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ON THE TOPOLOGY OF MANIFOLDS WITH NONNEGATIVE RICCI
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CURVATURE AND LINEAR VOLUME GROWTH

DIMITRI NAVARRO, JIAYIN PAN, AND XINGYU ZHU

ABSTRACT. Understanding the relations between geometry and topology is a central theme in
Riemannian geometry. We establish two results on the fundamental groups of open (complete
and noncompact) n-manifolds with nonnegative Ricci curvature and linear volume growth.
First, we show that the fundamental group of such a manifold contains a subgroup Z* of
finite index, where 0 < k < n — 1. Second, we prove that if the Ricci curvature is positive
everywhere, then the fundamental group is finite. The proofs are based on an analysis of the
equivariant asymptotic geometry of successive covering spaces and a plane/halfplane rigidity
result for RCD spaces.

CONTENTS

Introduction
Preliminaries
Ricci limits and RCD spaces
Equivariant Gromov-Hausdorff convergence
Manifolds with linear volume growth
Escape rate
Equivariant asymptotic geometry of successive covering spaces
Polar asymptotic cones and non-maximal escape rate
Consequences of asymptotic R-orbits
Convergence of appropriate symmetric subsets to cylinders
Statement of the Induction Theorem and an outline
Convergence of appropriate domains to cubes
Proof of the Induction Theorem
Structure of fundamental groups
Plane/halfplane rigidity for RCD(0, N') spaces
Needle decomposition in RCD spaces
Rigidity with a pole
Rigidity with a free R-action

Appendix A. The limit ratio of linear volume growth
References

2020 Mathematics Subject Classification. 53C20, 53C23; 53C24.

1

© O O N

10
12
13
13
15
16
22
23
31
34
38
40
41
49
51
55


https://arxiv.org/abs/2410.15488v2

2 DIMITRI NAVARRO, JIAYIN PAN, AND XINGYU ZHU

1. INTRODUCTION

About half a century ago, Calabi [10] and Yau [78] independently proved that an open
(complete and noncompact) Riemannian manifold with nonnegative Ricci curvature must
have at least linear volume growth. These manifolds of minimal volume growth were studied
extensively by Sormani [67, 68, 69, 70] in the late 90s.

Definition 1.1. Let M be an open manifold with Ric > 0. We say that M has linear (or
minimal) volume growth, if for some point (hence for all points) p € M, we have the following:

lim sup M < 00
r—00
While open manifolds with nonnegative Ricci curvature and linear volume growth may have
infinite topological types [53, 43], Sormani proved that their fundamental groups are always
finitely generated [70]. In contrast, for open manifolds with nonnegative Ricci curvature in
general, their fundamental groups need not be finitely generated, as shown by the recent
counterexamples to the Milnor conjecture by Brue-Naber—Semola [6, 7].

When the fundamental group of an open manifold with nonnegative Ricci curvature is
finitely generated, the works of Milnor [54] and Gromov [36] imply that it is virtually nilpotent,
that is, it contains a nilpotent subgroup of finite index; also, see the work by Kapovitch—
Wilking [44], where an index bound C(n) is achieved. Conversely, Wei [76] and Wilking
[77] showed that every finitely generated virtually nilpotent group can be realized as the
fundamental group of some open manifold of positive Ricci curvature.

In this paper, we establish two results concerning the fundamental group of open manifolds
with linear volume growth. First, we show that the fundamental group is always virtually
abelian, ruling out the possibility of torsion-free nilpotent (non-abelian) groups arising under
these conditions. Second, we prove that if the Ricci curvature is positive everywhere, then
the fundamental group must be finite.

Theorem A. If M" is an open manifold with Ric > 0 and linear volume growth, then m (M)
contains a subgroup ZF of finite index, where 0 < k < mn — 1.

Theorem B. If M™ is an open manifold with Ric > 0 and linear volume growth, then m (M)
18 finite.

We point out that Theorem A also holds for RCD(0, N) spaces with linear volume growth,
as the proof carries over to RCD(0, N) spaces with some clear modifications.

Theorem 1.2. If (X, d, m) is a noncompact RCD(0, N') space (N € [1,00)) with linear volume
growth, then 71(X) contains a subgroup Z* of finite index, where 0 < k < |[N| — 1.

Remarks 1.3. Here are some remarks on Theorems A and B.

(1) As an application of their celebrated splitting theorem, Cheeger—Gromoll proved that the
fundamental group of a closed manifold M"™ with nonnegative Ricci curvature must have a
subgroup 7ZF of finite index, where 0 < k < n [19]. Our Theorem A can be viewed as an
extension of their result to open manifolds whose largeness, in terms of volume growth, is
minimal.
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(2) Similarly, Theorem B can be seen as an extension of a classical result by Bonnet and
Myers, which asserts that every closed manifold with positive Ricci curvature has a finite
fundamental group.

(3) The estimate k < n—1 in Theorem A follows directly from a volume argument by Anderson
[3, Theorem 1.1]. When k =n —1, M is flat with an n — 1 dimensional soul [80, Theorem 5].
(4) In [59, 60], the second-named author proved that if a complete manifold has nonnegative
Ricci curvature and small escape rate, then the fundamental group is virtually abelian. In
the proof of Theorem A, we show that manifolds with linear volume growth have zero escape
rate (see Theorem 3.49).

(5) In Theorem B, it is not possible to uniformly bound the order of w1 (M) by a constant
depending only on the dimension. To construct counterexamples, first consider a complete
Riemannian metric g, on R™ with positive sectional curvature and linear volume growth,
where m > 2. For instance, we can use a warped product

[0,00) x ¢ S g = dr? + fZ(?")ds2

m—1>

where f(r) = arctanr and ds?,_ is the standard metric on S™~!. Now, we construct M as the
metric product of (R™, g,,) and a lens space S/ Zy, of constant curvature. Then M has positive
Ricci curvature, linear volume growth, and m (M) = Z,. As p can be arbitrarily large, this
demonstrates that no uniform bound can be imposed on the order of 71 (M). Consequently,
by taking the metric product of this M with a flat torus T¥, one cannot find a uniform bound
on the index of the ZF subgroup provided by Theorem A as well.

For a closed manifold M with nonnegative Ricci curvature, Cheeger—Gromoll splitting
theorem [19] implies that any torsion-free element in (M) gives rise to a splitting line
on the universal cover. It is unclear to the authors whether this property extends to open
manifolds with linear volume growth'.

Question 1.4. Let M™ be an open manifold with Ric > 0 and linear volume growth. If
m1 (M) contains a torsion-free element, does the Riemannian universal cover M split off a
line isometrically?

We also raise the question below on strictly sub-quadratic volume growth.

Question 1.5. Let M™ be an open manifold with Ric > 0. Suppose that for some § € (0,1)
and some point (hence for all points) p € M, the following holds:

volB,(p)

=0.
IR

lim sup
r—00

(1) Is m (M) finitely generated?
(2) Is m (M) virtually abelian?
(3) If we further assume M has positive Ricci curvature, is w1 (M) finite?

Remark 1.6. Regarding Question 1.5(3), there are examples with positive Ricci curvature,
quadratic volume growth, and 71(M) = Z. Indeed, Nabonnand [56] constructed doubly

1 This question was recently positively answered by Huang—Huang in [40] after we submitted the first version
of this paper.
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warped metrics with positive Ricci curvature on R? x S! of the form
g =dr’ + f2(r)ds3 + h*(r)ds?.

Using the same choice of f and h as in [63, Proposition 1.1], one can check f(r) ~ r2/3 and
h(r) ~ r=1/3 as r — co. Then (R? x S', g) has positive Ricci curvature and quadratic volume
growth since we have the following asymptotic behavior:

vol B, (p) ~ / (5232 . s73ds ~ 12,
0

Below we outline our approach to proving Theorems A and B.

Suppose an open manifold (M, p) has nonnegative Ricci curvature and linear volume
growth. We consider a Riemannian covering map (M,p) — (M, p) with a finitely generated
and torsion-free nilpotent covering group A. Then A admits a series of normal subgroups

{6} :A0<1A1<1...<1Ak,1 <1Ak :A,

where k is the rank of A, such that each Aj1i/A; is isomorphic to Z. Denoting ]\/J\J =M /A,
we obtain a tower of successive covering spaces

—

M:Moéﬁlﬁ...ﬁﬂk_lﬁﬁk:]w.

Each covering map J\/I\j — ]\/I\jﬂ has covering group Aj1/A; ~ Z.

A key component of our proof is the Induction Theorem on the asymptotic cones of these
covering spaces, which we state below.

Theorem 1.7 (Induction Theorem). For each j = 0,1, ..., k, the covering space ]\/Zk_j has a
unique asymptotic cone (Y—j, yk—;), isometric to either a Buclidean space (R771,0) or a Eu-
clidean halfspace (R? x [0,00),0). Moreover, the asymptotic cone Y has a limit renormalized
measure as (a multiple of ) the Lebesgue measure.

Theorem A relies on applying the Induction Theorem. Without loss of generality, we
begin by assuming that 71 (M) = I is finitely generated and torsion-free nilpotent. Then the
Induction Theorem implies that for any equivariant asymptotic cone (Y, y,G) of (]Tj ,p, 1),
the limit orbit G - y must be a Euclidean subspace of Y. By the results of the second-named
author [59], it follows that M has zero escape rate and 71 (M) is virtually abelian.

For Theorem B, we argue by contradiction and consider a suitable Z-folding cover M of M.
Using the Induction Theorem (with j = k& = 1), we can estimate that the volume growth of M
is close to quadratic growth. Then, applying Anderson’s results on positive Ricci curvature
and at most cubic volume growth [3], we arrive at a desired contradiction.

As the name suggests, we prove the Induction Theorem by induction. The proof of the
inductive step relies primarily on two key ingredients. The first is the equivariant asymptotic
geometry of a Z-folding covering map M — M whose escape rate is not 1/2 (non-maximal).
This topic was explored by the second-named author in [62]. In the inductive step, we must
first verify the escape rate of the covering group Z-action indeed is not 1/2; this requires



NONNEGATIVE RICCI CURVATURE AND LINEAR VOLUME GROWTH 5

Abresch-Gromoll excess estimate [1, 33] and an argument by Sormani [70]. Once this is
confirmed, we apply the result from [62] to study the equivariant asymptotic geometry

1 . GH
(r; 1Mk7(j+1)7pkf(j+1)vz) —— (Y (j41)s Yr—(j+1), G)

(1.8) lﬂ ln
1% ~ GH
(ry ' My—j, pr—;) — (Yi—j,s Yr—j)-
In particular, by [62, Proposition C(1)], the limit orbit G - Yr—(j+1) 18 always homeomorphic
to R. Building on this and the inductive assumptions, we further investigate the asymptotic
geometry of Mj_(;;1). One particular goal is to analyze a limit renormalized measure on
Yi_(j+1); the readers may refer to Section 3.4 for an outline of this step.

The analysis of equivariant asymptotic geometry leads to an asymptotic cone Y;_(j41) =

RI x Z of ]/\Af\k_(j+1), where Z satisfies specific symmetry and measure conditions; moreover,
Z is RCD(0,n — j) by Gigli’s splitting theorem [30, 28]. The second key ingredient is a
plane/halfplane rigidity result below for RCD(0, N) spaces, which is formulated with the
purpose to understand such a space Z. Applying this rigidity result to Z, we conclude that
Z is isometric to either a Euclidean plane or a Euclidean halfplane.

Theorem 1.9 (Plane/Halfplane Rigidity). Let (Y,y,d,m) be an RCD(0, N) space such that:
(1) Y has a measure-preserving isometric G-action, where G = R x K is a closed subgroup of
Isom(Y), K fizes y, and the quotient metric space (Y/G,y) is isometric to a ray ([0, 00),0),

(2) there is a constant ¢ > 0 such that m(Q,(v)) = crv for all r,v > 0 (see Definition 1.10
below for the subset Q,.(v) CY ).

Then (Y, y,d, m) is isomorphic (up to a constant) to a Euclidean plane (R?,0) or a Buclidean
halfplane (R x [0,00),0) equipped with the Lebesgue measure.

Definition 1.10. Let r,v > 0. In the context of Theorem 1.9(1), we define a subset Q,(v) CY
by
Q. (v) = {(w,h)-o(t) | we [-v,v],h € K,t €]0,r]},

where o is a lift of the unit speed ray in Y/G at y and (w,h) represents an element in
R x K = G. We remark that the definition of €2, (v) is independent of the choice of ¢ and the
splitting R x K = G.

The plane/halfplane rigidity (Theorem 1.9) can be interpreted as a form of splitting in the
presence of boundaries. The ideas behind the proof are closely aligned with those in Kasue’s
splitting theorem [46, Theorem C]| and Croke—Kleiner [22, Theorem 2]. In the nonsmooth
setting, these results are unified as a type of local functional splitting and extended to RCD
spaces using the disintegration techniques by Ketterer—Kitabeppu—Lakzian; see [48, 47]. The
corresponding global functional splitting theorem was first studied by Gigli [30, 28] and later
formulated by Antonelli-Brué—Semola [4]. From the local functional splitting theorem, it
follows that to establish a splitting, it is sufficient to identify a harmonic function with a
constant gradient. Distance functions are natural candidates for this purpose. Indeed, up to
taking translation copies, the set €2,.(v) is a union of level sets of the distance function to the
orbit Gy. The assumption that the volume of Q,(v) grows linearly in r suggests, heuristically,
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that the level sets of this distance function have zero mean curvature. The mean curvature
of these level sets corresponds to the Laplacian of the distance function.

We formalize this intuition by using the disintegration techniques, especially those from
Cavalletti-Mondino [14]. The subtlety of the nonsmooth setting is that the splitting involves
the intrinsic metric of the level sets of distance functions rather than the ambient metric.
Given the abundance of symmetry in our case, we prove that the intrinsic metric of the level
sets coincides with the ambient metric.

Organization of the paper. In Section 2, we recall the concepts of Ricci limit and RCD
spaces, equivariant Gromov—Hausdorff convergence, as well as key results on manifolds with
linear volume growth; we conclude this section with a reminder on escape rates and key
results of the second-named author. Most of Section 3 is devoted to the proof of the induction
Theorem 1.7. The section starts with a detailed sketch of the proof of the induction Theorem.
It concludes with the proof of Theorem A, Theorem B, and Theorem 1.2 in Subsection 3.7,
modulo the plane-half plane rigidity Theorem 1.9, which we prove later in Section 4. Finally,
in Appendix A, we show that lim,_,., vol(B,(p))/r always exists under the linear volume
growth assumption both for manifolds with Ric > 0 and RCD(0, N) spaces (a fact that we
use in the proof of Theorem 1.2).
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2. PRELIMINARIES

2.1. Ricci limits and RCD spaces.

Definition 2.1. Let M™ be a complete manifold with Ric > 0. An asymptotic cone (or a
tangent cone at infinity) of M is a pointed Gromov—Hausdorff subsequential limit

(2.2) (r7 M, p) G5 (X, ),
where p € M is fixed and r; — oo is a sequence of positive real numbers.

Remark 2.3. If M is a complete manifold with Ric > 0, then, for every A > 0, the rescaled
manifold AM also has Ric > 0. As a result of Gromov’s precompactness theorem (see [37,
Theorem 5.3]), for any sequence r; — oo and p € M, the blow-down sequence {(r; 'M,p)}
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always admits a converging subsequence. Note, however, that the asymptotic cone may not
be unique and depends on the subsequence and choice of r; — oc.

Asymptotic cones of manifolds with Ric > 0 are particular examples of Ricci limit spaces,
which were extensively studied by Cheeger—Colding in their seminal papers [15, 16, 17, 18].
Keeping track of the Riemannian measures associated with the approximating sequence is
fundamental to retaining good stability properties in the limit space. A common way to
formalize this idea (introduced in [25]) is the measured Gromov-Hausdorff topology, endowing
Riemannian manifolds with their normalized volume measure.

Definition 2.4. Let M be a complete manifold with Ric > 0 and let (X, ) be an asymptotic
cone of M coming from (2.2). For every i € N, we define the renormalized measure m; on

T LM as follows:
dvol

vol(By, (p))”
A limit renormalized measure on X is any measure v on X such that (passing to a subse-
quence if necessary) {(r; ' M, p,m;)} converges to (X, z,v) in the (pointed) measure Gromov—

m; =

Hausdorff topology.

Remark 2.5. If (X, z) = lim; 00 (r; ' M, p) is an asymptotic cone of an open manifold M with
Ric > 0, then one can always pass to a measured Gromov—Hausdorff convergent subsequence
to obtain a limit renormalized measure v, which is a Radon measure on X (see [16, Section 1]).
Moreover, if v is a limit renormalized measure, then, for any converging sequence ¢; € M —
g € X, and R > 0, we have v(Bg(q)) = lim; oo m;(Br(¢;)). However, limit renormalized
measures on X are not unique in general.

Let us introduce isomorphisms of metric measure spaces (m.m.s. for short) up to a constant.

Definition 2.6. We say two m.m.s. (metric measure spaces) (X,dx, mx) and (Y,dy, my)
are isomorphic up to a constant, if there is an isometry ¢: (X,dx) — (Y, dy) and a constant
A > 0 such that p,mx = Amy.

A related approach to studying Ricci limit spaces is introducing a new definition of Ricci
curvature lower bounds at the more general level of (possibly non-smooth) metric measure
spaces. Inspired notably by [21], Lott—Villani [52] and Sturm [72, 73] were the first to propose
a definition of Ricci curvature lower bounds using the theory of Optimal Transport in their
pioneering papers. Their combined work led to CD(K, N) spaces. In our paper, we will focus
on Ric > 0; thus, it will be sufficient to consider the case K = 0.

Definition 2.7. A m.m.s. (X,d, m) satisfies the CD(0, N) condition if, given any pair of
probability measures pg, i1 that are absolutely continuous w.r.t. m, there exists a Ws-geodesic
{mt}o<t<1 from pg to py such that, for every N’ > N, we have the following property:

Vo<t <1, Sy(u|m)<tSy(p[m)+(1—1)Sy(uo | m),
where Si (- | m) denotes the Rényi entropy with parameter N’ associated with m.

We refer the reader to [74] for an introduction to Optimal Transport, particularly for
definitions of Wasserstein geodesics and entropy functionals.
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While Ricci limit spaces are examples of CD spaces, it is also the case of Finsler manifolds
with an adequate curvature lower bound (see [57]). Since Finsler manifolds arise as Ricci
limit spaces only when they are Riemannian, the CD had to be strengthened. To stay as close
as possible to the Riemannian situation, Ambrosio—Gigli-Savaré introduced RCD spaces in
[2] ruling out non-Riemannian Finsler spaces. We follow the definition of RCD spaces from
Gigli’s work [29], which requires the Sobolev space H!? to be a Hilbert space. This property
is referred to as infinitesimal Hilbertianity.

Definition 2.8. [29] An RCD(0, N) space is an infinitesimally Hilbertian CD(0, V) space.

The RCD(0, N) condition is stable under (pointed) measured Gromov—Hausdorff conver-
gence (see [32]). In particular, for an open manifold M with Ric > 0, any asymptotic cone of
M with any limit renormalized measure is RCD(0, N).

When dealing with manifolds with nonnegative Ricci curvature, a fundamental result is the
Cheeger—Gromoll splitting theorem [19]. The splitting theorem was extended to Ricci limit
spaces by Cheeger—Colding [15], and finally to RCD(0, N) spaces by Gigli [30, 28].

Theorem 2.9. [30, 28] If (X,d,m) is an RCD(0, N) space (where N < oo) that contains a
line, then there exists a m.m.s. (X', d',m’) such that (X,d,m) is isomorphic to (X', d',m') ®
(R,dg, L), where:

o (X' d',m') is an RCD(0, N — 1) space when N > 2,

o (X', d',w') is a point when N < 2,

and R is equipped with Euclidean distance dg and Lebesgue measure L.

In addition to the splitting theorem, we will rely on the following fundamental geometric
properties of RCD(0, V) spaces, where N < oc:
e RCD(0, N) spaces are non-branching (see [20, 23]).
e The group of measure preserving isometries of an RCD (K, N) space is a Lie group (see [20]
for the initial proof on Ricci limit spaces and [71, 38] for the RCD case).
e The quotient of an RCD(K, N) space by a compact subgroup of measure preserving isome-
tries, endowed with the pushforward measure, is still an RCD(K, N) space (see [27]).

The local version of functional splitting theorem by Ketterer (see [47, Theorem 4.11]) will
be crucial in our proof of Theorem 1.9. Let us first introduce the following notation.

Notation 2.10. Let (X,d,m) be an m.m.s. and Q C X an open subset. We denote (Q, dg)
the metric completion of € equipped with its extended intrinsic distance dg (this extended
distance takes the value co between different connected components of 2). Since €2 is naturally
a subset of Q, the measure mq := m|q is a well defined measure on Q.

Theorem 2.11. [17, Theorem 4.11] Let (X,d,m) be an RCD(0, N) space (where N < o0),
let Q@ C X be an open subset of X, and assume that u: Q@ — R is a function such that
Q = u10,D), for some D > 0. If |Vu| = 1 m-a.e. on Q and if Aqu = 0, then there
exists (Y, dy,my), a disjoint union of connected m.m.s., such that (Q,dq, mq) is isomorphic
to (Y,dy,my) ® [0, D]. Moreover, any connected component of (Y,dy,my) is RCD(0, N — 1)
if N> 2, or a point if N < 2.
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2.2. Equivariant Gromov—Hausdorff convergence. We recall some basic facts about
(pointed) equivariant Gromov-Hausdorff convergence from [24, 26].

Throughout the paper, we often denote (X, z,G) a pointed complete length metric space
(X, x) with a closed subgroup G of the isometry group Isom(X). For R > 0, we denote

G(R)={g € G |d(gr,x) < R}.

Definition 2.12. [24, 26] Given € > 0, two spaces (X, z,G) and (Y,y, H) are e-close in the
(pointed) equivariant Gromov-Hausdorff topology, written as

dGH((X7 xz, G)? (Yv Y, H)) <e,
if there are e-approximation maps (f, 1, ), that is,
fiBydz) =Y, ¢¥:G(/e) = H(1/e), ¢:H(1/e) = G(1/e)
with the following properties:

(1) f(z) = v;

(2) the e-neighborhood of f(B/c(x)) contains By /(y);

(3) |dy( ( ) f(SUQ)) dx(ﬂjl,l‘g” <eforall z1,29 € Bl/e( )

(4) if g € G(1/¢) and 2,9z € By (), then dy (f(g2),%(9)f(2)) < &
(5) if h € H(1/e) and z,(h)z € Byjc(z), then dy (f(p(h)z), hf(z)) <

We say that a sequence (X;,z;, G;) converges to (Y,y, H) in the (pointed) equivariant
Gromov-Hausdorff topology, written as
(2.13) (Xz,acz,Gl) %}

if dGH((XzaxZa Gz)v (Y7y7 H)) — 0.

(Y,y,H),

Theorem 2.14. [24, 26] If (X;, x;) GH (Y,y) is a Gromov-Hausdorff convergent sequence
and, for each i, G; is a closed subgroup of Isom(X;), then:
(1) passing to a subsequence if necessary, we have an equivariant Gromov—Hausdorff conver-

gence sequence
GH
(Xi, 24, Gi) —
where H is closed subgroup of Isom(Y'),
(2) the sequence of quotient spaces converges

(Y,y,H),

For a convergent sequence (2.13) by definition we have a sequence ¢; — 0 and a sequence of
e;-approximation maps (f;, ¥, ¢;) with the conditions in Definition 2.12. If a sequence g; € G;
and h € H satisfies

dy (¥i(gi)z,hz) — 0
for all z € Y, then we say that h is the limit of g; associated to (2.13). For any sequence
gi € G; with uniformly bounded displacement, that is, d(g;z;, ;) < D < oo, by the method
of [26, Proposition 3.6] we can always find a subsequence of g; converging to some h € H
associated to (2.13).

In Section 3, we often take a sequence of closed subsets S; C G; and consider its convergence
to some limit closed subset S C H. This method was used in [61, 62].
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Definition 2.15. Let (2.13) be an equivariant Gromov—Hausdorff convergent sequence and
let S; be a sequence of closed subsets in GG;. We write

(2.16) (Xi,21,8:) <5 (Y., 9),

for a closed subset S of H, if
(1) for every h € S, there exists a sequence g; € S; converging to h,
(2) every convergent subsequence g; € S; has its limit A in S.

It follows directly from the proof of [26, Proposition 3.6] that a corresponding precom-
pactness theorem holds for the convergence of subsets S; C G;. More specifically, for any
convergent sequence (2.13) and any sequence of closed subsets S; C G;, we can always find
a subsequence such that (2.16) holds. In this paper, we mainly consider the convergence of
symmetric subsets. Then its limit S C G is symmetric as well.

Definition 2.17. Let G be a group and S be a subset of G. We say that S is symmetric, if
e € S and s~! € S whenever s € S.

To study the fundamental group of an open manifold M with Ric > 0, it is natural to
consider a suitable Riemannian covering space M of M with covering group I'. We blow
down the space to understand the asymptotic geometry of this I'-action. Given any r; — oo,
we can pass to a subsequence and obtain convergence

1757 A GH
(Ti 1M7pvr) — (KyaG)

& k
(ri_lM,p) _GH (X,z) =(Y/G, 7).

We call the limit space (Y,y,G) an equivariant asymptotic cone of (M,F). In general, the
limit space (Y,y, G) is not unique and depends on the scaling r; — co. Because the isometry
group Isom(Y) is a Lie group [20] and G is a closed subgroup of Isom(Y), G is also a Lie
group. Lastly, we note that, by construction, the G-action preserves any limit renormalized
measure v on Y.

2.3. Manifolds with linear volume growth. We recall the relevant results on open mani-
folds with nonnegative Ricci curvature and linear volume growth. Theorem 2.18 below follows
directly from Sormani’s works [67, 68]. For a detailed proof of this exact statement, see [32,
Theorem 2.4].

Theorem 2.18. [67, 68] Let M be an open manifold with Ric > 0 and linear volume growth.
Then one of the following holds:

(1) Every asymptotic cone of M is isometric to a line; this happens if and only if M splits
isometrically as R x N, where N is compact.

(2) Every asymptotic cone of M is isometric to a ray ([0, 00),0).

In [70], Sormani proved that manifolds with Ric > 0 and small linear diameter growth have
finitely generated fundamental groups. Her result applies to manifolds with linear volume
growth since they either split isometrically as R x N with some compact factor N or have
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sublinear diameter growth. In fact, Sormani proved a much stronger result: 71 (M) is finitely
generated if every asymptotic cone of M is sufficiently close to a polar space; see [70, Theorem
11].

Theorem 2.19. [70] If M is an open manifold with Ric > 0 and linear volume growth, then
m1(M) is finitely generated.

When M has nonnegative Ricci curvature and 7 (M) is finitely generated, Milnor proved
that w1 (M) has at most polynomial growth [54]. Combining this with Gromov’s result that
any finitely generated group of polynomial growth is virtually nilpotent [36], we obtain the
following theorem.

Theorem 2.20. [54, 36] If M is a complete manifold with Ric > 0, then every finitely
generated subgroup of w1 (M) has a nilpotent subgroup of finite indez.

Remark 2.21. We can further require that the nilpotent subgroup in Theorem 2.20 is torsion-
free. That is because every finitely generated nilpotent group contains a torsion-free nilpotent
subgroup of finite index [45].

Recently, Zhou—Zhu pointed out in their work [81] that for manifolds with nonnegative
Ricci curvature and linear volume growth, the limit of volB,(p)/r as r — oo always exists
and is always positive.

Theorem 2.22. [81, Remark 2.1] If M is an open manifold with Ric > 0 and linear volume
growth, then the limit lim, o vol(By(p))/r exists.

For readers’ convenience, we include the proof of Theorem 2.22 in the appendix (see Propo-
sition A.2), following the method in [81]. The corollary below results from Theorem 2.18 and
a direct calculation of limit renormalized measure by Theorem 2.22.

Corollary 2.23. Let M be an open manifold with Ric > 0 and linear volume growth. Then
M has a unique asymptotic cone, as a pointed metric-measure space, isomorphic (up to a
constant) to either a line (R,0) or a ray ([0, 00),0) with the Lebesgue measure (see Definition

2.6).

Proof. The isometric type is discussed in Theorem 2.18. We show in each case there, the limit
measure v is a constant multiple of the Lebesgue measure on R.

If M does not split, then the unique asymptotic cone is the ray ([0, 00), 0). For any rescaling
sequence r; — oo and any radius r > 0, by the definition of the renormalized limit measure
and Theorem 2.22 we have that

— lim volg(Brry(p)) — o lim volg(Byr, (p)) T _,
v(10,m) = z‘l—>oo voly(Br,(p)) i1—>oo T voly(By,(p)) '

By varying r we have that for any b > a > 0, v([a, b)) = b—a. It follows that v is the Lebesgue
measure L.

If (M, g) splits as R x N, we still denote the limit measure by v. The unique asymptotic
cone is (R,0). For any radius r > 0, the same rescaling argument yields that v((—r,r)) = r.
Note that M = R x N is translation invariant along R, to compute v((a — r,a + r)) for any
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a € R, we can apply the translation, which is a measure preserving isometry on (M, r; 29),
along R that takes {ar;} x N to {0} x N. This yields that v((a —r,a+ 1)) = v((—r,7)) =7
for any a € R. It then follows that v = %El. O

2.4. Escape rate. The notion of escape rate was introduced and studied extensively by the
second-named author [59, 60, 61, 62]. In any open manifold with positive Ricci curvature,
if 71 (M, p) is an infinite group, then it follows from the Cheeger—Gromoll splitting theorem
[19] that the minimal representing loops of 71 (M, p) must escape from any bounded subsets
of M as we exhaust the elements in 7;(M,p). Motivated by this observation, the second
named author introduced the notion of escape rate [59], which measures how fast this escape
phenomenon is by comparing the size of minimal representing loops to their length.

Definition 2.24. [59] Let (M, p) be a complete manifold with an infinite fundamental group
m(M,p). For each element v € m(M,p), let ¢y be a geodesic loop of minimal length at p
representing «v. We define the escape rate of (M, p) by

E(M,p) = limsup size(c,)
n—oe 7]

)

where || = length(c,) and size(c,) = inf{R > 0|c, C Bgr(p)}. When choosing c,, if there are
multiple geodesic loops representing v € m1 (M, p) of minimal length, we choose the one with
the smallest size.

In [62, Definition 2.17], the second-named author further defined the escape rate of an
isometric G-action on a length metric space (X, z). For the purpose of this paper, we will
consider the covering group action on a covering space and its escape rate.

Definition 2.25. [62, Definition 2.17] Let (]\/Z, p) — (M,p) be a Riemannian covering map
with an infinite covering group I'. For each v € I', let 0, be a minimal geodesic from p to
v - p. We define the escape rate of (M,p,I") by

E(M,,T) = limsup size(0,)

[y|—o0 h/’ ,

where |v| = d(p,vp) = length(o,) and size(o,) = inf{R > 0|c, C Br(T - p)}. When choosing
0, if there are multiple minimal geodesics from p to «y-p, we choose the one with the smallest
size.

Remarks 2.26. (1) By path-lifting, it is clear that E(M,p) in Definition 2.24 is the same as

the escape rate of m (M, p)-action on the universal cover (M, p) in Definition 2.25, that is,
E(Mvp) = E(M7ﬁ7 7T1<M,p))-

(2) If T is a finite group, then, as a convention, we set E(]\/Z,ﬁ,F) =0.

3) In Definition 2.25, since size(o~) < |y|/2 for all v € T', it always holds that E(M,p,I') <
v

1/2.

The second-named author studied equivariant asymptotic geometry with Ric > 0 and
escape rate strictly less than 1/2 in [62]. In particular, [62, Proposition C(1)] shows that, for
a finitely generated nilpotent covering group N-action and a Z-subgroup in the last nontrivial
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subgroup of the central series of A, every asymptotic orbit Gy of this Z-action must be
homeomorphic to R, provided that the escape rate of N-action is not 1/2. We obtain the
following in the particular case where N = Z.

Proposition 2.27. [62, Proposition C(1)] Let (]/\4\, p) — (M,p) be a Riemannian covering
map with covering group T’ ~ Z. Suppose that Ricpy > 0 and E(M,p,T") # 1/2, then in every
equivariant asymptotic cone (Y,y,G) of (M,p,TI"), the orbit Gy is homeomorphic to R.

3. EQUIVARIANT ASYMPTOTIC GEOMETRY OF SUCCESSIVE COVERING SPACES

In this section, we prove Theorems A and B by assuming Theorem 1.9, the plane/halfplane
rigidity. We will prove Theorem 1.9 in Section 4.

This section is organized as follows.

In Section 3.1, we prove that if M is polar at infinity, then the escape rate E(]\/j ,p,T) is
non-maximal, where (Z\/J\ ,P) is a covering space of (M, p) with covering group I' (Proposition
3.3); the proof is based on the Abresch-Gromoll excess estimate [1, 33] and an argument by
Sormani [70].

Building on this property of non-maximal escape rate and Proposition 2.27, in Section 3.2
we study the equivariant asymptotic geometry of a Z-orbit in a covering space

(3.1) (7' M.p,T = 2) <5 (Y,9,6),
where G = R x K with K-action fixing y.

In Section 3.3, we construct appropriate symmetric subsets S; C I' = Z such that 5;
converges to a cylinder subset [—v,v] x K in R x K = G associated with the above blow-down
sequence. We remark that both Sections 3.2 and 3.3 only depend on the non-maximal escape
rate rather than the stronger linear volume growth condition.

In Section 3.4, we state the induction theorem (Theorem 3.24) and give an outline of its
proof. Besides the plane/halfplane rigidity, whose proof is postponed to Section 4, another
key technical part in the proof of the induction theorem is computing a limit renormalized
measure on the asymptotic cone of the covering space. We explain in Section 3.4 that we can
approximate cube regions in the limit space using approximate domains, whose volumes can
be estimated.

In Section 3.5, we construct these appropriate domains and verify their convergence by
using the results from Section 3.3 and the inductive assumptions.

With the above preparations, we complete the proof of the Induction Theorem in Section
3.6, modulo the plane/halfplane rigidity.

In Section 3.7, we apply the Induction Theorem to prove Theorems A and B.

3.1. Polar asymptotic cones and non-maximal escape rate. In this subsection, we
consider a Riemannian covering map (]\/4\ ,0) — (M, p) with covering group I"'. We show that
if M has nonnegative Ricci curvature and is polar at infinity, then the escape rate E(]\//f , 0, 1)
is not 1/2 (Proposition 3.3). This result will serve as a starting point in the inductive step of
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the Induction Theorem so that Proposition 2.27 applies. The proof of Proposition 3.3 is an
adaptation of an argument by Sormani [70] to the asymptotic cones.

Definition 3.2. Let M be a complete manifold with Ric > 0. We say that M is polar at
infinity if every asymptotic cone (X, z) of M is polar at z, that is, for every point z € X —{x},
there is a ray emanating from x through z.

Proposition 3.3. Let (M, p) be a complete manifold with Ric > 0 and let (]\/4\, p) be a covering
space of (M, p) with covering group I'. Suppose that M is polar at infinity, then E(M,p,I') <
1/2.

Proof. We argue by contradiction and suppose that £ (]\/4\ , 0, I') = 1/2, then there is a sequence

of elements 7; € I" and a sequence of minimal geodesics o; from p to «;p such that
size(o;) 1 o
TN 5 . = length(o;) = d AR
length(o;) o i ength(c;) (D, vip) — o0

For each i, there exist points ¢; € o; and z; € I' - p such that
size(o;) = d(qi, z;) = d(g;, T - p).
After passing to a convergent subsequence, we consider the blow-down sequence
177 A GH
(7’7: 1M7p7 Fa iy Ziy Viy Gi) — (Y7 Yy, G7 q,%2,9, U)a

where g € G with d(gy,y) = 1 and o is a minimal geodesic from y to gy. By construction, we
have q € 0, z € Gy, and

1 1 1
(3.4) dy(q,Gy) = dy(q,2) = 5length(0) = §dy(y,gy) =5

This implies that ¢ is the midpoint of o: in fact, if either dy (q,y) or dy (g, gy) is strictly less
than 1/2, then we would have dy (¢, Gy) < 1/2, a contradiction.

On M, we have the corresponding convergence
_ GH _
(’ri lep) — (Xa I’) = (Y/Ga y)
Let ¢ € X be the projection of ¢ € Y. Because X is polar at x, there is a unit speed ray
c starting at ¢(0) = z and passing through ¢g. Note that by (3.4) we have ¢(1/2) = . Let
w = c(S+1/2) € X, where S = S(n) € (0,1) is a small constant to be determined later.
We lift c[f1/2,541/2] to a minimal geodesic ¢ in Y starting at q. Let w = ¢(S + 1/2) be the
endpoint of ¢. We set ¢_ =y and ¢y = gy. Then
dy(qi,ﬁ)) > dx(l‘,w) =5+ 1/2.
Observe that
dy(()',’[[)) = dY(QvuA)) = S)
in fact, if a point ¢’ € o — {q} satisfies
dY(qlvw) < dY(Qa 111) = 57
then

1
dy (Gy, ) < dy(Gy,q') +dy (¢, D) < 5+ 5,
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which is a contradiction to dx(z,w) = S + 1/2. Since dy(o,w) < dy(q+,w), we can apply
Abresch-Gromoll excess estimate in RCD(0, N) spaces [1, 33] to @ and o. Then there is a
constant C'(n) such that

25 < dY(qu’w) + dY(qfaw) - dY(Q*)Q#‘) < C(n) ’ l# = C(n) ’ Sﬁv

which implies
2n—1

> .
52 C(n)n—1

Choosing S = S(n) < (2/C(n))"~! in the beginning results in a desired contradiction. O

3.2. Consequences of asymptotic R-orbits. In this subsection, we consider a Riemannian
covering map (Zv,cj) — (N, q) with covering group I' ~ Z and escape rate E(]V, q,I') #1/2,
where (V,q) is an open manifold with Ric > 0. Let (Y,y,G) be an equivariant asymptotic
cone of (N, q,1):

(r7'N,q,T) <5 (Y, 0).
Proposition 2.27 assures that the orbit Gy is homeomorphic to R. We study the immediate
consequences of these asymptotic R-orbits.

Given that G is a closed and abelian Lie subgroup of Isom(Y’) and its orbit Gy is home-
omorphic to R, we can always write G = R x K, where K is the isotropy subgroup of G at
y. If the compact Lie group K has positive dimension, then R-subgroups of G, and thus the
splittings G = R x K, are not unique. However, a different choice of the R-subgroup does
not change the corresponding orbit points: in fact, any R-subgroup in R x K has the form
t+— (t,e(t)), where e(t) is either a one-parameter subgroup in K or is a constant map to the
identity element e of K, then it holds that

(t7 e(t)) Y= (tv 6) Y.
We remark that since G = R x K is a closed subgroup of Isom(Y), the orbit Gy is closed in
Y. Consequently, d((t,e) - y,y) — oo as t — oc.

Definition 3.5. For any orbit point z € Gy—{y}, we can write z = (v, e)-y, where v € R—{0}
and e is the identity element in K. For t € R, we denote tz := (tv,e) - y.

One consequence of the limit R-orbits is a quantitative distance control on these orbits.

Lemma 3.6. [62, Lemma 5.13] Under the assumptions of Proposition 2.27, we denote v a
generator of I' ~ Z. Then there is a constant C = C(N,fy), depending on the action by v on
ﬁ, such that for any equivariant asymptotic cone (Y,y,G) of (N,Q,F) and any orbit point
z € Gy — {y}, we have

d(tz,y) < C-d(z,y)
for all t € [0,1].

One may view Lemma 3.6 as a quantitative version of Proposition 2.27. The proof is by
contradiction. Roughly speaking, if there were no such uniform distance control for d(tz,y),
where t € [0, 1], then one can apply a contradicting argument and find a suitable equivariant
asymptotic cone (Y’ ', G') of (N ,p,T') such that the orbit G’y is not homeomorphic to R;
this is a contradiction to Proposition 2.27. See [62, Lemma 5.13] for the detailed proof.
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Corollary 3.7. Under the assumptions of Proposition 2.27, for any equivariant asymptotic
cone (Y,y,G) of (N,q,T") and any orbit point z € Gy — {y}, we have

d(tz,y) > Cd(z,y)

for allt > 1, where C is the constant in Lemma 3.6.

Proof. Suppose that there exist an equivariant asymptotic cone (Y, y,G), an orbit point z €
Gy — {y}, and tp > 1 such that

d(toz,y) < C1d(z,y).
Then t;* € (0, 1] satisfies
d(ty ' (t2),y) = d(z.y) > C - d(toz, y);

a contradiction to Lemma 3.6. O

The corollary below also follows immediately.

Corollary 3.8. Let S be a closed symmetric subset of G. Suppose that the set Sy = {sy |
s € S} satisfies the following:

(1) Sy is closed under multiplication, that is, if s1,s2 € S, then sisey € Sy;

(2) Sy is bounded.

Then Sy = {y}.

Proof. Let H = (S), the closure of the subgroup generated by S. By conditions (1,2), we have
that Hy = Sy is bounded. Hence, H is a compact subgroup of G. Given that G = R x K,
where K is the isotropy subgroup at y, the compact subgroup H must be contained in K.
The result follows. 0

Remark 3.9. We remark that Corollary 3.8 was derived without using Proposition 2.27 in [62,
Corollary 5.12].

3.3. Convergence of appropriate symmetric subsets to cylinders. We continue to
assume that (N,§) — (N, q) is a covering map with covering group I' ~ Z and escape rate
E(N,§,T) # 1/2, where (N,q) is an open manifold with Ric > 0. Let (Y,y,G) be an
equivariant asymptotic cone of (]V ,3,T"). We have seen that G = R x K, where K fixes y.
The main results of this section are Propositions 3.17 and 3.20. They concern appropriate
symmetric subsets of I' and show that they approximate a cylinder-like subset [—v,v] x K in
G, where v > 0. The results in this subsection will help us construct appropriate domains in

N relating to 2, (v) in the asymptotic cones in a later section (see Definition 1.10 and Section
3.5).

As a convention, for an equivariant asymptotic cone (Y, y, G) of (]V ,q, (v)) coming from
15 A GH
(3.10) (r,'N, 4, (7)) == (Y., G),

where «y is a fixed generator of I' ~ Z, we will always choose an R-subgroup of G (thus a
splitting G = R x K) as follows.
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Convention 3.11. Associated to the convergent sequence (3.10), for each i, we choose m; as
the smallest positive integer m such that

Then ~™ o g € G associated to (3.10) with d(gy,y) = 1. As the isotropy subgroup K is
compact Lie and abelian, we can write K = T x F', where T is a torus and F is a finite group.
With this, we write the F-component of g as f, which can be viewed as an element in G.
Now, we choose a one-parameter subgroup through gf~! € R x T = Gy. (There are multiple
ones if the isotropy subgroup K has positive dimension; we can choose any of them here.) We
obtain a splitting G = R x K, where R X {e} is the chosen one-parameter subgroup (e is the
identity element). Relabeling the elements in this R-subgroup, we write g = (1,¢') € R x K,
where ¢/ = (e, f) € T x F.

We remark that the choices of m; and g = (1,€’) are indeed no more than conventions.
One may label any g € G with d(gy,y) = 1 as (1,€') and may choose any sequence m;

with ™ o g, then the results below in this subsection still hold, but the proofs should be
modified correspondingly.

From now on in this subsection, we always consider a convergent sequence (3.10) and let
m; — 00 be a sequence as chosen in Convention 3.11. For each [ > 0, we denote

(3.12) S() = fe, ™, AW,

where || is the floor function. Regarding the sequence S(m;), we pass to a subsequence and
obtain convergence

(3.13) (r7 N, G, (), S(ma), ™) S5 (V,y,G = R x K, S, (1,€),
where Sy is closed symmetric subset of G. By the choice of m;, it is clear that
(3.14) Sw -y C Bily).

We also observe that S - y is connected by construction.

Lemma 3.15 below addresses the isotropy elements in G.

Lemma 3.15. Let I; be a sequence of integers such that ~' U e G associated to (3.10).
Then h € K if and only if |l;| < m;. In particular, Ss in (3.13) contains the isotropy
subgroup K.

Proof. After passing to a subsequence, we assume that [; has a fixed sign. Below, we consider
the case where [; is a sequence of positive integers. The negative case can be handled similarly.

Let I; < m;; we shall show that h, the limit of 4%, belongs to K. Suppose the contrary
d(hy,y) > 0, then we can write

h=(5p0) eRx K =G@G,
where 6 # 0 and 8 € K. Let k be a large integer such that
10 < d((kd, ) - y.y) = d(h" - y.y).
Then ~* i (k6, B¥) with ¥ € S(m;), which contradicts (3.14). Hence h € K.
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Next, we prove the other direction. Let [; be a sequence of positive integers such that h,
the limit of 4% associated to (3.10), belongs to K.

Case 1. l;/m; — ¢ > 0 for a subsequence. We can pass to a subsequence and choose an
integer k such that kl; > m; for all i. Then associated to (3.10), v*% converges to h* € K.
We consider the convergence

(ri_lﬁv q, S(mi)v S(kli)a ™, 'Vkli) ﬂ (Y7 Yy Soos Too, (17 e/)7 hk)'
Since 0 < m; < kl;, it is clear that Too O So. In particular, then the set T, - y contains the
point (1,¢€') -y # y. Also, T - y is bounded; this is because for i large,
for some large integer C, and thus Thoy C Be(y).

We claim that T -y is closed under multiplication (see Corollary 3.8(1)); if this holds, then
Corollary 3.8 implies T, - y = {y}, a contradiction. Now we verify the claim. Let o, 5 € Ti;
they are the limit of Y% and 4%, respectively, where a;, b; are integers within [—Fkli, kl;]. When
a; + b; € [—kl;, kl;], it is clear that o8 = limy%+b € T,,. When a; + b; € [kl;, 2kl;], we write
a; + b; = kl; + o;, where o; € ZN [0, kl;]. Then

afy =limy*y"iG =g, - B* -y = goy € Tooy,
where g, = lim % € Ti. A similar argument covers the remaining case a; +b; € [—2kl;, —kl;].
This verifies the claim and thus rules out Case 1.
Case 2. l;/m; — oo for a subsequence. Let
dl' = maX{d(me(% Cj) | m = 07 17 ey ll}

We observe that d; > r;. In fact, associated to (3.13), ¥¥™ has limit (k, (¢/)¥) € G for each
positive integer k. Since dy ((k, (¢')¥) - y,y) — oo as k — oo and km; < [; for each k, we see
that d; > r;.

We blow-down N by d; — oo

(47N, G, (), (), 7)) S (Y g G St ).

It follows from the construction that
{y'} S Sy € Bi(y);
moreover, h'y’ = y' since d(v%§,§) < r; < d;. Then, one can follow a similar argument

in Case 1 to show that S, -y is closed under multiplication. Then Corollary 3.8 implies
S’ -y = {y'}, a contradiction. Hence, Case 2 cannot happen.

We are left with [; < m; as the only possibility; this completes the proof. U

Lemma 3.16. (1) Let t be a rational number, then associated to (3.13) and after passing to
a convergent subsequence if necessary, we have

Amitl gy eRx K =G

for some h € K.
(2) Let t1 < tg be rational numbers of the same sign and let w € (t1,t2), then we can find a
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sequence of integers k; € [|[mgt1], [msta]] such that v* converges to (w,h) € R x K for some
heK.

Proof. (1) Below we assume that ¢ > 0; the case ¢ < 0 can be handled similarly. Let t = a/b €
Q4, where a,b are positive and co-prime integers. It is clear that

m;a
mia—b<b-| (; | < mja,
where |-]| is the floor function. Hence we can write b|m;a/b] = m;a + j; for some j; €

{=b,...,—1,0}. For each j € {-b,...,—1,0}, associated to (3.13), we have convergence
vyt A (g, (€)B;) € R x K,
where 3; € K is the limit of ~J. Hence, we can pass to a subsequence and obtain
P (0, 8),

where 5 € {(¢/)*B; | j = —b,...,—1,0}. Then for any subsequential limit A\ € G of VL%J, A
satisfies A\’ = (a, 8). Therefore, A = (a/b,h) = (t, h) for some h € K with h® = 3.

(2) We assume that t; and t9 are both positive. The other case can be handled similarly.

We consider a sequence of subsets

T, ={y™ | m = [mit1], [mit1| + 1, ..., [mste]}
and its convergence
(r7 NG, (), Toytits) o mit2)) S5 (Y., G, T, (02, 1), (12, 1)),

where the limits (¢1, h1) and (¢2, he) are guaranteed by (1). We observe that Tt -y is connected
because T -y is bounded and r;ld(y(j, G) — 0. Together with Proposition 2.27 that Gy is
homeomorphic to R, we conclude that T, - y contains the orbit point (w,e)-y. In particular,
there is some sequence v*i € T; whose limit is (w, h) for some h € K. O

Now we show that for each v > 0, the symmetric subsets S(m;v) converge to the cylinder-
like subset [—v,v] x K in G.

Proposition 3.17. For each v > 0, associated to (3.13) and after passing to a convergent
subsequence if necessary, we consider the convergence

(3.18) (r7 N, 4. (7), S(myw)) B (Y,y,G = R x K, 5%),
where SY, is a closed symmetric subset of G. Then SY, = [—v,v] x K C G.

Proof. Step 1. We first prove that
Seo -y 2 {tz |t € [-v, 0]},

where z = (1,e) - y and the notation ¢z is introduced in Definition 3.5. From Lemma 3.16
we see that for any rational number ¢ € (—wv,v), there is an element A = (t,h) € S%. In
particular,

Ss ys3A-y=(t,h) - y=tz.
Given that SY -y is a closed subset of Y and ¢ can be any arbitrary rational number within
(—v,v), we have completed Step 1.
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Step 2. S% DO [-w,v] x K. In Step 1, we have shown that for any rational number
t € (0,v), there is a sequence of elements L™ el (t,5:) € R x K associated to (3.13). For
any § € K, by Lemma 3.15, there is a sequence ; such that ~% i B and |l;| < m,;. Since

|mgt] +1; < myv for all i large and S2 is closed in G, we see that SY includes all the elements
in [0,v] x K. The other half [-v,0] x K can be proved similarly.

Step 3. SY, C [~v,v]x K. Suppose otherwise, then we would have a sequence % € S(m;v),
where I; > 0, such that

Al G—g(w,ﬂ) ERxK
associated to (3.13), where w > v or w < —wv.

When w > v, let k be an integer such that kv > w. We choose rational numbers t1,to
such that v < t; < w < t2 < kv. By Lemma 3.16, there is a sequence of integers k; €
[[mst1 ], [mit2]] such that

ki SR (w,h) e Rx K

for some h € K. Consequently,
YRl G0, hp71) € K.

However, it is clear that the sequence k; —[; does not satisfy k; — [; < m; by our construction,
thus we end in a contradiction to Lemma 3.15.

When w < —v, we will derive a contradiction similarly. In fact, we shall show that w < 0
cannot happen by using I; > 0. We suppose that w < 0 and look for a contradiction. Let
t1 < t2 < 0 be two negative rational numbers such that w € (¢1,¢2). Then similarly by Lemma
3.16 a sequence of negative integers k; € [|m;t1 ], [mit2]] such that

ki G—H>(w,h)€R><K.

Then, 7'~ converges to an isotropy element, but I; — k; < m; does not hold; a contradiction
to Lemma 3.15. That completes Step 3 and the proof of the proposition. O

Remark 3.19. We remark that in Step 3 of the proof above, we showed that any limit of a
sequence 7' € S(m;v) associated to (3.18) belongs to [0,v] x K, if I; is a sequence of positive
numbers.

Next, we show that the convergence S(m;v) ol [—v,v] x K in Proposition 3.17 is saturated,
in the sense that we cannot have a sequence of elements outside S(m;v) converging to the
interior (—v,v) x K.

Proposition 3.20. Let v > 0 and w € (—v,v). Suppose that ~hi is a sequence converging to
(w,h) € R x K = G associated to (3.18). Then ' € S(mv) for all i large.

Proof. For w = 0, we have already proved in Lemma 3.15 that % L (e, h) implies |l;| < m,.
Below, we assume that w > 0. The case w < 0 can be proved similarly. The proof is similar
to Step 3 in the proof of Proposition 3.17.
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Suppose that i ol (w, h) associated to (3.13) with w € (0,v). We choose rational numbers
t1,t2 such that 0 < t; < w < t9 < v. Then by Lemma 3.16, we have a sequence of integers
k; € [Lmitlj, Lmitgj] such that

ki GH (w,B) e R x K.
Then ~%~*i converges to an isotropy element. According to Lemma 3.15, we obtain |I; — k;| <
m;. Hence 7' € S(m;v) for all i large. O
We close this subsection with a distance estimate on N , which is related to Corollary 3.7.
Lemma 3.21. Let [; be a sequence of integers with l; > m;. Then
d(7"4.q) > (20) "'y

for all i large, where C is the constant in Lemma 3.6.

Proof. Suppose the contrary, then, after passing to a subsequence if necessary, we would have

Al 1 e G associated to (3.13) with d(hy,y) < (20)~L. Since l; > m;, for each i, we can
choose an integer k; > 1 such that

kimi <1; < (ki + 1)m,.

If the sequence k; is uniformly bounded, we pass to a subsequence and assume k; = k is a
constant. We further write [; = km; 4 0;, where 0 < 0; < m;. Then associated to (3.13), we
have

h=lim~" = lim(y™)* - lim~% = (k, (¢/)¥) - go,

where g, € So is the limit of 4. By Proposition 3.17 with v = 1 and Remark 3.19, g, = (w, )
for some w € [0,1] and g € K. Let z = (1,¢) - y, then

hy = (k, (eN*) - goy = (k+w)z € {tz |t € [k, k +1]}.

Then d(hy,y) < (2C)~! contradicts Corollary 3.7.

If k; — oo for some subsequence, we shall follow a similar argument in Lemma 3.15 Case 2
to derive a contradiction. Let

d; = max{d(y"q,q) | m=0,1,...,1;}.

Then d; > r;. After blowing down N by d;lz

(AN, 4, (v), SU:),+") S5 (v, G Sl 1),

Similar to the proof in Lemma 3.15 Case 2, one can verify that
Wy =y, {y}S S v CBiy),

and S’ - ¢/ is closed under multiplication; a contradiction to Corollary 3.8. O
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3.4. Statement of the Induction Theorem and an outline. In this section, we state a
strengthened version of the Induction Theorem and explain the ideas behind its proof.

We first recall the setup. Let M be an open manifold with Ric > 0 and linear volume
growth. Let (M, p) be a covering space of (M, p) with a finitely generated torsion-free nilpotent
covering group A. We consider a series of normal subgroups of A:

(3.22) {e} = Ao <A1 <. A1 <A = A,

such that each Ajy1/A; is isomorphic to Z (see [65, 5.5.20]). This corresponds to a tower of
successive covering spaces:

(3.23) ]/\Z: ]\70—>]\//.71—>...—>]\/4\k_1—>1\/4\k:M,

where ]\/4\j =M /A;. Tt follows from the construction that each covering map ]\/4\J — ]\//Tjﬂ has
covering group Aji1/Aj >~ Z.

Theorem 3.24 (Induction Theorem+). Let j = 0,1,....,k and let r; — oo be a sequence.
After passing to a convergent subsequence if necessary, we consider the convergence

177 . GH
(3.25) (ri "My, Prj) == (Yojs U—j)-
for all j. Then, the following holds.
k—j»Uk—;) s isometric to either a Buclidean space (R7T1,0) or a Euclidean halfspace
1) (Yi—j ) is i ' th FEuclid RIFL 0 Euclidean hal
(R7 x [0,0),0).
k—; has a limit renormalized measure as (a multiple of ) the Lebesgue measure.
2)Yi_j h limi lized ltipl he Leb
en Yy_; = RI x [0,00), for every s > 0, there is a sequence of closed domains D;(s) C
3) When Yi,_; =R7 x [0 0, th losed d D;(s) C
My._; such that
(3A) D;(s) Al [—s,89 x [0,8] C Yy_; associated to (3.25);
(3B) for every u € (—s,s)? x [0,s) and every sequence u; S w associated to (5.25), it holds
that u; € D;(s) for all i large.

Remarks 3.26. We give some remarks on Theorem 3.24.

(1) Theorem 3.24(1) implies that the asymptotic cone of ]/\/[\k,j is unique. In fact, if both
(R7+1,0) and (R’ x [0,00),0) appear as asymptotic cones of M\k_j, then it would contradict
the connectedness of the set of asymptotic cones under (pointed) Gromov—Hausdorff topology
(see, for example, [58, Proposition 2.1]).

(2) Theorem 3.24(2) asserts that Y;_; has some limit renormalized measure as (a multiple of)
the Lebesgue measure. While it does not show every limit renormalized measure on Yj_; has
this property, it is sufficient for our purpose.

(3) Theorem 3.24(1,2) is exactly the Induction Theorem (Theorem 1.7) in the introduction.
Here, we added (3) as an auxiliary property, which facilitates the proof of Theorem 3.24(1,2).

The base step j = 0 in Theorem 3.24(1,2) follows immediately from Corollary 2.23. For
Theorem 3.24(3) with j = 0, we can simply choose D;(s) := B;,s(p) C M.

Sections 3.5 and 3.6 will be devoted to proving the inductive step in Theorem 3.24 (modulo
Theorem 1.9), that is, proving the statement with j+1 by assuming it holds for j. In Sections
3.5 and 3.6, we usually refer to one of the statements in Theorem 3.24 with j as inductive
assumption («), where o € {1,2,3,3A4,3B}
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We give an outline of the inductive step and explain how Section 3.3 and the inductive
assumptions are involved. For convenience, we write

(327) (N7 éar) = (M/C*(J'Jrl)?ﬁk*(]qu)a Z)a (N7 Q) = (Mkfjvﬁkf])

For any sequence r; — oo, after passing to a subsequence, we have convergence

r7'N,GT~7) <L (V4,0

(3.28) lw lw

(r7'Nog) o (X,2) = (Y/G,P),
and we will continue to use this notation in the next two subsections. We have the inductive
assumption that Theorem 3.24 holds on the bottom row of (3.28), and we need to prove the
theorem for the top row. Because X is polar at = by inductive assumption (1), Propositions
3.3 and 2.27 together imply that the orbit Gy is homeomorphic to R; in particular, we can
write G = R x K, where K is the isotropy subgroup of G at y, as we did in Sections 3.2 and
3.3.

The nontrivial case in the inductive step is when X = R/ x [0,00). In this case, we have
Y =RJ x Z with Z/G = [0,00). As indicated in the introduction, we shall investigate a limit
renormalized measure my = £/ ® my, in particular, the value of mz(Q;(v)) (see Definition
1.10), so that we can apply the plane/halfplane rigidity (Theorem 1.9) to Z.

To achieve this, for each s,v > 0 we will construct a sequence of appropriate domains
D;i(s,v) € N such that associated to the top row of (3.28), it holds that

(3.29) Di(s,v) X [—s, 517 x Qu(v),
(3.30) m;(D;(s,v)) = my ([—s, 5] x Qs(v)) = (25)7 - mz(Qs(v)),

~

where m; is the renormalized measure on r;” !N (see Definition 2.4). If we have these domains
and can calculate their renormalized measure, then we can obtain mz(Q;(v)).

The construction of Dj(s,v) with limit [—s,s]? x Q4(v) has two components. The first
one is related to the s-direction. By the inductive assumption (3A), we have a sequence of
domains D;(s) C N with limit [—s,s]’ x [0,s] associated to the bottom row of (3.28). We
lift D;(s) to the Dirichlet domain F' centered at ¢ in N. Then, roughly speaking, Fj(s) :=
F N7 1(D;(s)) covers the s-direction in [—s,s]? x Q4(v). The second component is related
to the v-direction. Here, we use portions of the I'-action to translate F;(s). By Proposition
3.17, the sequence of symmetric subsets S(m;v) has limit [—v,v] x K, covering the desired
v-direction. Hence S(m;v) - F;(s) should be the right choice for D;(s, v). Proposition 3.20 and
inductive assumption (3B) will assure the measure convergence in (3.29).

3.5. Convergence of appropriate domains to cubes. In this subsection, we follow the
outline in Section 3.4 to study the convergence of domains S(m;v) - Fi(s). We continue to
use the notations in (3.28) and assume that the inductive assumptions hold on the bottom
row of (3.28) with X = R/ x [0, 00), which is the nontrivial case in the inductive step. We
observe that Y in (3.28) splits isometrically as R/ x Z with G acting trivially on the R/-factor.
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Moreover, by Theorem 2.9 any limit renormalized measure my splits as £/ ® my, where £7 is
the Lebesgue measure on R/,

Remark 3.31. As mentioned in Section 3.4, we expect this sequence of domains S(m;v) - F;(s)
to converge to the limit [—s,s]Y x Q,(v). Eventually, the set Qg(v) is either [—v,v] X [—s, 5]
in a Euclidean plane or [—v,v] x [0,s] in a Euclidean halfplane, so we call these subsets
[—5, 8]0 x Q4(v) cubes in the title of this subsection.

For readers’ convenience, we recall some notations:
e Domains D;(s) C N from the inductive assumption (3) of Theorem 3.24,
e ' C N the (closed) Dirichlet domain centered at ¢, that is,

F={¢d eN|dd,q§) <dq,vg) forall y € T — {e}}.

We note that its boundary 0F has zero Lebesgue measure (see [3, page 43]).
e Fi(s)= Fnn'(Di(s)) C N,

e m; — +00 chosen in Convention 3.11.

o S(miv) ={y™ | m=0,=£1,... £ [m;v]|} defined in (3.12).

We start with a lemma on horizontal rays in Z, which follows from the non-branching
property of RCD spaces [23]. Recall that (Y,y) = (R x Z, (0, 2)) has quotient

Y/G =R x(Z/G) =R x [0,00) = X.

Lemma 3.32. Let 0 :[0,00) — Z be a unit speed horizontal ray emanating at z. Then
(1) oljo,y is the unique minimal geodesic from Gz to o(t).
(2) Any unit speed horizontal ray in Z emanating at z has the form h - o, where h € K.

Proof. (1) Suppose that there is a different minimal geodesic « from Gz to o(t). If a starts
at z, then we clearly end in a contradiction to the non-branching property [23] because o is a
ray. Suppose that « starts at a point in Gz other than z, say gz # z. Since o is a horizontal
ray, for any t' > t we have

t'=dz(Gz,0(t)) < dz(gz,0(t'))
<dgz(gz,0(t)) +dz(o(t),o(t))
<t+ (' —t)="*t.

This shows that a joining ol ] is a minimal geodesic from gz to o(t"). Again, we end in a
contradiction to the non-branching property.

(2) Let 8 be any unit speed horizontal ray in Z emanating at z. Since 5(1) and o (1) project
to the same point 1 € [0,00) = Z/@G, there is an element g € G such that g-o(1) = 5(1). We
observe that ¢ - o is a horizontal ray at g - z and shares a common point (1) with 5. Hence
by (1), g- o and 3 coincide on [0,¢]. In particular, gz = z, so we have g € K. Also, g - o and
B must coincide on [t,00) as well; otherwise, we would result in a branching point at 5(1).
This completes the proof. ]

Now we show that S(m;v) - F;(s) indeed converges to [—s,s)/ x Qs(v), as desired.
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Proposition 3.33. Let s,v > 0. After passing to a convergent subsequence, if necessary, we
consider the convergence of domains

(3.34) S(mw) - Fi(s) ¥ D C Y
associated to top row of (3.28) with (Y,y) = (R? x Z,(0, 2)), where Dy is a closed subset in
Y. Then Do = [—s, s} x Qs(v).
Proof. Let o be a unit speed horizontal ray emanating at z. We first observe every point in
Y =RJ x Z can be written as (u,g-o(t)) for some u € R?, g € G, and t € [0, c0).
Passing to a convergent sequence, we have the convergence of the Dirichlet domain F":
(7 N4, F) 5 (Yiy, Fic)
for some closed subset Fy, in Y.
Claim 1. F,, CR/ x (K - o), where K is the isotropy subgroup of G' at y, as usual.
Recall that the (closed) Dirichlet domain F' centered at ¢ is defined by
F={qd e N|d(d,q) < d(q,7q) for all y € T — {e}}.
Passing this property to the limit, we see that the limit F,, is contained in the set
(335)  {(wg-o() €Y | d((u,g-0(t)),(0.2) = d((u,g- (), G - (0,2)}.

We calculate the distances involved by
1/2

d((u,g-0(1)),(0,2)) = (Jul’ + dz(g - o(0), >)
= (lu? + dg(o(t),g7* - 2))"*,
d((u,g-0(1),G - (0,2)) = (Jul® +dz(g-o(t),G - 2))'"*
= (lu + dz(o(t),G - 2))"/*.

Hence a point (u, g - o(t)) belongs to the set (3.35) if and only if it satisfies
dZ(J(t)v gilz) = dZ(O-(t)v G- Z)'
Together with Lemma 3.32(1), we conclude that g~'z = z, that is, g € K. Claim 1 follows.

Claim 2.1. For each non-zero vector u € R7, the horizontal ray t — (tu,z) € RJ x Z is
contained in the set Fi.

Claim 2.2. For each v € R, there is h, € K such that the horizontal ray
ou(t) = (tu,hy -o(t)) CRI x Z, t>0
is contained in Fi.

We prove these two claims together. Let 3 be an arbitrary ray in X = R’ x [0, 0o) starting at
0. By a standard diagonal argument, along the sequence (r; IN, q), we can choose a sequence
of minimal geodesics (; starting at ¢ such that

(r7'N, g, 8;) <5 (X,0, 8).
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Next, we lift each B; to a horizontal geodesic Bz in N starting at ¢. By construction, B; is
contained in the Dirichlet domain F' centered at ¢. Then associated to (3.28), we consider

(7' F G, B) —E (Fae, (0,2), B)

(r7'N,q, 8;) 2 (BRI x [0,00),0, 8),

where £ is a horizontal ray starting at (0, z) such that B C Fy and W(B) = 4.

Taking § in the form of ¢ — (tu,0) € R7 x [0, 00), where u € R/ — {0}, we obtain that the
horizontal ray /(t) = (tu, z) is contained in Fu,. This proves Claim 2.1.

Taking 3 in the form of ¢ + (tu,t) € R/ x [0,00), where u is a vector in R/, we obtain a
corresponding ray B in Fy such that W(B) = (. Tt is clear that the R7-component of B is the
same as (. For its Z-component, as a horizontal ray starting at z, by Lemma 3.32(2) it has
the form h,, - o for some h, € K. This proves Claim 2.2.

For convenience, we denote below by R the union of these two families of horizontal rays
from Claims 2.1 and 2.2.

Recall that by inductive assumption (3A) we have a sequence of domains D;(s) in N
converging to [—s, s} x [0, 5] C X associated to the bottom row of (3.28) with X = R’ x [0, o).
Hence

_ — ~ GH i
(Tz' 1(7T 1(D1(8))7Q)> — ([_87 S]] X (G : U’[O,s])a (07 Z))
associated to the top row of (3.28) with Y = R/ x Z. For the sequence F(s) = F N7~ 1(D;(s)),
it has a limit F3, CY from

13 A GH
(7”- 1N7Q7 FZ(S)> — (YvyaFgo)

Claim 3. F3 = Foo N ([—s,s) x (G- alio,s)) -
The inclusion C is immediate. We verify the other direction O. For any point
pi=(u,g-0(t)) € Fau 1 ((=5,8) x (G- 0lios)) »

where u € (—s,s)7 and t € [0, s), there is a sequence p; € F such that p; A p associated to
the top row of (3.28). Let p; = w(p;) € N. Then by construction

Di ey (u,t) € (—s,8) x[0,s) C X.

Using inductive assumption (3B), we see that p; € D;(s) for all i large. Hence p; € F N
7r*1(Di(‘s)) and consequently p € F3 . Because F3 is closed, it contains the closure of Fy, N
((=s,5)? x (G- 0ljo,5)))- This verifies the other direction O, and thus completes the proof of
Claim 3.

Claims 1 and 3 yield
(3.36) F3 Cl=s,s) x (K -0lp);
Claims 2 and 3 yield
(3.37) Fie RN ([=5,5) x (G- alp.g)
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Let v > 0. After passing to a subsequence, the sequence of symmetric subsets S(m;v) C T’
converges to a closed symmetric subset SY of G, that is,

(r;'N,§,T, S(miw)) <5 (v, y,G, S2).
Proposition 3.17 implies
Sy =[-v,u]x KCRx K =G.
Applying (3.36), we infer that Dy, the limit of S(m;v) - F;(s) in (3.34), satisfies
Do C [fs,s]j X (Sé’o (K- 0|[07S])) - [fs,s]j X Qs(v).
For the other direction, we apply (3.37) and claim
Do 2 SY - (RHS of 3.37) D [—s, s/ x Qq(v).

We verify the last O claimed above. We consider an arbitrary point

= (u, (w,h)-o(r)) € [=s,s)) x Qs(v),

where u € [~s,5)7, h € K, w € [-v,v], and r € [0,s]. If r = 0, then o(r) = z and

= (w,h) - (u,z),
where (w,h) € SY and (u, z) € (RHS of 3.37). Hence ¢ € SY - (RHS of 3.37). If r # 0, then
the vector u' = u/r € R/ gives rise to a horizontal ray o,/(t) = (tu/, hy - o(t)) in R, where
hy € K. It is also clear that o,/ (r) = (u, hy - o(r)) belongs to [—s,s]/ x (G - olio,s) As a
result, o,/(r) € (RHS of 3.37). Lastly, we observe that

@ = (w,hh ') - o (r) € SY - (RHS of 3.37).

This verifies the claimed D relation and completes the proof of this proposition. O

Let s,v > 0. We denote
Qo (v) ={(w,h)-o(t) |we (—v,v),he K,t €0,s)}

the interior of 25(v). We also denote 0€25(v) = Q5(v) — Q¢(v) the boundary.

Next, we show that the convergence of domains S(m;v) - F;(s) ol [—s, 8]0 x Q4(v) is satu-

rated, in the sense that we cannot have a sequence of points outside S(m;v) - F;(s) converging
to the interior (—s, s)? x Q2(v).

Proposition 3.38. Let s,v > 0 and let i € (—s,5)7 x Q2(v). Suppose that i; is a sequence in
N converging to i associated to (3.34) with (Y,y) = (R x Z,(0,2)). Then i; € S(m;v) - Fy(s)
for all i large.

Proof. We write @ = (u, (w, h) - o(t)), where u € (—s,5)/, w € (—v,v), h € K, and t € [0, 5).
Let v} € F and 4% € T such that 4; = % -u}. Since 7(u}) converges to (u,t) € (—s,s)? x [0, s)
associated to the bottom row of (3.28), by the inductive assumption (3B), m(u}) € D;(s) for
all ¢ large. Consequently, u; € Fi(s).

It remains to show that 4% € S(m;v) for all i large. After passing to a subsequence, we

have a convergence

u’icg[UIEY, ’ylicﬁg(w/,h/)ERszG
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associated to the top row of (3.28). By Claim 1 in the proof of Proposition 3.33, u/ €
R/ x (K - o). Together with

(wlv h/) u' =0 = (U, (’LU, h) : J(t))>
we infer that w’ = w € (—v,v). Lastly, by Proposition 3.20, v% € S(m;v) for all i large. O

Then, it follows from Proposition 3.38 and a standard covering argument that we have the
desired measure convergence (3.29) in the outline.

Corollary 3.39. Let m; be the renormalized measure on (ri_lj\Af, G) (see Definition 2.4). After
passing to a subsequence, we suppose that m; converges to a limit renormalized measure my
on 'Y associated to the top row of (1.8) with (Y,y) = (R7 x Z,(0,2)). Then

Zlggoml(S’(mw) - Fi(s)) = my ([—s, 5]’ x Q(v)).

Proof. For convenience, below, we write
D; = S(mw) - Fy(s), Do =[5, x Qs(v).
Do has interior DS, = (—s,s)7 x Q2(v).

Let € > 0. By applying a standard Vitali covering argument to D2, (see [39]), we can
find a finite collection of disjoint closed balls B = {B,_(x,)}4_, such that every ball of B is
contained in D2, and

Zmy T&(aja)) < mY Do ZmY Ta xa + €.

For each ball B, (z,) in B, we choose a sequence ;o in r; N converging to x, associated
to the top row of (3.28). Then along the sequence r;lN,

GH — o
Bi—oyro (Tia) = B—epry (Ta) € Br,(Ta) € Dy

By Proposition 3.38, B(j_¢), (7ia) is contained in D; for all i large. Moreover, from the
Gromov-Hausdorff convergence, we see that for all i large, the collection {B(j_), (%ia) iy
is disjoint. Hence, by Bishop—Gromov relative volume comparison,

A

A
(1=™ Y mi(Br,(zia) <Y mi( By, (€50)) < mi(Dy).
a=1

a=1

Let ¢ — oo, we obtain

1—00

lim inf m;(D;) > (1 — €)" <Zmy o (Ta) )Z(le)n(my(Dgo)e).

Let € — 0; this proves liminf m;(D;) > my (DS,).

) A

For the other direction, we can cover Dy, by a finite collection of open balls B = { B, (za)}/—1,

abusing the notation, such that

A
ZmY ra(xa)) —e< mY ZmY Ta l‘a
a=1
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For each «, we choose a sequence of points x; o € 7; N converging to x,. From the Gromov—
Hausdorff convergence and Proposition 3.33, the collection { B(1t¢),, (7a)} is a cover of D; for
all 7 large. Hence

A A
mi(Di) <Y mi(Bger, (i) < (L+6)™ Y mi(By, (wia)).
a=1

a=1
Let i — oo and then let € — 0. We obtain limsup m;(D;) < my (D).

It remains to show that my (0Ds) = 0. Since
ODso = (0]—5, 8 x Qs(v)) U ([~5, 8] x 90%(v)), my =L @my,
myz(0Qs(v)) =0 from Lemma 3.40 below completes the proof. O

Lemma 3.40. We have mz(99s(v)) = 0, where LI ® myz = my is any renormalized limit
measure on RI x Z =Y.

Proof. Observe that the boundary 0€Q;(v) satisfies:
0Qs(v) = AT U A~ U I, where:
A% = {(2v,h)-o(t) | h € K,t €0, 5]},
I:={(w,h) o(s) | we [-v,v],h € K}

Now, looking for a contradiction, we assume that mz(A*) > 0. We recall that R = Rx{e} C G
acts by measure-preserving isometries on Z; consequently, for every w € R, we have:

mz({(w,h) - o(t) |h e K.t €0,s]}) = mz((w,e) - AT) = mz(AT) > 0.

We note that by Lemma 3.32(2) the set {(w,h)-o(t) | h € K,t € R} consists of horizontal
rays starting from (w, e) - y. Hence for distinct w # w’ € R, we have disjoint subsets

{(w,h)-o(t) | he K,te[0,s]}n{(w' h) -ot)|heK,te|0,s]} = 0;

otherwise, we would have two distinct minimal geodesics from Gz to some o(t), which con-
tradicts Lemma 3.32(1). Then it follows that

my(Qs(v)) =mz({(w,h)-o(t) | w e [-v,v],h € K,t €]0,s]}) = o0,

which is not possible because my is Radon and §2,(v) is compact. The same argument also
shows that mz(A™) = 0.

It remains to show that mz(/) = 0. Suppose that mz () > 0. Note that all points in I are
in the same G-orbit. Together with that, I has positive mz-measure and the regular set of Z
has full mz-measure (see [9]), we see that every point in I must be regular. In addition, since
I has positive mz-measure, I admits density points w.r.t. mz (see [39, Theorem 1.8]). We
choose a density point 2’ of I, then 2’ satisfies

lim myz (I N B(2'))
t—=0 my(B(2"))

Because I is homeomorphic to a manifold with boundary, we can also assume that 2’ is in an

=1.

interior point of I.
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Let t; — 0 be a sequence. We consider a metric measure tangent cone of Z at 2’ and keep
track of the G-action:
(2.2 v, G) < (BE,0,1,G)

(t710,00)5) T (R,0)
where v; = Wﬁ(z’)) are the renormalized measures and v is (a multiple of) the Lebesgue

measure £* on R* by Theorem 2.9. Since R¥/G’ is isometric to a line, we can lift this line
back to R* and obtain an isometric splitting R¥ = R x @Q, where G’ acts trivially on R
and transitively on Q. Hence the orbit G’ -0 = (0,Q) must be a linear subspace in R* of
codimension 1. In particular, it holds that v(G’ - 0) = 0. On the other hand, because 2’ is an
interior point of I, there is small r» > 0 such that I N B,(z") = Gz’ N B(2'), then I N By, (2')
converges to (G'-0) N B1(0) associated to the above blow-up. Applying a covering argument
as in the proof of Corollary 3.39, we have

v((G"-0)N B1(0)) > limsup v (I N By, (2)) = 1,

1—r 00
which is a contradiction. Therefore, my(I) = 0.

In conclusion, we have mz(9Q;(v)) = 0. O
Remark 3.41. Recall that the inductive assumption (3) provides a sequence of domains
D;(s) ol [—s,8)7 x [0,s] associated to the bottom row of (3.28) with X = RJ x [0,00).
By the inductive assumption (3B) and a similar covering argument in the proof of Corollary

3.39, if we start with a limit renormalized measure myx on X as (a multiple of) the Lebesgue
measure, which is provided by inductive assumption (2), then

vi(D;(s)) = mx([—s,s) x [0,5]) =c- 2757,
where v; is the renormalized measure on (r; N, q).

We close this subsection by a lemma comparing the domains S(m;) - F;(1) to balls By, (§).
We continue to assume (3.28) with X = R? x [0, 00) and the inductive assumptions for j.
Lemma 3.42. There are constants C1,Co > 1 independent of i such that

B,./c,(q) € S(m;) - Fi(1) € Beyr,(9)
holds for all i large.

Proof. We first prove S(m;) - Fi(1) C Be,yr,(q) for some constant Cs. Let 7' € S(m;) and
¢, € F;(1). By the method we chose m; in Convention 3.11, we have

d(ryll(j)Q) S 2T’i-
for all i. Also, in X = R/ x [0,00) with j + 1 < n, we have relation
[—1,1) x [0,1] € B 557(0) € B 5(0).

Let m: N — N be the covering map. Recall the inductive assumption (3A)

m(q) € Dy(1) ¥ [-1,1) x [0, 1],



NONNEGATIVE RICCI CURVATURE AND LINEAR VOLUME GROWTH 31

associated to the bottom row of (3.28). It follows that for all i large
d(g;, q) = d(g;,T'q) = dn(m(q}), q) < nrs,
Consequently,
(7"}, q) < d(v"'¢;,4"Q) + d(7"4,4) < nri + 2 = (n+ 2)rs,
This shows S(m;) - Fi(1) € Bnyo)r, ()

Next, we prove B, /c,(q) € S(m;) - Fi(1) for some constant Cy. Let ¢; € B, /¢, (G), where
C1 > 2 will be determined through the proof. We choose 'yli € I'" such that

d(q;,7"*q) = d(q}, T9).
Then the point ’y‘liqg satisfies

d(G,v " "q}) = d(v"'4,q}) < d(d,q}) < ri/Ch.
By construction, 'y*liqg belongs to the (closed) Dirichlet domain F' centered at ¢ because

g € I'q realizes the distance between v li¢/ and I'§. Associated to the bottom row of (3.28)
with (X,z) = (R7 x [0,00),0), we have

G PE— .
By, (@) ¥ By, (0) € (~1,1)7 x [0,1).

By inductive assumption (3B), (v~ liq}) € D;(1) for all i large. Hence v~ 'ig} € F;(1) for all i
large.

Also, the group element 7% satisfies
d(v"q,q) < d(v"4,q;) + d(q}, ) < 2ri/Cr.
By Lemma 3.21, if we require C; > 6C, where C is the constant from Lemma 3.6, then the
inequality
d(v"4,4) < 2r;/C1 < ri/(3C)
implies I; < m; for all ¢ large by Lemma 3.21. To sum up, we choose C7 = 6C, then
¢ =~ (y7lq') belongs to S(m;) - F;(1). O

3.6. Proof of the Induction Theorem. In this subsection, we prove the inductive step in
Theorem 3.24 by assuming the plane/halfplane rigidity (Theorem 1.9). This completes the
proof of Theorem 3.24 modulo Theorem 1.9.

Proof of the inductive step in Theorem 3.24. We assume that Theorem 3.24 holds for some j,
and we prove the statement for j + 1.

Let r; — oo be a sequence. After passing to a subsequence if necessary, we consider the
convergence (3.28). By the inductive assumption, we know that X is isometric to Euclidean
R’ x [0,0) or Euclidean R/*1. Propositions 3.3 and 2.27 imply that the orbit Gy is homeo-
morphic to R; in particular, we can write G = R x K, where K fixes y.

If X is isometric to Euclidean R/*!, then we can lift j+1 many linearly independent lines to
Y. By splitting theorem, (Y, %) is isometric to (R7T! x Z, (0, 2)), where Z is RCD(0,n—j —1);
moreover, G acts trivially on R/*!-factor. Since the orbit Gy = {0} x Z is homeomorphic to
R, we conclude that Z is a line. Hence Y is isometric to R7*2. By Theorem 2.9, Y must be
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equipped with (a multiple of) the Lebesgue measure as any limit renormalized measure. This
completes the inductive step when X is isometric to Euclidean space RI*!,

Below, we assume that X is isometric to the Euclidean halfspace R? x [0, 00). In this case,
Y also splits isomorphically as

for any limit renormalized measure my by Theorem 2.9. Moreover, G acts trivially on the
RJ-factor.

We check that (Z, z,dz, my) fulfills the conditions of Theorem 1.9 for some limit renormal-
ized measure my = £J ® my. Verifying condition (1) of Theorem 1.9 is straightforward. In
fact, we have

RY x [0,00) = X = Y/G =RI x (Z/G).
Hence Z/G is isometric to [0,00) with Z projecting to 0. Moreover, we have G = R x K,
where K fixes y, as we discussed before.

Next, we check (Z, z,dz, my) satisfies condition (2) of Theorem 1.9.

By the inductive assumption (2), X = R’ x [0,00) has a limit renormalized measure as (a
multiple of) the Lebesgue measure. We pass to this subsequence to obtain mx as that. Let
s > 0. Inductive assumption (3) provides a sequence of domains D;(s) C N such that

_ GH ;
(Ti lDi(8)7Q) — ([—S,S]] X [07 SLO)
associated to the bottom row of (3.28) with (X, x) = (R’ x [0,00),0). Then we have
(3.43) volD;(s) _ volD;(s) volBy,(q) R mX([—s,s]j' x [0, s]) _ 1
volD;(1)  volBy,(g) volD;(1) my ([—1,1}7 x [0,1])
as i — oo (see Remark 3.41).

Let F C N be the Dirichlet domain of T-action centered at Gg. We consider Fj(s) :=
F N7~ 1(D;(s)) as in Section 3.5. As a property of the Dirichlet domain, it holds that

(3.44) volF;(s) = volD;(s).

Let v € T be a generator of I' ~ Z. With respect to the top row of (3.28), we choose a
sequence v, where m; — oo as in Convention 3.11. By Lemma 3.42, we have inequality

volB,., /¢, (§) < vol (S(m;) - Fi(1)) < volBeyr,(q)
for all 7 large, where C, Cy > 1 are constants independent of . Together with Bishop—Gromov
relative volume comparison, we derive
VOI(S(mZ) . Fl(l))

1/0m <
/Cr < volB,., (§)

<y

Passing to a subsequence, we obtain
vol(S(m;) - F;(1))

(345) volB,,(4)

— 0 e [1/CT,Cy.

Let v > 0. According to Proposition 3.33, we have convergence of subsets

(3.46) (r7 1 (S(mw) - Fy()), @) ¥ ([=s, 5 x Qs(0), )
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associated to the top row of (3.28) with Y = R/ x Z. Combining Corollary 3.39 with (3.43),
(3.44), and (3.45), this allows us to calculate myz(Qs(v)) by

(25) - mz(Qu(v)) = (L7 @ mz)([=s, s} x Qu(v))

~ lm vol(S(m;v) - Fi(s)) ~ lim vol(S(m;v) - Fi(s))
1—00 VOIBTZ ((j) 1—00 071V01(S(mi) . Fl(l))
_0. #S(mZ ) - volD;(s) 0 psitl

Z*)OO #5S(m;) - volD;(1)

Hence myz(Q(v)) = c- vs, where ¢ = /27 is a constant independent of s and v. This verifies
condition (2) in Theorem 1.9 for (Z, z,dz, mz).

Now we can finally apply the plane/halfplane rigidity (Theorem 1.9) to Z and conclude
that Y = R7 x Z is isometric to either a Euclidean space R/*? or a Euclidean halfspace
R/*! x [0,00) with (a multiple of) the Lebesgue measure as a limit renormalized measure.
This completes the proof of (1) and (2) in the inductive step.

To complete the inductive step, it remains to verify Theorem 3.24(3) when Y = RJ x Z =
R’/ x (R x [0,00)). In this case, G = R acts as pure translations in the R-factor of Z. Hence,
it is clear that

Qs(v) = [—v,v] x [0,s] CR x [0,00) = Z.
)=

By Proposition 3.33, we can choose v = s and D; (s) := S(mys) - Fi(s), then

(r7'Dy(s),4) E5 (s, 57! x [0, 5], 0).

This proves Theorem 3.24(3A) for j + 1. Lastly, applying Proposition 3.38 with v = s, we
conclude Theorem 3.24(3B) for j + 1.

We complete the inductive step for Theorem 3.24. 0

Remark 3.47. We give a remark derived from the proof of Theorem 3. 24 In the inductive
step, if N = Mk ; has a (unique) asymptotic cone RI*L then N = Mk (j+1) also has a
(unique) asymptotic cone R/*2; in this case, we have G = R acting as pure translations in
(3.28). If N has a (unique) asymptotic cone Rj x [0, 00), then in (3.28),

a- IR if (Y,y) = (R x [0, 00),0)
T\ RxZy, i (Y,y) = (RIF2,0),

where Zo acts as a reflection across a line through 0. This Zs isotropy subgroup appears at
most once through all the inductive steps. In fact, once it appears, the covering must have
asymptotic cone RI+2. Afterwards, we will always have G = R in the remaining inductive
steps.

Remark 3.48. We give an example of the aforementioned Zs isotropy subgroup. Let M? be the
flat (noncompact) Mo6bius band. It has linear volume growth and (M) = Z. Its universal
cover has a unique equivariant asymptotic cone

(7'M, 5, 7) £ (R2,0,G = R x Zy).
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3.7. Structure of fundamental groups. In this subsection, we prove Theorems A, B, and
1.2 by applying the Induction Theorem. We start with Theorem A.

Theorem 3.49. Let (M,p) be an open n-manifold with Ric > 0 and linear volume growth.
Then E(M,p) = 0.

Proof. If M has a (unique) asymptotic cone (R,0). Then, by Theorem 2.18, M splits as a
metric product M = R x N, where N is compact. In this case, E(M,p) = 0 holds clearly
because all minimal geodesic loops representing elements in 7 (M, p) are contained in a slice
of N, which is bounded.

Below we assume that M has a (unique) asymptotic cone (]0,00),0). We first consider
the case that 7 (M) is torsion-free nilpotent. Let (M,p) be the universal cover of (M, p)
with covering group I' = 71 (M,p). By the Induction Theorem, for any r; — oo, we have

asymptotic cones

(r7 1M, p,T) —<2, (V,,G)

I 5
— GH _
(r7'M.p) — ([0,00),0) = (Y/G.9),
where (Y, y) is either Euclidean space (R¥*1,0) or Euclidean halfspace (R* x [0, 00)). In either
case, Gy is a Euclidean R* x {0} inside Y. In fact, one can see this from Gy = 7~ 1(0) as
the successive pre-image of the quotient map Y;_ (1) — Yx—j, where Y;_; is the asymptotic
cone defined in (3.25). Thanks to [59, Theorem 1.3], we conclude that E(M,p) = 0.

In general, I' = 71 (M, p) has a torsion-free nilpotent subgroup I'” of finite index by Theorem
2.19 and Remark 2.21. For any equivariant asymptotic cone

(3.50) (r;'M,p,T,T") 2 (v,y, G, @),

we saw in the last paragraph that G’y is Euclidean in Y. We claim Gy = Gy/. If this claim
holds, then it follows that Gy is Euclidean and E(M,p) = 0 by [59, Theorem 1.3].

We verify the claim that Gy = G’y. Since I has finite index in I', there are finitely many
elements y9 = e,71, ..., in ' such that ' = U;?:OI" ;. Passing to a subsequence, we assume
that every +; converges to some g; € G associated to (3.50). We note that g;y = y by
construction. For any h € G — G’, let o; € T be a sequence converging to h associated to
(3.50). We write a; = S - v;(;), where f; € T". We pass to a subsequence and assume j(i)
is a constant; below, we denote 7;;) by 71 for convenience. Then 3; = a; - v ! has limit
hgy ' € G'. Tt follows that

hy = hgy *(q1y) = hgy 'y € G'y.

This verifies the claim and completes the proof. O

Proof of Theorem A. We have shown that E(M,p) = 0 in Theorem 3.49. Now we apply [59,
Theorem 1.2] to conclude that 71 (M) is virtually abelian. Because 71 (M) is finitely generated
and virtually abelian, it contains a ZF-subgroup of finite index. It follows from a result of
Anderson [3, Theorem 1.1] that k£ < n — 1. O
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Remarks 3.51. (1) Alternatively, one can first assume that m (M) is finitely generated and
torsion-free nilpotent without loss of generality, thanks to Theorem 2.19 and Remark 2.21.
Then [59, Theorem 1.2] and the first two paragraphs in the proof of Theorem 3.49 are sufficient
to conclude Theorem A.

(2) One may also prove Theorem A without directly applying the main result in [59, Theorem
1.2]. In fact, the difficult part of [59, Theorem 1.2] is showing that any equivariant asymptotic
cone (Y, y, G) of the universal cover has orbit Gy isometric to a Euclidean subspace in Y from
E(M,p) = 0. Deducing the virtual abelianness from this property of Euclidean orbits is much
less involved (see the last page of [59, Section 4]). Here, we have already shown that the
orbit Gy is always Euclidean in the proof of Theorem 3.49, so one can establish the virtual
abelianness from there.

Theorem A extends to noncompact RCD(0, N) spaces with linear volume growth, as we
stated in Theorem 1.2.

Proof of Theorem 1.2. The proof is essentially the same as the smooth case. Below, we point
out where we used the smooth structure of M and the corresponding results in RCD(0, N)
spaces that we needed.

First of all, Wang proved that any RCD(0, N) space is semi-locally simply connected [75],
so the fundamental group acts as the covering group of the universal cover, just like the case
of manifolds. Moreover, its universal cover admits a natural RCD(0, N) structure by the work
of Mondino-Wei [55] such that the fundamental group acts by measure-preserving isometries.

In the smooth case, we started with Sormani’s results [70] on the asymptotic structure of
M with linear volume growth and the finite generation of 71 (M). It is well-established that
these results hold in the RCD setting as well. In fact, Huang [41, 42] showed that RCD(0, N)
with linear volume growth has sublinear diameter growth. Hence 7 (X) is finitely generated
[49, 64]. Then we can apply Milnor’s argument [54] and the volume comparison on the
universal cover X to deduce that 71(X) has polynomial growth. By Gromov’s result on groups
with polynomial growth [36], we conclude that m(X) is virtually nilpotent. After further
passing to a subgroup of finite index, we can assume that m1(X) is torsion-free nilpotent.
With this, we can consider the tower of Z-covering spaces as in the Induction Theorem.

For the limit volume ratio Theorem 2.22, we provide a proof for RCD(0, V) spaces in the
Appendix; see Proposition A.5. The equivariant convergence theory with non-maximal escape
rate used in Section 3.2 ([59, Theorem 1.3] and [62, Proposition C(1)], or Proposition 2.27 of
this paper) extends verbatim to RCD(0, V) spaces because smooth structures are not used in
their proofs.

In the proof of the Induction Theorem, we used the Dirichlet domain and the fact that
its boundary has zero volume. The Dirichlet domain in any RCD space (Y, d, m) has a zero
m-measure boundary as well; see [79, Theorem 1.7(1)] for a proof.

Lastly, the rank estimate k < | N |—1 follows from Anderson’s volume argument [3, Theorem

1.1] and the fact that the universal cover X has polynomial volume growth of order at most
N. O
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Next, we move on to the proof of Theorem B. We will consider a Z-folding cover of M in
the proof. We start with a result that immediately follows from the Induction Theorem.

Corollary 3.52. Let (M,p) be an open n-manifold with Ric > 0 and linear volume growth.
Let (]/\Z, p) be a Z-folding cover of (M,p). Then (]\/4\,}3, Z) has a unique equivariant asymptotic
cone as one of

(1) (R2,0,R x Zs),

(2) (R?,0,R),

(3) (R x [0,00),0,R).

Proof. The Induction Theorem with £ = j = 1 and Remark 3.47 together imply that any
equivariant asymptotic cone of (M, Z) must be one of the spaces listed above. The uniqueness
follows from the connectedness of the set of all equivariant asymptotic cones of (M, Z) under

the equivariant pointed Gromov-Hausdorff topology (see, for example, [58, Proposition 2.1]).
Il

For Lemma 3.53 and Proposition 3.55 below, we always assume that (M,p) is an open
n-manifold with nonnegative Ricci curvature and linear volume growth. We study (]\//.7 ,D), a
Z-folding cover of (M,p), by using Corollary 3.52. Our goal is to show that M has roughly
quadratic volume growth (Proposition 3.55) so that we can apply Anderson’s results [3] on
positive Ricci curvature and at most cubic volume growth later to prove Theorem B. The
method to prove Proposition 3.55 is similar to some of the arguments in [62, Section 6.2].

Below we denote v a generator of the covering group I' ~ Z and |y™| := d(7™p, p), where
m € Z.
Lemma 3.53. For any € > 0, there is a constant Ry = Ry(e, ]\/4\,]3,7) such that for every
y™ eI with ¥ > Ry and m € Z., it holds that
) 2 2

where [-] is the ceiling function.

Proof. We argue by contradiction. Suppose the contrary; then there is a sequence m; — oo
such that
| < 21y i)

The sequence r; = |[7y™| — oo gives rise to a convergent sequence:

(3.54) (r ' M, p. T y™ ) SR (Vg g, h),

where (Y, y, G) is one of the spaces described in Corollary 3.52. Moreover,
1 =d(gy,y) < 2'"d(hy,y) < 2d(hy,y).

We show that h%y = gy. In fact, we write G = R x K as in subsection 3.2, where K fixes
y. Associated to (3.54), we have

Vg(e,ﬁ)EG:RXK.

Since
2. [mi/2] —m; € {0,1}, ~2Imi/2 G p2 0 mi CAL
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we conclude that g and h? differ at most an isotropy element 3. Hence hy = gy.

This allows us to further write g = (1,«) and h = (1/2,3), where a, 8 € K. According
to Corollary 3.52, the orbit Gy is a line in Y. Thus, we have 1 = d(gy,y) = 2d(hy,y); a
contradiction to 1 < 2d(hy,y). O

Proposition 3.55. (]\/J\, p) has volume growth
lim vol B, (p)

r—oo  r2te

=0

for all € > 0.

Proof. Let € > 0. We choose a large integer Py such that |[y™| > Ry for all m > Py, where
Ry = Ro(e, M, p,~) is the constant in Lemma 3.53.

We claim that there is a constant C7 > 0 such that |y™| > Cym!'~¢ for all m > P,. Let
m > Py. Lemma 3.53 implies
[y > 2y /2]

If [m/2] < Py, we stop here. Otherwise, we apply Lemma 3.53 again to derive
) 2 4o I/,
Repeating this process, we obtain
|,Ym| > (216)176|,y[...[m/21/2.../2]‘,
where [-/2] is composed k times on the right hand side so that
[...[m/2]/2.../2] < Py

for the first time. Let ro = min,,ez, [y™| > 0 and note that

m
o < [...[m/2]/2.../2] < Py,
we end in
0

This verifies the claim with Cy = ro/(P; ).

Applying the claim, we see that for r in an interval [Cym!=¢, C1(m+1)17¢), where m > P,
the ball B, (p) contains at most 2m + 1 many orbit points in I'p. We denote

1
L(r)={y" el [y <r}, 1T—¢™ 1+ 4(e).

Then

2
#0(r) <2m+1< P10 1 < Oyt

= Cll+5(e)

for some constant Cy (which depends on €).

To complete the desired volume growth estimate, we note that

By (p) CT(2r) - (F N~ (B,(p)),
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where F' is the Dirichlet domain centered at p. Together with the linear volume growth of M,
we have

volB,(p) < #I'(2r) - volB,(p) < Ciar?+0(e)
for some constant C3 (which depends on €). Therefore, for any n > 0, we choose € > 0 small
such that §(e) < n, then

- 2+8(e)
i VOB () . e

r—oo 2t T rooo p2tM

=0.
g

Remark 3.56. Inductively, one can similarly show that ]\/Zk_j in (3.23) has volume growth

. VOlBr(ﬁkfj)
i, e =0

for all € > 0, where j =1,..., k.

To prove Theorem B, we use the positive Ricci curvature condition and the volume growth
of the Z-folding cover derived in Proposition 3.55. This requires two results by Anderson [3],
where he proved by (M™) < n — 3 for open manifolds with positive Ricci curvature.

Theorem 3.57. [3, Theorem 2.1] Let N be a complete oriented Riemannian manifold of
at most cubic volume growth, that is, there is a constant C such that volB,(p) < Cr3 for
all v large. If N has positive Ricci curvature, then there is no complete area-minimizing

hypersurface S which is a boundary of least area in N.

Theorem 3.58. [3, Lemma 2.2] Let N be a complete Riemannian manifold with finitely
generated homology Hy(N,Z). Then any non-zero line R - o, where a € Hi(N,R), gives rise
to a complete homologically area-minimizing hypersurface S,, which is a boundary of least
area in a Z-folding cover N — N.

Proof of Theorem B. Suppose that there is a complete manifold M with positive Ricci cur-
vature, linear volume growth, and an infinite fundamental group. Passing to a finite cover
if necessary, we can assume that M is oriented and I' = 7 (M) is finitely generated and
torsion-free nilpotent. Then Hy(M,Z) = T'/[I',T] is an abelian group of rank at least 1 (see
[66, page 13, Corollary 9]). Theorem 3.58 implies that there is a complete area-minimizing
hypersurface S, which is a boundary of least area in M , a Z-folding cover of M. On the
other hand, Proposition 3.55 implies that M has at most cubic volume growth. Hence, such
an area-minimizing hypersurface S should not exist on M according to Theorem 3.57. This
contradiction shows that the fundamental group cannot be infinite. O

4. PLANE/HALFPLANE RIGIDITY FOR RCD(0, N) SPACES

We will derive the plane/halfplane rigidity (Theorem 1.9) from the two propositions below.

Proposition 4.1. Let (Y,y,d,m) be an RCD(0, N) space (N > 1). Suppose that:

(1) 'Y is polar at y, that is, for every point z € Y — {y}, there is a ray emanating from y
through z.

(2) there is ¢ > 0 such that m(B,(y)) = cr for all r > 0.
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Then (Y,y,d, m) is isomorphic (up to a constant) to a line (R,0) or a ray ([0,00),0) with
Lebesgue measure.

Proposition 4.2. Let (Y,y,d,m) be an RCD(0, N) space (N > 1). Suppose that:

(1) Y has a measure-preserving isometric G-action, where G =R is closed in Isom(Y"), such
that the quotient (Y/G,y) is isometric to a ray ([0,00),0).

(2) there is ¢ > 0 such that m(§,.(v)) = crv for all r,v > 0.

Then (Y,y,d,m) is isomorphic (up to a constant) to a Euclidean halfplane (R x [0, 00), 0) with
Lebesgue measure.

Remark 4.3. The case N = 1 of Propositions 4.1 and 4.2 follows immediately by [50, Corol-
lary 1.2], which asserts that any RCD(0, 1) space which is not a point is either a line, a ray,
a circle, or a compact interval equipped with a multiple of the Lebesgue measure.

Under the assumptions of Proposition 4.1, the space is noncompact, and the conclusion there-
fore follows immediately. On the other hand, the assumptions of Proposition 4.2 cannot occur
when N = 1. Indeed, the quotient assumption implies that Y is noncompact, so Y must be a
line or a ray. A ray admits no nontrivial isometric R-action, whereas every nontrivial isometric
R-action on a line is transitive and therefore has a one-point quotient. Thus, Proposition 4.2
is vacuous when N = 1.

Consequently, throughout the proofs of Propositions 4.1 and 4.2, we may assume that N > 1.

Proof of Theorem 1.9 by assuming Propositions 4.1 and 4.2. We note that, by [27], the quo-
tient space Y/ K (equipped with its quotient distance and measure) is an RCD(0, V) admitting
a free R-action that satisfies the assumptions of Proposition 4.2. We deduce that Y/K is iso-
morphic (up to a constant) to the Euclidean halfplane R x [0, 00) equipped with the Lebesgue
measure. In particular, Y/K contains a line. Since that line can be lifted to Y, the latter
splits off an R factor. If N < 2, Theorem 2.9 would imply that Y is isomorphic to a line,
contradicting the fact that Y/K is a Euclidean halfplane. Thus N > 2 and, by Theorem 2.9,
we have:
(V,y,d,m) = (R,0,dg, L") ® (Z, z,dz, 11),

for some pointed RCD(0, N —1) space (Z, z,dz, ), where p is a Radon measure on Z. Observe
that K only acts on Z and satisfies Kz = z. It follows that Y/K = R x (Z/K), and, in
particular, Z/K is isomorphic to ([0,00),dg, A\L1), for some constant A > 0. Let m: Z —
Z/K be the quotient map, and observe that, by definition of the quotient measure, we have
mept = ALY, This last assertion, combined with Kz = z, implies that 7=1([0,7)) = B,(z) and
w(B(2)) = ALY([0,7)) = Ar. In addition, since Kz = z, then, given any 2’ € Z, there exists
a ray from z through 2’ in Z (by lifting Z/K = [0,00) into a ray through z’). Consequently,
Z is polar; hence, (Z,z,dy, i) satisfies the assumptions of Proposition 4.1. Therefore, Z is
isomorphic (up to a constant) to a ray or a line equipped with Lebesgue measure. It follows
that Y is isomorphic (up to a constant) to Euclidean plane or halfplane equipped with the
Lebesgue measure. O

The proof of Propositions 4.1 and 4.2 uses extensively the disintegration with respect to
some 1-Lipschitz function. Payne and Weinberger were the first to introduce such a disin-
tegration, also called needle decomposition, in their study of the optimal Poincaré inequality



40 DIMITRI NAVARRO, JIAYIN PAN, AND XINGYU ZHU

on convex domains of R" (see [5] for an exposition of their result). Later on, Klartag [51]
generalized Payne and Weinberger’s idea to a Riemannian geometry framework and, in partic-
ular, extended Paul-Levy’s isoperimetric inequality to weighted Riemannian manifolds with
Ricci bounded below. Inspired by Klartag, Cavalletti-Mondino [13] refined the needle decom-
position to the setting of RCD spaces and extended Paul-Levy’s isoperimetric inequality to
this more general class. While the disintegration proposed by Cavalletti-Mondino held on
probability spaces, they also generalized it to o-finite measures in [14].

4.1. Needle decomposition in RCD spaces. Following [14], we set up the disintegration
of a 1-Lipschitz function on an RCD(0, V) space (X,d,m). (In our case, the setup will be
largely simplified due to symmetry considerations and choice of Lipschitz function.) Given a
1-Lipschitz function u, we define the ordered transport set associated with u as follows:

Ly = {(z,y) € X x X s u(z) —u(y) = d(z,y)},
and its transpose as I'; ! := {(2,9) € X x X : (y,7) € T, }.

Remark 4.4. The definition of the ordered transport set is sometimes reversed in the literature
(e.g. in [47], which we will use later on).

Then, we define the transport relation R, := I',UT, !, and the transport set with endpoints
and branching points Ty e == Pi1(Ry \ {(z,y) : ® =y € X}), where P; : X x X — X is the
projection onto the first factor. Their sections through x € X are denoted by I'y(x), I';!(z),
and R,(z) (e.g., Ry(z) := {y € X : (x,y) € Ry}). Since I', carries an orientation, we
introduce the following sets of distinguished points (which should be thought of as initial and
final points):

(4.5) ay i={x €Ty : T (x) ={z}} & bui={xecT, Tu(z)=1{z}}

Similarly, the set of forward and backward branching points, A, and A_, are respectively
defined by:

Ay ={zeTye:Fz,we Ffl(iﬁ), (z,w) ¢ Ry}

We will consider the non-branching transport set 7, := Ty \ (A4 U A_). The set R, induces
an equivalence relation when restricted to T, x Ty, (see [11]). Thus, 7, can be decomposed into
equivalence classes {Xq}acq, for some index set Q. In addition, there exists a measurable
selection map s : T, — Ty, so that (x,y) € R, if and only if s(x) = s(y) (see [11]). As a result,
one can identify the index set @ with the image Im(s) C X of s, equipped with the measurable
structure induced as a subset of X. We can equip () with a probability measure as described in
[14, lemma 3.3]. First, there exists a Borel measurable function f : X — (0, 00) so that fm|z,
is a probability measure. Since the quotient map 2 : 7, — @ induced by s is measurable, we
can push forward the normalized measure and obtain a probability measure q := Q. (fm|7,)
on Q. The following disintegration theorem holds thanks to Cavalletti-Mondino [14].

Theorem 4.6. [14, Theorem 4.6] If (X,d, m) is an RCD(0, N) space for some N € (1,00),
then there exists a disintegration of m such that:

mir, = /Q madgle) & (@) =1.
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Here, for q-a.e. index o € Q, my is supported on X, and m, = hoH'|x,. Moreover,
(Xo,d,my) satisfies the RCD(0, N) condition. Finally, for every compact subset K C X,
there exists C > 0 such that, for g-a.e. index o € Q, my(K) < Ck.

Remark 4.7. In fact, for g-a.e. a € Q, (Xq,d, m,) is isomorphic to (I, | - |, haH'), where
I, C R is a closed and possibly infinite interval equipped with a CD(0, N) density h,. We
parametrize as a unit speed geodesic I, = [a(Xq),b(Xa)], if a(Xa) = —o0 or b(X,) = oo,
then I, = (—00,b(X,)] or [a(X,),00), and I, = R if both ends are infinity. This notation
indicates that we would like to parametrize I, so that the initial points are at the left end
and the final points are at the right end. We will also say that I, is a parametrization of
X4 The claim that (I, |- |, haH!) is an RCD(0, N) space means that h,, satisfies a concavity
inequality on I,, implying that h, is continuous on I, and is positive and log-concave (hence,
locally Lipschitz) on the interior of I,.

In our cases below, we will explicitly choose the selection map s, the index set ), the
normalization function f, and the parametrization of each X,. Each X, will be a ray, and
we will be able to avoid some measure-theoretical consideration. The following monotonicity
formula holds for the density h, when [, contains a ray.

Lemma 4.8. For g-a.e o € Q, if I contains a ray (—oo,0) for some o € R, then for all
s <t <o, ho(t) < hals).

Proof. Let (0_,04) C I, then for g-a.e « € @ and any 0_ < s <t < o4 we have

=) b= (=)

See for example [14, (2-11),(2-20)]. By our assumption we can take o, = o and o_ — —o0,
then from the right inequality we have hq(t) < hq(s) for s <t < o4 = 0, as desired. O

4.2. Rigidity with a pole. We prove Proposition 4.1 in this subsection. We take u = d, :=
d(-,y) and consider the disintegration induced by it. Note that Y is polar with the pole y, i.e.,
for any x # y, there exists a unique ray -, passing through x emanating from y. Replacing
m by ¢ 'm, which preserves the RCD(0, N) condition, we assume that

Vr >0, m(Br(y)) =r.
Moreover, thanks to Remark 4.3, we may assume N > 1.

We start with the needle decomposition with the presence of a pole. The following obser-
vation follows from the non-branching property of RCD spaces [23, Theorem 1.3].

Lemma 4.9. We have A, UA_ C {y} and Rq, is an equivalence relation on Y \ {y}. In
particular, Y \ {y} C Ta, and for each x # y, Rq,(x) is the unique ray v, passing through x.

Proof. We show that any x € Y other than y is not a branching point. Indeed, for z # y
there is a unique ray v, passing through it, so if any z,w € I'q,(z) or T' ;yl (), then we have
|d(z,y) — d(z,y)| = d(x,z). This implies that z,x,y are on a common geodesic, since y, x
are already on the ray v, and Y is non-branching, z must be on v, and so must w by the
same argument. Then |d(z,y) — d(w,y)| = d(z,w) holds, so (z,w) € R,. It follows that
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v ¢ Ay UA_. Toshow Ry, is an equivalence relation on Y \ {y}, it suffices to show that
if (z,2),(z,w) € Ryq, then (z,w) € Rq,. This follows from the exact same argument. First
(z,2) € Rq, implies z € 7, and 7, = 7, by non-branching property. Then (z,w) € Rg, implies
w € Y, =7z 50 (z,w) € Ry,. O

Remark 4.10. As a result of the proof above, Y coincides with the transport set with endpoints
and branching points 7y, .. However, note that the inclusion 75, C Y may either be an
equality or a strict inclusion. For example, if YV is equal to a ray starting from gy, then
Ap=A_ =g,and Y =T, Conversely, if Y is equal to a line through y, then y € A_, and

T =Y\{y}.
It follows from Lemma 4.9 that the map:

siz €Y\ {y} — s(@) = 7 N {dy = 1} € Y\ {y},
is a selection map. Indeed, the map s is well-defined since a ray emanating from y intersects
every geodesic sphere centered at y at a unique point. In addition, the map s is continuous
(the proof relies on the same argument as the proof of Lemma 4.35); hence, it is measurable.
Thus, we will identify the quotient set @) with {d, = 1}, equipped with the induced measurable
structure coming from Y. Finally, we observe that the function f = e~% is a normalizing
function since, according to Cavalieri’s formula, the following equation holds:

/Yf(x) dm(z) = — /OOO f'(rym(B(y)) dr = /OOO e dr — 1.

Lemma 4.9 also implies that Y \ {y} is decomposed into equivalence classes 7, \ {y}, for
a € @ = {d, = 1}. Thanks to Theorem 4.6, there exists a disintegration associated with d,
such that :

m|Y\{y}—/Qha7'l1 dg(a),

and (Ya,d, haH!|,,) is an RCD(0, N) space. It is straightforward to verify that aq, = () and
ba, = {y} by following their definition (see (4.5)). We parametrize v, : (—00,0] — Y with
7a(0) = y and unit speed, which is consistent with the parametrization as indicated in Remark
4.7.

Under this parametrization, we have
(1.11) r= () = [ [ noGato) araate
A crucial consequence is that d, is harmonic in Y\ {y}.
Lemma 4.12. We have dy € D(A,Y \ {y}) and Ad, =0 in Y \ {y}.
Proof. We first observe that the map
s € (—00,0) — /Qha('ya(s))dq(a) eR
is locally Lipschitz; see Remark 4.15 below. Thus, differentiating (4.11) gives, for every t < 0,

(4.13) 1= /Q ha(7alt)) da(a).
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Since each 7, is a ray, Lemma 4.8 implies that, for g-a.e. @ € @, we have ho(Va(t)) <
ha(7a(s)), for every s <t < 0. Along with (4.13), we infer that, for g-a.e. @ € @, the function
7+ ho(Ya(r)) is constant on (—oo, 0] (the constant may depend on «).

By the representation formula for the distributional Laplacian [14, Corollary 4.19] (see also
[14, Remark 4.9] for infinite transport rays), we conclude that d, € D(A,Y \ {y}) and

Ady‘y\{y} = —(log ha)’m =0.

Note that we do not have any singular part. Morally, the singular part is supported on the
point gy, which is excluded, and on its cut locus, which is empty as y is a pole. O

Remark 4.14. In the proof above, we showed that ¢ — hq(74(t)) is constant on (—oo,0]. We
now identify this constant. Write hq(7a(t)) = co and recall that g = s.(e"™mly\ ) by
definition. Consequently, for every Borel set A C @, the disintegration formula and the fact
that s(z) = a for x € v, gives

q(A4) = /sl(A) e % dm = /A (/% e~ dma) dg(a).

Since this holds for every Borel set A C @Q, we have f% e~% dm, = 1, for g-a.e. a. Since
dy(7a(t)) = —t and my = hoH'|,,, it follows that

0 0
1= / e ha(ya(t)) dt = ca/ el dt = c,.

—0o0 —0o0

Therefore hq(7a(t)) = 1 for g-a.e. € Q and every ¢ < 0, and hence m|y\ ) = fQ ”Hl|%\{y} dq(«).

Remark 4.15 (The function s — fQ ha(va(s)) dgq(a) is locally Lipschitz). We denote hq(t) :=
ha(va(t)), for —oco < t < 0. Let us recall that, given o € Q, r > 0, and —r < t < —r/2
such that h,, is differentiable at ¢, we have the following estimate (see [12, Lemma A.9] using
a = —2r and b =0):

N-1)

. 2 -
0 < X2

However, according to [12, Lemma A.8], the following estimate holds:

- ON [TT/2. 2N
||hOtHL°°(—r,—T/2) < o ha(s) ds < Tma(Br(y))-

In particular, if we denote ¥(s) = fQ ha(Va(s))dg(a) (s € (—o00,0]), then for every —r <
ti,ty < —r/2, we have the following:

() = ()] < =~ o] [ () o
AN(N — 1)
= 7‘151 — tal.

Thus U is locally Lipschitz on (—o0,0).

Remark 4.16. It was brought to our attention by our reviewers that an alternative approach
to proving Ad, = 0 on Y'\{y} is possible using the Gauss-Green formula established by Brue—-
Pasqualetto—Semola in the RCD(0, V) case in [8]. Indeed, thanks to [14], since our space is
polar at y, we have Ad, = (Ady)m + pug, where 1, is supported on {y} and Ad, is radial. In
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particular, taking V = Vd,, E = {d, > €} (for a fixed € > 0), and ¢ = n o d, (for some fixed
n € Lip,([0,00))) in the Gauss—Green formula [8, Theorem 1.6], we have:

- / 7(6)(Vdy - vi)int d| Dxi] = / (nody)Ad, dm
{dyzﬁ} {dy>5}

—i—/ (n' o d,)|Vdy|* dm.
{dy>¢}

However, (Vdy - vg)int = 1 |Dxgl-a.e. (taking ¢ = —d, in [8, Proposition 6.1]). We also
have |Vdy|? = 1 m-a.e. and Per(E) = |[Dxg|(Y) =1 (since m(B,(y)) =r for all r >0 ). In
particular, the left-hand side is —n(e). By the coarea formula, we also have:

[ wred)wa,an = [T Peid, > 1)) dr = (o)
{dy>e€} €

using again that Per({d, > r}) = 1. Therefore, we have:

0= /{dy>€} (nody)Ad,dm = /:O n(r)Ady(r)Per({d, > r})dr

= /Oon(r)Ady(r) dr.

Since this holds for every n € Lip.([e,00)), and since € > 0 is arbitrary, we have Ad, = 0 on

Y\{y}-

We next prove that the completion of Y\ {y}, endowed with its extended intrinsic distance,
is isometric to @ X (—o0, 0], with the isometry given by the ray map introduced below.

Definition 4.17 (Ray and flow maps). For a € @, we keep the parametrization ~, :
(—00,0] = Y, with 7,(0) = y and dy(y4(t)) = —t. Define the ray map by

9:Qx(=00,0) =Y \{y},  g(a,t) =a(l),
and, for z = g(a,t) and 7 € R such that t + 7 < 0, define the flow F. by
Frx=g(a,t+71).
Thus dy(Frz) = dy(x) — 7; positive flow time moves toward y.

Remark 4.18. Recall that @ is identified with {d, = 1} through the selection map s, and the
inverse of g is z +— (s(x), —dy(z)). The map g is continuous: if (a;,t;) — (a,t), properness
gives convergent subsequences of g(ay,t;), and uniqueness of the ray through « forces every
subsequential limit to be g(a,t). Thus g, its inverse, and (7,2) — F,x are continuous.
Morally, F is the gradient flow of —d,.

Remark 4.19. In [48, Section 4.2], the flow is initially defined only up to a negligible set, and
[48, Proposition 4.16 and Remark 4.17] are used to construct continuous representatives. In
our case the ray map and the flow are already defined everywhere on their natural domains.
The proof of Theorem 4.24 below verifies directly that these canonical maps are the required
representatives.

Definition 4.20 (Completion of the extended intrinsic distance on Y'\{y}). The intrinsic
extended distance dy\ 3 on Y'\{y} is defined in the following way:
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e if z and 2/ are in different connected components of Y'\{y}, then Jy\{y} (x,2) == oo;
e otherwise, Jy\{y}(:c, z') is the infimum of the d-lengths of curves from z to 2’ in Y'\{y}.

We denote by (?,d?) the componentwise completion of (Y\{y},dy\{y}) and equip it with
my = Lym|y gy, where 02 Y\{y} — Y is the inclusion map.

Remark 4.21. The distances d and dy\{y} agree locally on Y\{y}. Indeed, fix x € Y \ {y}
and choose p > 0 such that 3p < d(z,y). Any two points of B,(z) are joined by an ambient
minimizing geodesic contained in Bs,(x), hence avoiding y. Therefore, dyf,y = d on By(x).

Remark 4.22. Note that Y may have a different topology than Y, for example, when Y is a
line.

Definition 4.23 (Extended intrinsic distance on (). We denote by d~Q the extended intrinsic
distance on @) and recall that ) is equipped with the measure q = 3*(e_dym\y\{y}).

The following theorem follows by combining [47, Theorem 4.9] with the arguments devel-
oped in [48, Sections 4-5] and [31, Section 4]. Although the latter are presented for compact
spaces, the parts used here are local: all measures, cutoffs, and comparison geodesics are con-
fined to a relatively compact subset of Y \ {y}, and the only compactness input is properness
of (Y,d). We include a sketch for the reader’s convenience and to identify the isometry with
the ray map.

Theorem 4.24. If (Y,y,d, m) satisfies the hypotheses of Proposition 4.1, then the ray map g
extends uniquely to an isomorphism

g : (Qaanq) ® (<—OO,O],dE,£1) — (}}7d{/7m)~/)
Moreover, g(Q x {—r}) = d;l(r) for every r > 0.

Sketch of proof. Set uw = dy, and @ = Y \ {y}. Since Au = 0 and |Vu| = 1 on Q, [47,
Theorem 4.9] gives Hessu = 0. By the second-order differentiation formula of Gigli-Tamanini
[34, 35], applied locally as in [48, Proposition 4.6], the functional

U(p) = /u dp

is affine along Wasserstein geodesics whose supports remain in a relatively compact subset of

Q.

Localizing in a sufficiently small ball U € €2 and following the EVI argument of [48, Propo-
sitions 4.10 and 4.12], we use the first-order differentiation formula of Gigli [29, Theorem 3.10]
and the metric Brenier theorem of Ambrosio-Gigli-Savaré [2] to obtain, for pu, = (F;).«pu,

d1

W e, ) = U() ~ Ul
for a.e. small 7 and for any bounded-density probability measures u, v with sufficiently small
supports in U. Since U(u;) = U(p) — 7, integration and the approximation by Dirac masses

used in the proof of [31, Proposition 4.10] yield locally
(4.25) d*(p, Frq) = d*(p, q) + 27 (u(p) — u(q)) + 77
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Applying (4.25) twice, with the roles of p and ¢ interchanged, and using u(F;p) = u(p) — T,
gives d(Frp, Frq) = d(p,q) whenever p and ¢ are sufficiently close and 7 is sufficiently small.
Using a standard covering argument and the semigroup property Fy, o Fy, = F}, 4++,, we deduce
that, for every t € R, F; is a local isometry on its domain.

Fix g € €, set a = u(xo), and define Py(p) = F,;)—qp for p near xo. For nearby p,q,
put h = u(q) — u(p). Formula (4.25) gives d*(p, Fr,q) = d?(p,q) — h%. Since u(Fyq) = u(p),
applying the local isometry F,,)_, to both points and using the semigroup property yields

d*(Pap, Paq) = d*(p, q) — |u(p) — u(q)|*.
This identity immediately implies that every level set of u is locally geodesically convex.

Recall that Q = {u = 1} and that s(p) = Fy,)_1(p) € Q is our selection map. Near zo we
have s = F, 1 o P,. Since F,_1 is a local isometry, the preceding identity gives

d*(p,q) = d*(s(p), s(q)) + |u(p) — u(q)|*.

The local geodesic convexity of @) implies that d and JQ agree locally on ). Together with
Remark 4.21, the preceding identity therefore shows that

pr— (s(p), —u(p)),

which is the inverse of the ray map g, is a local isometry from (Y '\ {y}, dy\{y}) to the intrinsic
product (Q,dg) ® (—o0,0).

We also observe that (Q,CZQ) is complete componentwise. Indeed, every CZQ—Cauchy se-
quence is d-Cauchy and therefore converges with respect to d to a point of @, since Q = {u =
1} is closed in (Y, d). The local agreement of d and dg then gives convergence with respect
to JQ.

Since g is a homeomorphism, it maps the connected components of @ x (—o0,0) bijec-
tively onto those of Y\ {y}; hence, the corresponding extended intrinsic distances are infinite
between distinct components. Moreover, since g is a local isometry, a finite subdivision ar-
gument shows that it preserves the length of every rectifiable curve. The same holds for
g~ 1. Consequently, the restriction of g to each connected component is a surjective global
isometry onto the corresponding component of Y \ {y}. It therefore extends uniquely to a
surjective isometry between their metric completions. Since (@, JQ) is complete component-
wise, the componentwise metric completion of @ x (—o0,0) is @ X (—00,0]. Combining the
componentwise extensions therefore gives the required isometry

g: (QvJQ) ® (—O0,0] — (?’df/)'

Finally, Remark 4.14 gives the measure identity, while u(g(a,t)) = —t identifies the images
of the level sets. 0

Remark 4.26. As a consequence of the proof above (compare [48, Corollary 4.7]), @ = {d, = 1}
is locally geodesically convex. Hence d and dg agree locally on Q).

We will then control the diameter of any connected component of (@, CZQ), aiming to show
the diameter is 0.



NONNEGATIVE RICCI CURVATURE AND LINEAR VOLUME GROWTH 47

Lemma 4.27. The section (Q,JQ) is compact and, for every r > 0, d;l(r) is geodesically
convez in (Y, dy) and isometric to (Q, dg).

Proof. We first show that (Q,JQ) is compact. Let {x;} be a sequence in Q@ = {d, = 1}.
Since (Y,d) is proper, (Q,d) is compact, and there exists a subsequence {zy,} converging to
x € @ w.r.t. the extrinsic distance d. However, @ is locally geodesically convex in (Y, d) (see
Remark 4.26). Consequently, the extrinsic distance d and intrinsic distance JQ coincide on
Bs(x), for any 6 > 0 small enough. In particular, {zj,}; is converging to z € @ w.r.t. the
intrinsic distance JQ. Hence, (Q, d~Q) is compact.

Since g extends the ray map, Theorem 4.24 gives
9@ x {=r}) = d; " (r)

for every r > 0. The slice @ x {—r} is geodesically convex in (Q, JQ) ® (-
also isometric to (Q,dg). Therefore, d,!(r) is geodesically convex in (Y, dy) and isometric

to (Q,CZQ) O

Remark 4.28. By Remark 4.26, @) is locally geodesically convex and hence locally path-
connected. Thus its connected components are open; since () is compact by Lemma 4.27,

00, 0]. The slice is

it has only finitely many connected components.

Let us introduce the following quantity:
(4.29) D = sup{Diam(C, dg)},
c

where the supremum ranges over connected components of @) (note that Remark 4.28 together
with the compactness of @ implies that D is finite).

Lemma 4.30. For every R > D/2, any connected component of d;l(R) is convex in (Y,d).

Proof. Let C be a connected component of d Y(R) and let x1,72 € C. Since the intrinsic
diameter of C is at most D, we have

d($1,$2) S D.
Let v: [0,1] — Y be a constant-speed minimizing geodesic from z; to xo. For every t € [0, 1],
2R = d(ya 1'1) + d(y7 $2) < 2d(y7 '.Yt) + d(xlv IVt) + d($27 ’Yt)
= 2d(ya ’Yt) + d(l‘la 552)

Hence
D
d(yvvt) 2 R— 5 > Oa
so 7 is contained in Y \ {y}. It is therefore also a minimizing geodesic in (Y,ds). By the
;1( ). Since 7 is
connected and contains z1, it is in fact contained in C. O

geodesic convexity of d,; L(R) established in Lemma 4.27, «y is contained in d
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Remark 4.31 (Components of level and superlevel sets). Let Q1,...,Qk be the connected
components of Q. For every R > 0, the connected components of d, Y(R) and {d, > R} are
respectively

L =g(Q; x {-R}) and O} :=g(Q; x (o0, —R]), i=1,...,k.

Moreover, if R > D/2, then every CiR is convex in (Y, d). Indeed, suppose that a minimizing
geodesic v with endpoints in CzR leaves {d, > R}. The first and last points at which v meets
d, L(R) belong to Lﬁ. By Lemma 4.30, the portion of v between these points must remain in
LZR, which is a contradiction.

Lemma 4.32. D =0 (see (4.29)).

Proof. Looking for a contradiction, we assume that D > 0, and we fix a connected component
C of @ with diameter D w.r.t. dg. Let us also fix a sequence r; — 0, and, for every i € N,
denote by C;, == g(C x {—2r;}) the associated connected component of d,; L(2r;). In addition,

let us recall that, thanks to Lemma 4.27, we have Diam(C,,, d;) = Diam(C,dg) = D, where d;
is the intrinsic metric on C,, (in particular, d; is simply the restriction of dy to C,,). Therefore,
the following holds:

Diam(C,,,r; 'd;) = r; ' D — oc.
Let us now fix € > 0, and, for each 7 € N, denote:

Ni(e) = max{k: € N:3zy,...,z% € Cp, such that
ritdi(zj,20) > € for all j # l}.

Given that {(C,,,r; 'd;)} is a sequence of length metric spaces with diameter going to co, we
must have N;(e) — oo as i — co.

However, for any ¢ < 2, the proof of Lemma 4.30 shows that, for all z,2’ € C,, with
d(z,z") < 2er;, the following equality is satisfied:

d(z,2") = di(z,2').

Indeed, the ambient geodesic stays at distance at least 2r; —d(z, 2') /2 > 0 from y, and hence is
a geodesic in (Y, dy ); the product splitting then forces it to remain in the level set. It follows
~1d;) is also e-separated in (Y, 7; 'd). The disjoint balls

of radius €/2 centered at these points lie in Bs(y) in the rescaled space. Bishop—Gromov
comparison, applied also to B3(y) C Bs(z;), gives

Ni(e) < (10/€)",

that every e-separated subset of (C,., 7

77

a contradiction to N;(€) — oco. O
Finally, we can finish the proof of Proposition 4.1.
Proof of Proposition 4.1. Replacing m by ¢~ !'m if necessary, we may assume that ¢ = 1, i.e.,

m(B,(y)) = r (for all » > 0). Lemma 4.32 implies that the connected components Q1, ..., Qk
of @ are singletons. Let us fix R > 0 and observe that thanks to Remark 4.31 and Lemma
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4.32, CE,...,CE (defined as in Remark 4.31) are geodesically convex in (Y, d). Therefore,
Theorem 4.24, restricted to @Q; X (—oo, —R], gives an isomorphism

(CE,d,m.Cf) ~ ((—c0, —R], dg, q(Q:)L").

In particular, the 1-regular set Ry of (Y,d, m) is nonempty. Thus, as a result of [50, Theo-
rem 1.1], and since Y is noncompact, (Y, d, m) is necessarily isomorphic to a Euclidean line
or ray equipped with a multiple of the Lebesgue measure. ]

4.3. Rigidity with a free R-action. We suppose that the hypotheses of Proposition 4.2
hold. Replacing m by ¢~'m, which preserves the RCD(0, N) condition, we assume throughout
this subsection that

m(Q,(v)) =rv for every r,v > 0.
Moreover, by Remark 4.3, we may assume that N > 1. We take the distance function to the
orbit Gy, dy := d(-, Gy), and consider the corresponding disintegration. For each z € Y there
is a unique horizontal ray ~, passing through z, which is a lift of Y/G = [0, 00).

Lemma 4.33. We have AL UA_ =0, Tg, =Y, ag, = 0 and by, = Gy. In particular, for
any x €Y, Rg,(x) is the horizontal ray through .

Proof. Let (x,2) € I'y,, then we have dy(x) — dg(z) = d(x,z). We claim that z, z are on the
same horizontal ray. Let 2/, 2’ € Gy such that dy(z) = d(x,2’) and ds(z) = d(z, 2’), it follows

d(z,2') <d(z,2) +d(z,2') = d(z,2') — d(2,2') + d(2,2') = d(z,2') = d(z, Gy).

Meanwhile, it holds d(z, Gy) < d(x,2"). This forces d(z,2') = d(z,2) + d(z,7"). If z = 2/,
then d(z,z) = d(z,Gy), by Lemma 3.32(1), z is on the horizontal ray emanating from z. If
2z # 2/, then z, z, 2’ are on a geodesic. By the non-branching property z is on the horizontal
ray through z,2’. Clearly the same argument applies to show if (z,2) € F;@l then z, z are on
the same horizontal ray as well. It follows that for any x € Y, Ry, () is the unique horizontal
ray through z. As a consequence Ay UA_ = () and 75, = Y. Finally, we see that aq, = ()
since, for every z € Y, I‘gal (x) is a ray. We also see that Gy C bg, by definition, and that
if = ¢ Gy, then I'y,(x) contains the geodesic segment from z to Gy, so x ¢ bg,. We get
Gy = bda- O

Given z € Y, we denote by s(z) the unique intersection point between the horizontal ray
through z and the set {dyp = 1}. As a result, we obtain a surjective map:

(4.34) s:Y = {dys =1}
such that (z,y) € Ry, if and only if s(x) = s(y).

Lemma 4.35. The map s in (4.34) is continuous. In particular, it is a selection map for the
equivalence relation induced by R, .

Proof. Let us assume that z, — 2o in Y and let us show that s(x,) — s(zs). Observe
that, for every n € N U {oo}, there exists a unique horizontal ray ~,: [0,00) — Y through
Zn. In particular, denoting t,, = dy(x,), we have z, = v,(t,). Since dy is continuous, we
have t,, = too. In addition, {7,(0)} is a bounded sequence; hence, thanks to Arzela—Ascoli’s
theorem, {~,} subsequentially converges to a horizontal ray v w.r.t. the topology of uniform
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convergence on compact subsets of Y. In addition, observe that v(to) = lim v, (t,) = limz,, =
ZToo, 1-€. 7y is the horizontal ray through x.; in other words, 7 is equal to 7. As a result,
$(Tn) = Yn(1) = Yoo(l) = s(2x), which concludes the proof. O

Since s is a continuous selection (in particular, measurable), we can identify the index set
Q with {dy = 1}. With this identification, for each a € @, there is a unique horizontal ray
passing through « which we denote by v,. Again, we use the convention of parametrization
from Remark 4.7, i.e. 7q: (—00,0] = Y, so that 7,(0) € Gy. By Theorem 4.6, there exists a
disintegration associated with dy such that:

m—/ hoH! dg(a),
Q

and (Yo, d, haH'|,,) is an RCD(0, N) space. Together with [14, Corollary 4.16], the arguments
used in the proof of Lemma 4.12 carry over verbatim; hence, the following lemma holds.

Lemma 4.36. We have dg € D(A,Y \ Gy) and Adyg =0 in Y \ Gy.

Proof. First notice that @ is identified with {dy = 1}, which is an orbit of G, so we can further
identify (@, q) as R equipped with a probability measure. With such an identification, for any
veEG=R, v >0, we have

0 v
ro = m(@ (1)) = / [ ha(ral®) da(a) .

By differentiating the above equation with respect to r we have

v= [ hala(-r)dafa).

—v
Since each 7, is a ray, by Lemma 4.8, we have that ho(7a(t)) < ha(7a(s)) for s <t < 0 g-a.e.
a € [—v,v] € Q(=R). It follows that hq(74(t)) is a constant possibly depending on « for any
t <0 and g-a.e. @ € [—v,v]. Since v > 0 is arbitrary, we infer that h,(7,(t)) is a constant for
any t <0 and g-a.e. a« € Q.

By the representation formula of the distributional Laplacian from [14, Corollary 4.16,
Remark 4.9], we have that
Ad8|Y\Gy = *(lOg ha)/m =0,

as expected. O

The next lemma is a direct consequence of the functional splitting theorem 2.11.
Lemma 4.37. The following holds.

(1) d*([0,7]) is geodesically convez for every r > 0.
(2) The orbit Gy is a line.

Proof. (1) Let r > 0. Suppose that there are two points in dgl [0, 7] such that there is a geodesic
¢ between them not contained in dgl[O, r]. Then there is an open interval I = (a,b) such that
c(I) is contained in dy'(r,00) with c(a), c(b) € dy'(r). By Theorem 2.11, dy'([r/2,00)) is a

metric product [r/2,00) x Z. Observe that ¢(/) is an ambient geodesic hence also intrinsic
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geodesic, i.e., it is a geodesic in the product space [r/2,00) X Z connecting two points in the
cross section Z, so it should stay in dgl(r). This is a contradiction.

(2) Let o be the unit speed horizontal ray emanating at y. Observe that each j € N
gives rise to a geodesic ¢; from o(1/j) to j-o(1/j) € G-o(1/j). By (1), ¢; is contained in
dgl([O, 1/4]). After composing c; with a suitable group element g; € G, the midpoint of g;oc;
belongs to ¢([0,1/j]). Let j — o0, g; o ¢; converges to a line in Y, which by construction
coincides with Gy = dj'(0). O

We are in a position to complete the last step of Proposition 4.2.

Proof of Proposition 4.2. By Lemma 4.37 and Gigli’s splitting theorem (Theorem 2.9), (Y, y, dy, m)
is isomorphic to (R,0,dg, L) ® (Z, z,dz, ;1) with the line Gy corresponding to R x {z}. For

any 2’ € Z, the line L(t) = (t,2') € R x Z is parallel to the line Gy = R x {z} in the sense
that d(L(t),Gy) is constant in ¢t. Recall that G = R. Hence for r = dz(z, 2’), we have

R x {'} =imL = d;*(r) = G - o().

Consequently, every G-orbit in Y = R x Z is of the form R x {z’}. In particular, G acts
trivially on the Z-factor. Therefore,

[0,00)=Y/G=RxZ2)/G=Z.

We infer that Q,(v) = [—v,v] x [0,7] € R x Z, so the measure p on Z = [0,00) satisfies
w([0,7]) = r/2 for any r > 0. Hence = £'/2 on [0, 00). Restoring the original normalization
¢, 1 is a multiple of the Lebesgue measure, and the result follows. O

APPENDIX A. THE LIMIT RATIO OF LINEAR VOLUME GROWTH

In this appendix, we prove Propositions A.1 and A.2 below on linear volume growth. The
methods are due to a recent work of Zhou-Zhu [81, Remark 2.1]. For readers’ convenience,
here we follow their method and provide the detailed proofs.

Proposition A.1. If M is an open manifold with Ric > 0 and
1B
lim inf Lr(p)

r—00 r

=6 € (0,00),
then M has linear volume growth.

Proposition A.2. If M is an open manifold with Ric > 0 and linear volume growth, then
the limit lim, o volBy(p)/r exists.

We remark that Proposition A.1 is not used in this paper. We include it here because the
proofs of the above two propositions are similar. The proof of Proposition A.2 requires some
additional help from the properness of Busemann functions [67, Corollary 23].

We prove Proposition A.1 first.

Let p € M and let 7 : [0,00) — M be a ray in M starting at p. We estimate the volume of
Bpgr(p), where R > 10. Let € € (0,1/10). We choose r large such that

r>e 'R, volB,(p) < (0 +e)r.
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Let ¢ = v(t), where t > r is large. We denote ZE (¢) the closed annulus centered at g, that
is,
A3 (q) = {z € M|r1 < d(z,q) < 12}
By triangle inequality,
—t+R —t+
Br(p) € A g(a), Br(p) C A, (q)-

Lemma A.3. There is a subset A C [t —r,t — R]| of measure at least 4er such that

0+ ¢

H"H0B,(q) N Br(p) < T

for all p € A.

Proof. dB,(q) is H" L-rectifiable for a.e. p. By co-area formula,

t—R
H" (OB, (q) N B.(p))dp < volB,(p) < (6 + €)r.

t—r
Let 4
I= {p €[t—rt—R]| H" Y (0B,(q) N B.(p)) > ] j;e}
Then R
IR 0+ ¢
[ om0 0 B o)ap = 111
t—r — o€
Hence
I|<(1-=be)r<(l—er<r—R=|t—rt—R].
In particular, A := [t — r,t — R] — I has measure at least 4er. O

Proof of Proposition A.1. Let Ty = 0Bs(q) N (Br(p) — Cy), where s € [t — R,t + R| and
C, is the cut locus of q. By Lemma A.3, we can choose p € A C [t — r,t — R] such that
¥ = dB,(q) N B,(p) satisfies

0+ e
>t—r+3er, HHD) < ,
pztorder ()_1—56

We note that every minimal geodesic ¢ from ¢ to z € Ts must intersect ¥. In fact, let z* be
the intersection of o and 9B, (q); then by triangle inequality

d(p,z*) <d(p,z) +d(z,2*) <R+ (s—p) <R+ ({t+R)— (t —r+3er) <r

By relative volume comparison, we have

HHENC,) =0

(A.4) H* T, < 1(®).
Next, we estimate the volume of Bg(p) by integrating H"~!(T5).
-1
VOIBR /t+RHn1 _ 2R (t+R\" O+e  ,0+e
"R R \t—r 1—5e 1—5e
as t — 0o. The result follows. O

As indicated, the proof of Proposition A.2 is similar to that of Proposition A.1. A key
improvement is that we can pick p attaining the minimum of a Busemann function so that

the annulus Zﬁg(q) of width 2R in the above proof will be improved to an annulus of width
~ R.



NONNEGATIVE RICCI CURVATURE AND LINEAR VOLUME GROWTH 53

Proof of Proposition A.2. We assume that M is not a metric product R x N (see Theorem
2.18); otherwise, the result holds trivially. Let 7 : [0,00) — M be a ray and let

b(z) = lim t — d(x,(t))

t—o00

be the Busemann function associated to 7. Because M has linear volume growth and only one
end, by [67, Corollary 23], b is a proper function with a minimum minbd > —oco. Let p € M
be a point attaining the minimum of b.

We continue to write 8 as the liminf of vol(B,(p))/r as r — co. We estimate the volume of
Bpg(p), where R > 10. Let € € (0,1/10) and let r large such that
r>e 'R, volB,(p) < (0 +e)r.

As t — oo, the partial Busemann function by(x) =t — d(x,7y(t)) converges uniformly to b on
every compact set. In particular, on B,(p) we have |b; — b| < 1 for all ¢ sufficiently large.
Then

B.(p) C b minb, minb+ r] C b fminb — 1, minb + 7 + 1].
Setting ¢ = 7(t), where t > r is large, then

- —t—min b+1 - —t—min b+1
BT(p) - tfminbfrfl(Q)v BR(p) C Atfminbefl(Q)'

For convenience, we denote
N =t—minb—r—1, np=t—minb— R — 1.

Let Ty = 0Bs(q) N (Br(p) — Cq), where s € [ng,t —minb+ 1]. By the proof of Lemma A.3,
we choose p € A C [n,,ng] such that ¥ = dB,(q) N B,(p) satisfies

_ 0+ e
p>n+3er, HHE) < T

Then every minimal geodesic o from g to z € Ts must intersect . Following a similar volume

HHENC,) =0.

estimate as in the proof of Proposition A.1, we have

t—min b+1
B L[

R R Jyp
<R+2< t—minb+1 >n1 0+e
- R t—minb—r—1 1— 5¢
IEENEY
R 1-5¢
Taking e — 0 and R — oo, we complete the proof. O

Lastly, we extend Proposition A.2 to RCD(0, N) spaces with linear volume growth by
modifying the proof of Proposition A.2. This result is needed in the proof of Theorem 1.2
and may have some independent interest. This property was pointed out to us by Zhu Ye.

Proposition A.5. If (X,d, m) is a non-compact RCD(0, N) space with linear volume growth,
where N € [1,00), then the limit lim, oo m(By(p))/r exists for some (and thus for all) p € X.
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Proof. We continue to use the same notations as in the proof of Proposition A.2 and assume
that X is not a metric product R x X’. By the work of Huang [41, Page 1034], the Busemann
function b associated to a ray is proper and has a minimum minb > —oo. We choose p € X
that attains the minimum of b and set ¢ = 7(t), where t > r.

Instead of foliating Br(p) by 0Bs(q) as we did in the proof of Proposition A.2, we intersect
Bpgr(p) with disjoint and thin annuli centered at g. Specifically, we first divide the interval
[MR,t —minb+ 1] into L many subintervals of equal length ¢ = (R+ 2)/L with 6 < ¢/10. For
convenience, we write the endpoints of subintervals as

so=MNRr, S1=nr+96, .., sp=t—minb+ 1.
Then we set

T; = Azz,l(Q)mBR(p)a i=1,..,L.

Next, we foliate B, (p) similarly by a thin annulus of width ¢ and centered at ¢ and choose
a suitable comparison annulus. We set

po =1, PL=1r+0, ., pr=n+L6<ng,
where L' is the largest integer such that
L'-§<ngp—n=r—R.

We denote
i =A7_ (9NBy(p), j=1,...L

and note
L/
> m(%) < m(Br(p) < (0+ o).
j=1

We claim that there exists some X; such that

0+ ¢
-5

pj—1 > 0+ 3er, m(L;) < - 4.

—_
M

In fact, the index set

— J€

—_

satisfies

S(L'—|J))>r—R—3—r(1—5€) > der — 6.
Hence, we can choose some j € J with p;_1 > 1, + 3er. In the following, we denote this X;
by X and p; as p, respectively.

For each i, note that every geodesic from ¢ to T; must intersect . In fact, let ¢ be a
geodesic from ¢ to a point z € T;, and z* any intersection point of o and Aﬁ_ 5(@). Then

d(p,2") < d(p,2) +d(z,2") < R+ (s; — p— )
<R+ (t—minb+ 1) —n, — 3er
=r+R—-2-3er <r—er.
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This shows z* € B,(p). Moreover, the (p/s;)-midpoint of the geodesic ¢ from ¢ to z is
contained in X because

f[si —6,5] S [p—0,p]

By Brunn-Minkowski inequality [73, Proposition 2.1], we have

m(T) < (‘j)Nm(z).

Now, we can estimate the measure of Br(p) by summing up that of T;.

B RS
“MW:R;m(Ti)

R
1§i<&>N0+6.5
Ri:]L 0 1 —b5e
_R+2( t-minb+1 Nog e
- R t—minb—r—1 1— b5e¢
R+2 60+¢

R 1-—5¢

IN

Letting ¢ — 0 and R — oo, we conclude the result. O
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