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Nontrivial damping of magnetization currents in perturbed spin chains
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Since perturbations are omnipresent in physics, understanding their impact on the dynamics of
quantum many-body systems is a vitally important but notoriously difficult question. On the one
hand, random-matrix and typicality arguments suggest a rather simple damping in the overwhelming
majority of cases, e.g., exponential damping according to Fermi’s Golden Rule. On the other hand,
counterexamples are known to exist, and it remains unclear how frequent and under which conditions
such counterexamples appear. In our work, we consider the spin-1/2 XXZ chain as a paradigmatic
example of a quantum many-body system and study the dynamics of the magnetization current in
the easy-axis regime. Using numerical simulations based on dynamical quantum typicality, we show
that the standard autocorrelation function is damped in a nontrivial way and that only a modified
version of this function is damped in a simple manner. Employing projection-operator techniques in
addition, we demonstrate that both, the nontrivial and simple damping relation can be understood
on perturbative grounds. Our results are in agreement with earlier findings for the particle current

in the Hubbard chain.

I. INTRODUCTION

Quantum many-body systems out of equilibrium con-
tinue to be a central topic of modern research and are
relevant to a broad class of physical situations. These
situations range from strictly isolated quantum systems
to open or driven quantum systems explicitly coupled
to external baths or forces. In particular, substantial
progress has been made in recent years [1-11], not least
due to the advance of controlled experimental platforms,
the development of powerful numerical techniques, and
the invention of fresh theoretical concepts.

Within the diverse questions, a key issue is the equili-
bration and thermalization of closed quantum systems.
Here, the fundamental question arises whether a sys-
tem will eventually reach thermal equilibrium. A main
ansatz is the eigenstate thermalization hypothesis (ETH)
[12-14], which provides a microscopic explanation for
the emergence of thermalization and is closely related
to random-matrix theory. Moreover, equally important
questions are the actual time scales of equilibration and
the specific form of the relaxation process [15-24].

In this context, an intriguing question is how the re-
laxation process is altered if the system’s Hamiltonian H
is affected by the presence of a perturbation V' of some
strength e [25-34],

H=H0+€V. (1)

In general, this question is notoriously difficult to an-
swer and the effect of such a perturbation can be mani-
fold. However, random-matrix theory and typicality ar-
guments suggest a rather simple damping in the vast
majority of cases [35-37], e.g., exponential according to
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Fermi’s Golden Rule,

fot) = femo(t) e (2)

which also includes scenarios, where already the unper-
turbed dynamics posses rich features [64]. Still, coun-
terexamples are known to exist [38], and it remains un-
clear how frequent and under which conditions such coun-
terexamples appear [39].

In our work, we discuss this impact of perturbations on
the dynamics of quantum many-body systems, with the
focus on the magnetization current in the spin-1/2 XXZ
chain, serving as a paradigmatic example for observable
and model [7]. In particular, we study the damping of the
current autocorrelation function for two distinct choices
of reference systems, where the first one is noninteract-
ing [40, 41] and second one is interacting [42-45]. To
this end, we use numerical simulations based on the con-
cept of dynamical quantum typicality [46-60], in order
to obtain exact results for systems of comparatively large
but still finite size. We complement these results by fur-
ther results from a lowest-order perturbation theory on
the basis of the time-convolutionless (T'CL) projection-
operator technique [61, 62].

For the noninteracting reference system, we find an ex-
ponential damping, which is consistent with other works.
For the interacting reference system, however, we show
that the standard autocorrelation function is damped in
a nontrivial way, that does not follow Eq. (2), and only a
modified version of it is damped in a simple manner, that
follows Eq. (2). This modified version can be seen as a
correlation function in the interaction picture instead of
the Schrédinger picture, as defined later in Eq. (27). We
demonstrate that both, the nontrivial and simple damp-
ing can be also understood on perturbative grounds. Our
results are in agreement with earlier findings for the par-
ticle current in the Hubbard chain [38], and they suggest
that nontrivial damping occurs if the unperturbed sys-
tem already has a rich dynamical behavior.
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This paper is structured as follows. In Sec. II, we
first introduce the models studied, i.e., the integrable
spin-1/2 XXZ chain and its nonintegrable version with
next-nearest-neighbor interactions. Additionally, we de-
fine the perturbation scenarios considered as well as the
magnetization current as the observable of interest. In
this context, we also introduce the standard autocorrela-
tion function in the limit of high temperatures. In Sec.
III, we turn to the TCL projection-operator technique
as our perturbative approach to the relaxation process,
focusing on the general framework in Sec. IIT A. In Sec.
III B, a specific choice of a projection is discussed, which
has been used in previous works to access a modified ver-
sion of the standard current autocorrelation function. A
main extension of our work is presented in Sec. IIIC,
where we introduce another projection to connect to the
desired standard current autocorrelation function. Then,
we turn to our results in Sec. IV and provide a compari-
son between exact data and our TCL results. We present
our results for the noninteracting reference system in Sec.
IV A and for the interacting reference system in Sec. IV B.
In Sec. V, we summarize our work and draw conclusions.

II. MODEL AND OBSERVABLE

Although our main question is of relevance to a broad
class of quantum many-body systems, we focus here on
the spin-1/2 XXZ chain, which is a paradigmatic example
and has attracted significant attention in the literature
before [7]. This model is given by the Hamiltonian

L
Hxxz = JZ(S;BS?H +SYSY L +ASESTL) . (3)

r=1

where S% (i = x, y, z) are the components of a spin-1/2
operator at lattice site r, L is the total number of lattice
sites, J is the exchange coupling constant, and A is the
anisotropy in z direction. Throughout our work, we use
periodic boundary conditions, i.e., Sj:+1 = Si. Since the
spin-1/2 XXZ chain is Bethe-Ansatz integrable for any
value of the anisotropy A, we break this integrability by
an additional interaction between next-nearest sites,

L
HZHxxz-i-JAIZSf ﬁ+27 (4)

r=1

where A’ is the interaction strength. As will be discussed
later, this interaction will play the role of a perturbation.
The model is sketched in Fig. 1.

For all choices of A and A’, the total magnetization
5% =73 5% is conserved, [S%, H| = 0. As a consequence,
the temporal change of a local magnetization is related
to a flow of local currents,

d . . .
asi :Z[Ha Sf] =Jr—1 —Jr;, (5)

FIG. 1. Sketch of the spin chain, as defined in Eq. (4), with
periodic boundary conditions and interactions between both,
nearest (blue) and next-nearest (green) neighbors.

which then leads to the well-known definition of the total
current [7]

L
j:er7 ]r:J(SfS}‘/—i-l _S}"! f+1)' (6)

r=1

While the total current j itself does not depend on A
or A’, its dynamics does. In particular, only in the case
A =A"=0, jis conserved, [j, H] = 0. In general, one
has tr[j] = 0 and tr[j%] = LdJ?/8, where d = 2 is the
dimension of the Hilbert space.

Within the framework of linear response theory [63],
transport properties are related to the autocorrelation
function of j at equilibrium,
tr[e—PH it jo—itt )

Jje J
> NG

(3()7(0))eq =

with the partition function Z = tr[e™#H] at the inverse
temperature S = 1/T. For the remainder of our work,
we focus on the limit of high temperatures,

tr[eth cA—tHt ]

Cs(t) = Hm {G(0)j(0))eq = =

b (8)
where d denotes again the Hilbert-space dimension. Even
for high temperatures, the time evolution of the current
autocorrelation function Cg(t) remains nontrivial, has
been extensively studied in the literature [7], and can lead
to qualitatively different types of transport. Specifically,
for the integrable case A’ = 0, magnetization transport is
ballistic for A < 1, superdiffusive for A = 1, and diffusive
for A > 1. Here, we focus on the diffusive regime and
choose large anisotropies A > 1, where Cg(t) features
rich dynamics [64] until it eventually decays to zero.

Note that an index S is used to indicate a standard
correlation function and another index M is used later
to indicate a modified correlation function, which can be
seen as a correlation function in the interaction picture
instead of the Schrodinger picture, as defined later in Eq.
(27).
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FIG. 2. Noninteracting reference system Hy with A = 0 and
A’ = 0. (a) Second-order kernel kz(t) and (b) corresponding
rate y2(¢), both for various system sizes L < 30. (c) Resulting
prediction for the current autocorrelation function Cs(t) and
exact numerical results for various perturbation strengths e,
both for a fixed system size L = 30. In (b), we also depict a
L = 2000 data point from Ref. [41].

Since we are interested in the impact of a perturbation
on the dynamics of the autocorrelation function Cg(t),
we express the full Hamiltonian as

H=Hy+£V, (9)

where Hj is the unperturbed Hamiltonian and €V is a
perturbation of strength ¢, which can be weak but also
strong. Specifically, we consider two different scenarios
in our work. (i) The reference Hamiltonian

Ho=H(A=A"=0) (10)
is noninteracting and the perturbation

L
V:JZ(Sf Tt SESE,), e=A=A" (11)

r=1

contains all interactions. (ii) The reference Hamiltonian
is changed into

Ho=H(A #0,A’ =0) (12)

and also includes interactions between nearest sites, while
the perturbation

L
V=J> SiS,, e=4 (13)

r=1

consists of the other interactions between next-nearest
sites. In the scenario (i), the total current j is conserved
in the unperturbed system Hy, [j, Ho] = 0. Hence, the
autocorrelation function becomes

Cs(t) = const. (14)

for e = 0 and has no dynamics at all. In contrast, in the
scenario (ii), [, Ho] # 0. Therefore, the autocorrelation
function becomes

Cs(t) # const. (15)

for € = 0 and has a dynamics, which can be also rich for
large anisotropies A > 1 [64].

For both scenarios, we study the change of Cs(t) with
€, using numerical simulations based on the concept of
dynamical quantum typicality [58, 59]. This concept al-
lows us to treat finite systems of sizes up to L = 30, where
the Hilbert-space dimension is D = O(10%). These exact
numerical simulations are complemented by perturbative
approaches, which will be introduced below.

III. PROJECTION-OPERATOR TECHNIQUES
A. Framework

Next, we turn to our perturbative approaches, which
rely on projection-operator techniques. These techniques
can be applied to the scenario in Eq. (9), where the full
Hamiltonian H is decomposed into a reference system Hy
and a perturbation V.

The cental idea of projection-operator techniques is to
reduce the complete microscopic dynamics to equations
of motion for a set of relevant variables, which should at
least include the observable of interest. To this end, one
formally defines a projection (super)operator

Polt) =3 S (16)

1=

where p(t) is the time-dependent density matrix and the
operators P; are orthogonal to each other,

tI‘[PlPJ] = tI‘[(Pi)Z] 6i,j . (17)

Therefore, P? = P. Throughout our work, we consider
initial states
p(0) = span[Py, Ps, ..., Py] (18)

such that (1 —P)p(0) = 0.



Once the decomposition in Eq. (9) and the projection
operator in Eq. (16) are chosen, the time-convolutionless
(TCL) projection-operator technique [61, 62] then leads
to a time-local differential equation of the form

S Pnlt) = GUPp(D) + IO ~Plo(0)  (19)

and avoids the often troublesome time convolution in the
context of the Nakajima-Zwanzig formalism. Here, p;(t)
is the time-dependent density matrix in the interaction
picture,

pl(t) _ eiHote—thp(O)ethe—iHot , (20)

and the inhomogeneity Z(¢) can be neglected, due to our
choice of initial conditions. The generator G(t) is given
as a systematic perturbation expansion in powers of the
perturbation strength ¢,

G(t) = iéi Gi(t), Ga2i—1(t)=0, (21)

where odd contributions of the expansion vanish in many
cases, as for our choice below. Hence, the lowest order is
the second order and reads

Go(t) = &2 / t dt PL)LH )P, (22)
0

where the Liouvillian is given by

L(t)e = —ilVi(t),o], Vi(t) = otV (0)e= Hor  (23)
Our central assumption is a corresponding truncation to
this second order. Thus, we rely on

%Ppl(t) = Ga(t)Ppr(t) - (24)

In general, the quality of such a truncation depends on
the strength of ¢, the structure of V', and the choice of
‘P. Naturally, the quality can be also improved by taking
into account higher-order corrections. For the purposes
of our work, however, the second-order truncation will be
sufficient.

In the following, we elaborate on the lowest-order TCL
description in Eq. (24). We do so for two different choices
of the projection operator. The first projection is based
on a previous work [38] and yields to a prediction for
a modified autocorrelation function Cp;(t), which differs
from the standard autocorrelation function Cg(t). The
second projection aims at a perturbative description of
the actual Cs(t).

B. Simple projection and modified correlation
function

As done in a previous work [38], we first choose for the
projection only two operators, i.e., the identity 1 and the

total current j. Thus, the projection reads

Ppi(t) = é + ffé(;])

j» Cu(t) =trljpr(®)],  (25)

where Cjy(t) is the time-dependent part of the projected
density matrix. For initial states

p(0) = X tlaj : (26)

this time-dependent part becomes

treift je—iHteiHot jo—iHot]
d

and then takes on the form of a current autocorrelation
function. Yet, compared to the standard one in Eq. (8),
it is modified: While one j evolves w.r.t. H, the other j
evolves w.r.t. Hy. To indicate this difference, we use the
index M.

For the projection in Eq. (25), the second-order TCL
description in Eq. (24) leads to the rate equation

% Cu(t) = = 72(t) Cu(t) (28)

where the time-dependent rate

Calt) =a (27)

t
() = / at' k(1) (20)
0
is given as an time integral over the kernel
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FIG. 3. Interacting reference system Hp with A = 8.0 and
A’ = 0. (a) Exact dynamics of the autocorrelation function
Cs(t) for various perturbation strengths e and fixed system
size L = 30. (b) Ratio between perturbed and unperturbed
autocorrelation functions.



As an additional approximation we use ko (t,t') = ko(t —
t'), which holds strictly only if [j, Ho] = 0. (See Appendix
B for further discussion and numerical verification.) Ob-
viously, Eq. (28) is solved via an exponential decay of the
form

gﬂjj((é)) = exp [— 52/(: dt’ ’Yg(t/):| , (31)

with a generally time-dependent rate yo(t). However,
if the underlying kernel ky(t — t') decays to zero on a
certain time scale, v, (t) becomes constant after this time
scale. Then, the earlier time dependence of v2(t) can be
neglected in the case of a small perturbation strength e
and a slow relaxation process.

Overall, as a consequence of the solution in Eq. (31),
one obtains a simple damping relation for the modified
current autocorrelation function,

C'M (t)s

Crlos =P [— 82/; dt’ Vz(t/)} : (32)

It is important to note that, by construction, this relation
does not necessarily carry over to the standard current
autocorrelation function,

CS(t)E CM(t)E
Cs(t)e=0 * Crr(t)e=o’

(33)

because both functions are only identical for [j, Hy] = 0.
This fact has been demonstrated in numerical simulations
of the one-dimensional Hubbard model [38], where Cs(t)
has a complex damping, that does not follow Eq. (2), in
contrast to C(t). Later, we will demonstrate a similar
behavior for the spin-1/2 XXZ chain.

C. Extended projection and standard correlation
function

So far, our choice of the projection P in Eq. (25) allows
us to obtain a perturbative description for the modified
current autocorrelation function Cy(t), but not for the
standard current autocorrelation function Cg(t). Hence,
we go beyond previous works and change the projection
in a suitable way. The basic idea is an extension of the
projection by a third operator Ps, while the already used
operators P; = 1 and P, = j are kept. Specifically, we
choose

ZHQT 'e—ZHoT

J : (34)

Py = Jr=e
which is the time evolution of j w.r.t. Hy. Here, 7 is an
arbitrary but fixed parameter. While j, is orthogonal to
P, =1, it is not orthogonal to P, = j. Therefore, we
change the second operator into

tr[j-J]

G (35)

Py=j=j-

L=18 — 26 —

— 20 28
= 22 30 —
i 24
£

0

L (b)

81 L
=
T o4r
a

2 L

0

) (c) L=30,A=8.0 TCL exact
5
=
S
= 8§
O B Ulr.,,,,,"".“

(o E— y AT

€= 0,0.1,0‘.2,0.4,0.6,‘1
0 5 10 15 20

tJ

FIG. 4. Interacting reference system Ho with A = 8.0 and
A’ = 0. (a) Second-order kernel kz(t) and (b) corresponding
rate y2(t), both for various system sizes L < 30. (c) Resulting
prediction for the modified current autocorrelation function
Cwm(t) and exact numerical results for various perturbation
strengths &, both for a fixed system size L = 30.

Thus, the extended projection reads

1 a(t) bt)

Ppi(t) = g—Fm%"’Wﬂ (36)
with the time-dependent parts
a(t) = tr[j-pr(t)], b(t) = tr['pr(t)] . (37)

Using the initial condition p(0) in Eq. (26), one finds

ot = a tr[e—iHotheiI;Ote—thjeth] (38)
and, evaluated at t = 7,
a(r) =aCs(7). (39)
Similarly, one finds
b(r) = a |Cr(r) — gﬁg;:z Cs(r)| . (40)

Hence, a(7) is directly connected to the desired standard
current autocorrelation function Cg(t), while b(r) is also



related to the modified current autocorrelation function
Cr(t).

For the projection in Eq. (36), the second-order TCL
description in Eq. (24) leads to the rate equation

% (bg;) =<' Ta() (béfi) » (41)

which now becomes twodimensional. In particular, a(t)
and b(t) are coupled via a time-dependent rate matrix
T (t). Similarly as before, this rate matrix is given as a
time integral over an kernel,

t
Ta(t) = / at’ Kt ¢, (42)
0
where the matrix elements of the kernel are given by

KQ’(Ll)(t,t/) _ tI'(]-,—[V]t(:()[,jE-‘]/Izgt’)ujT]]) 7 (43)

tr(G-[Vi(®), [Vi(t'), 5'1))

Ky q9)(t,t) = . ;o (44)
,(1,2) tr([']2)
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FIG. 5. Interacting reference system Ho with A = 8.0 and
A’ = 0. (a) Second-order prediction for the dynamics of the
standard current autocorrelation function Cg(t) for various
perturbation strengths ¢ and a fixed system size L = 30. (b)
Comparison of (a) with the exact dynamics, where data is
shifted for better visibility. (c) Ratio between perturbed and
unperturbed time evolution in (a).

Ky 01)(t, 1) =

b Vi(®), Vi (#), 5'1])
tr([5]%) ‘

and we assume that Ko (t,t') = Ka(t — t').

Because the time dependence of the kernel Ky(t,t') is
generated by the unperturbed system Hy only, it is in
principle possible to carry out the perturbation theory
analytically. However, Hy must be solved exactly, which
can be challenging despite the Bethe-Ansatz integrability
of the spin-1/2 XXZ chain. Therefore, we carry out the
perturbation theory numerically, using again the concept
of dynamical quantum typicality [58, 59]. In compari-
son to standard applications, the present implementation
turns out to be more complex. Details on this implemen-
tation can be found in Appendix D.

K27(272) (t,tl) - (46)

IV. RESULTS

In the following, we turn to our numerical simulations
for the current autocorrelation function in the perturbed
spin-1/2 XXZ chain, where we cover two different choices
of the reference system. In Sec. IV A, we start with the
noninteracting reference system and particularly connect
to existing results in the literature. In Sec. IV B, we move
forward to the interacting reference system, which is the
central case in our work.

A. Noninteracting reference system

Let us start with the noninteracting reference system
Hy = H(A = A’ =0), where the perturbation V consists
of interactions between both, nearest and next-nearest
sites. The strength of these two interactions is chosen to
be the same, ¢ = A = A’. Since in the noninteracting
reference system the current is conserved, [j, Ho] = 0,
the dynamics of the current autocorrelation function is
induced solely by the perturbation. The conservation of
the current in the noninteracting reference system also
implies that the standard and modified current-current
correlation functions are identical,

Cs(t) =Cum(t). (47)

Thus, we do not distinguish between them here.

In Fig. 2 (c), we summarize the temporal decay of the
current autocorrelation function Cg(t) for a fixed system
size L = 30 and various perturbation strengths €. Here,
we particularly compare data from exact simulations on
the basis of dynamical quantum typicality to data from
second-order TCL. The overall agreement between the
data is convincing for all values of € depicted. Although
deviations become visible for strong perturbations, the
rough shape of the two decay curves is still similar, which
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FIG. 6. Interacting reference system Hp with A = 1.5 and
A" = 0. (a) Exact dynamics of the autocorrelation function
Cs(t) for various perturbation strengths ¢ and fixed system
size L = 30. (b) Ratio between perturbed and unperturbed
autocorrelation functions.

is remarkable in view of the second-order truncation of
TCL. A comparison for other system sizes can be found
in Appendix C.

It is also instructive to show data for the second-order
kernel ks(t) and rate 2 (t). The kernel ks (t) in Fig. 2 (a)
decays quickly and remains close to zero, until finite-size
effects become relevant. Consequently, the rate v, (t) in
Fig. 2 (b) quickly saturates at a constant plateau value,
until the same finite-size effects set in. While the plateau
value does not change significantly with system size, the
plateau length increases gradually. Therefore, already
on the basis of data for system sizes L < 30, one can
conclude on the thermodynamic limit. And indeed, the
plateau value for L < 30 is consistent with the one for
L = 2000 in Ref. [41], where an analytical expression has
been derived. Such a derivation is feasible, because of
the noninteracting reference system.

Let us briefly comment on the functional form of the
decay curve of the current autocorrelation function. Due
to the saturation of the rate v2(t) at a constant plateau
value, this decay curve is exponential for small ¢, where
the relevant time scale is long and the initial increase of
v2(t) can be neglected. For large €, however, the relevant
time scale becomes short and the initial increase of ()
is relevant. At this time scale, the decay curve turns into
a Gaussian, which is at least consistent with numerical
simulations in Fig. 2 (c). Nevertheless, deviations from
a clean Gaussian are clearly visible. For a more detailed
discussion of the current decay for strong perturbations,
see [41].

B. Interacting reference system

Now, we are ready to come to the central part of our
work, where we consider an interacting reference system
Hy = H(A # 0,A’ = 0). Because the reference system
now includes also interactions between nearest sites, the
role of the perturbation V is only played by interactions
between next-nearest sites. In the interacting reference
system, the current is no longer conserved, [j, Ho] # 0,
and the standard and modified current autocorrelation
functions differ,

Cs(t) # Cu(t). (48)

Here, we focus on a large anisotropy A = 8.0, where this
difference is pronounced. Other values of the anisotropy
are discussed in Appendix A.

In Fig. 3 (a), we first summarize the temporal decay
of the standard current autocorrelation function Cg(¢),
as obtained from exact numerical simulations. We do so
for a fixed system size L = 30 and various perturbation
strengths e. While Cg(t) is damped, it additionally has
oscillations, where frequencies and zero crossings depend
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FIG. 7. Interacting reference system Hp with A = 1.5 and
A’ = 0. (a) Second-order kernel k2(t) and (b) corresponding
rate y2(t), both for various system sizes L < 30. (c) Resulting
prediction for the modified current autocorrelation function
Cum(t) and exact numerical results for various perturbation
strengths €, both for a fixed system size L = 30.



on . In particular, there is no obvious damping relation
between the perturbed and unperturbed dynamics. This
observation becomes evident from the ratio

Cs(t)e/Cs(t)e=0, (49)

as shown in Fig. 3 (b). Consequently, the damping of the
standard current autocorrelation function Cg(¢) is highly
nontrivial.

In Fig. 4 (c¢), we depict corresponding results for the
temporal decay of the modified current autocorrelation
function Cj(t). In clear contrast to the standard Cg(t)
above, the modified C)/(¢) has a much simpler relaxation
behavior and is in favor of a simple damping relation. In
particular, exact data for C'/(t) are in overall agreement
with data from second-order TCL. Still, the deviations in
Fig. 4 (c) are larger than the ones in Fig. 3 (¢). However,
it should be noted that the exact data for A = 8.0 are
influenced by finite-size effects for times ¢J 2 O(10) [56,
64], even for a system size L = 30. At the same time,
higher-order terms of the TCL approach might also be
needed to capture the dynamics for large € accurately.
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FIG. 8. Interacting reference system Ho with A = 1.5 and
A’ = 0. (a) Second-order prediction for the dynamics of the
standard current autocorrelation function Cg(t) for various
perturbation strengths ¢ and a fixed system size L = 30. (b)
Comparison of (a) with the exact dynamics, where data is
shifted for better visibility. (c) Ratio between perturbed and
unperturbed time evolution in (a).

In Figs. 4 (a) and (b), we further show the second-order
kernel ko(t) and rate 2 (¢), respectively. Since ka(t) does
not decay to zero but saturates at a positive value, yo(t)
increases linearly, also at long times. Consequently, the
decay of the modified current autocorrelation function
C(t) turns out to be Gaussian rather than exponential,
even for small perturbation strengths €.

While the quite simple damping of the modified current
autocorrelation function Cjs(t) can be well understood
by perturbation theory, a crucial question remains: Can
the highly nontrivial damping of the standard current
autocorrelation function Cg(t) also be explained in this
way? Or is this damping a nonperturbative effect? To
answer this question, we now replace the projection in
Eq. (25) by the one in Eq. (36) and carry out the more
involved second-order TCL description. We show the so
obtained results in Fig. 5 (a) and compare to exact data
in Fig. 5 (b). Apparently, the quality of the agreement is
as good as before. Moreover, as illustrated in Fig. 5 (c),
the perturbation theory is able to capture the nontrivial
features of the ratio between perturbed and unperturbed
dynamics.

V. CONCLUSIONS

We have discussed the impact of perturbations on the
dynamics of quantum many-body systems, with the focus
on the magnetization current in the spin-1/2 XXZ chain
as a paradigmatic example for observable and model. In
particular, we have studied the damping of the current
autocorrelation function for two different choices of the
reference system, where the first one is noninteracting
and second one is interacting. To this end, we have used
numerical simulations based on the concept of dynamical
quantum typicality, in order to obtain exact results for
systems of comparatively large but still finite size. We
have complemented these results by further results from a
lowest-order perturbation theory on the basis of the TCL
projection-operator technique. For the noninteracting
reference system, we have found an exponential damping,
which is consistent with other works. For the interacting
reference system, however, we have shown that the stan-
dard autocorrelation function is damped in a nontrivial
way and only a modified version of it is damped in a
simple manner. We have demonstrated that both, the
nontrivial and simple damping can be also understood
on perturbative grounds. Our results are in agreement
with earlier findings for the particle current in the Hub-
bard chain [38], and they suggest that nontrivial damp-
ing occurs if the unperturbed system already has a rich
dynamical behavior.

Because the interacting reference system is already a
complex problem despite its Bethe-Ansatz integrability,
we have carried out the lowest-order perturbation theory
on the basis of numerical simulations, which are rather
costly but still feasible for quite large system sizes. An
analytical calculation of this perturbation theory might



be possible for other integrable reference systems, which
are less complex than the spin-1/2 XXZ chain. Promising
directions of future research include the incorporation of
higher-order corrections in the perturbation theory, the
application to other observables than currents, as well as
the consideration of lower temperatures.
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Appendix A: Other values for the nearest-neighbor
interaction

In the main text, we have focused on an interacting
reference system with an anisotropy A = 8.0. Therefore,
we redo the numerical calculations in Figs. 3, 4, and 5 for
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FIG. 9. Density plot of the second-order TCL kernel ka(t,t)
in Eq. (30) for an interacting reference Ho with A = 1.5 and
A’ = 0 and system size of L = 30. A clear diagonal structure
is visible.
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FIG. 10. Noninteracting reference system Ho with A = 0
and A’ = 0. Finite-size scaling of the current autocorrelation
function Cs(t) for perturbation strengths (a) € = 0.1 and (b)
€ = 0.4. Second-order TCL is compared to exact numerical
simulations. Insets: Different plot range. Here, also the plot
region of the main panels is indicated.

another anisotropy A = 1.5. As shown in Figs. 6, 7, and
8, the overall picture remains the same, which indicates
no substantial qualitative dependence on A.

Appendix B: Reduction of times

As mentioned in the main text, the second-order TCL
kernel ks (t,t’) in Eq. (30) generally depends on both time
arguments ¢ and t'. While kq(t,t') = k(t — ') holds for
[4, Ho] = 0, this dependence on the mere time difference
t—t' is an additional approximation for [, Hp] # 0, which
we mainly use to simplify numerical simulations. Hence,
in Fig. 9, we support this approximation by showing that
ko(t,t") has a stripe structure around the diagonal ¢t = ¢'.

Appendix C: Finite-size analysis

In the main text, we have compared the second-order
TCL prediction to exact numerical simulations for a fixed
system size, e.g., L = 30. Thus, we redo the comparison
in Fig. 2 (¢) and summarize results for various L and
two different perturbation strengths ¢ in Fig. 10. As can
been seen, the agreement improves with increasing L and
extends to longer times.
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FIG. 11. Difference between TCL and exact data for (a) the
noninteracting reference system and (b), (c) the interacting
reference system, where the modified correlator is depicted in
(b) and the standard correlator is shown in (c). All data are
taken from Figs. 2 (c), 4 (c), and 5 (b).

Appendix D: Numerical Details

In all numerical simulations, we have used the concept
of dynamical quantum typicality. This concept has been
used for the calculation of standard [58, 59] and modi-
fied [38] autocorrelation functions before. Therefore, we
briefly describe the application to the TCL projection-
operator technique in Sec. IIT C, in particular to the ma-
trix elements of second-order kernel Ky(t — t') in Egs.
(43) - (46).

Since the structure of the four matrix elements is sim-
ilar, we focus on, e.g.,

tr(G-[Vi(®), Vi(t'), j-]])

K t,t') = D1
) (i, ) (o1

and its time-dependent numerator
tr(j- (Vi (t), Vi(t), 3-1]) , (D2)

because the time-independent denominator can be easily
calculated analytically. Executing the commutators, this
numerator can be written as

tr[j‘r‘/l(t)‘/l(t/)j'r] - tr[j‘r‘/l(t)j'r‘/l(tl)
— Vi) Vi(t)j-] + tr[Vi()j-i-Vi(t)],

where the second and third term are identical, due to
cyclic invariance of the trace. Since the structure of the

(D3)
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terms is similar, we focus on, e.g.,

ft. 1) =iz Vi)Va(t') ] (D4)
and assume that only the time difference matters,
ftt) = el Vit —t)Vir] . (D5)

Now, using dynamical quantum typicality, we can re-
place the trace by an expectation value of a Haar-random
pure state,

f(t,t/) = <7/J|J'rvl(t - tl)vj7'|1/)> .

By writing time-evolution operators explicitly and then
rearranging, one eventually gets

(D6)

Ft ) = (o) V] () (D7)
with the two pure states
[ (1)) = e =yt jemt Ty
[tha (1)) = e~ om0 je 0T jyy (D)

The time evolution of these pure states can be obtained
from forward propagation on the basis of sparse-matrix
techniques, as routinely done in the context of dynami-
cal quantum typicality [58, 59]. However, in contrast to
usual applications, more than one time-evolution opera-
tor has to be treated. Moreover, the calculation has to be
done for (i) each term of a single matrix element, (ii) the
in total four matrix elements, and (iii) various values of
the parameter 7. Thus, the overall calculation is rather
costly but still feasible, up to a quite large system size
of, say, L = 30.

Once each matrix element of the second-order kernel
Ky(t —t') in Egs. (43) - (46) is evaluated this way, the
rate I'o(t) in Eq. (42) can be obtained by some numerical
integration scheme. Solving the differential equation (41)
as such is also easy numerically and yields the functions
a(t) and b(t), which have to be evaluated at t = 7 to get
the current autocorrelation functions Cs(7) and Cas(7),
respectively.
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FIG. 12. Second-order TCL results for the modified current
autocorrelation function Cy(t) for the interacting reference
system Hy with A = 8.0 and A’ = 0.0, different perturbation
strengths £, and system size L = 30. Results from the simple
and extended projection are close to each other.



Appendix E: Accuracy of the TCL approach

Here, we provide additional data for the accuracy of
the TCL approach, by calculating the deviations for the
standard correlation function,

ACS (t) — ‘ ngact (t) — CECL (t) (El)
Cs(0) Cs(0) ’
and for the modified correlation function,
S0ut) _|Ce - e () B
Cum(0) Cum(0)
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As depicted in Fig. 11, a good accuracy is observed
for weak perturbations while deviations becomes visible
for large perturbations, especially if the reference sys-
tem is interacting. However, as already mentioned in
the main text, it should be noted that the exact data
for A = 8.0 are influenced by finite-size effects for times
tJ Z O(10) [56, 64], even for a system size L = 30. At
the same time, higher-order terms of the TCL approach
might also be needed to capture the dynamics for large
€ accurately.

In the main text, we have employed within the TCL
approach an extended projection to obtain the standard
autocorrelation function. For completeness, we employ
it here to obtain the modified autocorrelation function
as well. As shown in Fig. 12, the corresponding results
are nearly identical to those obtained using the simple
projection.
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