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Abstract

We give here the final results about the validity of Jackson-type estimates in comono-
tone approximation of 2 -periodic functions by trigonometric polynomials (g = 1).
For coconvex (¢ = 2) and the so called co-g-monotone, g > 2, approximations,
everything is known by now. Thus, this paper concludes the research on Jackson type
estimates of Shape Preserving Approximation of periodic functions by trigonometric
polynomials. It is interesting to point out that the results for comonotone approxima-
tion of a periodic function are substantially different than the analogous results for
comonotone approximation of a continuous function on a finite interval, by algebraic
polynomials.
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1 Introduction

We give here the final results about the validity of Jackson-type estimates in comono-
tone approximation of 2w -periodic functions by trigonometric polynomials (g = 1).
For coconvex approximation (¢ = 2) everything is known by now (see, e.g., [8]), and
for the so called co-g-monotone, ¢ > 2, approximation, no Jackson-type estimates
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are possible (see, e.g., [6]). Thus, this paper concludes the research on Jackson type
estimates of Shape Preserving Approximation of periodic functions by trigonometric

polynomials.
Let C = CY be the space of continuous 27 -periodic functions f on R, endowed
with the uniform norm || f|| := max,cr | f(x)|, and for r € N, denote by C” the

subspace of r times continuously differentiable functions f € C.

In this paper we discuss the approximation of f € C",r > 0, that changes its mono-
tonicity a few times in its period (—, 7], by trigonometric polynomials that follow the
monotonicity of f (i.e., comonotone approximation). Note that a nonconstant trigono-
metric polynomial may only have a finite, even number of changes of monotonicity in
a period. Hence, one is limited to discussion of comonotone approximation of f that
has 2s, s > 1, changes of monotonicity.

Let Y5 := {yi}icz, s € N, y; € R, be such that y; < y;+1 and y; 125 = y; + 27,
i € Z. Denote by AW (Y)), the collection of functions f € C, such that (—l)i_lf is
nondecreasing on the interval [y;_1, y;], i € Z, and note that if we denote

2s
X =Y
I1 = s 1.1
(x) Emlz (1.1)

then for f € C!, f € AD(Yy), if and only if
FfoIx) >0, xek.
For f € AD(Yy), let

EV(f,Y,) = inf I/ = Tall.

T,eal(

denote the error of best approximation of f by comonotone trigonometric polynomials
T, of degree < n.
We are interested in estimates of the Jackson type,

clk,r,s) 1
Er(ll)(f» Yy) < n—rwk (f(r), ;) , n>1, (1.2)

where wy ( f ), ) is the kth modulus of smoothness of f ), Specifically, we are
interested in the validity of (1.2), depending on the various parameters, s > 1,k > 1
andr > 0.

The first result in this direction was obtained by Lorentz and Zeller [9, Theorem 1],
who proved such estimate (with r = 0, s = 1 and k = 1) for the approximation of a
continuous bell-shaped function on [—, ], by bell-shaped trigonometric polynomi-
als. Clearly, such a bell-shaped function may be looked upon as an even 27 -periodic
function, increasing on [—, 0] and decreasing on [0, r]. (They applied this result
to get a corresponding estimate for the approximation of a continuous nondecreasing
function on [—1, 1], by nondecreasing algebraic polynomials.)
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If f e C NADY), and either k = 1 or r > 2s, then the validity of (1.2) is
proved in [7, Theorem 1.1]. (For r = 0 and k = 1, this was shown earlier by [10].)

In this paper we determine all triplets (r, k, s), for which (1.2) is valid, and prove
that (1.2) is invalid for all other triplets.

Remark 1.1 If (1.2) is invalid and r > 2, then all is not lost, as it still follows by [2],
that the estimate

clk,r,s) 1
EN(f, 1) < o (f"), ;) , n=N(rk, Yy, (1.3)

holds, where N (r, k, Yy) depends on the smallest distance between the points y;,
i € Z.In addition, for n > N(Y,) we may guarantee that the distance between any
two consecutive y;’s is bigger than 57” Therefore, if we take n > N (Y;), then we may
combine Lemma 4.4 and Lemma 4.6 with Lemma 5.1 below, and get (1.3) forr = 1
and k = 2, 3, as well. Hence, (1.3) is valid, but as we show in this paper, (1.2) is valid
for these pairs only for s = 1, and is invalid otherwise. Finally, the validity of (1.3)
when r = 0 and k = 2, is proved in [3]. However, if r =0 and k > 3, and if r = 1
and k > 4, then even (1.3) is invalid, since (see [4]), for each Y there is a function
f e " N AD(Yy), such that for these pairs (r, k),

: n (1 _
ISP e (F ) 1y T o o) =0

Recall that for g € C or g € Cla, b], we denote the kth modulus of smoothness of g,
k > 1, respectively, by

or(g.0) = sup |Af(e. )| and (e rilabh = sup [aben)
O<h<t O<h<t [a,b—kh]
where
k k
Aﬁ(g«)=§(—1)""<i>g(-+ih) and gllie.) = max |g(o)l

2 Main Results

Our first positive result is

Theorem 2.1 Letr =2s — 2. If f € C" N AWV (Yy), then
1
ED(f.Y) < —C(r)wz <f(r), —) , n>1
n" n

However, Theorem 2.1 cannot be extended to higher order moduli. Namely, we prove
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Theorem 2.2 Let r = 2s — 2. There is a constant ¢(r) > 0, such that for eachn > 1,
there exist a collection Y and a function F € C" N AD(Y), such that

1
EOE, ¥y > Vi o (F(r), —) .
n” n
Hence, for every A > 0and N > 0, there existn > N, Yyandan F € C" N A(l)(YS),

such that

A 1
EWV(F,Y) > —ws (F(’), —) )
n” n

We also prove

Theorem 2.3 Letr =25 — 1. If f € C" N AW (Yy), then

EDf vy = Doy (f(”, 3), n= 1. @.1)
nr

n

Remark 2.4 Theorem 2.3 clearly implies (2.1) with w> and w; replacing w3. The case
of w1 was proved in [7, Theorem 1.1], while that of w; is new.

Again,Theorem 2.3 cannot be extended to higher order moduli. Namely, we prove

Theorem 2.5 Letr = 2s — 1. There is a constant ¢(r) > 0, such that for eachn > 1,
there exist a collection Y and a function F € C" N AW (Yy), such that

1
BV 10 = o (PO,
n

n

Hence, for every A > 0 and N > O, there existn > N, Yyandan F € C" N A(l)(Ys),
such that

A 1
EMN(F.Yy) > —wy <F<”, —) :
n” n

Our last positive result is

Theorem 2.6 Letr = 2s and letk > 3. If f € C" N AW (Yy), then
k 1
ED(f. vy < 08y <f<’>, —) Cnzll 2.2)
n n

Remark 2.7 Theorem 2.6, evidently implies (2.2) also for k = 1, 2, which were proved
in [7, Theorem 1.1].

Finally, if 0 < r < 25 — 2 and k > 2, then (1.2) cannot be had. Namely,
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Theorem 2.8 Let O < r < 2s — 2. There is a constant ¢(r) > 0, such that for each
n > 1, there exist a collection Y and a function F € C" N A“)(YS), such that

1
ESHF,n)>n532w2<F“%—>.
n” n

Hence, for every A > 0 and N > 0, there existn > N, Yy andan F € C" N AW (¥y),
such that

A 1
ESRF,n)>-—w2<FW,—).
n” n

We can now summarize the results. Given s > 1, the pairs (r, k), for which (1.2)
holds,are k = landr >0,k =2andr >2s -2, k=3 andr >2s—1,and k > 4
and r > 2. For all other pairs (1.2) is invalid. In the tables below we denote by “+"
the pairs (7, k) for which (1.2) is valid. We denote by “@®" the pairs (r, k) for which
(1.2) is invalid but (1.3) is valid, and finally, “—" denotes that even (1.3) is invalid.

r oLl
25+ 1+ ++++-- .
2s +++++-- e e
25 —14+4+4+00--- S+++++---
2s 24 4+0DD--- d4+++++---
25 -3 4+00DDD --- 3+++0D---
e 2++000 -
N l+d®——---
2 +to000--- 04+ — — — ...
I +®®—— 12345k
0O +&———--
12345k
s>2 s=2
r oLl
3+++++--
2+ ++++--
1+++——--
0O++—-—=—--
12345 k
s=1

We emphasize that these tables differ substantially from the corresponding tables for
comonotone approximation of continuous functions on a finite interval, by algebraic
polynomials (see, e.g, [5]).
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3 Divided Differences

Let m € N and let the function g be defined at the distinct points #; € R, 0 < i < m.

Denote [19; g] := g(t) and by

_ 8(t)
[t0, 11, -+ tm3 8] = ZH ”t

j=0. j#i (i =

the divided difference of order m of g at the knots ¢;.
Lemma3.1 Letty <t < --- < . Assume that either

(=" (g(t:) — g(ti—)) =0, 1<i<m,
or

(=" (g(t:) — g(ti—)) <0, 1<i <m.
Then, respectively,

[0, .. s tm; 81 >0, or [to,...,tn; 8] <0,

and

(tm — 10)™ |[to. 11, ..., tm3 g]| = max g(t;) — min g(t),
0<i<m 0<i<m

Therefore, for m > 2,

|[t15 7tmvg]| + ‘[t()v 9tm—17g]|
tm — to ’

|[t05 "'7tm;g]| =
and if2 <r < m, then

m
(0, -t &1 [ [ = 10) = |11, .. 1 2]

i=r

3.1)

(3.2)

(3.3)

(34)

(3.5)

(3.6)

Proof Since all statements depend only on g(#;), 0 < i < m, and there is an algebraic
polynomial of degree < m, interpolating g at #;, 0 < i < m, without loss of generality
we assume that g is that polynomial. Then (3.1), respectively, (3.2) implies that g’ (x) =
a ]_[;.":_ll(x — x;), where a > 0, respectively,a < 0,and x; € (tp, 1), | <i <m — 1.

Note that g™ (x) = (m — 1)la, so that [1g, ..., tn; g] = . Thus, (3.3) holds.

By the inequality between the arithmetic and geometric means, we have form > 1,

n mi ja|
f|wmw=wf []1x—xildx <
10 0 oy m— 1

m—1

mil l"l

-1
E / lx —x;|" " dx
i=1 710

m my _ lal m
Zmz (tm — xi)" + (xi — 10) )<—(lm )"

i=1
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This inequality is trivial (in fact, an equality) for m = 1.

Hence,
. tm , |a| m
max g(f) — min g(#4) < lg' (@) dx < —(tm — t0)
0<i<m 0<i<m I m
= |[to. t1. -t 81|t — 10)",
thus, (3.4) is proved.
Finally, (3.3) readily implies (3.5), and (3.6) follows from (3.5) by induction on
m-—r. O

Lemma3.2 LetO <l <m.If f € Cl[a, bl and x; € [a, b], 0 < i < m, are distinct,
then

m
c 1
X0 - X f1 < —mi (fP. b —a: [a, b]) NEN))
m nom ;H?lzl,i;&j lxj — xil
where c is an absolute constant.
Proof Forl > 1,let U; := {ui}f.zl and denote
fiG U = fO(xo +ur(xr — x0) + -+ + ug(x — x1-1)).
By virtue of [1, Chapter 4 (7.12)] we have,
L pru up—1
[xo,...,xz;f]zf / / fiCe U dug - - - duy
0 JO 0
L pu up—1
=/ / / Ls fi(5 UDldug -+ - duy.
0 JO 0
Assuming by induction that for some m > [,
L pru uj—1
[x0, -+ s Xm—1; f] =/ f / (xt, oo Xm—1; fi(5 UDlduy - - - duy,
0o Jo 0
(3.8)
we will prove (3.8) for m + 1.
Indeed,
[Xor. ... X f] _ [x0, ..., Xm—1 f] —[x0s .., Xm—2s Xms f]
Xm—1 — Xm
_ /‘ / /“H [t ot fiG UDL = [0 i i UDD
= up---duy
0 Jo 0 Xm—1 — Xm
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Hence,

I i=1izj [Xj = Xil

(l) m 1
X0, - X3 f1] < 177 a0 3 18 : (3.9)
j=l

Evidently, (3.9) holds also for / = 0.

Finally, by Whitney’s inequality there is an algebraic polynomial P of degree
< m — [, such that ||f(1) — Plliap) < cwm_l(f(l),b — a; [a, b]). Since for any
polynomial Q such that Q(l) = P, [x0,...sxXm; f1 = [x0,...,xm; [ — QI we
conclude that (3.9) yields (3.7). O

4 Auxiliary Lemmas

In the sequel the various positive constants ¢ and ¢; may depend onlyonr > 0,5 > 1
and k > 2. Also, we assume that f # const.

Lemma4.1 Leth > 0and yr5 — y1 < (65 —2)h. If f € CH~ 1N AW (Yy), then

If = fas)l < ch® a1 (FPD, h. 4.1

Hence, if f € c*n A(l)(YS), then

If = Faoll < ch®awr(f, h).

Proof Letg(r) := f(t)— f(y2s)andnotethat f € AW (Yy)implies gl = llgl1ys.ya1-
Set H := 2%6sh, and we may assume that kH < 2m, for otherwise, by Whit-
ney’s inequality, the periodicity of f yields (4.1). Indeed, in view of the periodicity,
fams) = f(Ons), m € Z, hence the constant polynomial Py(x) = f(yas) inter-
polates f as many times as one wishes provided one takes a big enough interval.
Specifically, it interpolates f at least (2s 4 k) times in the interval [0, (25 + k)27 ].
Whitney’s inequality, thus implies, for kH > 2,

If = FO2ll = 11 f = f2s)llj0,@s+k)27) < corsik(f, (25 + k)2m)
< cwrsir(f, @s + kH) < cH* g (f*V, H)

< ch®* o (F* 700,

which yields (4.1).
Therefore, we assume that kH < 27, we let

to:=y1—h, ti:=y, 1<i<2s, and t4; =t0+iH, 1=<i <k,

and we set xp5 1= fg, X :=1tiy1, 0<i<2s—1,and xp5p; = trsqi, 1<
i <k.Then|x; —x;| > h,i # j,25s —1=<1i, j <2s+k,sothat by Lemma 3.2 with
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l=2s—1and m = 2s + k, we have
W ik, - togis g1] < conn (FS70, 1), 42)
Set

g(t)v re [t07t2s]7

g(t) =
SO =00 el 10+ 2m),

and note that g satisfies either (3.1) or (3.2), with m = 2s + k. By (3.4) and (3.6)

2s+k
(tos — 1) lto, ..., o4k & l_[ (ti —10) = (tog — D> 11, ..., 153 8|
i=2s
> o(t:) — 1 o(t:
= lrsr}gsg( i) lglsnzsg( i)
> 18 ltr1,0251 = 1€ l1e1.121 = N2l
where we used the fact that g(¢2;) = 0. Hence,
|[t0, ... tas1a: 81| = ls] T (4.3)
(tas — 11)» (12 — 10) [ 1755541 (ti — 10)
_ llgll
(t2s — t1) >N (tay — 10)k!HF”
On the other hand,
‘ 8(t25+i)
.5 _ s+i
[t0, -+ tas45 & — 81| = Z TTE e
i=1 Hj:O,j;réZeri( 2s5+i J)
and we have
2s+k 2s
[T Ioei == 2t = ] [asri = 1) = BNtk = D21 — 0200
j=0, j#2s+i j=1
Therefore,
_ k —k
N gl H—* k gl H K
(o, ....o54+4: 8 —8l| £ ————5— ) =02 =1).
| * | (12541 — 125)>k! Z i (12541 — 125)>k!

i=
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Thus, combining with (4.3), we obtain

10, s Dstks § — s — 1P Ntoy — 1
[t 25+k> & ~g]| - (t2s — 11) (2s2' 0)(2k_1)
\[to, - . .. 126443 8] (tas 41 — 125)%
2% — 1)(6sh)* 1
< = <

= (H—6sh)»  (k—D»-1 =2

Finally, by virtue of (4.3),

0. - - - togis €] = [t0 - - tas ks &) — [to. -+ s tasa: & — | (4.4)
1 - cligh — cllf = fe)ll
= o, i 8| = 3 = = a
Now, we combine (4.4) with (4.2) to obtain (4.1). O

Lemma4.2 Leth > 0and yr5 — y1 < (65 —2)h. If f € C¥ 2N AW(Yy), then
If = FODI < ch®*2an(f*72, h). (4.5)

Proof Note that f € AV (Yy) implies | f — f (Ol = ILf = F Dy, y01-
We may assume that & < y; — yp, for otherwise, & > y; — yp, so that

2 =y — Yo = Y2s — Y1 + Y1 — Yo < (65 —2)h + h,

whence h > 27 /(6s — 1).

Hence, Whitney’s inequality and the periodicity of f yield (4.5), as in the proof of
Lemma 4.1.

Thus, we assume that & < y; — yg and leta := y; — h. Set x; := yi42, 0 <i <
25—3, Xxps5-2:=a, xps—1:=y;andxy = yrs.ByLemma3.2withl =25 —2
and m = 2 s, we obtain

h(yas — yD|la, yi -+, yass f1] < con(fF372, h).

On the other hand, Lemma 3.1 yields

| N ’[YI cees Y25 f]| + ‘[Cl,yl ey V2515 f]‘ - |[y1 e V2SS f]}
Y2s —a - (6s — Dh
N L ACTI [RTRSS I VA (610
- (yZS - y1)2‘Y_1(6s —Dh (y23 _ yl)Zs—lh'

la, y1.... y2: f]

Hence,
(2s —yD* " 'h _ _ _
If = fol SC%MUQS D k) < ch®2an (3D h).
s — V1
This completes the proof. O
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Givent) < ---<t,,1 <v <r+1,denote

(0 = [Ja =),
i=1

Lemma4d.3 Leth > 0,3h <b—a <3(@r+Dhanda+h <t <--- <ty <b—h.
If a function f € C"[a.b], r > 1, satisfies

f'Om41(x) =0, x € [a,b],
orif f € Cla, b] (that is, r = 0) changes monotonicity once, at t|, then
1f = f@llap1 < b @2(f ), s [a, b). (4.6)

Proof By virtue of Lemma 3.2 with [ = r and m = r + 2, setting

Xi:=ti+1,0<i<r, x41:=a and x,47:=Db,
we readily obtain,

mla ti, ... g1, b5 f1| = W3[0, oo tegr, a b 1] < can (), hs [a, b)),

On the other hand Lemma 3.1 implies

(b—a)y|la,tr,....tr41. b5 f1| = I f = f@ll[a.p)-

Combining the last two inequalities completes the proof of (4.6). O

Lemmad4 Letr > 1,h >0,3h<b—a <3rh,anda+h <t <---<t, <b—h.
If a function f € C"[a, b] satisfies

f/(x)nr(x) 2 01 X € [Cl, b]v

then, there is an algebraic polynomial p = p(-, f; (a, b)) of degree < r + 2, such
that f(a) = p(a),

If = Plias) < chw3(fO, h; [a, b)), 4.7

and
p' ()7 (x) =0, xé€la,bl, (4.8)
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Proof Let ty := a, t,4+1 := b, and denote by L the Lagrange polynomial of degree
<r + linterpolating f" at#;,0 <i <r + 1. Set

Xi i =ti41, 0<i <r—2, xp_1: =X, Xp:=tr, Xpq1:=1y, and X402 :=tr4].

We apply Lemma 3.2 with/ = r — 1, m = r + 2, and get for x € (a,b), x # t;,
I1<i=<r,

R|lx,a,ty ... 1y, by f|min{lx — al, [x — &, |x — bl} < cos(fT, h; [a, b]).
Hence,
r+1

[Je—

i=0

|f' () = L) = |[x, 10, .oty £ < ch" (£, ks [a, b)).

Let
p() = f(a) + / L) dr.

Then (4.7) is evident, and since L(¢;) = f'(t;) =0, 1<i <r,

X —a
>0, x¢€la,b],
b—a

f'()
T

w(a)

i L,

2
PR

P ) () = L) (x) =

which proves (4.8). O
Lemmad.5 Letr >2, 1 <v<r—1,h>0,3h<b—a<3vhanda+h <t <

<ty <b-—h
If a function f € C"[a, b] satisfies

f/(x)nl)(x) 2 0’ X € [av b]v (49)

then there is an algebraic polynomial p = p(-, f; (a, b)) of degree < r +k — 1, such
that p(a) = f(a),

If = pliap < chox (£, b [a, b)), (4.10)

and
P'(0)m,(x) =0, x €la,b] 4.11)
Proof Denote w := wi ("), h, [a, b]). Letty := aand t,4; := b—h+r+k"_ﬁ, 1<

i<r+k—v—2 Weapply Lemma3.2 withl =r — 1,m =r +k — 1, setting

@ Springer



Constructive Approximation (2025) 62:591-612 603

X0 =x, Xp=a, and x;=¢4,1<i<m-—1,

and get
hk‘[x7t07 --~7tr+k72; f/]‘ = hk|[~x7t17 --',tr+k727a; f,]| S cw.

Denote by L the Lagrange polynomial of degree < r + k — 2, that interpolates f” at
t;i,0<i<r+k—2 Then, forx €[a,bl,x #t,0<i<r+k—2,

r+k—2

10 = L) =[x 00, trgs f11 ] =),

i=0
whence
If'(x) = L)| < coh™™" Mmoo,  x € [a,b].

Now, the desired polynomial may be taken in the form
X
p(x) = f(a) + / (L(t) + cohr_l_”a)rrv(t)) dr.
a
Evidently, (4.10) is valid, and by (4.9)

P ) (x) = f/@)m, () + (L) = £/ )y (x) + coh™™ P wm (x)
—[(L(x) = f Dm0 + coh” ™ o) (x)

> —coh" VLo (x) + coh” " lon?(x) = 0,

v

which proves (4.11). O
Finally, we need the next result.

Lemma4.6 Let r > 1, and assume that f € C'[a, b] is such that f'(x) > 0, x €
[a, b]. Then, there exists a polynomial P = P(-, f; (a, b)) of degree < r + k such
that

If — Pl <cb—a) or(f,b—a;la, b)), (4.12)
P(a) = f(a), P(b)= f(b), (4.13)

and
P/(x) >0, x €la,b]. (4.14)

Proof Set w = wi(f"),b — a;[a,b]) and let h := b — a. Whitney’s inequality
implies that the best algebraic polynomial p of degree < r + k — 1, approximating
f/, satisfies

If = Pliap) < cth™ .
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Hence, the polynomial
- X
P(x):= f(@)+ / (p(1) + c1h" ) dt,
a

of degree < r + k, satisfies (4.12), (4.14) and f’(a) = f(a).
Now, let

P(x) — P(a)
P = b) - Py — Pa)
@)= f@+(®) - f@) 5 —F =

Evidently, (4.13) and (4.14) are satisfied, and since

P(x) — P(a)
P(b) — P(a)’

P~ )= (P@) = f0) + (f0) = P®))

we get

1P~ fllias) < IP = fllians + 1 f(B) — P(B)| <2IP — flljap) < ch’o,

which is (4.12). o

5 Proofs of the Positive Results
Since f is 2m-periodic, Whitney’s inequality implies for any £ > 1,

ILf = fOI = ctk)or(f, 27),

that yields, for any N and alln < N, and f € A(l)(YS),

EV(f,Y) < EV Y < If = FO) < e(N, e (f, 1/n).  (5.1)

So, in the sequel, we assume that n > 6s.
. Let x; := %, Ij =1Ixj,xj11l, J € Z, h := %,land for each i E.Z, let j; be the
index, such that x;, < y; < xj,11. Denote by O the interior of the union

Uiezlxj—1, xj42],

and let O, = (x,-, x,ﬁ), W € 7Z, be the connected components of O, enumerated
from right to left. Note that x,+ — x,- < 6sh forall u € Z.

Denote I := [—m, m]. Since f is 2w -periodic and n > 6s, we may without loss of
generality, assume that 7 ¢ O, so that there is no O, such that =7 € O,. We may
also assume, by shifting the indices if needed, that y; € I, 1 <i < 2s.

There are two possibilities for the location of the extremum points. Either there
is only one component of O in the period I, or there are at least two. In the former
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case, each O, contains 2s points y;, so that Lemma 4.2 and Lemma 4.1 imply that
the polynomial 7,,(x) = f(0) provides the validity of the estimates for all appropriate
n’s, in Theorem 2.1 and in Theorems 2.3 and 2.6, respectively.
Thus, we are left with the case where there are at least two components of O in [.
Under our assumption that 7 ¢ O, denote by X, ,(Y;) the set of continuous
piecewise polynomials S, on /, such that

S|y, =P, if I; CI\O0,
and
S|0u =pu, O, Cl,

where P; and p,, are algebraic polynomials of degree < m.
In the sequel, by writing S"(x), we implicitly assume that x # x;, x; ¢ O.
We need the following result [7, Corollary 4.4].

Lemma5.1 Let s > 1 and m > 2. There is a constant ¢ = c(s, m), such that for
n>éiffeCnADX), S e T, (Ys) and S'(x)II(x) > 0, x € I, where TI(x)
was defined in (1.1), then

EX(F,Yy) < E@m(f, 1/m) + 1 = SllD.

Rem@k 52 InLemma5.1, S € X, ,(Ys) is defined on 1, while in [7, Corollary 4.4],
S € Zpa(Ys)is de_ﬁned on R. But, there is no difficulty in extending S € %, ,,(¥s)
to anelement S € X, ,,(Yy).

We point out that in view of (5.1), we will only have to prove the results for n >
(é(s, m) + 65)2 =: ¢. To this end, for all n > 65, we construct an appropriate S as
follows.

Recall that we assume that there are at least two components in a period, so that in
each component O, there are 1 < v < 2s — 1 extremal points.

In each interval I; C I \ O, either f or — f is monotone nondecreasing, so for
r > 1, we apply Lemma 4.6 to obtain, for any appropriate k > 2, a polynomial P;,
of degree < r + k, of the same monotonicity, interpolating f at both endpoints of the
interval, and such that,

~ C
If = Billyy < — (£, 13 ). (5.2)

For r = 0 and k = 2, (5.2) follows by taking 15j to be the linear, interpolating f at
both endpoints of /;.

In the proof below we apply the various lemmas of Section 4, where we always
take a generic component O, C [ and yj4; € Oy, 1 <1 < v < 25, and we set
ti = yi+i, | <1i < v. Note that #; = y;+| may be either a maximum of f or of — f,
and the lemmas are applied accordingly.
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When r = 2s (Theorem 2.6), we may have components O, C I with v extremum
points, for various 1 < v < r — 1. Therefore, we apply Lemma 4.5 and obtain, for any
k > 3, a polynomial p, of degree < r + k, comonotone with f in that component,
such that p(x,-) = f(x,-), and

1f = Pullg, = —or(fO. 1/m). (53)

When r = 25 — 1 (Theorem 2.3), we may have components O, C I, with v extremum
points, for various 1 < v < r. Therefore, we have to apply Lemma 4.4 for v = r and
Lemma 4.5 for 1 < v <r — 1, as the case maybe, and thus obtain a polynomial p,, of
degree < r + 2, comonotone with f in that component, such that ﬁ(xlf) = f(x,-),
and

1f = ullg, < —as(f O 1/m). (54)
Finally, when r = 25 — 2 (Theorem 2.1), we may have components O, C I with v
extremum points, for various 1 < v < r + 1. If there is no component with v = r
extreme points, then we apply Lemma 4.3 for v = r + 1 and Lemma 4.5 with k = 2
for 1 < v <r —1, as the case maybe, and obtain a polynomial p,, of degree < r 42,
comonotone with f in that component, such that p(x,-) = f(x,-), and

- c
If = Bullg, < —oa(f7, 1/m). (5.5)
If it so happens that there is a component with v = r extreme points, then we apply
Lemma 4.4 for that component and Lemma 4.5 with k = 3 for any other, and thus
obtain a polynomial p,, of degree < r 4 3, comonotone with f in that component,
such that p(x,-) = f(x,-), and

c

If = Pullg, < —w3(fO,1/n). (5.6)

n
Hence, in all cases, the piecewise polynomial

pux), xeO0,Cl,

S(x) = 1"
Pi(x), xel;j:1;CI\O,

of the respective degrees, is continuous in each interval (x,+, x(,—1)-), u : Oy C I,
and by (5.2) through (5.6), it satisfies, for the respective r and &,

F@M@) >0, xel,and sup|f(x) — S(x)| < ;—iwk(f“), 1/n).

xel

The continuous piecewise polynomial,

Sx) = f(—JT)—l—/x S‘/(t)dt, xel,

-7
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isin X, ,(Ys), where m = r + k for Theorem 2.6, m = r + 3 for Theorem 2.3, and
m =r +2orm = r + 3, as the case may be, for Theorem 2.1. Further, it satisfies
S’ (x)IT(x) > 0, x € I, and since there are at most 2s components O,, that is, at most
2s discontinuities of S in I , we conclude that for the respective r and k,

3
If =Sl < 25—ax (£, 1/m).
Hence, by Lemma 5.1, we obtain

WUY)<—MU®1MO n > e

This completes the proof, when we note, regarding Theorem 2.1, that w3 < 2w;. O

6 Counterexamples

In the proofs below, G is an even function, infinitely differentiable in R, nondecreasing
in (0, o0) and

Gx) = 1, |x|>2
0, |x]<1.
In addition, we assume that n > c, for some cy > 0.
We observe that for 1 < n < c,, E (f Yy) > E(3)+1](f, Ys), and we apply the
case n = [cy + 1], to obtain the results for 1 < n < c,.
We begin with the proof of the negative result involving all 7, 0 < r < 25 — 2, and
then we deal with the negative results for the additional, specific r’s.

Proof of Theorem 2.8 Let 0 < r < 2s — 2 and set

r+1

2-+tsin™ 3, if ris odd,
T(x) := o
—sin" " x, if r is even.

Note that |t(’+1)(0)| = (r + 1)!. Hence, there is a 0 < ¢4 < 1, such that

1
1T > =, x| < e (6.1)

[\

Let 0 < b < ¢4, and note that |77 {|[_2p.2p) < cb.
Thus, applying Taylor’s expansion, we obtain

( by I i )
e 111 —26,28) e N —2pop) < b, 0<j<r. (6.2)

( M
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Denote by F' the 2 -periodic function, such that

X

Fx):=G <b) t(x), x €[—m, ],

and note that

IF — 7|l < 2b)"™! and ||[F© — ) < cb. (6.3)
Indeed, by (6.2),
IFO — O = [|FO — 2O Zap261 < 1T 122200 + 1F ll{=26,20)
1

= It l2n, 2 1G 7 < b

<cb+2" max
0<j<r
Hence,

0 (F7 1) <0y, 1) + wa(FO — 1) (6.4)
< £ 22 FD — ) < est? + cob.

Define the collection Y as follows.
If r is even, then we let y; = 5%, y253 = 5 and y; € [-b,b],2 <i <25 —1,and

we observe that F'(y;) = 1, is the single maximum in [—7m, —b], and F (y25) = —1,
is the single minimum in [b, 7].
If r is odd, then we let yy = —m and y; € [-b, b],2 <i < 2s, and we observe

that F(y1) = 27+l the single maximum in [—, 1), outside [—b, b].

Since F(x) = 0, x € [—b, b], in both cases we may regard F as F € AV (Y.

In both cases there are at least 41 points y; € [—b, b], and for every trigonometric
polynomial 7, € AW (Yy), of degree < n, we have T, (y;) = 0. It follows that there
is a point & € (—b, b), such that T," 7 (9) = 0. Hence, if n > r + 1, then (6.1) and
(6.3), imply

% < ‘-L—(FH)(Q)‘ — “C(r+])(9) B Tn(rJrl)(e)
<n e =T, < NF = T, +n" Yz — F

1
< TYF = T, + @by ™ < 0™ F — T, + 7

provided b < 1/(8n), and we actually take b = n=2 for n > ¢, = max{cil/z, r+
1, 8}. Then, for n > c,, we obtain by (6.4),
1 n cs 1
NE= T = (S ) = enen (0, 1))
nl nll > Hes 1o \n2 +c6b) = cnwz( "
This completes the proof. O
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Proof of Theorem 2.5 Letr =2s — 1 and 0 < b < /2, and denote
7(x) := (cosb — cosx) sin” x.
Note that

oyt ) <t < e, (6.5)
tD©)=0, 0<j<r and t7(0) = rl(cosh — 1.

Since 1 — cosb > b2/4, thereis a0 < § < b, such that

bZ
— M%) > o € [—8, 8] (6.6)

In addition,
(r) — qin2 il ()
TV (x) = sin“ x a(x) 4 (sin” x)V"’(cos b — cos x),
where « is a trigonometric polynomial such that ||e|| < ¢, and ||(sin” )| < c.
Thus, we conclude that |7 ||[—25.2) < cb?.
Again, by Taylor’s expansion, we obtain

r—j

1T N —20.20) < Tl —2p2ey < ™7 0<j<r. (67

T =t
Denote by f the 2w -periodic function, such that
X
fx) =G (Z) t(x), x¢€[-m 7],
and note that

If =l = IIf = tlli—26.261 < lITll[—20.26] < 2b)" 2. (6.8)

Also, by (6.7),

IF= — =D = =D D < eV 2p 20 + 1TV 220,20

3 r ) (r=1-j) 3
<cb’+2 Isnair o1 T Ml[=26,261IIG | <cb.

(6.9)

Define the collection Y; so that y; = — and, for § of (6.6), y; € (—6,8),2 <i <2s.
Recalling that r is odd, we conclude that

F(x) = /X f()dte,
0
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is 2 -periodic and is in AD(yy).
By (6.8) and (6.9),

IF—T| <@ and |F" —T0| < cb?,

where
T(x) := /X T(t)dt.
0

Hence,

0s(FO 1) < og(TO, 1) + wg(FO =T 1)
<7 L 24 FO —TO)
< 71t + cgb’. (6.10)

Let T, € AW (Yy). Then T/(8) > 0 and T/(y;) = 0,2 < i < 2s.
Thus, there is a 6 € (—4, §), such that

T O) = rllya, ..., y25, 8 T)1 > 0.

Therefore, by (6.6), forn > r + 1, we have

b2
7= 17O < 1t70) -1 O) = 1TV 0) — T,V 0)]

<nNT =T, <™ T = Fll+n" T F - T,

b2
< @b) P 4 HF = Tl < 0 HF = T,

provided b < ﬁ, and we actually take b = n=%/3 for n > ¢, := max{r + 1, 212}.
Then for n > c,, we obtain by (6.10),

Jn Jn <C_7

F-T,| > =
I nll = 8n't4  8(c7 + cg)n” \n*

c/n

+c8b3) > Y (FO 1/m).
nr

This completes the proof. O
Proof of Theorem 2.2 Let r = 2s — 2, and set

7(x) = sin" Tl x.

Note that "+ (0) = (r 4+ 1)!, therefore, there is a constant 0 < co < 1, such that
D (x) > % for |x| < co. Observing that ") (0) = 0, we conclude that

1T )] = % x| < co. 6.11)
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For 0 < b < cg, denote by f the 2w -periodic function, such that

fx) =G (%) (), xel-m 7l

and we obtain, just as in (6.8) and (6.9),

If =zl < @byt (6.12)
and if » > 1, then
=D — =D < eb?. (6.13)
Define the collection Y; so that yj = —m and y; € [b/2,b],2 <i < 2s.
Recalling that 7 is even, we conclude that
X
F(x):= / S dr,
0
is 2 -periodic and is in AWM (Yy), and by (6.12),
IF =TI < @b)*2,
where
X
T (x) :=/ T(t)dt.
0
Thus, by (6.13),
03 (FO, 1) < o3 (T, 1) + w3 (FO =T, 1)
<PITU )+ 22 FO —T0)
< crof® +c11b?. (6.14)

Since Tn’(y,-) =0,i =2,...,2s, for each polynomial 7, € A(l)(YS), there is a point
0 € [b/2, b), such that T," ™" 9) = 0.
Hence, by (6.11), forn > r 4 1, we have

<1tPO1 =170 - T O) = 1TV O) - T, 0))

|

< NT =T, <™ T = Fll+n"THF - T,

b
< nr+1 (2b)r+2 + nr+1 |F =T, < g =+ nr+1||F — Tull,
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/3

provided b < 1/(24n), and we actually take b = n=3%forn > ¢, = max{cg_2 L+

1,28}. Then for n > ¢, we obtain by (6.14),

Jn vn (010 cy/n

= c1o 2) 5 vt (r)
S = 3 e U Hend ) > s (F. 1/n).

b
IF=Tull 2 gy =
This completes the proof. O
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