− p2)

k]m−i(1− p2)
kiΦ(m− i, i), for m > 0 and k > 0.

(80)

The probability that only m out of l− k nearest-neighbor sites (↑, 0) of the site i become percolated through one or
more NNN bonds to the k nearest-neighbor sites (↑, 1) of site i is therefore(

l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m). (81)

(ii) Let Ψ(k,m) be the probability that m nearest-neighbor sites (↑, 0) of site i become percolated through either
one or more NNN bonds to k nearest-neighbor sites (↑, 1) of site i, or one direct NN bond to the current site i which
is already percolated through other branches. The connections within the sites (↑, 0) are also considered,

Ψ(k,m) =


1, for m = 0,
m−1∑
i=0

(
m
i

)
[1− (1− p1)(1− p2)

k]m−i[(1− p1)(1− p2)
k]iΦ(m− i, i), for m > 0.

(82)

The probability that only m out of l−k nearest-neighbor
sites (↑, 0) of site i become percolated through the afore-
mentioned two types of bonds is therefore(

l − k

m

)
Ψ(k,m)[(1− p1)(1− p2)

k+m]l−k−m. (83)

(iii) Let Θ(k,m, n) be the probability that the current
site i with (↑, 0) is connected to its percolated nearest-
neighbor sites directly (through one NN bond) or indi-
rectly (through one NN bond plus one or more NNN
bonds), and m + n nearest-neighbor sites (↑, 0) of site
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FIG. 4. (a) Probability that spins i and j are parallel and part
of a same cluster, ⟨γ∥

ij⟩, for the case d = 1, as determined from
the generalized FK–CK cluster scheme (see Eqs. (70)–(78)
and Appendix B) for κ = 0.1 and β = 1, 1.5, 2, and 4 (colored
lines, from bottom to top). The decay of the numerical results
is well described by an exponential from, ⟨γ∥

ij⟩ = e−|i−j|/ξ

(dashed black lines) with fitted correlation length ξ. (b) The
correlation length results from ⟨γ∥

ij⟩ (markers) match those
from ⟨sisj⟩ (lines) for κ = 0.1, 0 and −0.1 (from bottom to
top) in Ref. [21]. The lengths correspond at all temperatures
and are consistent with the scaling ξ = e2βJ(1−2κ)/2, here
extrapolated to β → 0 (dashed lines).

i become percolated either through NNN bonds or NN
bonds or both. In order to take all possible cases into
account, we classify the m + n nearest-neighbor sites
(↑, 0) of site i into two types—m sites are connected to k
nearest-neighbor sites (↑, 1) of site i through one or more
NNN bonds, and n sites do not have such bonds but they
are (directly or indirectly) connected to the current site
i. It then gives

Θ(k,m, n) =


0, for k = 0,

Φ(k,m)[1− (1− p1)
k+m](1− p2)

(k+m)n ·
n−1∑
i=0

(
n
i

)
Φ(n− i, i)pn−i

1 (1− p1)
i, for k > 0. (84)

The probability that only m+ n out of l − k nearest-neighbor sites (↑, 0) of site i become percolated in this case is(
l − k

m

)(
l − k −m

n

)
Θ(k,m, n)[(1− p1)(1− p2)

k+m+n]l−k−m−n. (85)

The complete recursive expressions for the nine variables are given in Appendix C.
Overall (non)percolation probabilities also ensure P +Q = η(↑),

P = Z−1
site

{
c+1∑
l=0

l∑
k=0

∑
a+b+d>0

(
c+ 1

l

)(
l

k

)
eβJ(2l−c−1)x′ · w(↑, 0)c+1−l−aw(↑, 1)aq(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d

+

c+1∑
l=0

(
c+ 1

l

)
eβJ(2l−c−1)x′ · w(↑, 0)c+1−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

l−k∑
m=0

(
l − k

m

)
Φ(k,m)[1− (1− p1)

k+m]

}

Q = Z−1
site

c+1∑
l=0

(
c+ 1

l

)
eβJ(2l−c−1)x′ · w(↑, 0)c+1−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p1)

k+m.

(86)

where we defined x′ = e−βκ
l(l−1)+(c+1−l)(c−3l)

2 for conciseness.

Note, however, that the above recursive equations
miss one percolation case. In πi(sj , θj) (or qi(sj , θj) or
wi(sj , θj)), the percolation states of the backward site j
only depend on its possible NNN bonds to other nearest-
neighbor sites k of site i. (Because the edge between i
and j is removed in the cavity field method, the NN
bond between site i and j is not considered.) We should
therefore consider cases for which sites k become perco-
lated in the recursive equations: 1) site k has the status
πk(si, θi); 2) unpercolated site k forms a NN bond to

a percolated site i; 3) unpercolated site k forms NNN
bond(s) to other percolated nearest-neighbor sites of site
i; 4) site k has the status qk(↑, 0), while site i becomes
percolated through other branch(es) and has NNN bonds
to the nearest-neighbor site(s) of site k in the previous
shell, and that site(s) form NN bond(s) to site k. Because
an additional level of the tree-like graph then needs to be
considered, this last case leads to a marked increase in
algebraic complexity. (It could be computed using the
strategies of models with up to third-nearest-neighbor
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interactions in Ref. [30].) Because we estimate this con-
tribution to the percolation probability in the regime
considered to be at most 10−4, which is of the same or-
der as the numerical tolerance used to identify the point
at which the percolation probability P vanishes—and
hence the percolation temperature Tp—we here safely
neglect it.

Note that the percolation line could also be obtained
by linear stability analysis, but the approach leads to
fairly complicated algebraic expressions for all nine vari-
ables, and is therefore not particularly helpful in prac-
tice.

B. ANNNI Model

The analysis of the ANNNI model given by Eq. (2)
shares various similarities with the isotropic SALR in-
teraction case. The linear expansion and the linear sta-
bility analysis, however, are then much more involved.
We therefore only consider the recursive equations for
thermodynamic properties as well as for the percolation
properties of FK–CK clusters.

1. Cavity fields and recursion relations

For the ANNNI model, a special consideration must
be made for the axial direction (see Fig. 5). We denote
ηcav,a(s, s

′) the configuration probabilities in the axial
direction, where s stands for the current site, s′ for the
backward (or cavity) site, and ηcav,na(s) denotes sites in
non-axial directions. We then have

ηcav,a(s, s
′) = Zcav,a

−1
c−1∑
l=0

(
c− 1

l

)
[ηcav,na(↑)]l[ηcav,na(↓)]c−1−leβJs(2l−c+1)

× (ηcav,a(↑, s)eβJ(s−κs′) + ηcav,a(↓, s)e−βJ(s−κs′)),

(87)

where Zcav,a is the normalization factor, such that
∑
s,s′

ηcav,a(s, s
′) = 1, and

ηcav,na(s) = Zcav,na
−1

c−2∑
l=0

(
c− 2

l

)
[ηcav,na(↑)]l[ηcav,na(↓)]c−1−leβJs(2l−c+2)

×[(ηcav,a(↑, s)eβJs)2eβκJ + (ηcav,a(↓, s)e−βJs)2eβκJ + 2ηcav,a(↑, s)ηcav,a(↓, s)e−βκJ ], (88)

where Zcav,na is the normalization factor such that
∑
s
ηcav,na(s) = 1. The density is then

η(s) = Z−1
site

c−1∑
l=0

(
c− 1

l

)
[ηcav,na(↑)]l[ηcav,na(↓)]c−1−leβJs(2l−c+1)

×[(ηcav,a(↑, s)eβJs)2eβκJ + (ηcav,a(↓, s)e−βJs)2eβκJ + 2ηcav,a(↑, s)ηcav,a(↓, s)e−βκJ ], (89)

where Zsite is such that η(↑) + η(↓) = 1, and the free energy per site is

βf = βfsite − βflink,a −
c− 1

2
βflink,na, (90)

where βfsite = − lnZsite and

βflink,a = − ln [(ηcav,a(↑, ↑))2eβJ + (ηcav,a(↓, ↓))2eβJ + 2ηcav,a(↑, ↓)ηcav,a(↓, ↑)e−βJ ], (91)

βflink,na = − ln [(ηcav,na(↑))2eβJ + (ηcav,na(↓))2eβJ + 2ηcav,na(↑)ηcav,na(↓)e−βJ ]. (92)

2. Percolation of generalized FK–CK clusters

In order to calculate the percolation probability
through the cavity field method, we consider the two
bond probabilities for nearest neighbor and next-nearest

neighbor p1 and p2 as in Sec. IV A 5. In the ax-
ial direction, the probability distributions πk(sj , θj),
qk(sj , θj) and wk(sj , θj) have meanings similar to those
in Sec. IV A 5. In the non-axial directions, we define
π as the probability that the cavity site points up and
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FIG. 5. Configurations with up (black) and down (white) spins corresponding to the cavity fields of ANNNI models defined
in (a) non-axial and (b) axial directions on a Bethe lattice with c+ 1 = 4.

belongs to percolated cluster, and q as the probability
that the cavity site points up and does not belong to
percolated cluster. As for the isotropic case, we only
consider clusters consisting of up spins (the case of clus-
ters of down spins is symmetric), and therefore down
spins naturally do not belong to the percolated cluster,

i.e. (sj , θj) = (↓, 0). As a result, the recursive relations
among the (9+2) variables (the indices j and k can be ne-
glected for generality) are extensions based on the gener-
alized FK–CK criterion for the d = 1 chain (Sec. IV A 5)
in the axial direction and on the nearest-neighbor FK–
CK criterion (Sec. IV A 4) in non-axial directions:

ηcav,a(↑, ↑) = π(↑, 1) + π(↑, 0) + q(↑, 1) + q(↑, 0),
ηcav,a(↓, ↑) = w(↑, 1) + w(↑, 0),
ηcav,a(↑, ↓) = π(↓, 0) + q(↓, 0),
ηcav,a(↓, ↓) = w(↓, 0),
ηcav,na(↑) = π + q.

(93)

For conciseness, we define

Y (s) =

c−1∑
l=0

(
c− 1

l

)
ηcav,na(↑)lηcav,na(↓)c−1−leβJs(2l−c+1), (94)

Yp =

c−1∑
l=1

(
c− 1

l

)
eβJs(2l−c+1)ηcav,na(↓)c−1−l

l∑
k=1

q̂l−kπ̂k, (95)

Yq =

c−1∑
l=0

(
c− 1

l

)
eβJ(2l−c+1)ηcav,na(↓)c−1−lq̂l, (96)

to describe the contribution of non-axial neighbors, where π̂ = p1π, q̂ = q + (1 − p1)π. For the configuration
ηcav,a(↑, ↑) = π(↑, 1) + π(↑, 0) + q(↑, 1) + q(↑, 0), with

π(↑, 1) = Zcav,a
−1eβJ(1+κ){[(π(↑, 1) + (π(↑, 0) + q(↑, 1))p1] p2Y (↑) + [(π(↑, 0)(1− p1) + q(↑, 0)p1]p2Yp}, (97)

q(↑, 1) = Zcav,a
−1eβJ(1+κ)π(↑, 0)(1− p1)p2Yq (98)
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π(↑, 0) = Zcav,a
−1{eβJ(1+κ)[(π(↑, 1) + (π(↑, 0) + q(↑, 1))p1) (1− p2) + q(↑, 1)(1− p1)]Y (↑)

+ eβJ(1+κ)[(π(↑, 0)(1− p1)(1− p2) + q(↑, 0)(1− p1 + p1 − p1p2)]Yp

+ e−βJ(1+κ)[w(↑, 1)Y (↑) + w(↑, 0)Yp]},

(99)

q(↑, 0) = Zcav,a
−1{eβJ(1+κ)[π(↑, 0)(1− p1)(1− p2) + q(↑, 0)] + e−βJ(1+κ)w(↑, 0)}Yq (100)

For the configuration ηcav,a(↓, ↑) = w(↑, 1) + w(↑, 0), with

w(↑, 1) = Zcav,a
−1eβJ(−1+κ)π(↓, 0)p2Y (↓), (101)

w(↑, 0) = Zcav,a
−1{eβJ(−1+κ)[π(↓, 0)(1− p2) + q(↓, 0)] + e−βJ(−1+κ)w(↓, 0)}Y (↓). (102)

For the configuration ηcav,a(↑, ↓) = π(↓, 0) + q(↓, 0), with

π(↓, 0) = Zcav,a
−1{[eβJ(1−κ) (π(↑, 1) + π(↑, 0)p1 + q(↑, 1)) + e−βJ(1−κ)w(↑, 1)]Y (↑)

+ [eβJ(1−κ)(π(↑, 0)(1− p1) + q(↑, 0)) + e−βJ(1−κ)w(↑, 0)]Yp},
(103)

q(↓, 0) = Zcav,a
−1{eβJ(1−κ)[π(↑, 0)(1− p1) + q(↑, 0)] + e−βJ(1−κ)q(↓, 0)}Yq (104)

For the configuration ηcav,a(↓, ↓) = w(↓, 0), with

w(↓, 0) = Zcav,a
−1{e−βJ(1+κ)[π(↓, 0) + q(↓, 0)] + eβJ(1+κ)w(↓, 0)}Y (↓). (105)

In the non-axial direction, we have ηcav,na(↑) = π + q,

q = Zcav,na
−1

c−2∑
l=0

(
c− 2

l

)
eβJ(2l−c+2)ηcav,na(↓)c−2−lq̂l{eβ(−2J+κ)w(↑, 0)2 + 2e−2βκw(↑, 0)[π(↑, 0)(1− p1) + q(↑, 0)]

+ eβJ(2+κ)[π(↑, 0)2(1− p1)
2 + q(↑, 0)2 + 2π(↑, 0)q(↑, 0)((1− p1)(1− p2) + (1− p1)

2p2)]}.
(106)

As a result, the percolation probability P can be obtained from the relation P +Q = η(↑) and

Q = Z−1
site

c−1∑
l=0

(
c− 1

l

)
eβJ(2l−c+2)ηcav,na(↓)c−1−lq̂l{eβJ(−2+κ)w(↑, 0)2 + 2e−2βκJw(↑, 0)[π(↑, 0)(1− p1) + q(↑, 0)]

+ eβJ(2+κ)[π(↑, 0)2(1− p1)
2 + q(↑, 0)2 + 2π(↑, 0)q(↑, 0)((1− p1)(1− p2) + (1− p1)

2p2)]},
(107)

where Zsite is the same as for Eq. (89).
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C. Frustrated RBIM Model

The RBIM defined in Eq. (3) only involves nearest-
neighbor interactions, which in some ways simplifies the
analysis relative to that of models with SALR inter-
actions. The presence of quenched disorder, however,
breaks the translational invariance of the lattice. As a
result, the recursive equations for the percolation prob-
ability get rapidly more involved with growing connec-
tivity. We therefore restrict most of our analysis to the
case c + 1 = 3. The presence of quenched disorder also
makes the linear expansion around the standard Ising
model too onerous to consider.

1. Cavity field and recursion equations

Because translational invariance is broken in this
model, explicit site indexing is restored. We denote the
current—or central—site with o, and label its c+ 1 = 3
nearest neighbors as i, j and k (see Fig. 6). The marginal
probability of a microscopic spin configuration at the
central site o can be parametrized in terms of an effec-
tive local field heff

o as

ηo(so) =
eβh

eff
o so

2 cosh(βheff
o )

. (108)

This effective field encapsulates the influence of neigh-
boring spins on site o. Alternatively, this marginal prob-
ability can be expressed explicitly in terms of interac-
tions with neighboring sites,

ηo(so) =
eβhextso

Zsite

∏
l∈∂o

∑
sl

eβJolsoslηl→o(sl) , (109)

where Zsite is the normalization factor, such that ηo(↑)+
ηo(↓) = 1. The quantity ηl→o(sl) is the cavity marginal
configuration probability for the site l ∈ {i, j, k}, com-
puted in the absence of site o (see Fig. 6), where the con-
tribution from site i depends on the remaining neighbors
{m,n} = ∂i \ o. This cavity configuration probability
satisfies a recursive equation of the same form

ηl→r(sl) =
eβhextsl

Zcav

∏
p∈∂l\r

∑
sp

eβJlpslspηp→l(sp) , (110)

for any generic site l, with r denoting the cavity (or
backward) site. The factor Zcav is the normalization
factor, such that ηl→r(↑) + ηl→r(↓) = 1. Analogously
to Eq. (108), the cavity configuration probability can be
parametrized using a cavity field hl→r

ηl→r(sl) =
eβhl→rsl

2 cosh(βhl→r)
. (111)

With both effective and cavity configuration probabil-
ities expressed in this form, we can derive equivalent

expressions for their corresponding fields. The effective
field at site o is then

heff
o = hext+

1

β

∑
l∈∂o

atanh(tanh βJol tanhβhl→o), (112)

while the cavity field hl→r, which captures the influence
on site l in the absence of site r, satisfies the recursion

hl→r = hext +
1

β

∑
p∈∂l\r

atanh(tanh βJlp tanhβhp→l).

(113)
Note that because of the disorder in the couplings {J0l}
and {Jlp} whenever ρ ̸= 1, both effective and cavity
fields are themselves random variables. The stationary
distribution for the cavity fields in Eq. (113) is there-
fore obtained with arbitrary precision using the popula-
tion dynamics algorithm [39]. Numerically, this scheme
involves initializing a random sample—or population—
of size M of the cavity fields {hl→r} and iteratively
updating each member of this population according to
Eq. (113). Each member undergoes N such updates un-
til the entire population converges to a stationary prob-
ability distribution. Once the distribution of the cavity
fields is known, the effective fields defined in Eq. (112)
can be computed. Knowing the distribution of effec-
tive fields, {heff

o }, enables the calculation of all relevant
thermodynamic quantities. In particular, the average
magnetization density is

m ≡ [⟨so⟩] = [tanh(βheff
o )], (114)

where ⟨· · · ⟩ denotes the thermal average with respect
to the Boltzmann–Gibbs distribution, and [· · · ] denotes
the average over disorder realizations. In this context,
averaging over disorder is equivalent to averaging over
the distribution of effective fields {heff

o }.

heff
o o

i j

k

Joi

Joj

Jok

i

m n

o

Jmi

Jni

Joihi→o

FIG. 6. Indexing scheme for a generic frustrated RBIM con-
figuration on a Bethe lattice with connectivity c + 1 = 3.
(Left) The central site o is subjected to an effective field heff

o ,
arising from interactions with its three nearest neighbors i, j,
and k, via couplings Joi, Joj , and Jok, respectively. (Right)
The contribution of site i to heff

o , denoted hi→o, reflects the
influence of its own neighboring sites m and n, computed in
the absence of site o.

2. Phase diagram

Interestingly, for hext = 0, closed-form analytical ex-
pressions for the critical temperatures of the P-F and
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paramagnetic-to-spin-glass (P-SG) transitions can be
obtained [32, 33]

J0
Tc

= atanh

(
1

c(2ρ− 1)

)
,

J0
TP−SG

= atanh

(
1√
c

)
,

(115)

respectively. These expressions are calculated from the
linear stability of the first two moments of the cavity
fields in Eq. (113) around zero. In other words, they
correspond to the temperatures for which

[hl→r] = 0 and [h2
l→r] = 0, (116)

respectively. The critical dilution at which these critical
temperatures coincide is

ρ⋆ =
1

2

(
1 +

1√
c

)
, (117)

which gives rise to a multicritical point separating a
regime in which the system undergoes a P-F transition (ρ
close to 1) from another one in which the ferromagnetic
phase is replaced by a phase with spin-glass ordering (ρ
close to 1/2). The three phases meet at this point. Com-
ing from T large, the P-F transition line corresponds to
the temperature at which the system develops a non-
zero magnetization, given by Eq. (114). By contrast,
along the P-SG transition line, the spontaneous magne-
tization remains zero, but the system exhibits a non-zero
Edwards–Anderson (EA) order parameter,

qEA ≡ [⟨so⟩2] = [tanh2(βheff
o )]. (118)

A phase with both magnetization and EA order parame-
ter being non-zero can be identified, denoted here as the
ferromagnetic-spin-glass (FSG). The transition lines be-
tween SG-FSG and FSG-F can be estimated numerically,
at the replica-symmetric level, using population dynam-
ics. Coming from the spin-glass phase, the critical line
SG-FSG is estimated at the onset of finite magnetiza-
tion, while the FSG-F transition line is determined from
the stability of the EA order parameter, measured as

δqEA = |qEA − qab|, (119)

where qab is the overlap between replicas a and b, i.e.,

qab = [⟨s(a)o ⟩⟨s(b)o ⟩] = [m(a)m(b)] , (120)

and δqEA = 0 in the purely ferromagnetic phase. Numer-
ically, this corresponds to two populations of the cavity

fields being updated simultaneously, with different ini-
tial conditions. A crucial point is that both populations
a and b are evolved concomitantly in the population dy-
namics algorithm [68]. Put differently, at each selected
site, p ∈ ∂l \ r, we draw the same random bonds Jlp
for both populations. The EA order parameter qEA is
then calculated using any of the two replicas a or b, the
choice being immaterial as they should produce the same
result. For the specific case T/J0 = 0, the cavity equa-
tions must be modified [69]. Therefore, for T/J0 = 0,
we have extracted the corresponding known results for
the SG-FSG and FSG-F transition lines from Ref. [70],
ρ = 0.86950(3) and ρ = 0.91665(5), respectively. Finally,
the Nishimori line is given by Eq. (5)—independently
of the Bethe lattice connectivity—and goes through the
multicritical point (ρ⋆, TSG), as expected (see Sec. II).

3. Percolation of FK–CK clusters

To determine the percolation probabilities in this
model, we build on the above notation. We denote
P

(n)
o the probability that site o belongs to the percolat-

ing cluster, with n of its nearest-neighbor spins pointing
up, and Q

(n)
o the complementary probability that site o

does not belong to the percolating cluster, with n of its
nearest-neighbor spins pointing up. As in previous sec-
tions, we consider the percolation transition of positive
magnetized domains, and hence that site o belongs to
the infinite percolating cluster the spin in o must point
up, i.e., so = ↑. Compactly, we write these conditions as

P (n)
o ≡ Pr

{
so = ↑ ∧ o ∈ C∞ ∧

∑
l∈∂o

δsl,↑ = n

}
,

Q(n)
o ≡ Pr

{
so = ↑ ∧ o /∈ C∞ ∧

∑
l∈∂o

δsl,↑ = n

}
.

(121)
Clearly, n ∈ {0, 1, . . . , c + 1}. Summing over all possi-
ble n we obtain the overall probabilities that the central
site o belongs or does not belong to the percolating clus-
ter, Po or Qo, respectively. These last two probabilities
are related to the configuration probability defined in
Eq. (109) via

ηo(↑) = Po +Qo, (122)

letting us parametrize all our expressions in terms of the
percolation probability, Po, and the spin up configura-
tion probability ηo(↑).
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Using the labels defined in Fig. 6, the constituent equations for n = 0, 1, 2, 3, are:

P (0)
o = 0 , (123)

P (1)
o =

eβhext

Zsite

∑
(x,y,z)∈C3

eβ(Jix−Jiy−Jiz)πx→op
(ox)
B [1− ηy→o(↑)] [1− ηz→o(↑)] , (124)

P (2)
o =

eβhext

Zsite

∑
(x,y,z)∈C3

eβ(Jix+Jiy−Jiz)[1− ηz→o(↑)]× (125)

{
πx→o p

(ox)
B [ηy→o(↑)− πy→o] + πy→o p

(oy)
B [ηx→o(↑)− πx→o] + πx→oπy→oΦ

(o)
xy

}
P (3)
o =

eβ(Joi+Joj+Jok+hext)

Zsite

{ ∑
(x,y,z)∈C3

πx→o p
(ox)
B [ηy→o(↑)− πy→o][ηz→o(↑)− πz→o] (126)

+
∑

(x,y,z)∈C3

πx→oπy→o [ηz→o(↑)− πz→o]Φ
(o)
xy + πi→oπj→oπk→oΨ

(o)
ijk

}

with

Φ
(o)
xy = p

(ox)
B p

(oy)
B +

(
1− p

(ox)
B

)
p
(oy)
B + p

(ox)
B

(
1− p

(oy)
B

)
Ψ

(o)
ijk =

∑
(x,y,z)∈C3

[
p
(ox)
B

(
1− p

(oy)
B

)(
1− p

(oz)
B

)
+ p

(ox)
B p

(oy)
B

(
1− p

(oz)
B

)]
+ p

(oi)
B p

(oj)
B p

(ok)
B ,

(127)

where we used the cyclic permutation group of order 3,
C3 = {(i, j, k), (j, k, i), (k, i, j)}, to consider compactly
all possible combinations of sites with up spins. The
overall percolation probability is given by the sum over
all constituent contributions

Po =

c+1∑
n=0

P (n)
o . (128)

The factor Zsite is such that η(↑) = Po + Qo. The cav-
ity quantities appearing in Eqs. (123)–(127), denoted
πx→o, represent the probability that a site x (= i, j, k)
belongs to the percolating cluster in the absence of site
o, and its complement qx→o corresponds to the prob-
ability that x does not belong to the percolating clus-
ter in the absence of o. The latter quantities, qx→o, do
not appear explicitly in the preceding equations because
the condition ηx→o(↑) = πx→o + qx→o has already been
imposed. These equations are constructed considering
c = 2 neighboring spins, reflecting the absence of site
o. As with the overall percolation probability, the cav-

ity percolation probability—and its complement—is de-
composed into constituent terms corresponding to each
possible number n of neighboring up spins,

πx→o =

c∑
n=0

π(n)
x→o. (129)

Analogous to the definitions in Eq. (121), the constituent
cavity percolation probabilities are formally defined as:

π(n)
x→o ≡ Pr

sx =↑ ∧ x ∈ C∞ ∧
∑

l∈∂x\o

δsl,↑ = n

 ,

q(n)x→o ≡ Pr

sx =↑ ∧ x /∈ C∞ ∧
∑

l∈∂x\o

δsl,↑ = n

 ,

(130)
where in this case n ∈ {0, 1, 2}. The explicit form of
these equations, following the labeling used in the right-
hand side of Fig. 6, is

π
(0)
i→o = 0 , (131)

π
(1)
i→o =

eβhext

Zcav

{
eβ(Jim−Jin)πm→i p

(im)
B [1− ηn→i(↑)] + e−β(Jim−Jin)πn→i p

(in)
B [1− ηm→i(↑)]

}
, (132)

π
(2)
i→o =

eβhext+β(Jim+Jin)

Zcav

{
πm→i p

(im)
B [ηn→i(↑)− πn→i] + πn→i p

(in)
B [ηm→i(↑)− πm→i]

+πm→i πn→i

[
p
(im)
B

(
1− p

(in)
B

)
+ p

(in)
B

(
1− p

(im)
B

)
+ p

(im)
B p

(in)
B

]}
, (133)
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where Zcav is such that πx→o + qx→o = ηx→o(↑). The most explicit form of the cavity percolation probability, using
p
(im)
B = 1− e−2βJim , is then

πi→o = ηi→o(↑)
πn→i

(
e2βJin − 1

) [
ηm→i(↑)

(
e2βJim − 1

)
+ 1
]
+ πm→i

(
e2βJim − 1

) [(
e2βJin − 1

)
(ηn→i(↑)− πn→i) + 1

]
[ηm→i(↑) (e2βJim − 1) + 1] [ηn→i(↑) (e2βJin − 1) + 1]

.

(134)

For the standard Ising model, Eq. (134) can simply be
solved by iteration, because the coupling constants are
all equal, Jim = J > 0 ∀ (im). However, introducing
antiferromagnetic bonds (Jim < 0) makes the quan-
tity πi→o depend explicitly on the specific realization
of Jim. Because these bonds are quenched random vari-
ables, πi→o becomes a quenched random variable itself.
We again solve these equations using the population dy-
namics algorithm [39], this time the population being the
cavity percolation probabilities πi→o. For this model, we
omit the computation of the effective percolation prob-
abilities, Po. The solution of Eq. (128) is more complex
and is unnecessary to study the critical properties of the
system. Because P0 = 0 ⇔ πx→0 = 0, the cavity per-
colation probabilities also serve as order parameters for
the percolation transition. Both the average cavity and
the effective (P ≡ [Po]) percolation probabilities suffice.
In practice, we numerically compute π ≡ [πx→o] as the
average over a population of cavity percolation probabil-
ities once their distribution reaches a stationary state.

4. Percolation of the α-parameter cluster model

As for the isotropic SALR interaction model, an α-
parameter cluster model can be defined for the frustrated
RBIM. In this case, we adjust the bond probabilities
defined over satisfied links—neighboring sites (ij) that
satisfy the condition Jijsisj > 0. For such links, a bond
is placed with probability p

(ij)
B = 1 − e−2β|Jij |, which

is strictly positive. Because under this formulation the
percolation temperature does not coincide with the ther-
modynamic transition (see Sec. III), we introduce a pa-
rameter in the bond probability to enforce alignment as
in Eq. (63),

p
(ij)
B (α) = 1− e−βα(Jijsisj+|Jij |) , (135)

with α such that Tp(α) = Tc. Equations (131)-(133) can
be updated accordingly, and we denote π(α) the result-
ing average cavity percolation probability.

V. RESULTS AND DISCUSSION

Using the cavity expressions for the Bethe lattice de-
rived in Sec. IV, we here discuss the phase diagram re-
sults as well as the percolation properties of the three
models considered in this work.

A. Phase diagrams

As noted in Sec. II, the phase behavior of the three
models presents various similarities. At weak frustration
an Ising-like P-F transition is observed, and at strong
frustration new phases emerges. In all cases, at zero
external field these two regimes are separated by a mul-
ticritcal point. Important differences, however, are also
noted. Most notably, for SALR interaction models the
new phase is modulated, while for the RBIM it is a spin
glass. In the RBIM phase diagram, a fourth phase also
emerges, exhibiting spin-glass order and non-zero mag-
netization. Such ferromagnetic-spin-glass (FSG) phase
is commonly found in mean-field models with (unbal-
anced) spin-glass–type frustration.

To various extents, the phase diagrams of the three
models on Bethe lattices have been studied quantita-
tively in prior works. While for the ANNNI [21, 71, 72]
and the RBIM [32, 33] models detailed and accurate
results exist, for the isotropic SALR interaction model
the earlier analysis [30] suffers from various numerical
deficiencies. Figure 7 shows updated versions of the
first two, and Fig. 8 presents new results for the third.
Because the RBIM results can be obtained somewhat
straightforwardly and are by now fairly canonical (see
Sec. IV C 2), the rest of this subsection mostly focuses
on the SALR interaction models.

In general, using the cavity field equations, Eq. (38)
and Eqs. (87)-(88), phase diagrams for the SALR inter-
action models with various connectivity c+1 can be ob-
tained. Such a brute-force approach, however, is rarely
the most efficient. Various other schemes are employed
instead, each tailored to a specific regime.

The P-F phase transition is determined by linear sta-
bility analysis (LSA), as described in Sec. IV A 3. In the
Ising-like regime, the LSA results are (linearly) fitted to
extract the temperature such that the leading eigenvalue
is marginal, λmax = 1, which is the onset of metastabil-
ity. This approach provides Tc results with markedly
higher-accuracy than can be achieved by relying on the
singularity in the derivatives of free energy. This scheme
can also efficiently approach κL, whereas the recursive
equations grow numerically challenging to converge in
the vicinity of the multicritical point.

The accuracy of the LSA also brings into focus an
unexpected feature of isotropic SALR interaction mod-
els with 3 ≤ c + 1 ≤ 5: In the vicinity of κL, both
the homogeneous and heterogeneous phases are LSA
(meta)stable. The transition is then first-order in nature,
and determined—as described in Sec. IV A 3—by the free
energy of the two phases crossing. For c+ 1 = 3, for in-
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FIG. 7. Phase diagram of (a) the ANNNI model on a Bethe lattice with c + 1 = 6 adapted from Ref. 21 and (b) the
frustrated RBIM on the Bethe lattice with c + 1 = 3 (see Sec. IV C 2), both at zero external field. Phase transitions are
determined as described in the text. The resulting multi-critical points are (a) (κL, TL/J) = (0.34(1), 1.02(2)), and (b)
(ρ⋆, T⋆/J0) =

(
1+

√
2

2
√
2
, 1

atanh(1/
√
2)

)
. In the Ising-like transition regime, the percolation temperature Tp of the generalized FK–

CK clusters (red dots) is consistent with Tc to within one part in 103. In (b), the Nishimori line (gray dashed line) and the
multi-critical point dilution, ρ⋆ (gray dotted line) are also included for reference.

FIG. 8. Phase diagram of the isotropic SALR interaction model on a Bethe lattice with (a) c + 1 = 3 and (b) c + 1 = 5. At
negative and small positive κ the P-F phase transition is Ising-like, while beyond the Lifshitz point, κ > κL, the paramagnetic-
to-modulated phase transition is part of the XY universality class (solid black lines). The linear expansion of Tc around κ = 0
(blue dashed line) highlights the analytical continuity between the purely attractive and the SALR interaction regimes. In
the Ising-like transition regime, the percolation temperature Tp of the generalized FK–CK clusters (red dots) is consistent
with Tc to within one part in 103. Numerical convergence problems in the vicinity of the multi-critical (Lifshitz) point require
extrapolating the phase coexistence lines (dashed black lines), which gives (a) (κL, TL/J) = (0.2500(1), 0.0000(1)) for c+1 = 3
and (b) (κL, TL/J) = (0.113(1), 0.267(7)) for c+1 = 5. (Insets) Enlarged weakly first-order P-F transition regime, intermediate
between the Ising-like P-F regime and the Lifshitz point, for κ ∈ (κZ , κL), with (a) (κZ , TZ/J) = (0.181(6), 0.141(6)) for
c + 1 = 3 and (b) (κZ , TZ/J) = (0.104(8), 0.325(6)) for c + 1 = 5 (vertical dotted lines). The metastability limits, Theat and
Tcool (dash-dotted lines, top), bubble over that range, as captured by the hysteretic gap (solid line, bottom). In this regime,
Tp coincides with the metastability limit of the metastable phase considered: Tcool for the paramagnetic phase upon cooling
and Theat for the ferromagnetic phase upon heating.

stance, the first-order transition region extends from the
onset of hysteresis, (κZ , TZ/J) = (0.181(6), 0.141(6)), up
to the Lifshitz point. In between, a bubble of metasta-
bility opens (see Fig. 8 insets) [73].

The paramagnetic-to-modulated phase transition is
inaccessible by LSA because the configuration probabil-
ity for the paramagnetic phase has an eigenvalue always

smaller than unity, and therefore presents it as stable
even when it is not. It is instead obtained from the
strategy presented in Sec. V of Ref. 30 to account for
the incommensurability of the finite-temperature mod-
ulated phase. Determining the finite-T ferromagnetic-
to-modulated transition would require properly sam-
pling the modulated phase regime, and thus surmount-
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ing the same commensurability difficulties as for the
paramagnetic-to-modulated phase transition. Because
this regime is of limited interest for the current work
and is numerically challenging to determine for models
on Bethe lattices [30, 71, 72], we here approximate it
by linearly interpolating between the Lifshitz point and
the T = 0 result for the transition: κ0 = 1/(2c) for the
isotropic case [30], and κ0 = 1/2 for the ANNNI case.
For the latter, however, the modulated-side approach to
the tricritical point is then demonstrably unphysical, be-
cause all transition lines are expected to meet smoothly
at that point [71, 72, 74–79].

Given this phenomenology, the Lifshitz point is iden-
tified via two different schemes. (i) For the isotropic
SALR interaction model, it appears at the end point
of the first-order region, where the hysteretic bubble
closes (see Fig. 8): (κL, TL/J) = (0.2500(1), 0.0000(1)
for c + 1 = 3, and (0.113(1), 0.267(7)) for c + 1 = 5.
(For the former, the transition is indistinguishable from
the T = 0 change in ground state from ferromagnetic
to modulated at κ = 1/4, but a finite-T Lifshitz point
cannot be excluded either.) (ii) For the ANNNI model
with c + 1 = 6, the Lifshitz point appears at the cross-
ing point of the two second-order transition branches by
(slightly) extrapolating them using a linear fit to neigh-
boring points: (κL, TL/J) = (0.34(1), 1.02(2)).

Interestingly, the putative existence of a first-order P-
F transition regime and of an associated tricritical point
at TZ has recently been debated in the context of the
isotropic SALR interaction model on a two-dimensional
honeycomb lattice [80–82]. The latest numerical esti-
mate for this particular model finds that metastable
states impede equilibration upon approaching the zero-
temperature P-F phase transition, as is observed here
for the same model on the Bethe lattice with c+ 1 = 3.
Such atypical behavior might also underlie some of the
challenges associated with determining the phase dia-
gram of d = 2 systems using transfer matrices in this
same regime (see Sec. II) [41]. In any event, the physical
origin of this phenomenon remains unclear. How could
an Ising-like model give rise to a first-order P-F transi-
tion? The existing field-theoretic description identifies
no such regime [83], but some insight might be gained
from a Bethe M -layer expansion around the infinite-
connectivity limit, c → ∞, as has recently been done for
the standard Ising model [84, 85]. However, given the
technical difficulty involved in pursuing this calculation
it is left as future work.

B. Percolation thresholds

As introduced in previous sections and also discussed
in Ref. [21], the generalized FK–CK cluster scheme is the
thermodynamically appropriate description of any non-
frustrated systems. Reference [21] further suggests that
the scheme can be generalized to frustrated models us-
ing a “negative probability” for bonding. In this subsec-
tion, we examine the generality of this proposal for both

SALR interaction models and the frustrated RBIM.

1. SALR models

For SALR interaction models, we calculate Tp from the
percolation probabilities (as described in Sec. IV A 5 and
Sec. IV B 2). Because this approach relies strongly on the
sampled cavity configuration probabilities, the homoge-
neous fixed point (as a forced solution) cannot be used to
solve for Tp, and convergence problems are encountered
upon approaching the transition point. The threshold is
therefore identified as the point for which the percolation
probability becomes nonzero (within a numerical toler-
ance of 10−4). Figures 7 and 8 show that the results for
Tp coincide with Tc in the Ising-like regime. By contrast,
in the first-order regime κ ∈ (κZ , κL), the percolation
temperature depends on the metastable branch consid-
ered. For the heating branch, the calculated transition
is nearly coincident with the end of the metastability
branch at Theat, and the opposite for the cooling branch.
In the vicinity of κL, because numerical convergence is
particularly challenging the putative correspondence be-
tween percolation and phase transition beyond the Lif-
shitz point, κ > κL, cannot be assessed directly. This
difficulty, however, may reflect the physical impossibil-
ity of such correspondence. We get back to this point
in the discussion of the RBIM below as well as in the
conclusion, Sec. VI.

We next consider the percolation of the α-parameter
cluster model (defined in Sec. IV A 4). As discussed
above, defining FK–CK clusters with negative probabili-
ties is unphysical and hence cannot be constructively re-
alized. Reducing the bonding probability between paral-
lel nearest-neighbor spins—as in the α-parameter cluster
model—might then be leveraged to sidestep this issue in
an effective sense. One simply needs to tune α using
a simple search, until Tp(α) = Tc (within a numerical
tolerance of 10−4).

2. Frustrated RBIM model

For the frustrated RBIM—as for the models with
SALR interactions—the generalized FK–CK clusters
percolate at the critical transition for the Ising-like P-
F transition regime (see Fig. 7). This result therefore
lends further credence to the claim that clusters defined
with a “negative probability” for bonding capture the
proper spin-spin correlations.

Because tuning hext for the frustrated RBIM is not as
algebraically onerous as for the SALR interaction mod-
els, additional possibilities also open up for examining
the percolation-criticality correspondence. Although the
presence of an external magnetic field renders the free
energy density analytic, which means that no true ther-
modynamic transition occurs at hext ̸= 0, a percolation
transition for FK–CK clusters can still be defined. For a
given temperature Tκ, there indeed exists an associated
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FIG. 9. Percolation properties of the pure Ising model (ρ = 1)
on the Bethe lattice with c+1 = 3. Kertész line (dashed line)
along with the reversed representation of the magnetization
density with (normalized) temperature (solid line). In the
Ising model the Kertész line converges to the Ising critical
point Tc at hext = 0, indicative of the matching between
percolation and thermodynamic transitions. The inset shows
the cavity percolation probability at Tκ = 1.2Tc. The onset
hκ
ext = 0.1299(1), at which the curve detaches from zero,

corresponds to a point on the Kertész line.

external magnetic field hκ
ext for which the percolation

probability starts to deviate from zero, and hence FK–
CK clusters percolate.

Figure 9 illustrates the effect for the pure Ising model
(ρ = 1) on a Bethe lattice with c + 1 = 3 at Tκ =
1.2 Tc, where Tc the Ising critical temperature given
by Eq. (115). The onset of percolation then takes
place at hκ

ext ≃ 0.1299(1). Repeating this procedure
for all Tκ ≥ Tc identifies the points (hκ

ext, Tκ) that de-
fine the Kertész line [86], which identifies the percola-
tion threshold for the FK–CK clusters in presence of an
external field. Alternatively, the external field can be
parametrized in terms of the magnetization it induces,
thus providing the Kertész line in the (m,T ) plane along
with the spontaneous magnetization at zero field. In this
case, the Kertész line separates a non-percolating region
with high temperature and weak spin correlations, from
a percolating region at low temperatures and spins corre-
lated by the external field, thus resulting in the presence
of a spanning cluster. By construction, in the zero ex-
ternal field limit the Kertész line coincides with the Ising
critical point, (hκ

ext = 0, Tκ = Tc). Therefore, the ther-
modynamic and percolating transitions then coincide.

Note that the Kertész line does not have a direct phys-
ical interpretation in terms of clusters, because the CK
bonding probability is not strictly valid when hext ̸= 0.
In fact, there are two symmetric Kertész lines in the
phase diagram. One is associated with parallel up spins,
the other with parallel down spins, corresponding to pos-
itive and negative magnetic fields, respectively. These
two lines merge at the critical point (Tc, hext = 0). For-
mally, it can be shown that in the presence of an external
magnetic field, the bonding probability must be modified

to account for the field—for instance, by introducing a
ghost spin [67, 87]. Tracing the Kertész line is neverthe-
less useful for our purpose as it highlights the fact that it
terminates precisely at the critical point. This, in turn,
implies that at hext = 0, the clusters defined using the
CK bonding probability percolate exactly at criticality.

It is important to note that the points lying within the
region bounded by the spontaneous magnetization curve
in Fig. 9 are not physically realizable. If a system is
prepared at a state (m,T ) within this out-of-equilibrium
region, it will undergo phase separation and relax to one
of the two equilibrium magnetizations at temperature
T . Owing to the symmetry of the curve under m →
−m, these two stable magnetization values are equal in
magnitude and opposite in sign.

FIG. 10. Kertész lines (points; lines are guides for the eye)
and spontaneous magnetization (solid lines) for the frustrated
RBIM on the Bethe lattice with c + 1 = 3 for the temper-
ature in the vertical axis normalized by the critical value at
the corresponding ρ, Eq. (115). For ρ = 0.9 and at low tem-
peratures, the spin-glass phase (SG) reappears due to the
presence of the de Almeida–Thouless line.

Figure 10 shows the Kertész line in the frustrated
RBIM for various ρ ≤ 1. In the (Ising-like) P-F tran-
sition regime, ρ > ρ⋆, these lines clearly overlap upon
approaching the critical temperature, nicely converg-
ing towards their respective Tc. The lines, however,
shorten as ρ decreases. In addition to their shorten-
ing due to magnetization decreasing—as the fraction of
anti-ferromagnetic bonds grows—we note an unexpected
systematic shortening as ρ decreases.

The numerical convergence of the percolation proba-
bility computed using the FK–CK cluster definition be-
comes increasingly unstable upon approaching the mul-
ticritical point (T⋆, ρ⋆), where a different order—here,
the spin-glass phase—emerges. An analogous loss of sta-
bility is observed in SALR interaction models near the
Lifshitz point, suggesting that the onset of a compet-
ing order may hinder the stability of the random-cluster
percolation equations. We get back to this point in the
conclusion, Sec. VI.

In the phase diagram at zero external field, hext = 0, a
ferromagnetic spin-glass (FSG) phase appears for ρ > ρ⋆
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(see Fig. 7). This phase, characterized by a finite mag-
netization m ̸= 0 and a nonzero Edwards–Anderson
parameter qEA > 0, persists up to ρ ≃ 0.916. The
spontaneous magnetization curve at ρ = 0.9 clearly dis-
plays the onset of this FSG phase at very low tempera-
tures (Fig. 10). In the presence of an external field, the
spin-glass order extends up to the de Almeida–Thouless
line [68, 88, 89], smoothly connecting to the zero-field
FSG region that emerges directly along the spontaneous
magnetization curve. This spin-glass phase is accompa-
nied by a reentrant behavior in the spontaneous mag-
netization curve. However, one should keep in mind
that our results for m at zero field are obtained within
the replica-symmetric (RS) approximation. Because the
FSG phase strictly requires the full replica symmetry
breaking (RSB) solution, it remains unclear whether this
reentrance is a genuine feature of the model or merely
an artifact of the RS approximation.

The α-parameter cluster model for the frustrated
RBIM is also considered. For dilution ρ = 0.9, for in-
stance, we find α ≃ 0.7845(7).

C. Percolation universality class

In addition to the correspondence between percolation
and thermodynamic critical points, the critical clusters
are expected to belong to the Ising universality class.
To test this hypothesis, we extract the Ising critical ex-
ponents from the FK–CK and the α-parameter cluster
model percolation probabilities.

For hext = 0 near Tc, cluster percolation arises from
spontaneous magnetization. As a result, the percolation
probabilities on a Bethe lattice are expected to scale crit-
ically,

P ∝ |T − Tc|β , (136)

with the Ising mean-field critical exponent β = 1/2 (in-
stead of β = 1 for standard percolation [87]). For the
frustrated RBIM, we can further extract the critical ex-
ponent associated with the external magnetic field at Tc.
The percolation probability is then expected to scale crit-
ically,

P ∝ |hext|1/δ, (137)

with the Ising mean-field critical exponent δ = 3.
Figure 11 considers the percolation probability of gen-

eralized FK–CK clusters for various SALR interaction
models as well as for the α-parameter cluster model
on the ANNNI model. Figure 12 does the same for
the cavity percolation probability—which has the same
critical scaling as the percolation probability P (see
Sec. IV C 3)—for both hext = 0 and hext > 0 for the
frustrated RBIM. The former is obtained by the cavity
method as in Secs. IV A 5 and IV B 2, while the latter is
computed through the population dynamics algorithm,
also used in the calculation of the Kértesz line in Fig. 10.
In this case we have solved the percolation probability

FIG. 11. Percolation probability of (left) generalized FK–
CK clusters and (right) α-parameter cluster model for the
(frustrated and unfrustrated) isotropic model with (a)(d) c+
1 = 3, (b)(e) c + 1 = 5 and (c)(f) the ANNNI model with
c+1 = 6. In all cases, upon approaching Tc the critical scaling
follows the mean-field Ising universality class with β = 1/2
(left: solid lines; right: dash-dotted lines)

defined in Eq. (134), along with its corresponding ex-
pression for the α-parameter cluster model, through it-
erations. Specifically, we evolved populations of perco-
lation probabilities with sizes ranging from M = 6×106

to M = 5 × 107, iterating them for approximately
N ≃ 5 × 104 steps to obtain multiple converged sam-
ples.

In the Ising-like regime, the mean-field Ising scaling
is observed for all cases. Surprisingly, the α-parameter
cluster model exhibits the same scaling behavior as the
generalized FK–CK clusters. This suggests that, with
sufficient numerical precision, it is possible to define
positive bond probabilities that can be tuned to yield
an effective model with the same critical temperature
and critical exponents as the associated thermodynamic
transition. Remember, however, that the clusters gen-
erated by the α-parameter cluster model fail to repro-
duce the spinspin correlations required to identify gen-
uine critical clusters. This limitation arises because in-
troducing a non-zero α necessarily modifies the expres-
sions for the correlations ⟨γij⟩W , introducing an addi-
tional term that causes them to deviate from the actual
spinspin correlations ⟨sisj⟩. In other words, the Ising
critical scaling of the clustering probability is a necessary
but insufficient condition for identifying the thermody-
namically relevant clusters.

VI. CONCLUSION

In this work, we have generalized the definition of
the random FK–CK clusters, which capture the phys-
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FIG. 12. Average cavity percolation probability of (left) FK–
CK clusters (right) α-parameter cluster model for the frus-
trated RBIM as a function of (a)(c) the distance to the crit-
ical temperature at zero field and (b)(d) the external field
at the critical temperature Tc of each respective ρ. In all
cases, upon approaching Tc or hext = 0 the critical scaling
follows the mean-field Ising universality class with β = 1/2
and δ = 3, respectively.

ical correlations associated with the ferromagnetic criti-
cal point in the simple Ising model, to frustrated mod-
els with negative couplings, thus extending the result
of Ref. [21]. We first presented a more formal deriva-
tion of the cluster construction, extending the proof of
Ref. [4] to systems with antiferromagnetic frustration.
We then implemented the generalized FK–CK scheme
for three exactly solvable models on the Bethe lattice
(namely, the isotropic and anisotropic SALR interaction
models as well as the frustrated RBIM), in which the
clusters can be constructed by analytically continuing
certain bond probabilities to negative values. In partic-
ular, we have explicitly verified that, near the line of P-F
critical points, the critical properties of the clusters fall
within the (mean-field) Ising universality class.

In a sense, this paper provides a negative result. Be-
cause the statistical weight of certain cluster configura-
tions becomes negative in models with frustration, con-
figurational sampling based on FK–CK clusters to ac-
celerate the critical dynamics is clearly unfeasible. Al-
though these clusters properly encode thermodynamic
correlations, they cannot be constructed in the first
place. Our results further rule out numerous alternative
proposals that have been put forward in recent decades.
In so doing, this work settles a long-standing debate
on the correct definition of clusters and discourages fur-
ther pursuit of research directions that ultimately lead
to dead ends. A similar evaluation of cluster schemes
for other phase transitions could further dampen enthu-
siasm for the approach [24].

The percolationcriticality correspondence that we
have established exactly on Bethe lattices is expected
to extend to finite-dimensional, more physical lattice ge-
ometries [90], such as square and cubic lattices in d = 2

and d = 3. Importantly, this correspondence is already
rigorously confirmed in d = 1 for the isotropic SALR
interaction model (Sec. IV A 5). In that case, the corre-
spondence holds for arbitrary temperatures and system
sizes. Because the same picture emerges both in d = 1—
where fluctuations are maximal—and at the mean-field
level represented by the Bethe lattice, there is no indica-
tion that fluctuations in intermediate dimensions would
qualitatively destroy the correspondence. The structural
relation between percolation and thermodynamic crit-
icality is therefore expected to remain intact in all d,
including d = 2 and d = 3. Future work might consider
these two cases explicitly: in d = 2 via transfer-matrix
calculations [42], albeit with size limitations due to com-
putational cost, and in d = 3 by examining whether
the signed-probability formulation developed here could
be embedded into a renormalization-group (RG) frame-
work.

From a different viewpoint, this paper offers some
hope for cluster-based sampling schemes. The fact
that physically relevant clusters cannot be generated
through standard constructive schemes does not nec-
essarily mean that they cannot be generated at all.
Alternative generation methods remain possible. An
appealing prospect entails the use of AI-based gener-
ative models or other machine learning-based schemes
to learn rather than construct clusters. We emphasize,
however, that this possibility remains highly specula-
tive at present. “Learning clusters” would entail train-
ing generative models—such as normalizing flows [91,
92], diffusion models [93], or autoregressive neural net-
works [94, 95]—to sample cluster configurations directly
from the appropriate probability distribution, thereby
bypassing the need for constructive cluster algorithms
altogether. Recent advances in machine learning-based
sampling of complex probability distributions in statisti-
cal physics [96–98] suggest this approach may be feasible,
but significant technical challenges remain to be over-
come [99]. In this context, exactly solvable models on
Bethe lattices offer particularly interesting benchmarks.

Even in this speculative scenario, however, there is a—
somewhat more subtle—hurdle to consider. Our work
demonstrates that critical clusters may only form be-
tween parallel spins. However, in systems with antifer-
romagnetic couplings, configurations with parallel spins
connected by such couplings are strongly suppressed by
their Boltzmann weight at low temperatures, and hence
contribute little to spinspin correlation functions. Nev-
ertheless, these same configurations may contribute sig-
nificantly to cluster correlation functions. If the bond is
present, the cluster weight may be negative; if the bond
is absent, the “probability” of bonding may exceed unity,
thus corresponding to a large weight. These configura-
tions therefore cannot be neglected in the cluster repre-
sentation. In other words, correctly generating physical
clusters then requires sampling rare spin configurations
with very low statistical weight.

To illustrate this phenomenon, consider a simple d =
1 chain of four spins with three ferromagnetic bonds
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J > 0, and a single antiferromagnetic coupling, −J , in
the low-temperature limit β → ∞, i.e., near the zero-
temperature critical point of the extended d = 1 chain.
Spin configurations in which the two spins connected by
the antiferromagnetic bond are parallel are then strongly
suppressed by a factor e−2βJ . Nevertheless, certain clus-
ter configurations associated with these suppressed spin
states contribute significantly to the cluster correlation
functions—as can be seen in Fig. 13—because the cluster
weights WFK explode in the limit β → ∞.

The relationship between physical and geometrical
correlations may therefore be more intricate in the pres-
ence of frustration than in unfrustrated systems. Go-
ing back to the model on the Bethe lattice, as the sys-
tem approaches a different kind of order—one that de-
viates from the standard ferromagnetic phase—we ob-
served that the cavity equations governing percolation
probabilities fail to converge. For instance, near the Lif-
shitz point in SALR interaction models or close to the
multicritical point for the frustrated RBIM, we are un-
able to find a fixed point of the recursion.

This difficulty also arises far from the critical point.
For instance, it is observed at higher temperatures and
stronger magnetic fields in the RBIM, as evidenced by
the shortening of the Kértesz line for values of ρ near
the multicritical point ρ⋆. In these regions, the system
approaches the low-temperature spin-glass phase that
emerges along the coexistence line. These observations
suggest that the appearance of an additional local min-
imum in the free-energy landscape—associated with a
competing form of order—undermines the stability of the
equations governing the percolation of physical clusters.
This effect might therefore limit the regime over which
relevant clusters can be identified and play a significant
physical role.

Understanding whether a deeper conceptual mecha-
nism underlies this phenomenon therefore remains an
important direction for future research.
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Appendix A: Percolation and stability analysis of
the α-parameter cluster model

In this appendix, we obtain a few analytical results
for the small κ regime of the α-parameter cluster model
defined by Eq. (63). In order to determine Tp for this
model, we follow the strategy of Ref. 30 for the cav-
ity method, designing recursive relations to calculate the
percolation probability that a spin belongs to the perco-
lating cluster C∞. For simplicity, consider clusters with
all up spins. (The results for clusters of down spins are
the same by symmetry.) We define the probabilities that
a spin points up and belongs to C∞ in terms of the cavity
field

πR ≡ Pr(si = ↑ ∧ sj = ↑ ∧ i ∈ C∞) (A1)
qR ≡ Pr(si = ↑ ∧ sj = ↑ ∧ i ̸∈ C∞) (A2)

where πR+qR = R. Taking the bonding probability into
account, we define the auxiliary quantities

π̂ = πR prevB , q̂ = qR + (1− prevB )πR. (A3)

which denote the probability that an up spin is connected
or not to the parallel and percolated neighbor spin by a
bond, respectively.

Recursive equations can then be obtained,

πR = Z−1
R eβh

c∑
l=1

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)F c−l

l∑
k=1

(
l

k

)
π̂k q̂l−ke−βκJ

l(l−1)+(c+1−l)(c−l)−2l(c+1−l)
2 , (A4)

qR = Z−1
R eβh

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)F c−lq̂le−βκJ

l(l−1)+(c+1−l)(c−l)−2l(c+1−l)
2 , (A5)

where ZR is such that πR + qR = R.
Given converged πR and qR, the percolation probabil-

ity is

P = Z−1
site

c+1∑
l=1

(
c+1
l

)
eβ[µ+l(ε− l−1

2 κ)] (A6)

×F c+1−l
l∑

k=1

(
l
k

)
π̂k q̂l−k, (A7)

Q = Z−1
site

c+1∑
l=0

(
c+1
l

)
eβ[µ+l(ε− l−1

2 κ)]F c+1−lq̂l, (A8)

where Zsite is such that P +Q = ρ.
In order to gain some physical intuition for α, we first

consider the small κ regime. To linear order, we expect
α = 1−f(c)κ, with f(c) > 0. To obtain f(c), we consider
the linear stability of the CK percolation probability,
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FIG. 13. Possible clusters for the spin chain configuration (st, sr, sb, sl) = (↑, ↑, ↑, ↑), with periodic boundary conditions, and
fixed realization of the random bonds (Jtr = −J, Jrb = +J, Jbl = −J, Jlt = +J). Ferromagnetic bonds, J > 0, are colored
red while anti-ferromagnetic bonds, −J , are colored blue. Spins have a filled black circle at their tails if they belong to a
random cluster, and the circle is left unfilled otherwise. Despite the associated Boltzmann weight being vanishingly small at
low temperatures, the possible clusters reveal that non-negligible contributions to the spin-spin correlation functions arise from
the weights of the clusters WFK in the correlated percolation problem. These weights are given in the center of their respective
cluster, with α = e−2βJ . Although some contributions are of order one (first column), most contributions grow exceedingly
large—in absolute value—as temperature decreases (second column). However, the positive and negative contributions, which
appear in matching numbers, effectively balance out to yield the physical thermodynamic weight of this fully ordered spin
configuration.

which has leading eigenvalue

λ = Z−1
R eβh prevB

c∑
l=1

(
c

l

)
F c−l Rl−1 l (A9)

× eβJ(2l−c)e−βκJ(2l−c)e−βκJ
l(l−1)+(c−l)(c−2l−1)

2 .

For a system with a fixed connectivity c+1, prevB depends
only on β and κJ . Given the configuration probabilities
at leading order in κ (see Sec. IV A 2), we can rewrite
Eq. (A9) as

λ = F(β, κ) prevB (β, κ). (A10)

where F(β, κ) includes configuration probabilities and
Boltzmann weights. At the critical (or percolation)
point, we expect prevB (or rather f(c) in prevB ) to be such
that λ = 1, and the resulting ∂κJβ equal to that of the
linear stability analysis of the configuration probabilities
(see Sec. IV A 2). We can therefore solve for the deriva-
tive of Eq. (A10) about κ around the Ising transition
point (κ0, β0) = (0, 1

2 ln (
c+1
c−1 )),

0 = (
∂F
∂β

∂β

∂κJ
+

∂F
∂κJ

)prevB

+ F (
∂prevB

∂β

∂β

∂κJ
+

∂prevB

∂κJ
)

= (
∂F
∂β

∂β

∂κJ
+

∂F
∂κJ

)prevB

+ F (2Je−2βJ ∂β

∂κJ
− e−2βJ 2βf(c)), (A11)

where all derivatives and variables can be evaluated at
linear order in κ.

Solving for f(c) from Eq. (A11) is challenging, because
the expression involves summing over an increasing num-
ber of terms with respect to c. We here only evaluate
f(c) for specific c = 2, . . . 6 (Table I). As expected, these
(exact) results lead to equal slopes, dTp/dκ = dTc/dκ,
around κ = 0 at linear order in κ. Because obtaining
these values is tedious even with symbolic software, we
extend their range by (empirically) inferring the generic
expression,

f(c) = (2 + c) +
3c− 7

4c
=

4c2 + 11c− 7

4c
. (A12)

Although Eq. (A12) is not formally derived, we neverthe-
less expect it to remain valid for arbitrary c. Checking
that result, however, is left as future work.

From a physical standpoint a couple of observations
are important. First, the change of prevB around κ = 0
is continuous and symmetric for attractive and repulsive
next-nearest-neighbor interactions. Second, a consider-
ation of higher-order terms in the configuration proba-
bilities to capture its behavior at larger κ is expected to
generate similarly analytic terms in powers of κ for prevB .
(Such work is not attempted here.) The resulting expan-
sion is therefore seemingly oblivious to the discontinuity
in physical properties around the multi-critical point.

Appendix B: Connection probabilities of generalized
FK–CK clusters for a d = 1 chain (case c+ 1 = 2)

In this appendix, we calculate the probability that two
spins—one at site i and the other at site j—are parallel
and belong to a same cluster, i.e., are connected. If we
set i = 1 and j = 1+ r in the d = 1 chain, then ⟨γ∥

ij⟩, or



28

c 2f(c)
2 8− 1/4
3 10 + 2/6
4 12 + 5/8
5 14 + 8/10
6 16 + 11/12

TABLE I. Values of f(c) in prevB = 1− exp{−2βJ [1− f(c)κ]}
for the revised CK percolation criterion.

the distribution of the connection probability P (1 + r)
for the spin at site 1 + r, can recursively be obtained
from that of its backward site P (r) through a transfer
matrix M ,

P (1 + r) = MP (r) = MrP (1). (B1)

The recursive equations for percolation, Eqs. (70)–(78),
describe the connections between spins, and the transfer
matrix can be written as

M =


p2e

βJ(1−κ) (1− p2)e
βJ(1−κ) 0 eβJ(1+κ) 0

p1p2e
βJ(1−κ) p1(1− p2)e

βJ(1−κ) (1− p1)p2e
βJ(1−κ) p1e

βJ(1+κ) 0

p1p2e
βJ(1−κ) (1− p1p2)e

βJ(1−κ) 0 eβJ(1+κ) 0

0 0 0 0 p2e
−βJ(1+κ)

0 0 0 e−βJ(1+κ) 0

 . (B2)

Note that we neglect cases in which two consecutive spins
do not belong to the same cluster as spin 1, because the

cluster then cannot grow further.
We next consider the boundary conditions at the be-

ginning and at the end of the cluster, and construct

M0 =


p1p2e

βJ(1−κ) (1− p1p2)e
βJ(1−κ) 0 eβJ(1+κ) 0

0 0 0 0 0
0 e−βJ(1−κ) 0 e−βJ(1+κ) 0
0 0 0 0 0

 , (B3)

M1 =


eβJ(1−κ) eβJ(1+κ) 0 0
p1e

βJ(1−κ) p1e
βJ(1+κ) 0 0

eβJ(1−κ) eβJ(1+κ) 0 0
0 0 0 0

e−βJ(1−κ) e−βJ(1+κ) 0 0

 . (B4)

The connection probability of two spins a distance r
apart can then be expressed as

⟨γ∥
ij⟩ = P (1 + r) =

2

Z
Tr[M0M

r−1M1T
N−r−1], (B5)

where T = exp (si(si+1 − κsi+2)βJ) is a 4 × 4 trans-
fer matrix for the configuration distribution, and Z =
Tr[TN ] is the partition function. In order to be con-
sistent with the Bethe lattice construction, we take the
thermodynamic limit, N → ∞. More details can be
found in Ref. [21], but note that the cavity method here

provides a different definition of bonding relations and
results in a more compact transfer matrix expression.
Appendix C: Percolation probabilities of generalized

FK–CK clusters for SALR interaction model

In this appendix, we obtain expressions for the perco-
lation probabilities of generalized FK–CK clusters in the
isotropic SALR interaction model. Recall that the nine
variables and the auxiliary functions (Φ(k,m), Ψ(k,m)
and Θ(k,m, n)) are defined in Sec. IV A 5, and that we
have defined x = exp[−βκ l(l−1)+(c−l)(c−3l−1)

2 ].
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For the configuration (↑, ↑), denoted E in Fig. 2, one has ηcav(↑, ↑) = π(↑, 1) + π(↑, 0) + q(↑, 1) + q(↑, 0) with

π(↑, 1) = Z−1
cav

{
c∑

l=0

l∑
k=0

∑
a+b+d>0

(
c

l

)(
l

k

)
eβJ(2l−c)e−βκJ(2l−c)xw(↑, 0)c−l−aw(↑, 1)aq(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d

×
l−k∑
m=0

(
l − k

m

)
Ψ(k,m)[(1− p1)(1− p2)

k+m]l−k−m[1− (1− p2)
k+m]

+

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)xw(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

l−k−m∑
n=0

(
l − k

m

)(
l − k −m

n

)
Θ(k,m, n)[(1− p1)(1− p2)

k+m+n]l−k−m−n [1− (1− p2)
k+m+n]

}
.

(C1)

(Notice that the exponents involving a, b, and d should be greater than or equal to zero.)

π(↑, 0) = Z−1
cav

{
c∑

l=0

l∑
k=0

∑
a+b+d>0

(
c

l

)(
l

k

)
eβJ(2l−c)e−βκJ(2l−c)xw(↑, 0)c−l−aw(↑, 1)aq(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d

×
l−k∑
m=0

(
l − k

m

)
Ψ(k,m)[(1− p1)(1− p2)

k+m]l−k−m(1− p2)
k+m

+

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)xw(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

l−k−m∑
n=0

(
l − k

m

)(
l − k −m

n

)
Θ(k,m, n)[(1− p1)(1− p2)

k+m+n]l−k−m−n (1− p2)
k+m+n

}
.

(C2)

q(↑, 1) = Z−1
cav

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)xw(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p1)
k+m[1− (1− p2)

k+m].

(C3)

q(↑, 0) = Z−1
cav

c∑
l=0

(
c

l

)
eβJ(2l−c)e−βκJ(2l−c)xw(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p1)
k+m(1− p2)

k+m.

(C4)

For the configuration (↑, ↓) denoted O in Fig. 2, one has ηcav(↑, ↓) = π(↓, 0) + q(↓, 0) with

π(↓, 0) = Z−1
cav

{
c∑

l=0

l∑
k=0

∑
a+b+d>0

(
c

l

)(
l

k

)
eβJ(2l−c)eβκJ(2l−c)xw(↑, 0)c−l−aw(↑, 1)aq(↑, 0)l−k−bq(↑, 1)bπ(↑, 0)k−dπ(↑, 1)d

+

c∑
l=0

(
c

l

)
eβJ(2l−c)eβκJ(2l−c)xw(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)[1− (1− p1)
k+m]

}
.

(C5)
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q(↓, 0) = Z−1
cav

c∑
l=0

(
c

l

)
eβJ(2l−c)eβκJ(2l−c)xw(↑, 0)c−l

l∑
k=0

(
l

k

)
q(↑, 0)l−kπ(↑, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p1)
k+m.

(C6)

For the configuration (↓, ↑) denoted F in Fig. 2, one has ηcav(↓, ↑) = w(↑, 1) + w(↑, 0) with

w(↑, 1) = Z−1
cav

c∑
l=0

(
c

l

)
e−βJ(2l−c)e−βκJ(2l−c)xw(↓, 0)c−l

l∑
k=0

(
l

k

)
q(↓, 0)l−kπ(↓, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)[1− (1− p2)
k+m].

(C7)

w(↑, 0) = Z−1
cav

c∑
l=0

(
c

l

)
e−βJ(2l−c)e−βκJ(2l−c)xw(↓, 0)c−l

l∑
k=0

(
l

k

)
q(↓, 0)l−kπ(↓, 0)k

×
l−k∑
m=0

(
l − k

m

)
Φ(k,m)(1− p2)

(k+m)(l−k−m)(1− p2)
k+m.

(C8)

Finally, for the configuration (↓, ↓) denoted E in Fig. 2, one has ηcav(↓, ↓) = w(↓, 0) with

w(↓, 0) = Z−1
cav

c∑
l=0

(
c

l

)
e−βJ(2l−c)eβκJ(2l−c)xw(↓, 0)c−l

l∑
k=0

(
l

k

)
q(↓, 0)l−kπ(↓, 0)k. (C9)
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