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Abstract

We study the optimal rates of emulation (also called interconversion) between quantum chan-
nels, in three regimes: when the encoder and the decoder are unassisted, when they share classical
randomness, and when they share an unlimited amount of entanglement. When the source and
the target channels are idempotent, we completely characterise these three regimes, in terms of the
shape vectors of the two channels, which describe the structure of their ranges. In the unassisted and
shared randomness regimes, we give a single-letter expression for the emulation capacity, show that
it coincides with the zero-error emulation capacity, and prove a finite-blocklength converse which
implies a strong converse. In these two regimes, shared randomness does not increase the emulation
capacity, and the emulation of idempotent channels is not reversible. Moreover, we provide an ef-
ficient algorithm to approximate this capacity to arbitrary precision. When an unlimited amount
of shared entanglement is allowed, we determine the minimal emulation error exactly at every finite
blocklength. It is governed by a single quantity, the ℓ2-norm of the shape vector, so that the emula-
tion becomes reversible, and exact emulation is achievable with finitely many maximally entangled
states. Altogether, these results draw a comprehensive picture of the task of emulating idempotent
channels with each other.
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1 Introduction

Given target and source quantum channels F and G (respectively), a central problem in quantum infor-
mation theory is to understand the optimal interconversion rates k/n such that one can use n copies of
G, combined with an encoder and a decoder channel, to emulate the action of k copies of F . When F is a
noiseless channel, this is the problem of channel coding for G, which is at the heart of Shannon theory [2]
and of its quantum generalisations [3, 4]. When G is a noiseless channel, this is the problem of channel
simulation for F , which is also well-studied in both classical and quantum Shannon theory, where it gives
rise to reverse Shannon theorems [5, 6, 7, 8]. More generally, the interconversion of channels is a natural
question in resource theories of quantum channels [9, 10, 11].

Determining such optimal rates is notoriously difficult. Already for channel coding, the capacities of
a quantum channel are in general given by regularised formulas, which involve an optimisation over an
unbounded number of uses of the channel, and superadditivity phenomena show that this regularisation
cannot be dispensed with in general, see e.g. [12] and the references therein. Even for classical channels, no
single-letter formula is known for the zero-error capacity, and its computability is a delicate question [13].
The interconversion of two general channels is a fortiori harder: it contains both channel coding and
channel simulation as special cases, and neither the source nor the target channel is noiseless. It is
therefore natural to look for families of channels for which the interconversion problem can be solved
completely.

In this article, we solve this problem when both F and G are idempotent, i.e. when they satisfy
F ◦F = F and G ◦G = G. Examples of idempotent channels include the identity channel, the completely
depolarising channel, the completely dephasing channel and channels on bipartite systems L(HA ⊗HB)
of the form x 7→ trB(x) ⊗ ρB with ρB a state in L(HB). Idempotent channels naturally appear as
the limits of iterated noise: for an arbitrary channel Φ, a subsequence of the sequential compositions
Φn = Φ◦· · ·◦Φ converges to an idempotent channel [14, 15], which describes the information that survives
an arbitrarily long Markovian evolution. The capacities of quantum Markovian noise for large times were
studied from this perspective in [16, 17, 18]. As we will see, all the properties of an idempotent channel
F relevant for interconversion are captured by an integer vector λ(F), called its shape vector. The range
of F decomposes as a direct sum of blocks of the form L(Hk,1)⊗ ρk, with ρk a fixed state, and λ(F) is
the vector of the dimensions of the spaces Hk,1, sorted in non-increasing order (see Proposition 1 for the
precise statement). For instance, λ(Idd) = (d) and λ(∆d) = (1, . . . , 1) ∈ Nd, with Idd and ∆d the identity
and the completely dephasing channels on L(Cd). Shape vectors were introduced by Kuperberg [14] to
compare hybrid quantum memories, and, given an idempotent channel F : L(H)→ L(H), λ(F) can be
computed in time polynomial in the dimension of H [16]. We write ∥u∥p for the ℓp-norm of a vector u
(see eq. (5)).
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We consider three regimes, according to the resources that the encoder and the decoder share: in
the unassisted regime (UA), they share nothing; in the shared randomness regime (SR), they can use a
common random variable to choose the pair of encoding and decoding channels that they apply; in the
entanglement-assisted regime (EA), they share an arbitrary entangled state, of arbitrary finite dimension.
In each regime R ∈ {UA, SR,EA} and for k, n ∈ N>0, we denote by δRk,n(G 7→ F) the minimal error
with which k copies of F can be approximated by a channel built from n uses of G, preceded by an
encoding and followed by a decoding channel, possibly with the help of the shared resource allowed in
the regime, the error being measured in normalised diamond distance. In each regime R, the emulation
capacity CR(G 7→ F) is the largest rate r such that, along some sequence of values of n going to infinity,
⌈rn⌉ uses of F can be emulated by n uses of G with an error δR⌈rn⌉,n(G 7→ F) tending to zero. We say

that an emulation is exact, or has zero error, when the channel it implements is exactly F⊗k. The zero-
error emulation capacity is the supremum of the ratios k/n over all pairs (k, n) of positive integers for
which F⊗k can be emulated exactly by G⊗n. The zero-error emulation capacity is at most the emulation
capacity, and the two quantities can differ for general channels. The precise definitions are given in
Section 2.1.

Our first main result gives a complete description of the unassisted and shared randomness regimes
for idempotent channels.

Theorem A (Unassisted and shared randomness regimes). Let F and G be two idempotent channels
with λ(F) ̸= (1).

(i) Capacity. The unassisted and the shared randomness emulation capacities of F by G coincide and
are given by the single-letter formula

CUA(G 7→ F) = CSR(G 7→ F) = inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

, (1)

where the term p = +∞ is omitted when ∥λ(F)∥∞ = 1. Moreover, in both regimes, this capacity
coincides with the zero-error emulation capacity.

(ii) Finite blocklength. For all k, n ∈ N>0,

δUA
k,n(G 7→ F) ≥ δSRk,n(G 7→ F) ≥ 1− inf

p∈[1,+∞]

∥λ(G)∥np
∥λ(F)∥kp

. (2)

(iii) Strong converse. At rates above the capacity, the minimal error does not merely fail to vanish, but
instead tends to its maximal value 1, exponentially fast in n. More precisely, for every ε > 0 there
is a constant c > 0, depending only on ε, F and G, such that

δUA
k,n(G 7→ F) ≥ δSRk,n(G 7→ F) ≥ 1− 2−cn for all k, n ∈ N>0 with k/n ≥ CSR(G 7→ F) + ε.

In particular, for any sequences (kν), (nν) with nν → ∞ and lim infν kν/nν > CSR(G 7→ F), both
δUA
kν ,nν

(G 7→ F) and δSRkν ,nν
(G 7→ F) tend to 1 exponentially fast in nν .

(iv) Computability. The capacity CUA(G 7→ F) = CSR(G 7→ F) can be approximated up to an additive
error 2−b in time polynomial in b and in the dimensions of the input spaces of F and G (see
Corollary 25 for the computational model).

Item (i) of Theorem A is proved in Section 4 (achievability) and Section 5 (converse), items (ii)
and (iii) in Section 5, and item (iv) in Section 6.

Our second main result gives a complete description of the entanglement-assisted regime for idempo-
tent channels, at every finite blocklength.

Theorem B (Entanglement-assisted regime). Let F and G be two idempotent channels.

(i) Capacity. If λ(F) ̸= (1), the entanglement-assisted emulation capacity of F by G is

CEA(G 7→ F) =
log(∥λ(G)∥2)

log(∥λ(F)∥2)
, (3)

and it coincides with the zero-error entanglement-assisted emulation capacity.
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(ii) Exact finite blocklength error. For all k, n ∈ N>0,

δEA
k,n(G 7→ F) = max

{
0, 1− ∥λ(G)∥2n2

∥λ(F)∥2k2

}
. (4)

Furthermore, when this quantity vanishes, F⊗k can be emulated exactly by G⊗n using finitely many
maximally entangled states.

(iii) Strong converse. If λ(F) ̸= (1), for every ε > 0, there is a constant c > 0, depending only on ε
and F , such that δEA

k,n(G 7→ F) ≥ 1− 2−cn for all k, n ∈ N>0 with k/n ≥ CEA(G 7→ F) + ε.

All items of Theorem B are proved in Section 7.
Ideas of the proofs. Both theorems rest on a reduction to block pinchings. An idempotent channel

F is, up to encoding and decoding, a very simple object: it transmits a classical index k ∈ [K] together
with a perfect quantum system of dimension dk, and the list λ(F) = (d1, . . . , dK) of these dimensions
is its shape vector. More precisely, F can be converted exactly into the block pinching Πλ(F), which

acts on
⊕

k Cdk by erasing the coherences between different blocks and leaving each block untouched
(Definition 3), and conversely Πλ(F) can be converted exactly into F (Proposition 3). Consequently,
every emulation question only depends on the shape vectors of the two channels (Corollary 4). Since
shape vectors are multiplicative under tensor products (Proposition 7), and so are their ℓp-norms, all the
expressions above are single-letter.

The achievability part of Theorem A (Section 4) is proved in the unassisted regime, which suffices for
the shared randomness regime as well, since an unassisted strategy is a shared randomness strategy. It
replaces both channels by the tracial conditional expectations onto the ∗-algebras

⊕
k L(Cdk), and relies

on a theorem of Kuperberg [14]: when ∥λ(F)∥p < ∥λ(G)∥p for all p ∈ [1,+∞], the n-th tensor power
of the first algebra embeds into the n-th tensor power of the second one for n large enough. We lift
this embedding to an encoding and a decoding channel. The converse (Section 5) is a testing argument:
we check whether the emulated channel preserves a suitable mixture of maximally entangled states on
the blocks of Πλ(F), and the Cauchy–Schwarz and Hölder inequalities bound the probability of passing
this test by ∥λ(G)∥p/∥λ(F)∥p, uniformly over the shared randomness. Taking tensor powers yields the
finite blocklength bound of item (ii) in Theorem A, from which all the other converse statements follow.
This argument is close to the proof of the Hölder-type inequality for tracial conditional expectations
in [14, Theorem 4.1]. It nevertheless differs from it, as it bounds the diamond-norm error of arbitrary
idempotent channels at every finite blocklength, instead of the fidelity of encoding some states, which is
what yields a non-asymptotic strong converse. The algorithm of item (iv) (Section 6) first restricts p to
a bounded range thanks to an explicit tail bound, then minimises certified polynomial approximations
of the ratio log(∥λ(G)∥p)/ log(∥λ(F)∥p) on logarithmically many dyadic intervals, by real root isolation.

In the entanglement-assisted regime (Section 7), teleportation and superdense coding, applied block
by block, show that Πλ(F), and hence F , can be converted exactly with the help of shared entanglement,
with a single use in each direction, into the noiseless classical channel on an alphabet of size ∥λ(F)∥22,
and back. The problem therefore reduces to the entanglement-assisted emulation of noiseless classical
channels with one another. A strategy based on a random permutation of the alphabet, which only uses
shared randomness, is optimal by a no-signalling argument.

Relation to previous work in the unassisted and shared randomness regimes. Several
special cases of Theorem A were known. When both F and G are identity channels, the capacity
and a finite blocklength converse were obtained by Kretschmann and Werner [19, Section 3.2]. For these
channels, our finite blocklength bound strengthens theirs by a factor of 2. When F is a noiseless quantum
or classical channel, the infimum in Theorem A is attained at an endpoint and the formula simplifies.
Writing λ(G) = (d1, . . . , dK), the identity channel Idd has shape vector (d) and the completely dephasing
channel ∆d has shape vector (1, . . . , 1), so that

CR(G 7→ Idd) =
log maxk dk

log d
, CR(G 7→ ∆d) =

log
∑
k dk

log d
,

for R ∈ {UA,SR}, with the infimum attained at p = +∞ and p = 1 respectively. Taking d = 2, these
are the quantum and classical capacities of the idempotent channel G, equal to log2 maxk dk qubits and
log2

∑
k dk bits per use. The quantum capacity and its strong converse were first obtained for self-adjoint

4



idempotent channels (also known as tracial conditional expectations) in [20], and then for the idempotent
channels arising as large-time limits of Markovian noise in [16, Theorem 2.3 and Proposition 2.5], together
with the classical capacity, and independently, in the zero-error case, in [17]; see also [18]. Theorem A
complements these results with an exponential strong converse in diamond norm, which also holds when
the encoder and decoder share randomness.

Relation to previous work in the entanglement-assisted regime. In the asymptotic regime
with vanishing error, the value of CEA(G 7→ F) in Theorem B already follows from known results. Indeed,
the entanglement-assisted classical capacity of an idempotent channel is CE(F) = log ∥λ(F)∥22 [20,
Proposition 3.4]. Moreover, by the entanglement-assisted coding theorem [5] combined with the quantum
reverse Shannon theorem [5, 6, 7], any channel G can emulate any channel F with shared entanglement
and vanishing error at rate CE(G)/CE(F), and at no higher rate, which gives the expression of item (ii)
in Theorem B for idempotent channels. However, for general input states, the quantum reverse Shannon
theorem requires entangled resources beyond maximally entangled states, such as embezzling states [6, 7].
Its statements are asymptotic, and its one-shot refinements [21] express the simulation cost through
smooth entropic quantities or semidefinite programs rather than in closed form. Theorem B goes beyond
this asymptotic statement in three respects. First, it is a single-shot result: for all k, n ∈ N>0, the minimal
error is given by a closed formula, which involves no vanishing error, no smoothing and no optimisation.
In particular, the zero-error capacity coincides with CEA(G 7→ F), and the error tends to 1 exponentially
fast above the capacity, with an explicit exponent. Second, the optimal protocols are explicit and
use only finitely many maximally entangled states: teleportation and superdense coding, applied block
by block, reduce both channels to noiseless classical channels, which are then emulated with a random
permutation of the alphabet. Third, the converse holds for arbitrary shared entangled states, and even for
arbitrary no-signalling assistance, for which only linear and semidefinite programming characterisations
are available in general [22, 23, 21]. Hence, for idempotent channels, maximally entangled states are
as powerful as any no-signalling correlation, at every finite blocklength. Zero-error capacities and exact
simulation costs of classical channels assisted by non-local correlations were determined along these lines
in [24].

Consequences. Theorems A and B have several consequences, which we discuss in Sections 4
and 7. First, in the unassisted and shared randomness regimes, the emulation of idempotent channels
is in general not reversible: as shown in Example 9, there are idempotent channels for which CUA(G 7→
F)CUA(F 7→ G) ̸= 1, because the infimum in item (i) of Theorem A can be attained at different
values of p for the two directions. Second, in these regimes, the emulation capacity can be strictly
superadditive under tensor products of source channels, i.e. there are channels G1,G2 and F for which
CUA(G1⊗G2 7→ F) > CUA(G1 7→ F)+CUA(G2 7→ F) (Example 8). In contrast, with shared entanglement,
only the value p = 2 matters: if λ(F) ̸= (1) and λ(G) ̸= (1), the emulation is reversible, CEA(G 7→
F)CEA(F 7→ G) = 1, and the capacity is additive under tensor products of source channels (Corollary 43).
At finite blocklength, the additive quantity log ∥λ(F)∥2 completely characterises exact entanglement-
assisted conversions of idempotent channels (Corollary 44). Finally, taking F = Id2, we obtain the
quantum capacity of arbitrary idempotent channels, together with a strong converse, in the unassisted,
shared randomness and entanglement-assisted regimes.

Organisation of the article. This article is structured as follows. Section 2 introduces our notation,
basic preliminaries on quantum information and operator algebras, and the precise definitions of the
emulation tasks that we consider. Section 3 studies the structure of idempotent channels and their
reduction to block pinchings. Section 4 proves the capacity formula of Theorem A in the unassisted and
shared randomness regimes (item (i)), starting with the achievability part. Section 5 proves the finite
blocklength bound (item (ii)), from which we deduce the converse part of item (i) and the strong converse
(item (iii)). Section 6 gives an efficient algorithm to compute CSR(G 7→ F) = CUA(G 7→ F) (item (iv)).
Section 7 proves Theorem B, together with its consequences for entanglement-assisted emulation. Finally,
Appendix A gives a purely algebraic proof of the converse of item (i) for exact unassisted emulation,
and Appendix B applies the theory of approximate C∗-algebras recently developed by Kitaev [25] to
strengthen this converse for reduced idempotent channels.
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2 Preliminaries and notation

All Hilbert spaces in this work are assumed to be finite-dimensional. Given a Hilbert space H, we write
L(H) for the set of linear operators on H. This set is endowed with the Hilbert–Schmidt inner product,
denoted ⟨x, y⟩ = tr(x∗y) for x, y ∈ L(H), with x∗ the conjugate transpose of x and tr(·) the trace on
L(H). Note that x∗ is the adjoint of x for the Hermitian product of H. We denote by 1 ∈ L(H) the
identity operator on H. Given x ∈ L(H), we call the (right) support of x, denoted supp(x) ⊆ H, the
orthogonal complement of its (right) kernel. We write x0 for the orthogonal projector onto the support
of x, parallel to its kernel. Furthermore, for x ∈ L(H), we write ∥x∥1 for its Schatten 1-norm and ∥x∥
for its Schatten ∞-norm, which coincides with its operator norm as a linear operator on H. Recall that
the set of Hermitian operators in L(H) is a partially ordered set: for x = x∗, y = y∗ ∈ L(H), we write
x ≤ y whenever y − x is positive semidefinite.

A state is represented by a positive semidefinite operator ρ ∈ L(H) with trace one, which is called a
density operator. We will take D(H) ⊆ L(H) to be the set of density operators belonging to L(H). A
measurement on a physical system L(H) is represented by a positive operator-valued measure, POVM
for short, which is a set of positive operators µ1, . . . , µK ∈ L(H), called effects, which sum to the identity,

i.e.
∑K
k=1 µk = 1.

A quantum channel F : L(H) → L(H′) is a completely positive trace preserving linear map. Each
linear map F : L(H) → L(H′) admits an adjoint F∗ : L(H′) → L(H) for the Hilbert–Schmidt inner
product such that for all x ∈ L(H), y ∈ L(H′), ⟨F(x), y⟩ = ⟨x,F∗(y)⟩. When F is a channel, its adjoint
F∗ is a unital completely positive map. We write Idd : L(Cd)→ L(Cd) for the identity channel on L(Cd)
and ∆d : L(Cd) → L(Cd) for the completely dephasing one. The latter maps every x ∈ L(Cd) onto its
diagonal Diag(x11, . . . , xdd) (with respect to the standard orthonormal basis). It is a ‘classical identity’,
as it perfectly preserves classical information while mapping its input onto a diagonal, hence classical,
state.

We use the diamond norm as a figure of merit for the quality of an emulation. We recall that for
F : L(H)→ L(H′), the diamond norm is defined as

∥F∥⋄ = sup
n∈N>0

∥F ⊗ Idn∥1→1,

with ∥ · ∥1→1 the ‘one-to-one’ norm, i.e. the map norm when the input and output spaces are endowed
with the Schatten 1-norm, denoted ∥ · ∥1. That is, for all linear maps F : L(H)→ L(H′),

∥F∥1→1 = sup
∥x∥1≤1

∥F(x)∥1.

Then, we recall basic properties of the ℓp-norms. For u ∈ Cn and p ∈ [1,+∞), the ℓp-norm of u is
defined as

∥u∥p =
( n∑
k=1

|uk|p
) 1

p

, (5)

and ∥u∥∞ = supk |uk|. In the discussions of the next sections, we will frequently make use of the fact
that the ℓp-norms are multiplicative under the tensor product of vectors. Given u ∈ Cn, v ∈ Cm, the
tensor product u⊗ v ∈ Cnm is the vector whose coordinates are the products of the coordinates of u and
v, i.e. (ukvl)k,l for k ∈ [n], l ∈ [m]. Then, for all p ∈ [1,+∞], ∥u⊗ v∥p = ∥u∥p∥v∥p.

Finally, we end this section by introducing the notions of finite-dimensional ∗-algebras and their
morphisms.

In this article, we actually consider only ∗-subalgebras of L(H). Such a ∗-subalgebra A ⊆ L(H) is a
linear subspace of L(H) which is stable under the multiplication and the ∗ operation of L(H), i.e. taking
the conjugate transpose. That is, for all x, y ∈ A, xy ∈ A and for all x ∈ A, x∗ ∈ A. Furthermore, all
∗-algebras in this work are assumed to be unital, that is there is an identity 1 ∈ A satisfying 1∗ = 1

and, for all x ∈ A, 1x = x1 = x. Such an identity operator is necessarily unique in each ∗-algebra.
Given two ∗-algebras A and B, a ∗-homomorphism ι : A → B is a linear map that preserves the

product and the ∗ operation in A. That is, for all x, y ∈ A, ι(xy) = ι(x)ι(y) and ι(x∗) = ι(x)∗. In many
texts, ∗-homomorphisms between unital ∗-algebras are assumed to be unital as well, that is, they are
assumed to map the identity of A onto the identity of B. Nevertheless, in this article, we will work with
more general subunital ∗-homomorphisms. Such a map ι : A → B maps the identity of A onto ι(1A),
which satisfies ι(1A) ≤ 1B. Note that ∗-homomorphisms are completely positive [26].
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2.1 Emulation of quantum channels

We now define precisely the emulation tasks that we consider. Throughout this subsection, F and G are
two quantum channels, called the target and the source channel respectively, and k, n ∈ N>0.

Unassisted regime. An unassisted emulation of F⊗k by G⊗n is given by a pair of channels (E ,D),
where the encoding channel E maps the input space of F⊗k to the input space of G⊗n and the decoding
channel D maps the output space of G⊗n to the output space of F⊗k. Its error is 1

2∥F
⊗k−D◦G⊗n ◦E∥⋄,

and we write

δUA
k,n(G 7→ F) = inf

D,E

1

2
∥F⊗k −D ◦ G⊗n ◦ E∥⋄ (6)

for the minimal error, where the infimum is taken over all encoding and decoding channels E ,D.

Shared randomness regime. We can naturally extend the power of the encoder and decoder by
giving them access to shared randomness. In this regime, the pair of encoding and decoding channels is
chosen at random from a set {(Eλ,Dλ) | λ ∈ [Λ]}, with λ drawn according to a probability distribution
(pλ)λ∈[Λ], and the error of the emulation is 1

2∥F
⊗k −

∑
λ∈[Λ] pλDλ ◦ G⊗n ◦ Eλ∥⋄. We write

δSRk,n(G 7→ F) = inf
(pλ,Dλ,Eλ)λ∈[Λ]

1

2
∥F⊗k −

∑
λ∈[Λ]

pλDλ ◦ G⊗n ◦ Eλ∥⋄, (7)

where the infimum is taken over all Λ ∈ N>0, all probability distributions (pλ)λ∈[Λ] and all sets of pairs
of encoding and decoding channels {(Eλ,Dλ) | λ ∈ [Λ]}.

Entanglement-assisted regime. In the entanglement-assisted regime, the encoder and the decoder
share a bipartite state ωA0B0

on systems A0, B0 of arbitrary finite dimension. The encoding channel E
acts on the input of F⊗k and on A0, and the decoding channel D acts on the output of G⊗n and on B0.
With TωA0B0

: x 7→ x⊗ ωA0B0 for x ∈ L(H⊗k
F ) the input of F⊗k, the error of the emulation is

1

2
∥F⊗k −D ◦ (G⊗n ⊗ IdB0

) ◦ (E ⊗ IdB0
) ◦ TωA0B0

∥⋄, (8)

and we write

δEA
k,n(G 7→ F) = inf

ωA0B0
,E,D

1

2
∥F⊗k −D ◦ (G⊗n ⊗ IdB0

) ◦ (E ⊗ IdB0
) ◦ TωA0B0

∥⋄, (9)

where the infimum is taken over all bipartite states ωA0B0 , with systems A0, B0 of arbitrary finite
dimension, and over all encoding and decoding channels E ,D.

Capacities. Let R ∈ {UA, SR,EA} be one of the three regimes. A rate r ≥ 0 is achievable in the
regime R if there exist two sequences (kν)ν∈N and (nν)ν∈N of positive integers such that

lim
ν→∞

nν = +∞, lim inf
ν→∞

kν
nν
≥ r, lim

ν→∞
δRkν ,nν

(G 7→ F) = 0. (10)

The emulation capacity of F by G in the regime R, denoted CR(G 7→ F), is the supremum of the
achievable rates, and it is understood to be zero when no rate is achievable. We may also use the
notation C(G 7→ F) and δk,n(G 7→ F) when the regime is unambiguous.

We say that F⊗k can be emulated exactly, or with zero error, by G⊗n in the regime R if there is an
emulation in this regime whose error is equal to zero. The zero-error emulation capacity in the regime
R is the supremum of the ratios k/n over the pairs (k, n) for which F⊗k can be emulated exactly by
G⊗n, and is zero when there is no such pair. If F⊗k can be emulated exactly by G⊗n, then, for every
m ∈ N>0, F⊗mk can be emulated exactly by G⊗mn, by taking the m-th tensor powers of the encoding
and decoding channels, and of the shared probability distribution or shared state. Hence, every ratio
k/n of this form is an achievable rate, and the zero-error emulation capacity is at most the emulation
capacity CR(G 7→ F). For idempotent channels, these two capacities coincide in all three regimes, by
item (i) of Theorems A and B.
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These three regimes form a hierarchy: an unassisted strategy is a shared randomness strategy with
a single pair of encoding and decoding channels, and a shared randomness strategy is an entanglement-
assisted protocol in which the shared state is a classical correlated state, a standard fact about shared
randomness as a particular case of shared quantum states, see e.g. [27]. Hence, we have the inequalities

CUA(G 7→ F) ≤ CSR(G 7→ F) ≤ CEA(G 7→ F), (11)

δUA
k,n(G 7→ F) ≥ δSRk,n(G 7→ F) ≥ δEA

k,n(G 7→ F). (12)

Shared randomness allows one to average several strategies, which a single deterministic pair cannot
do, and shared entanglement provides correlations that no classical randomness can reproduce. For
idempotent channels, we will see that the first inclusion does not change the emulation capacity (item (i)
of Theorem A), whereas the second one can increase it (Example 45).

We summarise the notation we use throughout this article in Table 1.

H A finite-dimensional Hilbert space
L(H) Set of linear operators on H
D(H) Set of density operators in L(H)
A,B ∗-subalgebras of L(H)
ρ, σ Density operators

supp(x) Support of x
x0 Orthogonal projector on the support of x
x∗ Hermitian adjoint of x
∥ · ∥p ℓp-norm Eq. (5)
F∗ Adjoint of F for the Hilbert–Schmidt product

F̂ Reduced channel associated to F Prop. 1, eq. (16)
Rg(F) Range of F
λ(F) Shape vector of F Prop. 1
TωA0B0

Map x 7→ x⊗ ωA0B0
Eq. (8)

[n] The set of integers {1, . . . , n}
RK≥0, RK>0 Vectors in RK with non-negative (resp. positive) entries Lem. 22

NK>0 Elements of NK with non-zero entries Lem. 23

H(w) Shannon entropy of a probability vector w Lem. 29

Q[X] Set of univariate polynomials with rational coefficients Lem. 27, 34

⌊y⌋k A dyadic lower approximation of y with error at most 2−k Eq. (86)

Table 1: Notation

3 Decomposition properties of idempotent channels

In this section, we discuss the decomposition properties of the range of idempotent channels, which are
summarised in the following propositions. The range of a map f : Ω→ Ω′, denoted Rg(f), is the set of
all the images of the elements of its domain Ω, i.e. Rg(f) = {f(x) | x ∈ Ω}. The range of an idempotent
channel coincides with its set of fixed points and the structure of this space is well understood, see for
example the lecture notes [15]. The following proposition summarises the properties that we use.

Proposition 1 (Structure of the range of idempotent channels, see [15]). Let F : L(H) → L(H) be an
idempotent channel, i.e. satisfying F = F ◦ F . We can write H as the direct sum

H = H0 ⊕H1, (13)

with H0 = supp(F(1)) and H1 = ker(F(1)), and H0 can further be decomposed as the orthogonal direct
sum

H0 =

K⊕
k=1

Hk,1 ⊗Hk,2, (14)
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so that there is a set of density operators {ρk ∈ D(Hk,2) | k ∈ [K]}, such that

Rg(F) =
( K⊕
k=1

L(Hk,1)⊗ ρk
)
⊕ 0. (15)

Let e = F(1)0 ∈ L(H) be the orthogonal projector onto H0, and V : H0 → H be the isometry
embedding H0 into H such that V V ∗ = e and V ∗V = 10 the identity operator in L(H0). The reduced

quantum channel associated to F , denoted F̂ : L(H0)→ L(H0) is then defined as

F̂ : x 7→ V ∗F(V xV ∗)V, (16)

which is idempotent and whose range can be written as

Rg(F̂) =

K⊕
k=1

L(Hk,1)⊗ ρk. (17)

Furthermore, we can express F̂ and its adjoint F̂∗ in the following way:

F̂(x) =

K∑
k=1

trk,2(PkxPk)⊗ ρk, (18)

and

F̂∗(x) =

K∑
k=1

trk,2(PkxPk(1dk ⊗ ρk))⊗ 1mk
, (19)

where, for all k ∈ [K], Pk is the orthogonal projector onto Hk,1 ⊗ Hk,2, dk = dim(Hk,1) ≥ 1, mk =
dim(Hk,2) and trk,2 : L(Hk,1 ⊗Hk,2)→ L(Hk,1) is the partial trace over Hk,2.

Therefore, the range of F̂∗ is a unital ∗-subalgebra of L(H0) and the following decomposition holds:

Rg(F̂∗) =

K⊕
k=1

L(Hk,1)⊗ 1mk
. (20)

We call the shape of F the K-dimensional vector whose coordinates are the dimensions (dk)k∈[K]

sorted in non-increasing order, which we denote by λ(F).

Note that F and its reduced channel F̂ both have the same shape vector, i.e. λ(F) = λ(F̂).
As an example of a shape vector, consider the qubit channel F : L(C2)→ L(C2) defined as

F : x 7→ tr(x)|0⟩⟨0| =
(

tr(x) 0
0 0

)
,

where the matrix expression is written in the basis (|0⟩ , |1⟩). We have

F(1) =

(
2 0
0 0

)
.

Then, in the notation of eq. (14), we get H0 = supp(F(1)) = C |0⟩, H1 = ker(F(1)) = C |1⟩, we can
write Rg(F) = C ⊗ |0⟩⟨0| ⊕ 0 and thus λ(F) = (1). To construct the reduced version of F we can take

the isometry V =

(
1
0

)
: H0 → H, where the expression of V is written in the basis (|0⟩ , |1⟩). Note that

we clearly have

V V ∗ =

(
1 0
0 0

)
= F(1)0.

Then, F̂ : L(C)→ L(C) is defined by the equation

F̂(x) = V ∗F(V xV ∗)V = x,
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so that F̂ is the identity on L(C).
Furthermore, we remark that λ(F) = (1) if and only if the reduced channel of F is a replacer channel,

i.e. F̂ : x 7→ tr(x)ρ with ρ a fixed state. This fact follows easily from eq. (18) taking K = 1.
Before we present the proof of Proposition 1, we need to state the following two lemmas, which will

be used in the proof.

Lemma 1. Let A ⊆ L(H) be a ∗-subalgebra containing the identity operator 1H, and let Φ : A → L(H′)
be a positive linear map. Let H0 = supp(Φ(1H)) ⊆ H′ and let V : H0 → H′ be the inclusion isometry,
so that V V ∗ is the orthogonal projector onto H0. Then, for every x ∈ A,

V V ∗Φ(x)V V ∗ = Φ(x).

Proof. Let x ∈ A be positive semidefinite, then 0 ≤ x ≤ ∥x∥1, so that by positivity of Φ, we have

0 ≤ Φ(x) ≤ ∥x∥Φ(1).

Hence, Φ(x) is supported on the support of Φ(1) which is, by definition, H0. Furthermore, as x and 1

are positive semidefinite, Φ(x) and Φ(1) are positive semidefinite as well so that their respective ranges
(as linear maps on H′) coincide with their supports. Hence, we have

V V ∗Φ(x)V V ∗ = Φ(x).

Now, if x ∈ A is arbitrary, we can use the polarisation identity (see [15, eq. (1.45)]) to write

x =
1

4

3∑
k=0

ik(x+ ik1)∗(x+ ik1),

so that x is a linear combination of four positive semidefinite elements of A. Now, by linearity, we get

V V ∗Φ(x)V V ∗ = Φ(x).

Furthermore, we remark that the set of fixed points and the range of an idempotent function coincide.

Lemma 2. Let f : Ω→ Ω be an arbitrary idempotent function, with Ω an arbitrary set, then

Rg(f) = {x ∈ Ω | f(x) = x}. (21)

Proof. If x is a fixed point, x = f(x) ∈ Rg(f). For the other inclusion, if y = f(x), we also have
f(y) = f(f(x)) = f(x) = y, so y is a fixed point.

Proposition 1 then basically follows from statements in [15, Section 6.4] and we detail it here only
for the convenience of the reader. A similar derivation can be found in [28] in the Heisenberg picture.

Proof of Proposition 1. We will first prove that the reduced channel F̂ , defined in eq. (16), is actually
a channel. It is clearly completely positive as it is a composition of completely positive maps and it is
trace preserving because for all x ∈ L(H0),

tr(F̂(x)) = tr(V ∗F(V xV ∗)V ) = tr(V V ∗F(V xV ∗)V V ∗) = tr(F(V xV ∗)) = tr(V xV ∗) = tr(x),

where the third equality follows from Lemma 1. Furthermore, F̂ is idempotent as, for x ∈ L(H0),

F̂(F̂(x)) = V ∗F(V V ∗F(V xV ∗)V V ∗)V

= V ∗F(F(V xV ∗))V

= V ∗F(V xV ∗)V

= F̂(x).

The second equation follows from Lemma 1, and the third from the idempotence of F .
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Furthermore, F̂ admits a full-rank fixed point. Indeed, F̂(V ∗F(1)V ) is a fixed point of F̂ , since F̂
is idempotent, and we have

F̂(V ∗F(1)V ) = V ∗F(V V ∗F(1)V V ∗)V = V ∗FF(1)V = V ∗F(1)V,

which is full-rank in H0 = supp(F(1)), again using Lemma 1 for the second equality.

Therefore, we can apply [15, Theorem 6.12] to the adjoint F̂∗ of F̂ . Hence, the set of fixed points of

F̂∗ is a ∗-subalgebra of L(H0). By Lemma 2, since F̂∗ is idempotent, its set of fixed points coincides with
its range, so that its range is a ∗-subalgebra of L(H0). It is well known (see e.g. [29]) that if A ⊆ L(H0)
is a ∗-subalgebra of L(H0), we can find a basis of H0 in which it can be expressed as an orthogonal direct

sum as in eq. (20), which proves this equation. Furthermore, we get by [15, Proposition 1.5] that F̂∗

takes the form of eq. (19). Then, taking the adjoint of this equation, we obtain that F̂ = F̂∗∗ can be
written as in eq. (18). Then, for x ∈ L(H0), we have that

F̂(x) =

K∑
k=1

trk,2(PkxPk)⊗ ρk ∈
K⊕
k=1

L(Hk,1)⊗ ρk.

Conversely, if

x =

K∑
k=1

xk ⊗ ρk ∈
K⊕
k=1

L(Hk,1)⊗ ρk,

where, for each k ∈ [K], xk ∈ L(Hk,1), we have that Plxk⊗ρkPl = δk,lxk⊗ρk, since the spacesHk,1⊗Hk,2
are pairwise orthogonal, so that x = F̂(x), and finally x ∈ Rg(F̂). This proves eq. (17).

Finally, to prove eq. (15), let x ∈ Rg(F). We then have

x = F(x) = V V ∗F(x)V V ∗ = V V ∗xV V ∗, (22)

so that x ∈ L(H0)⊕ 0 where the 0 operator acts on H1. Then, V ∗xV ∈ L(H0) and

F̂(V ∗xV ) = V ∗F(V V ∗xV V ∗)V = V ∗F(x)V = V ∗xV,

by Lemma 1 and by eq. (22). Hence,

V ∗xV ∈
K⊕
k=1

L(Hk,1)⊗ ρk,

by eq. (17) and

x = V V ∗xV V ∗ ∈
K⊕
k=1

L(Hk,1)⊗ ρk ⊕ 0.

Conversely, if

x =

(
x0 0
0 0

)
,

with

x0 ∈
K⊕
k=1

L(Hk,1)⊗ ρk,

then
x = V x0V

∗ = V F̂(x0)V ∗ = V V ∗F(V x0V
∗)V V ∗ = F(V x0V

∗) = F(x),

so that x ∈ Rg(F).

We also show in this section that the shape vector introduced in Proposition 1 is the object that
governs the interconversion of idempotent channels, that is, for idempotent F and G, it suffices to know
their shape vectors to specify the rates that will achieve any given error for the emulation of F by G.

We first show that if F is idempotent, it can be interconverted exactly with its reduced channel F̂ ,
which can then be interconverted with the block pinching Πf , introduced in Definition 3, with f = λ(F).
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Proposition 2. Let F : L(H) → L(H) be an idempotent channel, let H0 = supp(F(1)) and let F̂ :

L(H0) → L(H0) be its reduced quantum channel. Then, there are channels Ê : L(H) → L(H0), D̂ :
L(H0)→ L(H), E : L(H0)→ L(H) and D : L(H)→ L(H0) such that

F = D̂F̂ Ê , and F̂ = DFE . (23)

Proof. Let V : H0 → H be the isometry embedding H0 into H which defines F̂ as in Proposition 1. For
the first equality, let Ê : L(H)→ L(H0) be defined by

Ê : x 7→ V ∗F(x)V, (24)

and D̂ : L(H0)→ L(H) be defined by

D̂ : x 7→ V xV ∗. (25)

Both Ê and D̂ are completely positive trace preserving maps. The complete positivity is clear. D̂ is
trace preserving because tr(V xV ∗) = tr(V ∗V x) = tr(x) and Ê is trace preserving as well because for all
x ∈ L(H),

tr(V ∗F(x)V ) = tr(V V ∗F(x)V V ∗) = tr(F(x)) = tr(x), (26)

where the second equality follows from Lemma 1. Then we have the factorisation

F = D̂F̂ Ê . (27)

Indeed, let x ∈ L(H), we have

D̂F̂ Ê(x) = V V ∗F(V V ∗F(x)V V ∗)V V ∗ = F(F(x)) = F(x),

where the second equality follows from Lemma 1. Now, for the factorisation of F̂ , let E = D̂ and D = Ê ,
for x ∈ L(H0), we have:

DFE(x) = ÊFD̂(x) = V ∗F(F(V xV ∗))V = V ∗F(V xV ∗)V = F̂(x).

We now introduce the block pinching Πf , which serves as the canonical idempotent channel with
shape vector λ(Πf ) = f .

Definition 3 (Block pinching). Let d = (d1, . . . , dK) ∈ NK>0 and let

Hd =

K⊕
k=1

Cdk . (28)

For k ∈ [K], let Jk : Cdk → Hd be the isometry embedding Cdk as the k-th summand. That is, for

ν ∈ [dk], Jk |ν⟩ = |ν⟩k, with ∪k∈[K]{|ν⟩k | ν ∈ [dk]} an orthonormal basis of Hd. Let P̃k = JkJ
∗
k ∈ L(Hd)

be the orthogonal projector onto this summand. The block pinching associated to d is the channel

Πd : L(Hd)→ L(Hd), Πd(z) =

K∑
k=1

P̃kzP̃k. (29)

Given an idempotent channel F , we write Πf = Πλ(F) for the block pinching associated to its shape
vector.

Operationally, Πd perfectly transmits a classical label k ∈ [K] together with a dk-dimensional quan-

tum system. It is a channel since
∑
k∈[K] P̃k = 1d the identity of L(Hd). Furthermore, it is idempotent,

and its shape vector is d, up to the order of the entries, since Rg(Πd) =
⊕K

k=1 L(Cdk). In particular
λ(Πf ) = λ(F). Given F an idempotent channel, we can interconvert F with Πf and vice versa, as shown
in the following proposition.
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Proposition 3. Let F : L(HF ) → L(HF ) be an idempotent channel and let Πf be the block pinching
associated to its shape vector. Then there exist encoding and decoding channels E1,D1, E2,D2 such that

F = D1 ◦Πf ◦ E1, Πf = D2 ◦ F ◦ E2. (30)

Proof. By Proposition 2, F and its reduced channel F̂ can be converted one into the other by encoding
and decoding channels, and λ(F̂) = λ(F) by Proposition 1. Since compositions of channels are channels,

it therefore suffices to prove eq. (30) for F̂ , and we assume from now on that F = F̂ .

We use the notation of Proposition 1: we have HF =
⊕K

k=1Hk,1 ⊗ Hk,2 with dk = dim(Hk,1) and
f = λ(F) = (d1, . . . , dK) up to the order of the entries, Pk is the orthogonal projector onto Hk,1 ⊗Hk,2,
and

F(x) =

K∑
k=1

trk,2(PkxPk)⊗ ρk.

We identify Hf =
⊕K

k=1 Cdk with
⊕K

k=1Hk,1, so that P̃k is the orthogonal projector onto Hk,1 and

Πf (z) =
∑K
k=1 P̃kzP̃k. Define

F1(x) =

K∑
k=1

trk,2(PkxPk), F2(z) =

K∑
k=1

P̃kzP̃k ⊗ ρk, (31)

so that F1 : L(HF )→ L(Hf ) and F2 : L(Hf )→ L(HF ). Both are channels: they are completely positive

as compositions of conjugations by the Pk or P̃k, of partial traces and of tensorisations by the fixed states
ρk, and they are trace preserving since

∑
k Pk = 1HF and

∑
k P̃k = 1Hf

. Furthermore, we have

F = F2 ◦ F1, Πf = F1 ◦ F2. (32)

Πf 7→ F : We have, by eq. (32) and by idempotence of F

F = F ◦ F = F2 ◦ F1 ◦ F2 ◦ F1 = F2 ◦Πf ◦ F1.

F 7→ Πf : Again by eq. (32) and by idempotence of Πf

Πf = Πf ◦Πf = F1 ◦ F2 ◦ F1 ◦ F2 = F1 ◦ F ◦ F2.

Therefore, we can interconvert exactly any two idempotent channels having the same shape vector.

Proposition 4 (Exact emulation). Let F1,F2 be idempotent channels such that λ(F1) = λ(F2), then
there are encoding and decoding channels such that

F1 = D1F2E1, F2 = D2F1E2. (33)

Proof. By Proposition 3, since λ(F1) = λ(F2) = f we can perform the emulation of F2 by F1 through
Πf and vice versa.

We now show that if we can interconvert exactly general channels F1 with F2 as well as G1 with G2,
then it is equivalent to study the emulation of F1 by G1 or that of F2 by G2.

Proposition 5. Let F1,F2 and G1,G2 be general quantum channels such that

F1 = D1,fF2E1,f , F2 = D2,fF1E2,f (34)

G1 = D1,gG2E1,g, G2 = D2,gG1E2,g, (35)

with Ei,a,Di,a for (i, a) ∈ {1, 2}×{f, g} pairs of encoding and decoding channels. Then, in every assistance
regime R, i.e. R ∈ {UA, SR,EA}, and for all integers k, n ∈ N>0

δRk,n(G1 7→ F1) = δRk,n(G2 7→ F2). (36)

In particular,
CR(G1 7→ F1) = CR(G2 7→ F2). (37)
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Proof. We prove the statement for k = n = 1. The general case follows by applying the same argument
to the tensor powers F⊗k

i , G⊗ni , i ∈ [2], using the tensor powers of the conversion maps Ei,a,Di,a for
(i, a) ∈ {1, 2} × {f, g}.

Let us first show δSR1,1(G1 7→ F1) = δSR1,1(G2 7→ F2), since the same construction proves the unassisted
case by taking Λ = 1. Let Λ ∈ N>0, (pλ)λ∈[Λ] be a probability distribution and {(Eλ,Dλ) | λ ∈ [Λ]} be a
set of pairs of encoding and decoding channels. Then,

∥F1 −
∑
λ∈[Λ]

pλDλG1Eλ∥⋄ = ∥F1 −
∑
λ∈[Λ]

pλDλD1,gG2E1,gEλ∥⋄

= ∥D2,f∥⋄∥F1 −
∑
λ∈[Λ]

pλDλD1,gG2E1,gEλ∥⋄∥E2,f∥⋄

≥ ∥D2,fF1E2,f −D2,f

∑
λ∈[Λ]

pλDλD1,gG2E1,gEλE2,f∥⋄

= ∥F2 −
∑
λ∈[Λ]

pλD2,fDλD1,gG2E1,gEλE2,f∥⋄,

where we used in the second equality that, as E2,f , D2,f are channels, ∥E2,f∥⋄ = ∥D2,f∥⋄ = 1.
Therefore,

δSR1,1(G2 7→ F2) ≤ δSR1,1(G1 7→ F1).

We can apply the same line of argument but converting F2 to F1 and G1 to G2 to prove the converse
inequality.

The proof in the entanglement-assisted case is very similar. Recall that given a bipartite state ωA0B0

on systems A0, B0, we write TωA0B0
: x 7→ x ⊗ ωA0B0 for x ∈ L(HF1). Hence given (E ,D) a pair of

encoding and decoding channels,

∥F1 −D(G1E ⊗ IdB0)TωA0B0
∥⋄ ≥ ∥F2 −D2,fD(D1,gG2E1,gE ⊗ IdB0)TωA0B0

E2,f∥⋄. (38)

Now, in the right-hand side of eq. (38), TωA0B0
and E2,f commute, in the sense that for every x ∈ L(HF2),

TωA0B0
E2,f (x) = E2,f (x)⊗ ωA0B0

= (E2,f ⊗ IdA0B0
)TωA0B0

(x).

Hence,
∥F1 −D(G1E ⊗ IdB0

)TωA0B0
∥⋄ ≥ ∥F2 −D♯(G2E♯ ⊗ IdB0

)TωA0B0
∥⋄, (39)

where D♯ = D2,fD(D1,g ⊗ IdB0
) and E♯ = E1,gE(E2,f ⊗ IdA0

). The converse inequality is proven by
swapping the roles of F1 and G1 with those of F2 and G2.

Therefore, the shape vector is the only relevant object governing the interconversion of idempotent
channels.

Corollary 4 (Interconversion is governed by shape vectors). Let F1,F2 and G1,G2 be idempotent chan-
nels such that λ(F1) = λ(F2) and λ(G1) = λ(G2). Then, in all regimes R ∈ {UA,SR,EA} and for all
k, n ∈ N>0

δRk,n(G1 7→ F1) = δRk,n(G2 7→ F2). (40)

In particular
CR(G1 7→ F1) = CR(G2 7→ F2). (41)

Proof. Follows from Propositions 4 and 5.

Throughout this work, we will therefore use the following corollary to swap the idempotent channels
for their reduced versions or their associated block pinching maps to simplify our proofs.

Corollary 5. Let F : L(HF )→ L(HF ) and G : L(HG)→ L(HG) be two idempotent channels and F̂ , Ĝ
be their associated reduced channels, as defined in Proposition 1, then

δRk,n(G 7→ F) = δRk,n(Ĝ 7→ F̂) = δRk,n(Πg 7→ Πf ), (42)

so that
CR(G 7→ F) = CR(Ĝ 7→ F̂) = CR(Πg 7→ Πf ), (43)

where R denotes the assistance regime, i.e. R ∈ {UA, SR,EA} and f = λ(F), g = λ(G).
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Proof. This follows directly from Propositions 2, 3 and 5.

As mentioned in the introduction, the shape vector λ(F) of an idempotent channel F : L(H)→ L(H)
can be computed efficiently, in time polynomial in the dimension of H.

Proposition 6 ([16, Theorem 2.6 and Algorithm 1]). Given F : L(H)→ L(H) an idempotent channel,
there is an algorithm that computes λ(F) in time O(d6 log(d)) where d is the dimension of H, using the
algorithm and computational cost convention of [16].

We now show that the shape vector of idempotent channels preserves the tensor product, a property
that will be used in the proofs of our main results, Theorems A and B. Indeed, it will allow us to reduce
the study of the problem of emulating k copies of F using n copies of G for general pairs of integers
k, n ∈ N>0 to the case where k = n.

Proposition 7. Let F1 : L(H1)→ L(H1) and F2 : L(H2)→ L(H2) be two idempotent channels. Then
F1 ⊗F2 is idempotent and

Rg(F∗
1 ⊗F∗

2 ) = Rg(F∗
1 )⊗ Rg(F∗

2 ), (44)

λ(F1 ⊗F2) = λ(F1)⊗ λ(F2), (45)

where the last equality is understood up to a permutation of the entries of the shape vectors.

Proof. That F1⊗F2 is idempotent follows from (F1⊗F2)◦ (F1⊗F2) = (F1 ◦F1)⊗ (F2 ◦F2) = F1⊗F2.
We first show that, for all linear maps Φ : L(H1)→ L(H′

1) and Ψ : L(H2)→ L(H′
2),

Rg(Φ⊗Ψ) = Rg(Φ)⊗ Rg(Ψ), (46)

which gives eq. (44) by taking Φ = F∗
1 and Ψ = F∗

2 . For the inclusion from right to left, Rg(Φ)⊗Rg(Ψ)
is spanned by the product elements y1 ⊗ y2 with y1 = Φ(x1) and y2 = Ψ(x2). Then y1 ⊗ y2 = (Φ ⊗
Ψ)(x1 ⊗ x2) ∈ Rg(Φ ⊗ Ψ). Conversely, every x ∈ L(H1 ⊗ H2) = L(H1) ⊗ L(H2) can be written

x =
∑
j∈[J] x

(j)
1 ⊗ x

(j)
2 with x

(j)
i ∈ L(Hi), i ∈ [2], so that

(Φ⊗Ψ)(x) =
∑
j∈[J]

Φ(x
(j)
1 )⊗Ψ(x

(j)
2 ) ∈ Rg(Φ)⊗ Rg(Ψ).

It remains to prove eq. (45). By Proposition 1, for i ∈ [2] there are integers Ki, dimensions (d
(i)
k )k∈[Ki]

and states (ρ
(i)
k )k∈[Ki] such that λ(Fi) = (d

(i)
k )k∈[Ki] up to the order of the entries and

Rg(Fi) =
( ⊕
k∈[Ki]

L(H(i)
k,1)⊗ ρ(i)k

)
⊕ 0, d

(i)
k = dim(H(i)

k,1).

Applying eq. (46) to Φ = F1 and Ψ = F2 and distributing the tensor product over the direct sums, we
get

Rg(F1 ⊗F2) =
( ⊕
(k,l)∈[K1]×[K2]

L(H(1)
k,1 ⊗H

(2)
l,1 )⊗ (ρ

(1)
k ⊗ ρ

(2)
l )

)
⊕ 0,

where we used L(H) ⊗ L(H′) = L(H ⊗ H′) and the fact that ρ
(1)
k ⊗ ρ

(2)
l is a state. This is a decom-

position of Rg(F1 ⊗ F2) of the form of eq. (15), indexed by the pairs (k, l), with blocks of dimensions

dim(H(1)
k,1⊗H

(2)
l,1 ) = d

(1)
k d

(2)
l . By the definition of the shape vector, λ(F1⊗F2) is the family (d

(1)
k d

(2)
l )(k,l)

sorted in non-increasing order, that is λ(F1) ⊗ λ(F2). This identification does not depend on the cho-
sen decomposition: by eq. (20), the shape vector of an idempotent channel is that of the ∗-algebra

Rg(F̂∗), which is unique up to the order of its entries, and, since ̂F1 ⊗F2 = F̂1 ⊗ F̂2, eq. (44) gives

Rg(( ̂F1 ⊗F2)∗) = Rg(F̂∗
1 )⊗ Rg(F̂∗

2 ), whose shape vector is λ(F1)⊗ λ(F2).

Hence, for k ∈ N>0, λ(F⊗k) = λ(F)⊗k. Moreover, for block pinchings, we directly have the stability
under tensor products: identifying Hd ⊗ Hd′ with Hd⊗d′ , we have Πd ⊗ Πd′ = Πd⊗d′ , so that Π⊗k

f =
Πλ(F⊗k).

We end this section with the following remark on the origin of the concept of shape vectors.
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Remark 6. Note that the shape of an idempotent channel F coincides with the shape of the ∗-algebra
Rg(F̂∗), with F̂ the reduced channel associated to F . The notion of shape vector for ∗-algebras was
introduced by Kuperberg in [14]. If A is a ∗-algebra, we can decompose

A ∼=
K⊕
k=1

L(Cdk),

for a set of integers {dk | k ∈ [K]} and we write λ(A) for the shape vector of A, whose coordinates are
the integers (dk)k∈[K] sorted in non-increasing order1.

4 Unassisted emulation of idempotent channels with zero error

In this section and the next one, we prove item (i) of Theorem A, that is, eq. (1), together with the fact
that, in both regimes, the emulation capacity coincides with the zero-error emulation capacity, i.e. with
the supremum of the ratios k/n for which F⊗k can be emulated exactly by G⊗n. Throughout, we assume
that λ(F) ̸= (1): otherwise, F is essentially a replacer channel (see Proposition 1), and it is simple to
see that it can be emulated exactly by any other idempotent channel G with an arbitrarily large rate.
When λ(F) = (1, . . . , 1), i.e. when ∥λ(F)∥∞ = 1, the denominator in eq. (1) vanishes at p = +∞, and
the term p = +∞ is omitted from the infimum, as in the last row of Table 2. When F or G is either the
identity channel or the completely dephasing channel, it suffices to restrict the infimum to p ∈ {1,+∞}
(see Table 2 below):

CUA(G 7→ F) = CSR(G 7→ F) = min
p∈{1,+∞}

log(∥λ(G)∥p)
log(∥λ(F)∥p)

. (47)

On the right-hand side of eq. (1), the two terms λ(F) and λ(G) are the shape vectors of Proposition 1.
A remarkable aspect of this result is that it is a single-letter formula, i.e. the expression does not involve a
limit. This comes from the fact that the norm of the shape vector is multiplicative under tensor product.

Now that we have presented the decomposition properties of idempotent channels, we move on to
proving the achievability part of item (i) of Theorem A in this section. Formally, we prove that every
rate below

inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

(48)

is achievable in the unassisted regime, and even with zero error. This yields the bounds

inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

≤ CUA(G 7→ F) ≤ CSR(G 7→ F). (49)

We show in Section 5 that any rate strictly greater than eq. (48) is not achievable, as a consequence of
item (ii) of Theorem A.

Before presenting these proofs, we provide some examples of the expression in eq. (48). In particular,
we gather in Table 2 the expression of the emulation capacities CUA(G 7→ F) = CSR(G 7→ F) when F
or G is an identity quantum channel or a completely dephasing channel. In fact, when F = Idd, then
λ(F) = (d) and thus ∥λ(F)∥p = d for all p ≥ 1. As ∥λ(G)∥p is non-increasing in p, this shows that

CUA(G 7→ F) = log(∥λ(G)∥∞)
log(d) . The other cases are similar. Note that, when G = ∆d, log(∥λ(∆d)∥∞) =

log(1) = 0. Therefore, in Table 2, we split the case G = ∆d into two subcases: the one where F is any
idempotent channel such that at least one coordinate of λ(F) is greater than or equal to 2, and the one
where λ(F) = (1, . . . , 1), in which case, for all p ∈ [1,+∞),

log(∥λ(∆d)∥p)
log(∥λ(F)∥p)

=
p log(∥λ(∆d)∥p)
p log(∥λ(F)∥p)

=
log(d)

log(∥λ(F)∥1)
.

Note that in the first case, i.e. when λ(F) has a coefficient greater than or equal to two, the emulation
capacity of F by the completely dephasing channel is zero, that is it is impossible to emulate a channel
preserving some quantum information with a classical one, without error.

1Throughout this article and in Kuperberg’s work [14], the order with respect to which the coordinates of shape vectors
are sorted is actually irrelevant.
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F G CUA(G 7→ F) = CSR(G 7→ F)

Idd G log(∥λ(G)∥∞)
log(d)

F Idd
log(d)

log(∥λ(F)∥1)

∆d G log(∥λ(G)∥1)
log(d)

F s.t. λ(F) ̸= (1, . . . , 1) ∆d 0

F s.t. λ(F) = (1, . . . , 1) ∆d
log(d)

log(∥λ(F)∥1)

Table 2: Emulation capacities when either F or G is the identity or the completely dephasing channel
(with d ≥ 2 and λ(F) ̸= (1)).

Then, we also note that, as a corollary of item (i) of Theorem A, the emulation capacity of idempotent
channels is, in general, superadditive under tensor products of source channels. However, since the
infimum in eq. (1) collapses to a single value of p when the target channel is either a quantum or a
classical identity, the quantum and classical capacities of idempotent channels are additive.

Corollary 7. Let F , G1 and G2 be three idempotent channels, and R ∈ {UA, SR}, then

CR(G1 ⊗ G2 7→ F) ≥ CR(G1 7→ F) + CR(G2 7→ F). (50)

However, when F is either the quantum or the classical identity, i.e. F ∈ {Idd,∆d}, then the emulation
capacity becomes additive:

CR(G1 ⊗ G2 7→ F) = CR(G1 7→ F) + CR(G2 7→ F). (51)

Proof. If λ(F) = (1), all the capacities in the statement are infinite, so the claims are immediate. We
therefore assume that λ(F) ̸= (1). By item (i) of Theorem A, we have, for R ∈ {UA,SR},

CR(G1 ⊗ G2 7→ F) = inf
p∈[1,+∞]

log(∥λ(G1 ⊗ G2)∥p)
log(∥λ(F)∥p)

≥ inf
p∈[1,+∞]

log(∥λ(G1)∥p)
log(∥λ(F)∥p)

+ inf
p∈[1,+∞]

log(∥λ(G2)∥p)
log(∥λ(F)∥p)

= CR(G1 7→ F) + CR(G2 7→ F),

where we used Proposition 7 and the multiplicativity of the ℓp-norms over the tensor product in the
inequality.

However, when F = Idd, as per Table 2,

CR(G1 ⊗ G2 7→ Idd) =
log(∥λ(G1 ⊗ G2)∥∞)

log(d)

=
log(∥λ(G1)∥∞)

log(d)
+

log(∥λ(G2)∥∞)

log(d)

= CR(G1 7→ Idd) + CR(G2 7→ Idd).

When F = ∆d, the same line of argument holds replacing the ℓ∞ norm by the ℓ1 norm.

The following example shows that the superadditivity of Corollary 7 can be strict in general.

Example 8 (Complementary source channels). Let G1 = Id2, G2 = ∆2 and F = G1 ⊗ G2. By Proposi-
tion 7,

λ(G1) = (2), λ(G2) = (1, 1), λ(F) = λ(G1)⊗ λ(G2) = (2, 2).

By the second row of Table 2, CUA(G1 7→ F) = log(2)/ log(∥(2, 2)∥1) = 1/2, and by its fourth row,
CUA(G2 7→ F) = 0, since λ(F) has an entry equal to 2. However, λ(G1 ⊗ G2) = λ(F), so that CUA(G1 ⊗
G2 7→ F) = 1. Hence the inequality of Corollary 7 is strict here:

CUA(G1 ⊗ G2 7→ F) = 1 >
1

2
= CUA(G1 7→ F) + CUA(G2 7→ F).
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The two source channels are complementary: G1 carries the quantum part and G2 the classical part of the
hybrid target channel F , and neither of them can emulate the target efficiently without entanglement.
Indeed, without entanglement, G1 can only reach the rate 1/2, while G2 is even useless, as it cannot
emulate F at any positive rate; it is only in combination with G1 that it contributes. We will see in
Example 46 that shared entanglement restores additivity for these channels.

The following example shows that the emulation capacity is not reversible in the unassisted and
shared-randomness regimes, i.e. that CR(G 7→ F)CR(F 7→ G) ̸= 1 in general, for R ∈ {UA, SR}, and
that the failure of reversibility can be as extreme as possible.

Example 9 (Emulation of a quantum channel by a classical one). Let F = Id2 be the identity channel on
L(C2) and G = ∆2 be the completely dephasing channel on L(C2), so that λ(F) = (2) and λ(G) = (1, 1).
Since λ(F) has a coordinate equal to 2, the fourth row of Table 2 gives

CUA(∆2 7→ Id2) = CSR(∆2 7→ Id2) = 0,

that is, a noiseless qubit channel cannot be emulated with zero error by a classical channel, even with
shared randomness and at an arbitrarily small rate. In the other direction, by the second row of Table 2,

CUA(Id2 7→ ∆2) =
log(2)

log(∥λ(∆2)∥1)
=

log(2)

log(2)
= 1,

since one use of a noiseless qubit channel transmits one bit. Therefore

CUA(∆2 7→ Id2)CUA(Id2 7→ ∆2) = 0,

which is the most extreme failure of reversibility possible: not only is CR(F 7→ G) different from CR(G 7→
F)−1, but CR(G 7→ F)−1 is not even defined, as CR(G 7→ F) = 0. We will see in Example 45 that shared
entanglement restores reversibility here, the two capacities becoming 1/2 and 2.

Although the infimum in eq. (1) is reached for p ∈ {1,+∞} when either F or G is an identity channel
or a completely dephasing one, we show in the following example that this is not the case in general.

In particular, the fact that the infimum in eq. (1) can be reached for p ̸∈ {1,+∞} implies that, for
general idempotent channels F and G, the chain of emulation G 7→ Idd 7→ F (where each arrow represents
an emulation) is less efficient than directly emulating F by G, even when shared randomness is allowed.

Example 10. Let F : L(C8)→ L(C8) and G : L(C15)→ L(C15) be two idempotent channels such that
λ(F) = (5, 3) and λ(G) = (10, 3, 1, 1). Numerically, we find that the infimum

CUA(G 7→ F) = inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

≈ 1.29916,

is reached for p ≈ 1.15401. In contrast, the infimum

CUA(F 7→ G) = inf
p∈[1,+∞]

log(∥λ(F)∥p)
log(∥λ(G)∥p)

=
log(5)

log(10)
,

is reached for p = +∞.

4.1 Achievability in item (i) of Theorem A

To prove the achievability direction of item (i) of Theorem A, we first show the following proposition in
the case where only one copy of F is emulated for each copy of G used; we will then use Proposition 7
on the compatibility of the shape vector with the tensor product to conclude.

Proposition 8. Let F and G be two idempotent channels such that, for all p ∈ [1,+∞],

∥λ(F)∥p < ∥λ(G)∥p.

Then, there exists n ∈ N>0, E and D two channels such that

F⊗n = DG⊗nE .
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To prove this proposition, we use the following theorem on embeddability of ∗-algebras.

Theorem 11 (Proven in [14]). If A and B are two finite-dimensional ∗-algebras such that, for all
p ∈ [1,+∞],

∥λ(A)∥p < ∥λ(B)∥p, (52)

then, there is n ∈ N>0 such that there exists a subunital injective ∗-homomorphism ι : A⊗n → B⊗n.

Proof. This theorem, despite not being stated explicitly in [14], is proven in the proof of [14, Theorem 1.1].

To connect the problem of embedding ∗-algebras with that of interconverting idempotent channels,
we use tracial conditional expectations. Given A ⊆ L(HA) a ∗-subalgebra of L(HA) sharing its identity
operator with L(HA), we can write the orthogonal direct sum decompositions

HA =
⊕
k∈[K]

Hk,1 ⊗Hk,2, A =
⊕
k∈[K]

L(Hk,1)⊗ 1mk
,

with mk = dim(Hk,2) for k ∈ [K], and Pk the orthogonal projector onto Hk,1 ⊗Hk,2.

Definition 12 (Tracial conditional expectation, see e.g. [15, Proposition 1.5]). With the notation above,
the tracial conditional expectation onto A is the map

EA : L(HA)→ A, EA(x) =
∑
k∈[K]

trk,2(PkxPk)⊗ 1

mk
1mk

. (53)

It is unital, completely positive, and satisfies EA(x) = x for every x ∈ A.
Given an idempotent channel F : L(HF ) → L(HF ), we write EF for the tracial conditional expec-

tation onto the ∗-algebra Rg(F̂∗), where F̂ : L(H0) → L(H0) is the reduced channel associated to F .

This is well-defined: by Proposition 1, Rg(F̂∗) is a unital ∗-subalgebra of L(H0) which shares its identity
operator with L(H0).

The tracial conditional expectation onto A is moreover an idempotent channel whose shape vector is
that of A.

Proposition 9. Let A ⊆ L(HA) be a unital ∗-subalgebra whose identity operator coincides with that
of L(HA). Then EA is an idempotent channel and λ(EA) = λ(A). In particular, for every idempotent
channel F , the map EF is an idempotent channel with λ(EF ) = λ(F).

Proof. EA is completely positive and trace preserving by eq. (53), and EA(x) = x for every x ∈ A, so
that EA ◦ EA = EA since Rg(EA) ⊆ A. Moreover, with the notation above,

Rg(EA) =
⊕
k∈[K]

L(Hk,1)⊗ 1mk

mk
,

which is a decomposition of the form of eq. (15) with the states ρk = 1mk
/mk and blocks of dimensions

dim(Hk,1). Hence λ(EA) = (dim(Hk,1))k∈[K] = λ(A). The last statement follows by applying this to

A = Rg(F̂∗), whose shape vector is λ(F) by eq. (20) and by the definition of the shape vector of an
idempotent channel.

Since λ(EF ) = λ(F) and λ(EG) = λ(G) for all idempotent channels F and G, by Proposition 4 we
can interconvert exactly F with EF , G with EG and vice versa, so that F = DGE for channels D, E if
and only if EF = D′EGE ′. We may therefore replace F and G by the tracial conditional expectations
EF and EG , whose ranges are the ∗-algebras on which Theorem 11 operates directly.

We now lift the ∗-homomorphism ι of Theorem 11 into a unital completely positive map.

Lemma 13. Let A ⊆ L(HA), B ⊆ L(HB) be two finite-dimensional unital ∗-subalgebras of L(HA) and
L(HB) respectively, where we assume that the identity operator in A coincides with the one in L(HA),
denoted 1A and the one in B coincides with the one in L(HB), denoted 1B. Let ι : A → B be an injective
subunital ∗-homomorphism.

19



Then, writing H(0)
B = supp(ι(1A)) ⊆ HB, we have that Pι = ι(1A) ∈ L(HB) is the orthogonal

projector onto H(0)
B . We denote by V : H(0)

B → HB the isometry embedding H(0)
B into HB such that

V V ∗ = Pι and we define the reduced ∗-homomorphism ι̂ : A → L(H(0)
B ) by

ι̂ : x 7→ V ∗ι(x)V. (54)

Then ι̂ : A → L(H(0)
B ) is a unital injective ∗-homomorphism and ι̂(A) is a unital ∗-subalgebra of L(H(0)

B )

where both ι̂(A) and L(H(0)
B ) share the same identity operator. We will write ι̂−1 : ι̂(A) → A for the

inverse of ι̂, which is itself a unital injective ∗-homomorphism.

We write EA : L(HA)→ A and Eι̂(A) : L(H(0)
B )→ ι̂(A) for the tracial conditional expectations on A

and ι̂(A) respectively. Then, the maps

ι̃ : L(HA)→ B ⊆ L(HB)

x 7→ ι(EA(x)) +
tr(x)

tr(1A)
(1B − Pι),

(55)

and
ι̃−1 : L(HB)→ A ⊆ L(HA)

x 7→ ι̂−1(Eι̂(A)(V
∗xV ))

(56)

are unital completely positive and satisfy for all x ∈ A,

ι̃−1 ◦ ι̃(x) = x. (57)

Proof. First, we prove that Pι = ι(1A) is an orthogonal projector on supp(ι(1A)). As ι is a ∗-
homomorphism, it preserves both the operation of taking the adjoint and the multiplication, so that
P ∗
ι = ι(1A)∗ = ι(1∗

A) = Pι and P 2
ι = ι(1A)2 = ι(12

A) = Pι.

We move on to prove that ι̂ : A → L(H(0)
B ), with H(0)

B = supp(ι(1A)) is a ∗-homomorphism, which is
also unital and injective. First ι̂ is clearly linear. Let x ∈ A,

ι̂(x)∗ = (V ∗ι(x)V )∗ = V ∗ι(x)∗V = V ∗ι(x∗)V = ι̂(x∗),

and for y ∈ A,

ι̂(xy) = V ∗ι(xy)V = V ∗ι(x)ι(y)V
(a)
= V ∗V V ∗ι(x)V V ∗ι(y)V = ι̂(x)ι̂(y).

The equality (a) holds by applying Lemma 1 on the map Φ = ι which is positive since it is a ∗-
homomorphism2. To show the unitality, we have

ι̂(1A) = V ∗ι(1A)V = V ∗PιV = V ∗V V ∗V = 1H(0)
B
,

with 1H(0)
B

the identity operator in L(H(0)
B ). We finish with the injectivity property. Let x ∈ ker(ι̂),

0 = ι̂(x) = V ∗ι(x)V.

Hence, by Lemma 1
ι(x) = V V ∗ι(x)V V ∗ = 0,

so that x ∈ ker(ι), thus x = 0 by injectivity of ι.

Since ι̂ is a unital ∗-homomorphism, ι̂(A) is a ∗-subalgebra of L(H(0)
B ) and has the same identity oper-

ator as L(H(0)
B ), so that the tracial conditional expectation Eι̂(A) is well-defined by eq. (53). Furthermore,

as ι̂ is injective, ι̂−1 is well-defined and is a unital ∗-homomorphism as well.
Now, we show that ι̃ and ι̃−1 are unital completely positive maps. By unitality of EA, Eι̂(A) and ι̂−1,

it is clear that ι̃ and ι̃−1 are unital. Furthermore, ι̃−1 is the composition of completely positive maps
and is thus completely positive. Moreover, as ι was assumed to be subunital, ι(1A) = Pι ≤ 1B so that ι̃
is a sum of two completely positive maps and is thus completely positive itself.

2Actually, ∗-homomorphisms are even completely positive [30].
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We also have that ι̃(L(HA)) ⊆ B. Indeed, as B is unital of unit 1B and as the range of ι is in B,
1B − Pι ∈ B and ι(EA(x)) ∈ B for all x ∈ L(HA).

Finally, note that 1B − Pι is the orthogonal projector on ker(Pι) which is orthogonal to supp(Pι) =
Rg(V ), so that (1B − Pι)V = 0. Hence, for x ∈ A,

ι̃−1(ι̃(x)) = ι̂−1(Eι̂(A)(V
∗ι(EA(x))V )) = ι̂−1(Eι̂(A)(ι̂(x))) = ι̂−1(ι̂(x)) = x.

We now prove Proposition 8.

Proof of Proposition 8. By Proposition 4, since λ(F) = λ(EF ) and λ(G) = λ(EG), it suffices to show
that there are channels E ′,D′ and an integer n ∈ N>0 such that E⊗n

F = D′E⊗n
G E ′.

Let A = Rg(EF ) and B = Rg(EG) respectively seen as unital ∗-subalgebras of L(HF̂ ) and L(HĜ),
where HF̂ = supp(F(1)) and HĜ = supp(G(1)) are the spaces on which the reduced versions of F and G,

respectively F̂ and Ĝ, act. By assumption, ∥λ(A)∥p < ∥λ(B)∥p for all p ∈ [1,+∞], so that Theorem 11
provides an n ∈ N>0 and an injective subunital ∗-homomorphism ι : A⊗n → B⊗n. Let ι̃ and ι̃−1 be the
unital completely positive maps associated to ι by Lemma 13, and set

E = (ι̃−1)∗ ◦ E⊗n
A , D = E⊗n

A ◦ ι̃ ∗,

which are channels, as compositions of channels: the adjoint of a unital completely positive map is
completely positive and trace preserving, and E⊗n

A is a channel.
It remains to check that D ◦ E⊗n

B ◦ E = E⊗n
A . Taking adjoints, this is equivalent to

E⊗n
A = E∗ ◦ E⊗n

B ◦ D∗ = E⊗n
A ◦ ι̃−1 ◦ E⊗n

B ◦ ι̃ ◦ E⊗n
A , (58)

where we used that EA and EB are self-adjoint, being tracial conditional expectations. Let x ∈ L(H⊗n
A ).

Then E⊗n
A (x) ∈ A⊗n, so that ι̃(E⊗n

A (x)) ∈ B⊗n by Lemma 13. Since E⊗n
B acts as the identity on B⊗n, we

get E⊗n
B (ι̃(E⊗n

A (x))) = ι̃(E⊗n
A (x)). Applying eq. (57) to E⊗n

A (x) ∈ A⊗n gives ι̃−1(ι̃(E⊗n
A (x))) = E⊗n

A (x),
and a final application of E⊗n

A , which fixes A⊗n, yields eq. (58).

Then we can prove the achievability in item (i) of Theorem A.

Proof of achievability in item (i) of Theorem A. Let F , G be idempotent channels. If the infimum in
eq. (1) is zero, the desired lower bound follows from the non-negativity of the capacity. We therefore
assume that this infimum is positive. Let a rate r ≥ 0 be such that

r < inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

.

By density of the rational numbers in the reals, there exist k, n ∈ N>0 such that

r ≤ k

n
< inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

. (59)

If both shape vectors have only unit entries, that is both F and G are classical, then ∥λ(F)∥k1 < ∥λ(G)∥n1 ,
so embedding the corresponding classical alphabets gives F⊗k = DG⊗nE for suitable channels E and D.
Suppose that F is not a classical channel, so that log(∥λ(F)∥p) > 0 for all p ∈ [1,+∞]. Then, for every
p ∈ [1,+∞], we have

∥λ(F⊗k)∥p < ∥λ(G⊗n)∥p,
where we used Proposition 7 on the shape vectors of the tensor product of channels. If F is classical
and G is not, we still have for all p ∈ [1,+∞), by eq. (59), ∥λ(F⊗k)∥p < ∥λ(G⊗n)∥p. Then, for p = +∞,
∥λ(F⊗k)∥∞ = 1 < 2 ≤ ∥λ(G⊗n)∥∞. Hence, we still have in this case ∥λ(F⊗k)∥p < ∥λ(G⊗n)∥p for all
p ∈ [1,+∞].

Then, by Proposition 8, there is m ∈ N>0, E and D channels such that

F⊗km = DG⊗nmE ,

so that F⊗km can be emulated exactly by G⊗nm without assistance. By Section 2.1, km/(nm) = k/n ≥ r
is thus an achievable rate, and the zero-error unassisted emulation capacity is at least k/n ≥ r.
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5 Minimal error for unassisted and shared-randomness-assisted
emulation for finite blocklength

In this section, we prove item (ii) of Theorem A, that is, the lower bound of eq. (2) on the minimal error
for the emulation of idempotent channels at finite blocklength, both in the unassisted and in the shared
randomness regimes, which holds for any two idempotent channels F and G and all k, n ∈ N>0. We then
deduce from it the converse part of item (i) and the strong converse of item (iii).

Since, in general, δUA
k,n(G 7→ F) ≥ δSRk,n(G 7→ F), it actually suffices to show the right-most inequality

in eq. (2), that is, for all F and G idempotent channels and every pair k, n ∈ N>0,

δSRk,n(G 7→ F) ≥ 1− inf
p∈[1,+∞]

∥λ(G)∥np
∥λ(F)∥kp

. (60)

We first reduce the problem to the emulation of block pinchings. Let f = λ(F) and g = λ(G) be the
shape vectors of F and G. We write Πf and Πg for the pinchings of shape vectors λ(Πf ) = λ(F) and
λ(Πg) = λ(G), as per Definition 3, so that Corollary 4 gives, in every regime R ∈ {UA, SR,EA} and for
all k, n ∈ N>0,

δRk,n(G 7→ F) = δRk,n(Πg 7→ Πf ). (61)

It is therefore enough to prove eq. (60) for the block pinchings Πf and Πg, which have the same shape
vectors as F and G. The gain is that Πf and Πg act on the spaces Hf and Hg of eq. (28), which carry
no multiplicity spaces: every quantity below is expressed directly in terms of the entries of λ(F) = f and
λ(G) = g.

To prove this bound, we use the Holevo–Helstrom bound, applied to the problem of channel discrim-
ination.

Lemma 14 (see e.g. [27, Theorem 3.52]). Let Φ1, Φ2 : L(H) → L(H′) be two quantum channels. For
any choice of auxiliary system L(H′′) of dimension d = dim(H′′), for any choice of positive semidefinite
operator µ ∈ L(H′ ⊗H′′) satisfying µ ≤ 1 and of density operator σ ∈ D(H⊗H′′),

1

2
∥Φ1 − Φ2∥⋄ ≥ tr(µΦ1 ⊗ Idd(σ))− tr(µΦ2 ⊗ Idd(σ)). (62)

Let Λ ∈ N>0, let (pλ)λ∈[Λ] be a probability distribution and let {(Dλ, Eλ) | λ ∈ [Λ]} be a set of
pairs of encoding and decoding channels for the emulation of Πf by Πg, with Eλ : L(Hf ) → L(Hg) and
Dλ : L(Hg)→ L(Hf ). For λ ∈ [Λ], we write

Nλ = Dλ ◦Πg ◦ Eλ : L(Hf )→ L(Hf ), (63)

which is a channel, as a composition of channels, so that
∑
λ∈[Λ] pλNλ is a channel as well. Applying

Lemma 14 to Πf and to
∑
λ∈[Λ] pλNλ, the proof of item (ii) of Theorem A then proceeds by constructing

ansätze µ, σ(p), for p ∈ [1,+∞), such that

1

2

∥∥∥Πf −
∑
λ∈[Λ]

pλDλΠgEλ
∥∥∥
⋄
≥ tr(µΠf ⊗ Idd(σ

(p)))−
∑
λ∈[Λ]

pλ tr(µNλ ⊗ Idd(σ
(p))), (64)

with

tr(µΠf ⊗ Idd(σ
(p))) = 1, tr(µNλ ⊗ Idd(σ

(p))) ≤ ∥λ(G)∥p
∥λ(F)∥p

, (65)

for every λ ∈ [Λ] and p ∈ [1,+∞).
The only structural property of the maps Nλ that we shall use is the following Kraus representation,

which exhibits the block projectors P̃ ′
b of Hg.

Lemma 15. For λ ∈ [Λ], the channel Nλ of eq. (63) admits the Kraus representation

Nλ(z) =
∑
a,b,c

(
D(λ)
a P̃ ′

bE
(λ)
c

)
z
(
D(λ)
a P̃ ′

bE
(λ)
c

)∗
, (66)

where {P̃ ′
b}b∈[K′] are the block projectors of Hg of Definition 3, {D(λ)

a }a is any Kraus representation of

Dλ and {E(λ)
c }c is any Kraus representation of Eλ.
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Proof. By eq. (29), the operators {P̃ ′
b}b∈[K′] form a Kraus representation of Πg. Eq. (66) then follows

from the factorisation Nλ = Dλ ◦Πg ◦ Eλ of eq. (63).

Now, we introduce the ansätze µ, σ which, as we will show, satisfy eq. (65). In the following, let HR
denote a copy of Hf , with blocks HRk ∼= Cdk and orthonormal bases {|ν⟩Rk }ν∈[dk], for k ∈ [K], where
f = (d1, . . . , dK).

Definition 16. For k ∈ [K] let

|ϕk⟩ =
1√
dk

dk∑
ν=1

|ν⟩k ⊗ |ν⟩
R
k ∈ Cdk ⊗HRk ⊆ Hf ⊗HR.

Given a probability vector q = (q1, . . . , qK), set

σq =

K∑
k=1

qk |ϕk⟩⟨ϕk| ∈ D(Hf ⊗HR), µ =

K∑
k=1

|ϕk⟩⟨ϕk| ∈ L(Hf ⊗HR).

For p ∈ [1,+∞) let σ(p) = σq(p) with

q
(p)
k =

d pk∑K
j=1 d

p
j

=
d pk

∥λ(F)∥ pp
. (67)

We then directly have the following two lemmas.

Lemma 17 (µ is a valid test). 0 ≤ µ ≤ 1Hf⊗HR
, since µ is an orthogonal projector.

Proof. The subspaces Cdk ⊗HRk , k ∈ [K], are mutually orthogonal inside Hf ⊗HR. Hence the rank-one
projectors |ϕk⟩⟨ϕk| have mutually orthogonal ranges and their sum is an orthogonal projector.

Lemma 18 (The ideal statistic). For every probability vector q, (Πf ⊗ Id)(σq) = σq and

tr
(
µ (Πf ⊗ Id)(σq)

)
= 1. (68)

Proof. We can write |ϕk⟩⟨ϕk| = 1
dk

∑
ν,η |ν⟩⟨η|k ⊗ |ν⟩⟨η|Rk and Πf (|ν⟩⟨η|k) = |ν⟩⟨η|k since both |ν⟩k and

|η⟩k lie in the same block Cdk of Hf . Hence (Πf ⊗ Id)(|ϕk⟩⟨ϕk|) = |ϕk⟩⟨ϕk| and (Πf ⊗ Id)(σq) = σq.
Since the |ϕk⟩⟨ϕk| are mutually orthogonal rank-one projectors, tr(µσq) =

∑
k,l ql tr(|ϕk⟩⟨ϕk||ϕl⟩⟨ϕl|) =∑

k qk = 1.

To finish the proof of item (ii) of Theorem A, it suffices now to show that, for every λ ∈ [Λ] and every
p ∈ [1,+∞)

tr
(
µ (Nλ ⊗ Idd)(σ

(p))
)
≤ ∥λ(G)∥p
∥λ(F)∥p

. (69)

Bounding the trace tr
(
µ (Nλ ⊗ Idd)(σ

(p))
)

requires more involved mathematical machinery, which we
develop in the following lemmas.

Lemma 19 (The simulated statistic as an entanglement fidelity). LetM : L(Hf )→ L(Hf ) be a channel
with Kraus representation {Ki}i. Then, for every probability vector q = (q1, . . . , qK),

tr
(
µ (M⊗ Id)(σq)

)
=

K∑
k=1

qk
d2k

∑
i

∣∣tr(P̃kKi)
∣∣2, (70)

with f = (d1, . . . , dK).

Proof. Write |ϕk⟩⟨ϕk| = 1
dk

∑
ν,η∈[dk]

|ν⟩⟨η|k ⊗ |ν⟩⟨η|Rk , so

(M⊗ Id)(σq) =
∑
k

qk
dk

∑
ν,η∈[dk]

∑
i

Ki|ν⟩⟨η|kK∗
i ⊗ |ν⟩⟨η|Rk , µ =

∑
l

1

dl

∑
ν′,η′∈[dl]

|ν′⟩⟨η′|l ⊗ |ν′⟩⟨η′|Rl .
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Using tr[(X ⊗ Y )(X ′ ⊗ Y ′)] = tr(XX ′) tr(Y Y ′), the reference-system factor is

tr
(
|ν′⟩⟨η′|Rl |ν⟩⟨η|Rk

)
= δkl δη′ν δην′ .

Hence only the terms l = k, ν′ = η, η′ = ν survive and

tr
(
µ(M⊗ Id)(σq)

)
=

∑
k

qk
d2k

∑
i

∑
ν,η∈[dk]

tr
(
|η⟩⟨ν|kKi|ν⟩⟨η|kK∗

i

)
=

∑
k

qk
d2k

∑
i

∑
ν,η∈[dk]

⟨ν|kKi |ν⟩k ⟨η|kK
∗
i |η⟩k

=
∑
k

qk
d2k

∑
i

(∑
ν

⟨ν|kKi |ν⟩k
)(∑

η

⟨η|kKi |η⟩k
)

=
∑
k

qk
d2k

∑
i

∣∣tr(P̃kKi)
∣∣2.

We can now use the Cauchy–Schwarz inequality to reduce the whole problem to a finite optimisation
over two matrices. This method draws inspiration from the proof techniques of [16, Theorem 2.3].

Lemma 20. Let λ ∈ [Λ] and let Nλ be as in eq. (63), with the Kraus representation eq. (66). Define

A
(λ)
k,b = tr

(
P̃k Dλ(P̃ ′

b)
)
, B

(λ)
k,b = tr

(
P̃k E∗λ(P̃ ′

b)
)
, k ∈ [K], b ∈ [K ′], (71)

where {P̃k}k∈[K] and {P̃ ′
b}b∈[K′] are the block projectors of Hf and Hg of Definition 3. Then A

(λ)
k,b ≥ 0,

B
(λ)
k,b ≥ 0,

K∑
k=1

A
(λ)
k,b = d′b for every b ∈ [K ′],

K′∑
b=1

B
(λ)
k,b = dk for every k ∈ [K], (72)

and for every probability vector q,

tr
(
µ (Nλ ⊗ Id)(σq)

)
≤

K∑
k=1

K′∑
b=1

qk
d2k
A

(λ)
k,bB

(λ)
k,b , (73)

with f = (d1, . . . , dK) and g = (d′1, . . . , d
′
K′).

Proof. Since it is irrelevant in this proof, we omit the parameter λ.
Positivity. D is CP and P̃ ′

b ≥ 0, so D(P̃ ′
b) ≥ 0 and Ak,b = tr(P̃kD(P̃ ′

b)) ≥ 0. Likewise E∗ is CP and
Bk,b ≥ 0.

Constraints. Since
∑
k P̃k = 1Hf

and D is trace preserving,
∑
k Ak,b = tr

(
D(P̃ ′

b)
)

= tr(P̃ ′
b) = d′b.

Since
∑
b P̃

′
b = 1Hg and E∗ is unital (as E is a channel),

∑
bBk,b = tr

(
P̃kE∗(1Hg)

)
= tr(P̃k) = dk.

The bound. By Lemma 19 with Ki = DaP̃
′
bEc, i = (a, b, c),

tr
(
µ(N ⊗ Id)(σq)

)
=

∑
k

qk
d2k

∑
a,b,c

∣∣tr(P̃kDaP̃
′
bEc)

∣∣2.
Fix k, a, b, c. Using P̃ 2

k = P̃k, (P̃ ′
b)

2 = P̃ ′
b and cyclicity of the trace,

tr(P̃kDaP̃
′
bEc) = tr

((
P̃ ′
bD

∗
aP̃k

)∗ (
P̃ ′
bEcP̃k

))
.

The Cauchy–Schwarz inequality for the Hilbert–Schmidt inner product, | tr(x∗y)|2 ≤ tr(x∗x) tr(y∗y),

applied with x = P̃ ′
bD

∗
aP̃k and y = P̃ ′

bEcP̃k, gives∣∣tr(P̃kDaP̃
′
bEc)

∣∣2 ≤ tr
(
P̃kDaP̃

′
bD

∗
a

)
tr
(
P̃kE

∗
c P̃

′
bEc

)
.

The right-hand side factorises over a and c once b and k are fixed, so∑
a,b,c

∣∣tr(P̃kDaP̃
′
bEc)

∣∣2 ≤∑
b

(∑
a

tr
(
P̃kDaP̃

′
bD

∗
a

))(∑
c

tr
(
P̃kE

∗
c P̃

′
bEc

))
=

∑
b

Ak,bBk,b,

where we used
∑
aDaP̃

′
bD

∗
a = D(P̃ ′

b) and
∑
cE

∗
c P̃

′
bEc = E∗(P̃ ′

b). Multiplying by qk/d
2
k and summing

over k gives eq. (73).
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Remark 21. Note that eq. (72) is a pair of complementary normalisations: A is normalised along columns
(indexed by the blocks of G) and B along rows (indexed by the blocks of F). This asymmetry is not
an artefact: A carries the decoder’s trace preservation and B the unitality of the adjoint of the encoder.
It is precisely this asymmetry that forces the extremal configurations to be injective partial matchings
between the two block sets.

Everything now reduces to a finite-dimensional optimisation which we solve exactly.

Lemma 22 (Extremal configurations). Let c = (ck)k∈[K] ∈ RK≥0, d = (dk)k∈[K] ∈ RK>0 and d′ =

(d′b)b∈[K′] ∈ RK′

>0. Put

A =
{
A ∈ RK×K′

≥0 :

K∑
k=1

Ak,b = d′b, ∀b ∈ [K ′]
}
, B =

{
B ∈ RK×K′

≥0 :

K′∑
b=1

Bk,b = dk, ∀k ∈ [K]
}
.

Then

max
A∈A, B∈B

∑
k,b

ck Ak,bBk,b = max
{ ∑
b∈S

cϕ(b) d
′
b dϕ(b) : S ⊆ [K ′], ϕ : S → [K] injective

}
. (74)

Proof. Write f(A,B) =
∑
k,b ckAk,bBk,b. The sets A and B are non-empty, both contain the matrices

with entries d′b/K and dk/K
′ respectively, and are compact convex polytopes, so the maximum of the

continuous function f on A× B is attained at a pair (A⋆, B⋆), with value M .

(i) The maximum is attained at a pair of vertices. The map A 7→ f(A,B⋆) is linear, hence attains
its maximum over the polytope A at an extreme point A♯; then f(A♯, B⋆) ≥ f(A⋆, B⋆) = M , so
f(A♯, B⋆) = M . Likewise B 7→ f(A♯, B) is linear and attains its maximum at an extreme point B♯ with
f(A♯, B♯) = M .

(ii) Description of the vertices. A =
∏
b∈[K′]

(
d′b∆K−1

)
is a product of scaled simplices (∆K−1 the

probability simplex on [K]), and the extreme points of a product of compact convex sets are exactly
the products of extreme points. Hence the extreme points of A are the matrices Ak,b = d′b δk,ϕ(b) for
functions ϕ : [K ′] → [K]. Symmetrically, the extreme points of B are Bk,b = dk δb,ψ(k) for functions
ψ : [K]→ [K ′].

(iii) Evaluation. For such a pair,

f(A,B) =
∑
k,b

ck d
′
b dk δk,ϕ(b)δb,ψ(k) =

∑
b∈S

cϕ(b) d
′
b dϕ(b), S = {b ∈ [K ′] : ψ(ϕ(b)) = b}.

The restriction ϕ|S is injective: if b1, b2 ∈ S and ϕ(b1) = ϕ(b2), then b1 = ψ(ϕ(b1)) = ψ(ϕ(b2)) = b2.
This proves “≤” in eq. (74).

(iv) Converse. Given S ⊆ [K ′] and an injective ϕ : S → [K], extend ϕ to [K ′] arbitrarily and define
ψ : [K] → [K ′] by ψ(ϕ(b)) = b for b ∈ S (well defined by injectivity) and arbitrarily elsewhere. The
corresponding vertices satisfy {b : ψ(ϕ(b)) = b} ⊇ S, so f(A,B) ≥

∑
b∈S cϕ(b)d

′
bdϕ(b) (all terms are

non-negative). This gives “≥”.

Lemma 23. Let d = (d1, . . . , dK) ∈ NK>0 and d′ = (d′1, . . . , d
′
K′) ∈ NK′

>0. Fix p ∈ [1,+∞) and let q(p) be
as in eq. (67). Then for all A ∈ A, B ∈ B (with the notation of Lemma 22),

∑
k,b

q
(p)
k

d2k
Ak,bBk,b ≤

∥d′∥p
∥d∥p

. (75)

Proof. Apply Lemma 22 with ck = q
(p)
k /d2k = d p−2

k /∥d∥ pp . For S ⊆ [K ′] and ϕ : S → [K] injective, the
corresponding value is ∑

b∈S

d p−2
ϕ(b)

∥d∥ pp
d′b dϕ(b) =

1

∥d∥ pp

∑
b∈S

d′b d
p−1
ϕ(b) .

Case p = 1. The exponent p−1 vanishes, so the value equals 1
∥d∥1

∑
b∈S d

′
b ≤

∥d′∥1

∥d∥1
, which is eq. (75).
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Case p ∈ (1,+∞). Let p′ = p
p−1 be the Hölder conjugate, so that (p− 1)p′ = p. Hölder’s inequality

on the index set S gives∑
b∈S

d′b d
p−1
ϕ(b) ≤

(∑
b∈S

(d′b)
p
)1/p(∑

b∈S

d
(p−1)p′

ϕ(b)

)1/p′

=
(∑
b∈S

(d′b)
p
)1/p(∑

b∈S

d pϕ(b)

) p−1
p

.

Now
∑
b∈S(d′b)

p ≤ ∥d′∥ pp , and because ϕ is injective the indices ϕ(b), b ∈ S, are pairwise distinct, whence∑
b∈S d

p
ϕ(b) ≤

∑
k∈[K] d

p
k = ∥d∥ pp . Therefore∑

b∈S

d′b d
p−1
ϕ(b) ≤ ∥d

′∥p ∥d∥ p−1
p ,

and the value is at most ∥d′∥p∥d∥p−1
p /∥d∥pp = ∥d′∥p/∥d∥p. Since by Lemma 22 every admissible (A,B)

gives a value at most the maximum over such (S, ϕ), eq. (75) follows.

We can now prove item (ii) of Theorem A.

Proof of item (ii) of Theorem A. By eq. (61), it suffices to prove eq. (2) for the block pinchings Πf and
Πg, since λ(Πf ) = λ(F) = f and λ(Πg) = λ(G) = g.

Fix p ∈ [1,+∞), (pλ)λ∈[Λ] a probability distribution and channels {(Dλ, Eλ) | λ ∈ [Λ]}, with Eλ :
L(Hf )→ L(Hg) and Dλ : L(Hg)→ L(Hf ). We first show that

1

2

∥∥∥Πf −
∑
λ∈[Λ]

pλDλΠgEλ
∥∥∥
⋄
≥ 1− inf

p∈[1,+∞]

∥λ(G)∥p
∥λ(F)∥p

, (76)

that is, we show the lower bound

δSR1,1(G 7→ F) ≥ 1− inf
p∈[1,+∞]

∥λ(G)∥p
∥λ(F)∥p

. (77)

Let Nλ be as in eq. (63), and let σ(p), µ be as in Definition 16. By Lemma 17, 0 ≤ µ ≤ 1, and σ(p)

is a state. Hence, Lemma 14 applies to the channels Πf and
∑
λ∈[Λ] pλNλ on L(Hf ) with the auxiliary

system HR:

1

2

∥∥∥Πf −
∑
λ∈[Λ]

pλNλ
∥∥∥
⋄
≥ tr

(
µ(Πf ⊗ Id)(σ(p))

)
−

∑
λ∈[Λ]

pλ tr
(
µ(Nλ ⊗ Id)(σ(p))

)
.

By Lemma 18 the first term equals 1. For the second term, let λ ∈ [Λ]. By Lemma 20, tr
(
µ(Nλ⊗Id)(σ(p))

)
is at most

∑
k,b

q
(p)
k

d2k
A

(λ)
k,bB

(λ)
k,b for matrices A(λ), B(λ) satisfying eq. (72), i.e. A(λ) ∈ A and B(λ) ∈ B in

the notation of Lemma 22. By Lemma 23 this is at most ∥λ(G)∥p/∥λ(F)∥p. Hence, for every λ ∈ [Λ],

tr
(
µ(Nλ ⊗ Id)(σ(p))

)
≤ ∥λ(G)∥p
∥λ(F)∥p

,

which is eq. (69). Therefore,

1

2

∥∥∥Πf −
∑
λ∈[Λ]

pλNλ
∥∥∥
⋄
≥ 1−

∑
λ∈[Λ]

pλ
∥λ(G)∥p
∥λ(F)∥p

= 1− ∥λ(G)∥p
∥λ(F)∥p

.

This proves the pointwise bound for finite p, since Nλ = Dλ ◦Πg ◦ Eλ by eq. (63).
For any fixed finite vector u, we have ∥u∥p → ∥u∥∞ as p→ +∞. Taking this limit in the preceding

pointwise bound therefore yields 1
2∥Πf −

∑
λ∈[Λ] pλDλΠgEλ∥⋄ ≥ 1− ∥λ(G)∥∞/∥λ(F)∥∞.

Since the preceding bound holds for every p ∈ [1,+∞] separately, it holds with the right-hand
side maximised over p, i.e. with ∥λ(G)∥p/∥λ(F)∥p replaced by its infimum over p ∈ [1,+∞]. Taking the
infimum over Λ, over the probability distributions (pλ)λ∈[Λ] and over the pairs of channels {(Dλ, Eλ)}λ∈[Λ],
and using eq. (61), we obtain

δSR1,1(G 7→ F) ≥ 1− inf
p∈[1,+∞]

∥λ(G)∥p
∥λ(F)∥p

. (78)
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We can now show eq. (2) in full generality by noticing that δSRk,n(G 7→ F) = δSR1,1(G⊗n 7→ F⊗k). Hence

δSRk,n(G 7→ F) = δSR1,1(G⊗n 7→ F⊗k)

≥ 1− inf
p∈[1,+∞]

∥λ(G⊗n)∥p
∥λ(F⊗k)∥p

= 1− inf
p∈[1,+∞]

∥λ(G)∥np
∥λ(F)∥kp

,

where the last equality follows by Proposition 7.

Now that item (ii) of Theorem A is proven, we can prove the converse part of item (i).

Proof of the converse part of item (i) of Theorem A. Let F and G be idempotent channels, with λ(F) ̸=
(1), and let PF = [1,+∞] if F is not classical, i.e. if λ(F) ̸= (1, . . . , 1), and PF = [1,+∞) otherwise. In
both cases, log(∥λ(F)∥p) > 0 for all p ∈ PF , and, following the convention of Section 4, the infimum in
eq. (1) is taken over p ∈ PF .

Let r be an achievable rate in the shared randomness regime, and let (kν)ν and (nν)ν be two sequences
of positive integers satisfying eq. (10) with δν = δSRkν ,nν

(G 7→ F) → 0. Let p ∈ PF . By item (ii) of
Theorem A, for every ν,

∥λ(G)∥nν
p

∥λ(F)∥kνp
≥ 1− δν .

For ν large enough, δν < 1, and, taking the logarithm and dividing by nν log(∥λ(F)∥p) > 0, we get

kν
nν
≤ log(∥λ(G)∥p)

log(∥λ(F)∥p)
− log(1− δν)

nν log(∥λ(F)∥p)
.

Since δν → 0 and nν → +∞, the last term vanishes as ν →∞, so that

r ≤ lim inf
ν→∞

kν
nν
≤ log(∥λ(G)∥p)

log(∥λ(F)∥p)
.

As this holds for every p ∈ PF and every achievable rate r, and as every rate achievable in the unassisted
regime is also achievable with shared randomness, we obtain

CUA(G 7→ F) ≤ CSR(G 7→ F) ≤ inf
p∈PF

log(∥λ(G)∥p)
log(∥λ(F)∥p)

. (79)

Finally, by Section 2.1, the zero-error emulation capacity in each regime is at most the corresponding
emulation capacity, and the zero-error unassisted emulation capacity is at most the zero-error shared
randomness emulation capacity. In Section 4, we showed that, for every rate r strictly below the right-
hand side of eq. (79), there is a pair (k, n) with r ≤ k/n such that F⊗k can be emulated exactly by G⊗n
without assistance. Hence, the zero-error unassisted emulation capacity is at least the right-hand side of
eq. (79), so that the four capacities coincide with it. This ends the proof of item (i) of Theorem A.

Finally, item (ii) yields the strong converse of item (iii) of Theorem A. Since the normalised diamond
distance between two channels is at most 1, item (iii) states that if one tries to emulate F with G,
with or without shared randomness, at a rate greater than the emulation capacity, the error tends to its
maximal value, exponentially fast in the blocklength. As the lower bound of eq. (2) holds at every finite
blocklength, it suffices to evaluate it at a value of p which almost achieves the infimum in eq. (1).

Proof of item (iii) of Theorem A. Let F and G be idempotent channels with λ(F) ̸= (1). By item (i),
CUA(G 7→ F) = CSR(G 7→ F), and we write

C = CUA(G 7→ F) = CSR(G 7→ F) = inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

.

Since δUA
k,n(G 7→ F) ≥ δSRk,n(G 7→ F) for all k, n ∈ N>0, it suffices to prove the first inequality of item (iii)

in the shared randomness regime. Throughout this proof, we take the logarithm in base 2.
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Let ε > 0. We first fix a value of p which almost achieves the infimum defining C. Since λ(F) ̸= (1),
we have ∥λ(F)∥p > 1 for all p ∈ [1,+∞), and the ratio in the infimum is well-defined for these values of
p (the value p = +∞ being also allowed when ∥λ(F)∥∞ ≥ 2). Hence, by definition of the infimum, there
is p⋆ ∈ [1,+∞] such that ∥λ(F)∥p⋆ > 1 and

log(∥λ(G)∥p⋆)

log(∥λ(F)∥p⋆)
≤ C +

ε

2
. (80)

Note that p⋆ depends only on F , G and ε. We write a = log(∥λ(F)∥p⋆) > 0 and g = log(∥λ(G)∥p⋆) ≥ 0,
so that eq. (80) reads g ≤ (C + ε/2)a.

Let k, n ∈ N>0 with k/n ≥ C + ε. Multiplying this inequality by na > 0, we get

ka ≥ n(C + ε)a ≥ ng +
ε

2
na,

where we used eq. (80) in the second inequality. Therefore,

∥λ(G)∥np⋆
∥λ(F)∥kp⋆

= 2ng−ka ≤ 2−
ε
2an.

Now, by item (ii), since the infimum over p in eq. (2) is upper-bounded by the value of the ratio at
p = p⋆,

δSRk,n(G 7→ F) ≥ 1− inf
p∈[1,+∞]

∥λ(G)∥np
∥λ(F)∥kp

≥ 1−
∥λ(G)∥np⋆
∥λ(F)∥kp⋆

≥ 1− 2−cn,

with c = ε
2 log(∥λ(F)∥p⋆) > 0, which depends only on ε, F and G. This proves item (iii) in the shared

randomness regime, and thus in the unassisted regime.
Finally, let (kν)ν and (nν)ν be two sequences of positive integers with nν → +∞ and lim infν kν/nν >

C. Let ε > 0 be such that lim infν kν/nν > C + ε, so that kν/nν ≥ C + ε for all ν large enough. For
such ν, since the normalised diamond distance between two channels is at most 1,

1− 2−cnν ≤ δSRkν ,nν
(G 7→ F) ≤ δUA

kν ,nν
(G 7→ F) ≤ 1,

so that both errors tend to 1 exponentially fast in nν .

6 An efficient algorithm for the emulation capacity

Since the single-letter expression giving the emulation capacity, both in the unassisted and in the shared-
randomness-assisted settings, involves computing an infimum over an unbounded interval, it is not a priori
clear whether this expression can actually be computed given any two idempotent channels. It turns out
that the infimum in the right-hand side of eq. (1) can be efficiently computed. We provide in this section
an algorithm that, given two channels F and G and an error parameter ε > 0, outputs an approximation
of CUA(G 7→ F) up to the error ε. Note that since an algorithm computing λ(F) given F in time
O(d6 log d), where d = dimHF , is provided in [16], it suffices to construct an algorithm that, given two
integer vectors u, v and an error parameter ε > 0, computes an approximation of

inf
p∈[1,+∞]

log(∥u∥p)
log(∥v∥p)

. (81)

The relevance of such an algorithm goes therefore beyond the problem of computing the emulation
capacities for idempotent channels.

Throughout this section, we write, for u ∈ Nmu
>0 , v ∈ Nmv

>0 and p ∈ [1,+∞],

Ru,v(p) =
log(∥u∥p)
log(∥v∥p)

, R∗(u, v) = inf
p∈[1,+∞]

Ru,v(p), (82)

so that, by item (i) of Theorem A, CUA(G 7→ F) = CSR(G 7→ F) = R∗(λ(G), λ(F)). Here, mu and mv

denote the number of entries of u and v, and we write Mu = ∥u∥∞, Mv = ∥v∥∞ their largest entries.
Since the ratio in eq. (82) does not depend on the base of the logarithm, we take, in this section only,

28



log to be the natural logarithm, and we write log2 for the binary logarithm. We always assume that
v ̸= (1), which corresponds to the assumption λ(F) ̸= (1) of Theorem A. Then, ∥v∥p > 1 for every
p ∈ [1,+∞), since v has either an entry greater than or equal to 2 or at least two entries equal to 1.
However, ∥v∥∞ = 1 when all the entries of v are equal to 1, i.e. when F is a classical channel. In that
case, the denominator of Ru,v(∞) vanishes and we use the convention that the term p = +∞ is omitted
in the infimum of eq. (82), which is consistent with the last row of Table 2.

6.1 Main result and model of computation

We work in the standard bit model of computable analysis, see e.g. [31]: the vectors u and v are given as
explicit lists of positive integers written in binary, and the precision is given as an integer b ∈ N. Hence,
the size of the input is measured by b and by

S = mu +mv +

mu∑
i=1

⌈log2(ui + 1)⌉+

mv∑
j=1

⌈log2(vj + 1)⌉. (83)

Note that we will frequently use the following elementary bounds: for x ∈ Nmx
>0 ,

log(mx) ≤ mx ≤ S, log
(mx∑
i=1

xi

)
≤ log

(mx∏
i=1

(xi + 1)
)
≤

mx∑
i=1

⌈log2(xi + 1)⌉ ≤ S, (84)

where we used that the natural logarithm is upper-bounded by the binary one on [1,+∞). The main
result of this section is the following theorem.

Theorem 24. There is a deterministic algorithm which, given as input u ∈ Nmu
>0 , v ∈ Nmv

>0 with v ̸= (1)

and b ∈ N, outputs a rational number R̂ such that

|R̂−R∗(u, v)| ≤ 2−b. (85)

The bit complexity of this algorithm is polynomial in S and b, where S is defined in eq. (83).

Combining this theorem with Proposition 6, we obtain that the emulation capacities of item (i) of
Theorem A can be efficiently computed from the description of the channels.

Corollary 25. Let F : L(HF ) → L(HF ) and G : L(HG) → L(HG) be two idempotent channels with

λ(F) ̸= (1), and let b ∈ N. One can compute a rational number R̂ such that |R̂ − CUA(G 7→ F)| =

|R̂ − CSR(G 7→ F)| ≤ 2−b by first computing the shape vectors λ(F) and λ(G) with the algorithm of
Proposition 6, and then running the algorithm of Theorem 24 on (λ(G), λ(F), b). The first step has
complexity polynomial in dim(HF ) and dim(HG) in the computational model of [16]. The second has bit
complexity polynomial in b, dim(HF ) and dim(HG). With these computational conventions, the overall
complexity is polynomial in b, dim(HF ) and dim(HG).

Proof. The correctness follows directly from item (i) of Theorem A and Theorem 24. For the complexity,
recall from Proposition 1 that λ(F) has K ≤ dim(HF ) entries, and that each of them is the dimension
dk of a subspace of HF , so that dk ≤ dim(HF ). Hence, the contribution of λ(F) to the input size
S of eq. (83) is at most dim(HF )(1 + ⌈log2(dim(HF ) + 1)⌉), and similarly for λ(G). Therefore, S =
O(dim(HF ) log(dim(HF )) + dim(HG) log(dim(HG))) and the conclusion follows from Theorem 24.

Before we move on to the proof of Theorem 24, we make the following remark on its scope.

Remark 26. Theorem 24 provides a certified approximation of the value of R∗(u, v). It does not, by
itself, decide symbolic questions such as whether the infimum in eq. (82) is attained at a given value of
p, e.g. at p = 2 or at p = +∞, nor whether R∗(λ(G), λ(F)) is larger than a given rational number k/n.
Indeed, two distinct transcendental expressions can be arbitrarily close to each other, and deciding such
questions would require additional structural information on the two shape vectors.

The algorithm relies on standard subroutines of computer algebra, which we now recall. First, given
a real number y ≥ 0 and an integer k ∈ N>0, we write ⌊y⌋k for a rational number approximating y from
below with k binary digits of accuracy, that is, such that

0 ≤ y − ⌊y⌋k ≤ 2−k. (86)
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This is a slight abuse of notation, as such a number is not unique: whenever ỹ is a rational number
with |ỹ − y| ≤ 2−k−1, the number max{0, ỹ − 2−k−1} satisfies eq. (86), and we fix one such choice
for each quantity we truncate. We use this one-sided approximation instead of the exact truncation
2−k⌊2ky⌋ so that computing it requires no separation estimate between y and the dyadic boundaries.
Also, we choose ỹ to be a multiple of 2−k−1, so that ⌊y⌋k also has at most k + 1 binary digits after the
binary point. The only transcendental evaluations required by our algorithm are logarithms of positive
rational numbers. Certified approximations of these logarithms can be computed in time polynomial
in the requested precision and in the binary description length of their arguments, see e.g. [32]. The
quotients of logarithms appearing below are evaluated as exact quotients of rational approximations.
Their denominators approximate log(a) with a ≥ 2 from below to error at most 1/4, and are therefore
at least log(2)− 1/4 > 1/4.

We will also need these two technical lemmas.

Lemma 27 (Real root isolation, see e.g. [33]). Let Q ∈ Q[X] be a non-zero polynomial of degree d whose
coefficients have binary length at most τ .

(i) The square-free part Qsf = Q/ gcd(Q,Q′) of Q can be computed in time polynomial in d and τ ,
and its degree and the binary length of its coefficients are polynomial in d and τ . Moreover, Qsf is
square-free and has the same real roots as Q, see e.g. [34].

(ii) If Q is square-free, then, given κ ∈ N, one can compute in time polynomial in d, τ and κ a list
of pairwise disjoint intervals with rational endpoints, each of width at most 2−κ, such that every
interval contains exactly one real root of Q and every real root of Q belongs to one of these intervals.

Lemma 28. Let n, δ, ñ, δ̃ be real numbers with 0 ≤ n ≤ S and δ ≥ 1/2, and let τ ∈ (0, 1/4] be such that
|ñ− n| ≤ τ and |δ̃ − δ| ≤ τ . Then δ̃ ≥ 1/4 and∣∣∣ ñ

δ̃
− n

δ

∣∣∣ ≤ (4 + 8S)τ. (87)

Proof. Since τ ≤ 1/4 and δ ≥ 1/2, we have δ̃ ≥ δ − τ ≥ 1/4 > 0. Hence∣∣∣ ñ
δ̃
− n

δ

∣∣∣ =
∣∣∣ ñ− n

δ̃
+ n

δ − δ̃
δδ̃

∣∣∣ ≤ τ

δ̃
+
nτ

δδ̃
≤ 4τ +

Sτ

(1/2)(1/4)
= (4 + 8S)τ.

6.2 Reduction to a bounded range of p

The first step of the algorithm consists in reducing the optimisation over the unbounded interval [1,+∞]
to an optimisation over a bounded interval [1, Pmax]. To that end, we change the variable p ∈ [1,+∞]
into t = 1/p ∈ [0, 1]. Throughout this subsection and the next one, given x ∈ Nmx

>0 , we write

Zx(p) =

mx∑
i=1

( xi
Mx

)p
, p ∈ [1,+∞), (88)

for the sum of the p-th powers of the entries of x, normalised by its largest entry. Every term of this
sum is at most 1, and at least one of them equals 1, so that

1 ≤ Zx(p) ≤ mx, p ∈ [1,+∞), (89)

and, factoring out Mx,

log(∥x∥p) = log(Mx) +
1

p
log(Zx(p)). (90)

Furthermore, given a vector x ∈ Nmx
>0 , we define the function Ax : [0, 1]→ R by

Ax(t) = t log
(mx∑
i=1

x
1/t
i

)
for t ∈ (0, 1], Ax(0) = log(Mx), (91)

so that for all p ∈ [1,+∞], Ax(1/p) = log(∥x∥p), with the convention 1/(+∞) = 0. Equivalently, by
eq. (90),

Ax(t) = log(Mx) + t log(Zx(1/t)) (92)
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for t ∈ (0, 1], which makes the value Ax(0) = log(Mx) the natural extension of Ax at t = 0. We also
write, for t ∈ (0, 1], wx(t) for the probability vector with coordinates

wx,i(t) =
x
1/t
i∑mx

j=1 x
1/t
j

=
( xi

Mx
)1/t

Zx(1/t)
, i ∈ [mx], (93)

and H(w) = −
∑
i wi log(wi) for the Shannon entropy of a probability vector w.

Lemma 29. Let x ∈ Nmx
>0 . The function Ax is continuous and non-decreasing on [0, 1], differentiable

on (0, 1] and, for all t ∈ (0, 1],
A′
x(t) = H(wx(t)) ∈ [0, log(mx)]. (94)

In particular, for all t ∈ [0, 1], log(Mx) ≤ Ax(t) ≤ log
(∑mx

i=1 xi
)
.

Proof. Let ai = log(xi/Mx) ≤ 0 for i ∈ [mx], so that, by eqs. (88) and (90), for t ∈ (0, 1],

Zx(1/t) =

mx∑
i=1

eai/t, wx,i(t) =
eai/t

Zx(1/t)
.

The derivative of t 7→ Zx(1/t) is given by

d
dtZx(1/t) = −

∑
i

ai
t2
eai/t, (95)

for t ∈ (0, 1]. Hence, we obtain the derivative of Ax:

A′
x(t) = log(Zx(1/t))− 1

t

mx∑
i=1

wx,i(t)ai

= −
mx∑
i=1

wx,i(t)
(ai
t
− log(Zx(1/t))

)
= −

mx∑
i=1

wx,i(t) log(wx,i(t))

= H(wx(t)),

where we used
∑
i wx,i(t) = 1 in the second equality. This proves eq. (94), since the entropy of a

probability vector with mx coordinates lies in [0, log(mx)]. For the continuity at t = 0, eq. (89) gives

|Ax(t)− log(Mx)| = t log(Zx(1/t)) ≤ t log(mx) →
t→0

0. (96)

Finally, Ax is non-decreasing as its derivative is non-negative, so that Ax(0) ≤ Ax(t) ≤ Ax(1) =
log(

∑mx

i=1 xi).

We can now control the behaviour of Ru,v(p) for large p.

Lemma 30 (Tail bound). Let u ∈ Nmu
>0 and v ∈ Nmv

>0 with Mv ≥ 2. Then, for all p ∈ [1,+∞),

|Ru,v(p)−Ru,v(∞)| ≤ Lu,v
p

, with Lu,v =
log(mu)

log(Mv)
+

log(
∑mu

i=1 ui) log(mv)

log(Mv)2
. (97)

Furthermore, Lu,v ≤ L = 2S + 4S2, with S defined in eq. (83).

Proof. Let Q(t) = Au(t)/Av(t) for t ∈ [0, 1], so that Q(1/p) = Ru,v(p) for p ∈ [1,+∞]. By Lemma 29,
Av(t) ≥ log(Mv) > 0 for all t ∈ [0, 1], so that Q is well-defined and continuous on [0, 1] and differentiable
on (0, 1] with

|Q′(t)| =
∣∣∣A′

u(t)

Av(t)
− Au(t)A′

v(t)

Av(t)2

∣∣∣ ≤ log(mu)

log(Mv)
+

log(
∑
i ui) log(mv)

log(Mv)2
= Lu,v,

where we used 0 ≤ log(Mu) ≤ Au(t) ≤ log(
∑mu

i=1 ui), 0 ≤ A′
u(t) ≤ log(mu), log(Mv) ≤ Av(t) and

0 ≤ A′
v(t) ≤ log(mv) from Lemma 29. By the mean value theorem, |Ru,v(p) − Ru,v(∞)| = |Q(1/p) −

Q(0)| ≤ Lu,v/p. Finally, since log(Mv) ≥ log(2) ≥ 1/2, the bounds of eq. (84) give Lu,v ≤ 2S + 4S2.
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The case Mv = 1, which is excluded in Lemma 30, is simple.

Lemma 31 (Classical target). Let u ∈ Nmu
>0 and v = (1, . . . , 1) ∈ Nmv

>0 with mv ≥ 2. Then p 7→ Ru,v(p)
is non-decreasing on [1,+∞), so that

R∗(u, v) = Ru,v(1) =
log(

∑mu

i=1 ui)

log(mv)
. (98)

Proof. For p ∈ [1,+∞), log(∥v∥p) = 1
p log(mv), so that

Ru,v(p) =
p log(∥u∥p)

log(mv)
=

log(
∑
i u

p
i )

log(mv)
,

which is non-decreasing in p since ui ≥ 1 for every i.

Therefore, when Mv ≥ 2, Lemma 30 allows us to discard the large values of p, as follows. Let
ε = 2−b ∈ (0, 1] be the precision that we target for R̂ in eq. (85) and let J ∈ N be the smallest integer
such that 2J ≥ 8L/ε, with L as in Lemma 30. Then, for every p ≥ 2J , eq. (97) gives |Ru,v(p)−Ru,v(∞)| ≤
L/2J ≤ ε/8, so that

inf
p∈[2J ,+∞]

Ru,v(p) ∈
[
Ru,v(∞)− ε

8 , Ru,v(∞)
]
. (99)

It is therefore enough to approximate Ru,v(p) for p ≥ 2J by Ru,v(∞) = log(Mu)/ log(Mv), which is a
ratio of logarithms of two positive integers, and to minimise Ru,v only over the bounded interval [1, 2J ].
The latter is the union of the J intervals of the form [2j , 2j+1], for j ∈ {0, . . . , J − 1}, which we call
dyadic intervals. Although the threshold 2J itself is exponentially large in b, the number J of these
dyadic intervals is only O(log2(S) + b), since L = 2S + 4S2 is polynomial in S. It then suffices to
approximate the minimum of Ru,v on each of these dyadic intervals, which is the object of the next
subsection, and then to extract the least of these approximants. The latter step is polynomial since there
are only O(log2(S) + b) such values to compare.

6.3 Polynomial approximation on a dyadic interval

Let us fix a dyadic interval [P, 2P ], with P = 2j , j ∈ N, and let us write p = Pθ with θ ∈ [1, 2]. By
eq. (90), we have, for every x ∈ Nmx

>0 ,

log(∥x∥Pθ) = log(Mx) +
1

Pθ
log(Zx,P (θ)), (100)

where

Zx,P (θ) = Zx(Pθ) =

mx∑
i=1

e−ziθ, zi = P log
(Mx

xi

)
≥ 0,

and Zx,P (θ) ∈ [1,mx] for all θ ∈ [1, 2], by eq. (89). Hence,

Ru,v(Pθ) =
NP (θ)

DP (θ)
, (101)

with

NP (θ) = θ log(Mu) +
1

P
log(Zu,P (θ)),

DP (θ) = θ log(Mv) +
1

P
log(Zv,P (θ)),

where we multiplied both the numerator and the denominator of Ru,v(Pθ) by θ. The functions θ 7→
log(Zx,P (θ)) are analytic, but they are not polynomials. We now show that they can be uniformly
approximated on [1, 2] by polynomials with rational coefficients, whose degree and coefficient binary
lengths are polynomial in S and log2(1/η), where η is the required precision. The construction below
works for an arbitrary η ∈ (0, 1], and η will be fixed in step 1 of Algorithm 3 as η = ε/[256(S + 1)]. It
has to be smaller than the target precision ε by a factor polynomial in S, because η controls the error
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on log(∥u∥p) and on log(∥v∥p) separately, whereas an error η on each of them induces an error of order
Sη on their ratio, by Lemma 33.

The idea of the following algorithm is to discard the exponentially small terms in Zx,P , to truncate
the Taylor series of the remaining exponentials and to truncate the series of the logarithm. This is
formalised in Algorithm 1, whose correctness and complexity are proven in Lemma 32.

Algorithm 1 LogSumPolynomial(x, P, η)

Input: a vector x ∈ Nmx
>0 written in binary, an integer P ≥ 1 written in binary and promised to be a

power of two, for which we write P = 2j , and a rational number η ∈ (0, 1].
Output: a polynomial B ∈ Q[X] such that supθ∈[1,2] |B(θ)− log(Zx,P (θ))| ≤ η.

1. Set h← η/(64mx) and T ← ⌈log2(1/h)⌉, so that 2−T ≤ h.

2. For each i ∈ [mx], set ri ← 0 if xi = Mx, and ri ←
⌊
P log(Mx/xi)

⌋
T

otherwise, so that 0 ≤ ri and

|ri − P log(Mx/xi)| ≤ 2−T ≤ h.

3. Set J ← {i ∈ [mx] | ri ≤ T + 1}.

4. Set d← 12(T + 1) and

Zpol ←
∑
i∈J

d∑
ℓ=0

(−riX)ℓ

ℓ!
∈ Q[X].

5. Set q ← 4mx(T − 1) and c←
⌊
log(2mx)

⌋
K

with K = ⌈log2(8/η)⌉, so that |c− log(2mx)| ≤ 2−K ≤
η/8.

6. Compute, using exact arithmetic in Q, the list of coefficients in the monomial basis of the polynomial

B = c−
q∑
ℓ=1

1

ℓ

(
1− Zpol

2mx

)ℓ
∈ Q[X],

and return it.

In step 1, since h is rational, T is obtained by comparing 1/h with the successive powers of two, that is,
by integer comparisons on the binary expansion of 1/h; no comparison between transcendental numbers
is involved.

Lemma 32. Let x ∈ Nmx
>0 , P = 2j with j ∈ N and η ∈ (0, 1] be rational. Then, the polynomial B

returned by Algorithm 1 satisfies

sup
θ∈[1,2]

|B(θ)− log(Zx,P (θ))| ≤ η. (102)

Furthermore, deg(B) = O(mxT
2) with T = O(log(mx) + log(1/η)), and Algorithm 1 has bit complexity

polynomial in S, j, and the binary description length of η.

Proof. We write zi = P log(Mx/xi) for i ∈ [mx], so that |ri − zi| ≤ h. We proceed in three steps. First,
we bound the sum of discarded terms

∑
i/∈J e

−ziθ. Second, we bound the distance between Zx,P (θ) and
Zpol(θ), which yields an upper bound on | log(Zx,P (θ)) − log(Zpol(θ))|. Third, truncating the Taylor
series of the logarithm yields an upper bound on |B(θ)− log(Zpol(θ))|, which finally yields eq. (102) by
triangle inequality.

Discarded terms. If i /∈ J , then

zi ≥ ri − h > T + 1− h ≥ T,

so that, for θ ∈ [1, 2],
0 ≤ e−ziθ ≤ e−T ≤ 2−T ≤ h = η/(64mx).

Hence the discarded terms contribute at most mxη/(64mx) = η/64 to Zx,P (θ), that is

0 ≤
∑
i/∈J

e−ziθ ≤ η

64
. (103)
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Approximating Zx,P by Zpol: Let θ ∈ [1, 2],

|Zx,P (θ)− Zpol(θ)| =

∣∣∣∣∣
mx∑
i=1

e−ziθ −
∑
i∈J

d∑
ℓ=0

(−riθ)ℓ

ℓ!

∣∣∣∣∣ (104)

≤
∑
i/∈J

e−ziθ +

∣∣∣∣∣∑
i∈J

(
e−ziθ −

d∑
ℓ=0

(−riθ)ℓ

ℓ!

)∣∣∣∣∣ (105)

≤ η

64
+

∑
i∈J

∣∣∣∣∣e−ziθ −
d∑
ℓ=0

(−riθ)ℓ

ℓ!

∣∣∣∣∣ , (106)

where the last inequality follows from eq. (103) and the triangle inequality. Let i ∈ J and θ ∈ [1, 2]. By
the mean value theorem, we have |e−ziθ − e−riθ| ≤ θ|zi − ri| ≤ 2h = η/(32mx). Hence,∣∣∣∣∣e−ziθ −

d∑
ℓ=0

(−riθ)ℓ

ℓ!

∣∣∣∣∣ ≤ ∣∣e−ziθ − e−riθ∣∣ +

∣∣∣∣∣e−riθ −
d∑
ℓ=0

(−riθ)ℓ

ℓ!

∣∣∣∣∣ ≤ η

32mx
+

∣∣∣∣∣e−riθ −
d∑
ℓ=0

(−riθ)ℓ

ℓ!

∣∣∣∣∣ . (107)

It suffices now to upper bound the right-most term in eq. (107). We have riθ ∈ [0, 2(T + 1)], since
ri ≤ T + 1 for i ∈ J and θ ≤ 2. We write V = 2(T + 1). Let y ∈ [0, V ]. By the Taylor formula with
Lagrange remainder applied to y 7→ e−y at the order d, there exists ξ ∈ [0, y] such that

e−y −
d∑
ℓ=0

(−y)ℓ

ℓ!
= (−1)d+1 e−ξ

(d+ 1)!
yd+1.

Since 0 ≤ e−ξ ≤ 1 and 0 ≤ y ≤ V , and since (d+ 1)! ≥ ((d+ 1)/e)d+1, this gives

∣∣∣e−y − d∑
ℓ=0

(−y)ℓ

ℓ!

∣∣∣ ≤ V d+1

(d+ 1)!
≤

( eV

d+ 1

)d+1

.

By the choice d = 12(T + 1) made in step 4, we have d + 1 > 12(T + 1) = 6V ≥ 2eV , so that
eV/(d+ 1) ≤ 1/2 and ∣∣∣e−y − d∑

ℓ=0

(−y)ℓ

ℓ!

∣∣∣ ≤ 2−(d+1) ≤ 2−T ≤ h =
η

64mx
,

where the last two inequalities follow from d+ 1 ≥ T and from the choice T = ⌈log2(1/h)⌉ made in step
1. Summing the two contributions over i ∈ J and adding the discarded terms, we obtain

sup
θ∈[1,2]

|Zpol(θ)− Zx,P (θ)| ≤ mx

( η

32mx
+

η

64mx

)
+

η

64
=

η

16
.

In particular, since Zx,P (θ) ∈ [1,mx] and η ≤ 1, we have Zpol(θ) ∈ [1/2, 2mx] for all θ ∈ [1, 2]. As log
is 2-Lipschitz on [1/2,+∞), i.e. for all x, y ∈ [1/2,+∞), | log(x)− log(y)| ≤ 2|x− y|, which follows from
the mean value theorem, we obtain | log(Zpol(θ))− log(Zx,P (θ))| ≤ η/8.

Series of the logarithm. For z ∈ [1/2, 2mx], we let y = 1− z/(2mx) ∈ [0, 1− 1/(4mx)] and

log(z) = log(2mx) + log(1− y) = log(2mx)−
∞∑
ℓ=1

yℓ

ℓ
.

The tail of this series satisfies∑
ℓ>q

yℓ

ℓ
≤ yq+1

1− y
≤ 4mx

(
1− 1

4mx

)q
≤ 4mxe

−q/(4mx) ≤ 4mx2−⌈log2(32mx/η)⌉ ≤ η

8
.

Applying this bound with z = Zpol(θ), and taking into account the error η/8 on the constant c, we get
that for all θ ∈ [1, 2], |B(θ)− log(Zpol(θ))| ≤ η/4. Together with the previous step, this proves eq. (102),
with the error 3η/8 ≤ η.
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Complexity. We have deg(Zpol) ≤ d = O(T ) and deg(B) ≤ dq = O(mxT
2). Then, let us bound the

cost and the size of the numbers ri computed at step 2. Multiplying by P = 2j is an exact shift of the
binary point, but it multiplies absolute errors by 2j ; hence ri is obtained by computing log(Mx/xi) with
an absolute error at most 2−(T+j+1), which takes time polynomial in T+j and in the binary lengths of Mx

and xi [32], followed by a shift and a truncation. Since T = ⌈log2(64mx/η)⌉ = O(log2(mx) + log2(1/η))
and mx ≤ S by eq. (84), this is polynomial in S, j and log2(1/η). Moreover, 0 ≤ ri ≤ P log(Mx/xi) ≤
2jS, again by eq. (84), and ri has at most T + 1 binary digits after the binary point, so that its binary
length is O(j+log2(S)+T ), which is polynomial in S, j and log2(1/η) as well. The computation of these
approximations is polynomial in S, j and log2(1/η) [32]. The coefficients of Zpol are sums of at most mx

terms of the form (−ri)ℓ/ℓ! with ℓ ≤ d, so that their binary length is polynomial in S, j and log2(1/η).
Finally, the expansion of the q powers of 1 − Zpol/(2mx) involves polynomials of degree at most dq.
Since the coefficients of Zpol admit a common denominator of polynomial binary length, these powers
and their weighted sum can be computed in exact rational arithmetic using numbers of polynomial binary
length. The degrees, coefficient lengths and arithmetic operation counts are all polynomial in S, j and
log2(1/η).

Applying Algorithm 1 to u and to v provides polynomial approximations Bu,P and Bv,P of log(Zu,P )
and log(Zv,P ). Together with rational approximations cu, cv of log(Mu) and log(Mv), we obtain a
rational function

R̃P (θ) =
ÑP (θ)

D̃P (θ)
, with ÑP (θ) = θcu +

1

P
Bu,P (θ), D̃P (θ) = θcv +

1

P
Bv,P (θ), (108)

which approximates Ru,v(Pθ) uniformly for θ ∈ [1, 2], as we now show.

Lemma 33. Let u ∈ Nmu
>0 and v ∈ Nmv

>0 with Mv ≥ 2, let η ∈ (0, 1/8] and let P = 2j with j ∈ N.
Suppose that |cu− log(Mu)| ≤ η, |cv − log(Mv)| ≤ η and that Bu,P and Bv,P satisfy eq. (102). Then, for

all θ ∈ [1, 2], D̃P (θ)/θ ≥ 1/4 > 0 and

|R̃P (θ)−Ru,v(Pθ)| ≤ (8 + 16S)η. (109)

Proof. Let θ ∈ [1, 2] and p = Pθ. By eqs. (100) and (101), NP (θ)/θ = log(∥u∥p) and DP (θ)/θ =
log(∥v∥p). Since Pθ ≥ 1, we have

∣∣∣ÑP (θ)

θ
− log(∥u∥p)

∣∣∣ ≤ |cu − log(Mu)|+ 1

Pθ
|Bu,P (θ)− log(Zu,P (θ))| ≤ 2η,

and similarly |D̃P (θ)/θ − log(∥v∥p)| ≤ 2η. By Lemma 29 and eq. (84), log(∥v∥p) ≥ log(Mv) ≥ log(2) ≥
1/2 and 0 ≤ log(∥u∥p) ≤ S. Hence, D̃P (θ)/θ ≥ 1/2− 2η ≥ 1/4. Lemma 28, applied with n = log(∥u∥p),
δ = log(∥v∥p), ñ = ÑP (θ)/θ, δ̃ = D̃P (θ)/θ and τ = 2η ≤ 1/4, gives D̃P (θ)/θ ≥ 1/4 and eq. (109), since
(4 + 8S) · 2η = (8 + 16S)η.

6.4 Certified minimisation of a rational function

It remains to minimise the rational function R̃P over [1, 2]. Polynomial and rational optimisation can
be approached using methods of real algebraic geometry [35] or semidefinite programming [36]. For
the univariate problem considered here, we give an explicit subroutine based on real root isolation. It
returns a rational interval of prescribed width ζ containing the minimum, with an explicit Lipschitz
bound controlling the required root approximation accuracy.

Since the numerator and denominator of R̃P are polynomials with rational coefficients and its de-
nominator is positive on [1, 2], its minimum is attained either at one of the endpoints θ ∈ {1, 2} or at a

real root in (1, 2) of the numerator of the derivative of R̃P , which we write

KP = Ñ ′
P D̃P − ÑP D̃′

P . (110)

This leads to Algorithm 2.
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Algorithm 2 RationalMinimum(N,D, ζ)

Input: two polynomials N,D ∈ Q[X] such that D(θ) ≥ θ/4 for all θ ∈ [1, 2], and a rational number
ζ > 0.
Output: an interval [ℓ, h] with rational endpoints, of width at most ζ, containing minθ∈[1,2]N(θ)/D(θ).

1. Form K ← N ′D −ND′. If K = 0, return
[
N(1)/D(1), N(1)/D(1)

]
.

2. Set Λ ← 16 · 2deg(K)∥K∥ℓ1 , where ∥K∥ℓ1 denotes the sum of the absolute values of the coefficients
of K, and κ← max

{
0, ⌈log2(2Λ/ζ)⌉

}
, so that 2−κ ≤ ζ/(2Λ).

3. Compute the square-free part Ksf ← K/ gcd(K,K ′) and isolate its real roots with Lemma 27, with
isolating intervals of width at most 2−κ.

4. Form the finite set of candidates

Θ← {1, 2} ∪
{

max{α, 1}
∣∣ [α, β] an isolating interval of step 3 meeting [1, 2]

}
⊆ [1, 2].

5. Compute m← minθ∈ΘN(θ)/D(θ) in exact rational arithmetic and return [m− ζ/2, m].

Lemma 34. Let N,D ∈ Q[X] be such that D(θ) ≥ θ/4 for all θ ∈ [1, 2], and let ζ > 0 be rational. Then
Algorithm 2 returns an interval of width at most ζ containing minθ∈[1,2]N(θ)/D(θ). Its bit complexity
is polynomial in the degrees of N and D, in the binary length of their coefficients and in the binary
description length of ζ.

Proof. Let µ = minθ∈[1,2]N(θ)/D(θ), which exists by continuity, since D does not vanish on [1, 2]. The
derivative of N/D is K/D2, so that, if µ is attained at θ⋆ ∈ (1, 2), then K(θ⋆) = 0. Hence µ is the
minimum of the values of N/D at the endpoints 1, 2 and at the real roots of K in (1, 2), which are the
real roots of Ksf by Lemma 27(i). If K = 0, then N/D is constant on [1, 2] and µ = N(1)/D(1), which
is returned at step 1.

Suppose now that K ̸= 0. For θ ∈ [1, 2] and a polynomial Q, we have |Q(θ)| ≤ 2deg(Q)∥Q∥ℓ1 , so that,
since D(θ) ≥ θ/4 ≥ 1/4, ∣∣∣(N

D

)′
(θ)

∣∣∣ =
|K(θ)|
D(θ)2

≤ 16 · 2deg(K)∥K∥ℓ1 = Λ (111)

for all θ ∈ [1, 2]. In particular N/D is Λ-Lipschitz on [1, 2], and the binary length of Λ is polynomial in
the degrees and in the coefficient lengths of N and D.

Since Θ ⊆ [1, 2], we have m ≥ µ. Conversely, let θ⋆ ∈ [1, 2] be such that N(θ⋆)/D(θ⋆) = µ. If
θ⋆ ∈ {1, 2}, then m ≤ µ. Otherwise K(θ⋆) = 0, hence Ksf(θ

⋆) = 0, so that θ⋆ belongs to one of the
isolating intervals, say [α0, β0], of step 3, which therefore meets [1, 2]. The corresponding candidate
θ0 = max{α0, 1} is the projection of α0 onto [1, 2], and θ⋆ ∈ [1, 2], so that |θ0 − θ⋆| ≤ |α0 − θ⋆| ≤
β0 − α0 ≤ 2−κ ≤ ζ/(2Λ). Since N/D is Λ-Lipschitz on [1, 2], we have

0 ≤ m− µ ≤ N(θ0)

D(θ0)
− N(θ⋆)

D(θ⋆)

≤ Λ|θ0 − θ⋆| ≤
ζ

2
.

Hence µ ∈ [m− ζ/2,m], which is the returned interval, of width ζ/2 ≤ ζ.
For the complexity, the polynomial K, its derivative, the greatest common divisor gcd(K,K ′), the

quotient Ksf and the rational number Λ can be computed in time polynomial in the degrees and coefficient
lengths ofN andD, and so can the binary lengths of their coefficients. By Lemma 27(ii), the root isolation
takes time polynomial in the degree and coefficient length of Ksf and in κ = O(1 + log2(max{1,Λ}) +
log2(max{1, 1/ζ})), where the maxima in the definition of κ ensure the logarithms are non-negative.
Finally, there are at most deg(K) + 2 candidates, and each evaluation of N(θ)/D(θ) is an exact rational
computation of polynomial size.

6.5 The algorithm and the proof of Theorem 24

We are now ready to present the full algorithm, which combines the reduction of Section 6.2, the poly-
nomial approximations of Algorithm 1 on each dyadic interval and Algorithm 2.
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Algorithm 3 ApproximateRate(u, v, b)

Input: two vectors u ∈ Nmu
>0 , v ∈ Nmv

>0 written in binary, with v ̸= (1), and an integer b ∈ N.
Output: an interval I = [a, z] with rational endpoints containing R∗(u, v), of width at most 2−b, and

its midpoint R̂ = (a+ z)/2.

1. Set ε← 2−b, compute S as in eq. (83), and set

η ← ε

256(S + 1)
, k ← b+ 8 + ⌈log2(S + 1)⌉, so that 2−k ≤ η.

2. Set L← 2S + 4S2 and J ← b+ 3 + ⌈log2(L)⌉, so that 2J ≥ 8L/ε.

3. If u = (1), return I = [0, 0] and R̂ = 0.

4. If Mv = 1, set w ←
⌊
log(

∑
i ui)

⌋
k

/⌊
log(mv)

⌋
k

and return I = [w − ε/8, w + ε/8] and R̂ = w.

5. Set cu ← ⌊log(Mu)⌋k, cv ← ⌊log(Mv)⌋k and w∞ ← cu/cv.

6. Initialise a← w∞ − ε/4 and z ← w∞ + ε/4.

7. For j = 0, . . . , J − 1:

(a) Set Bu ← LogSumPolynomial(u, 2j , η) and Bv ← LogSumPolynomial(v, 2j , η).

(b) Form Ñ(θ)← θcu + 2−jBu(θ) and D̃(θ)← θcv + 2−jBv(θ).

(c) Compute [ℓj , hj ]← RationalMinimum(Ñ , D̃, ε/4) and update

a← min{a, ℓj − ε/8}, z ← min{z, hj + ε/8}.

8. Return I = [a, z] and R̂ = (a+ z)/2.

Proof of Theorem 24. We show that Algorithm 3 satisfies the requirements of Theorem 24. Actually, we
show the stronger statement that it outputs an interval of width at most ε/2 containing R∗(u, v), so that

its midpoint R̂ satisfies |R̂−R∗(u, v)| ≤ ε/4 ≤ 2−b.
Trivial cases. If u = (1), then ∥u∥p = 1 for all p and Ru,v(p) = 0 for all p, so that R∗(u, v) = 0.

If Mv = 1, then v = (1, . . . , 1) with mv ≥ 2 since v ̸= (1), and R∗(u, v) = log(
∑
i ui)/ log(mv) by

Lemma 31. By Lemma 28, applied with τ = 2−k ≤ η ≤ 1/4 and with the bounds log(
∑
i ui) ≤ S of

eq. (84) and log(mv) ≥ log(2) ≥ 1/2, we get |w − R∗(u, v)| ≤ (4 + 8S)η ≤ 8(S + 1)η = ε/32. In both
cases the returned interval contains R∗(u, v) and has width at most ε/4.

General case. Suppose now that Mv ≥ 2. Since [1,+∞] = [2J ,+∞] ∪
⋃J−1
j=0 [2j , 2j+1], we have

R∗(u, v) = min
{
µ∞, min

0≤j≤J−1
µj

}
, with µ∞ = inf

p∈[2J ,+∞]
Ru,v(p) and µj = min

θ∈[1,2]
Ru,v(2

jθ). (112)

For c ∈ C = {∞} ∪ {0, . . . , J − 1}, let us introduce the intervals [αc, βc] implicitly considered by the
algorithm, namely

[α∞, β∞] =
[
w∞ −

ε

4
, w∞ +

ε

4

]
, [αj , βj ] =

[
ℓj −

ε

8
, hj +

ε

8

]
(0 ≤ j ≤ J − 1),

where [ℓj , hj ] is the interval returned by RationalMinimum at step 7(c). By construction, the values
returned at step 8 are a = minc∈C αc and z = minc∈C βc. We first show that, for every c ∈ C, the interval
[αc, βc] contains the corresponding term µc of eq. (112) and has width at most ε/2.

Let c =∞. By Lemma 30 and by the choice of J , we have |Ru,v(p)−Ru,v(∞)| ≤ L/p ≤ L/2J ≤ ε/8
for all p ≥ 2J , so that µ∞ ∈ [Ru,v(∞) − ε/8, Ru,v(∞)]. Moreover, Ru,v(∞) = log(Mu)/ log(Mv), and
w∞ = cu/cv with |cu − log(Mu)| ≤ 2−k ≤ η and |cv − log(Mv)| ≤ η by step 5. Since 0 ≤ log(Mu) ≤ S
by eq. (84), log(Mv) ≥ log(2) ≥ 1/2 and η ≤ 1/256 ≤ 1/4, Lemma 28 gives

|w∞ −Ru,v(∞)| ≤ (4 + 8S)η ≤ 8(S + 1)η =
ε

32
.
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Hence µ∞ ∈ [w∞ − ε/4, w∞ + ε/4] = [α∞, β∞], which has width ε/2.

Let now c = j ∈ {0, . . . , J − 1} and P = 2j , and let Ñ , D̃ be the polynomials formed at step 7(b),
which are those of eq. (108) for this value of P . By Lemma 32, Bu and Bv satisfy eq. (102), and
|cu − log(Mu)| ≤ η, |cv − log(Mv)| ≤ η as above, with η ≤ 1/8. Hence Lemma 33 applies and gives

D̃(θ) ≥ θ/4 on [1, 2], as required by RationalMinimum, together with

sup
θ∈[1,2]

∣∣∣Ñ(θ)

D̃(θ)
−Ru,v(Pθ)

∣∣∣ ≤ (8 + 16S)η ≤ 16(S + 1)ε

256(S + 1)
≤ ε

8
.

Taking the minimum over θ ∈ [1, 2] on both sides, the minimum of Ñ/D̃ on [1, 2] is at distance at
most ε/8 from µj . By Lemma 34, [ℓj , hj ] contains that minimum and has width at most ε/4. Hence
µj ∈ [ℓj − ε/8, hj + ε/8] = [αj , βj ], which has width at most ε/4 + ε/4 = ε/2.

It remains to combine these enclosures. Since min is non-decreasing in each of its arguments, µc ∈
[αc, βc] for every c ∈ C implies

R∗(u, v) = min
c∈C

µc ∈
[
min
c∈C

αc, min
c∈C

βc

]
= [a, z],

which is why both endpoints are updated by a minimum in step 7(c). Furthermore, if a = αc0 , then
z ≤ βc0 ≤ αc0 + ε/2 = a+ ε/2. Therefore, the returned interval [a, z] contains R∗(u, v) and has width at
most ε/2, independently of the number J + 1 of terms in eq. (112).

Complexity. The number of iterations of the loop is J = O(log2(S)+b) by the choice of L = 2S+4S2.
For each j ≤ J−1, the integer j and log2(1/η) = b+O(log2(S)) are polynomial in S and b. By Lemma 32,
the polynomials Bu and Bv are computed in time polynomial in S and b, and so are their degrees and
the binary lengths of their coefficients. The same holds for Ñ and D̃, as cu and cv are computed in
polynomial time [32]. Then, by Lemma 34, each call to Algorithm 2 runs in time polynomial in S and
b. Finally, steps 1 to 6 and step 8 are clearly polynomial in S and b.

Remark 35. As specified before Theorem 24, the shape vectors are given as explicit lists of entries, so
that S counts their numbers of entries mu and mv, and the complexity bound is polynomial in these
numbers rather than in their binary lengths. This is intrinsic to our algorithm rather than an artefact
of the encoding: the number of terms q = 4mx(T − 1) retained from the series of the logarithm in
Algorithm 1 is linear in mx, because the argument 1 − Zpol(θ)/(2mx) of that series is only bounded
away from 1 by 1/(4mx); consequently deg(B) = O(mxT

2), and grouping equal entries and writing their
multiplicities in binary would not help. Theorem 24 therefore says nothing about succinct descriptions
of shape vectors, such as λ(F⊗k) = λ(F)⊗k described by λ(F) and k, which has mk entries, with m
the number of entries of λ(F). This is not a limitation for the computation of emulation capacities:
by Proposition 7, R∗(λ(G⊗n), λ(F⊗k)) = n

kR∗(λ(G), λ(F)), so that only the shape vectors of F and G
themselves are ever needed, and these have at most dim(HF ) and dim(HG) entries by Proposition 1.

7 Entanglement-assisted emulation of idempotent channels

In this section, we prove Theorem B. The proof relies on the following observation: in the presence
of unlimited shared entanglement, every idempotent channel F is exactly interconvertible, with a sin-
gle use in each direction, with the noiseless classical channel ∆s on an alphabet of size s = ∥λ(F)∥22
(Corollary 39). The two directions of this interconversion are given by the teleportation [37] and the
superdense coding [38] protocols, applied block by block to the decomposition of Proposition 1. This
reduces the entanglement-assisted emulation of idempotent channels to the entanglement-assisted em-
ulation of noiseless classical channels with one another, which we solve exactly at finite blocklength in
Lemma 41. In contrast with the unassisted and shared randomness regimes, where the whole family of
ℓp-norms of the shape vectors is needed, the emulation is thus governed by the single quantity ∥λ(F)∥2.
This is reminiscent of the quantum reverse Shannon theorem [5, 6], according to which the asymptotic
simulation of a channel, in the presence of free entanglement, is governed by a single quantity, as well
as of its one-shot refinement in terms of the smooth max-information [21]. Theorem B is an exact,
zero-error counterpart of this phenomenon for idempotent channels.

We prove item (ii) of Theorem B first, and deduce items (i) and (iii) from it. Note that eq. (4)
involves the squares of the ℓ2-norms of the shape vectors λ(F) and λ(G).
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Throughout this section, we use the following notation. Given an idempotent channel F , we write

s(F) = ∥λ(F)∥22 =

K∑
k=1

d2k, (113)

where λ(F) = (d1, . . . , dK). Note that s(F) is a positive integer, and that s(F) = 1 if and only if
λ(F) = (1), since the entries of λ(F) are positive integers. Furthermore, for M ∈ N>0, we regard the
completely dephasing channel ∆M : L(CM ) → L(CM ) as a noiseless classical channel on the alphabet
[M ]. Recall that λ(∆M ) = (1, . . . , 1) ∈ NM , so that s(∆M ) = M , and that λ(Idd) = (d), so that
s(Idd) = d2.

7.1 Entanglement-assisted protocols and exact emulations

We start by fixing some terminology on entanglement-assisted protocols, which allows us to compose
them easily.

An entanglement-assisted protocol is a triple P = (ωA0B0 , E ,D), where ωA0B0 ∈ D(HA0 ⊗ HB0) is
a bipartite state on systems A0, B0 of arbitrary finite dimension, E : L(Hin ⊗ HA0

) → L(H′
in) is an

encoding channel and D : L(H′
out ⊗ HB0

) → L(Hout) is a decoding channel, and where Hin, Hout, H′
in

and H′
out are Hilbert spaces. P = (ωA0B0

, E ,D) maps L(H′
in) → L(H′

out) to L(Hin) → L(Hout). Given
Ψ : L(H′

in)→ L(H′
out), we write

P[Ψ] = D ◦ (Ψ⊗ IdB0) ◦ (E ⊗ IdB0) ◦ TωA0B0
: L(Hin)→ L(Hout), (114)

where TωA0B0
: x 7→ x ⊗ ωA0B0

for x ∈ L(Hin). If Ψ is a channel, P[Ψ] is a channel as well, which
we call the channel induced by the protocol P from Ψ. Throughout, whenever we write P[Ψ], it is
understood that the input and output spaces of Ψ are those that the protocol P expects, namely L(H′

in)
and L(H′

out). The same convention applies to iterated expressions such as P2[P1[Θ]]. We say that a
channel Φ can be exactly emulated by a channel Ψ with shared entanglement when Φ = P[Ψ] for some
entanglement-assisted protocol P.

Entanglement-assisted protocols compose: given P1 = (ωA1B1
, E1,D1) and P2 = (ωA2B2

, E2,D2),
and a channel Θ, we have P2[P1[Θ]] = P3[Θ] for the entanglement-assisted protocol P3 = (ωA1B1

⊗
ωA2B2

, E3,D3) given by

E3 = E1 ◦ (E2 ⊗ IdA1), D3 = D2 ◦ (D1 ⊗ IdB2), (115)

where the shared state is on the systems A0 = A2A1 and B0 = B1B2. This follows by expanding both
sides with eq. (114), identifying as is customary the tensor products of Hilbert spaces that only differ by
the order of their factors. In particular, the shared state of the composed protocol is the tensor product
of the shared states of P1 and P2.

With this notation, for any channels Φ : L(Hin)→ L(Hout) and Ψ : L(H′
in)→ L(H′

out), we write

δEA
1,1 (Ψ 7→ Φ) = inf

P

1

2
∥Φ− P[Ψ]∥⋄, (116)

where the infimum is taken over all the entanglement-assisted protocols P from maps L(H′
in)→ L(H′

out)
to L(Hin)→ L(Hout). Then, for k, n ∈ N>0, by definition

δEA
k,n(Ψ 7→ Φ) = δEA

1,1 (Ψ⊗n 7→ Φ⊗k). (117)

The maps induced by an entanglement-assisted protocol contract the diamond norm.

Lemma 36. Let P = (ωA0B0 , E ,D) be an entanglement-assisted protocol. Then, for every pair of linear
maps Θ1, Θ2 from L(H′

in) to L(H′
out),

∥P[Θ1]− P[Θ2]∥⋄ ≤ ∥Θ1 −Θ2∥⋄. (118)

Proof. By linearity, P[Θ1]−P[Θ2] = D◦((Θ1−Θ2)⊗IdB0)◦(E⊗IdB0)◦TωA0B0
. The maps D, E⊗IdB0 and

TωA0B0
are channels, so that their diamond norm is equal to 1, and the diamond norm is submultiplicative

under composition and stable under tensor product with identity maps, i.e. ∥(Θ1 − Θ2) ⊗ IdB0
∥⋄ =

∥Θ1 −Θ2∥⋄ (see e.g. [27, Chapter 3]). Eq. (118) follows.
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As a consequence, the minimal error of entanglement-assisted emulation is monotone under exact
entanglement-assisted emulation.

Lemma 37. Let Φ, Φ′, Ψ and Ψ′ be channels, and let P1, P2 be entanglement-assisted protocols such
that Φ′ = P1[Φ] and Ψ = P2[Ψ′]. Then

δEA
1,1 (Ψ′ 7→ Φ′) ≤ δEA

1,1 (Ψ 7→ Φ). (119)

Proof. Let P be an arbitrary entanglement-assisted protocol. By eq. (115), applied twice, there is an
entanglement-assisted protocol P′ such that P1[P[Ψ]] = P1[P[P2[Ψ′]]] = P′[Ψ′]. Then, by Lemma 36,

δEA
1,1 (Ψ′ 7→ Φ′) ≤ 1

2
∥Φ′ − P′[Ψ′]∥⋄ =

1

2
∥P1[Φ]− P1[P[Ψ]]∥⋄ ≤

1

2
∥Φ− P[Ψ]∥⋄.

Taking the infimum over P yields eq. (119).

7.2 The operational meaning of ∥λ(F)∥22
By Proposition 3, an idempotent channel F can be converted into the block pinching Πf associated to its
shape vector, and back. As far as emulation is concerned, we may therefore work with block pinchings
throughout this section, and it suffices to understand their entanglement-assisted emulation. We now
show that the block pinching Πd of Definition 3 is exactly interconvertible with the noiseless classical
channel ∆S , with S = ∥d∥22, when shared entanglement is allowed.

We first recall the teleportation and superdense coding protocols, in a form adapted to our needs.
Let d ≥ 1 be an integer and let {|ν⟩}ν∈{0,...,d−1} be the standard basis of Cd, whose indices are taken
modulo d. We consider the Heisenberg–Weyl unitaries

Ua,b = XaZb, (a, b) ∈ {0, . . . , d− 1}2, with X |ν⟩ = |ν + 1⟩ , Z |ν⟩ = e2iπν/d |ν⟩ , (120)

which satisfy the orthogonality relations tr(U∗
a,bUa′,b′) = d δa,a′δb,b′ . Here X and Z are the d-dimensional

generalisations of the Pauli matrices σx and σz, to which they reduce for d = 2; note that they are
unitary but not Hermitian for d ≥ 3. As in Definition 16, we write |ϕd⟩ = 1√

d

∑d−1
ν=0 |ν⟩ ⊗ |ν⟩ ∈ Cd ⊗ Cd

for the maximally entangled state in dimension d and, for (a, b) ∈ {0, . . . , d− 1}2, we let

|ϕa,b⟩ = (Ua,b ⊗ 1) |ϕd⟩ . (121)

Since, for every x, y ∈ L(Cd), ⟨ϕd| (x ⊗ 1)∗(y ⊗ 1) |ϕd⟩ = 1
d tr(x∗y), the orthogonality relations of the

unitaries Ua,b imply that {|ϕa,b⟩}a,b is an orthonormal basis of Cd⊗Cd, called the Bell basis. In particular,∑
a,b |ϕa,b⟩⟨ϕa,b| = 1Cd⊗Cd .

Lemma 38 (Teleportation identity). Let X, A, B be three systems of dimension d, identified with Cd,
and let R be an arbitrary reference system. Then, for all x ∈ L(HX⊗HR) and all (a, b) ∈ {0, . . . , d−1}2,

(Ua,b)B (⟨ϕa,b|XA ⊗ 1BR)
(
xXR ⊗ |ϕd⟩⟨ϕd|AB

)
(|ϕa,b⟩XA ⊗ 1BR) (Ua,b)

∗
B =

1

d2
xBR, (122)

where xBR denotes the operator x in which the system X is relabelled B.

Proof. By linearity, it suffices to prove eq. (122) for x = |ψ⟩⟨φ| with |ψ⟩ , |φ⟩ ∈ HX ⊗ HR, and even to
prove that for every |ψ⟩ ∈ HX ⊗HR,

(Ua,b)B(⟨ϕa,b|XA ⊗ 1BR) |ψ⟩XR |ϕd⟩AB =
1

d
|ψ⟩BR .

Let us first consider the case (a, b) = (0, 0). Writing |ψ⟩ =
∑
ν |ν⟩X⊗wν , where the wν ∈ HR are vectors

which need not be normalised, we get

(⟨ϕd|XA ⊗ 1BR) |ψ⟩XR |ϕd⟩AB =
1

d

∑
ν,µ,κ

⟨µ|ν⟩X⟨µ|κ⟩A |κ⟩B ⊗ wν =
1

d

∑
ν

|ν⟩B ⊗ wν =
1

d
|ψ⟩BR .
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In the general case, ⟨ϕa,b|XA = ⟨ϕd|XA ((Ua,b)
∗
X ⊗ 1A), so that, applying the previous case to the vector

(Ua,b)
∗
X |ψ⟩, we obtain

(⟨ϕa,b|XA ⊗ 1BR) |ψ⟩XR |ϕd⟩AB =
1

d
(Ua,b)

∗
B |ψ⟩BR ,

and the unitary correction (Ua,b)B yields the claim.

Summing eq. (122) over the d2 outcomes (a, b) shows that the teleportation protocol, i.e. a measure-
ment of XA in the Bell basis followed by the correction Ua,b on B, implements the identity channel
from X to B, even on inputs which are entangled with an arbitrary reference system R. We now use
teleportation and superdense coding block by block.

Proposition 10. Let d = (d1, . . . , dK) ∈ NK>0 and S = ∥d∥22 =
∑K
k=1 d

2
k. Then there are entanglement-

assisted protocols P and P′, both with the shared state
⊗K

k=1 |ϕdk⟩⟨ϕdk |AkBk
, such that

Πd = P[∆S ] and ∆S = P′[Πd], (123)

the protocol P being the teleportation protocol and P′ the superdense coding protocol, applied block by
block.

Proof. We identify the classical alphabet [S] with the disjoint union

Σ =

K⊔
k=1

{k} × {0, . . . , dk − 1}2 = {(k, a, b) | k ∈ [K], (a, b) ∈ {0, . . . , dk − 1}2},

which has cardinality
∑
k d

2
k = S, so that ∆S is the completely dephasing channel on L(CΣ) in the basis

{|k, a, b⟩}(k,a,b)∈Σ. In both directions, Alice and Bob share the state ωA0B0
=

⊗K
k=1 |ϕdk⟩⟨ϕdk |AkBk

with

A0 = A1 · · ·AK , B0 = B1 · · ·BK and HAk
= HBk

= Cdk . For l ∈ [K], we write Al̄ for the systems Am

with m ̸= l, and likewise Bl̄. For k ∈ [K] and (a, b) ∈ {0, . . . , dk − 1}2, we write U
(k)
a,b and |ϕ(k)a,b⟩ for the

Heisenberg–Weyl unitaries and the Bell basis in dimension dk, and, with Jk : Cdk → Hd the isometry
embedding Cdk as the k-th summand of Hd as in Definition 3, we define the orthogonal projector on
Hd ⊗HA0

Mk,a,b = (Jk ⊗ 1Ak
)|ϕ(k)a,b⟩⟨ϕ

(k)
a,b |(Jk ⊗ 1Ak

)∗ ⊗ 1Ak̄
. (124)

Then
∑
a,bMk,a,b = (JkJ

∗
k ⊗ 1Ak

) ⊗ 1Ak̄
= P̃k ⊗ 1A0

, since the Bell basis is an orthonormal basis, and
thus

∑
(k,a,b)∈ΣMk,a,b = 1Hd⊗HA0

, i.e. {Mk,a,b}(k,a,b)∈Σ is a projective measurement. We define in the

same way the projective measurement {Nk,a,b}(k,a,b)∈Σ on Hd⊗HB0
by replacing the systems Al by Bl.

Emulation of Πd by ∆S (teleportation). Alice measures her input together with A0 with the mea-
surement {Mk,a,b}, which first reveals the block k of the input and then teleports its content with the
pair AkBk, and she sends the outcome through ∆S . Bob applies the teleportation correction on Bk and
embeds Bk in the k-th block. Formally, let E : L(Hd ⊗HA0

)→ L(CΣ) and D : L(CΣ ⊗HB0
)→ L(Hd)

be defined by

E(y) =
∑

(k,a,b)∈Σ

tr(Mk,a,b y)|k, a, b⟩⟨k, a, b|,

D(y) =
∑

(k,a,b)∈Σ

JkU
(k)
a,b trBk̄

(
(⟨k, a, b| ⊗ 1B0

)y(|k, a, b⟩ ⊗ 1B0
)
)
U

(k)∗
a,b J∗

k .

The map E is a channel, since {Mk,a,b} is a POVM, and D is a channel as it first measures the classical
register in the basis {|k, a, b⟩} and then applies, conditionally on the outcome, a channel from L(HB0

) to
L(Hd). Let R be a reference system and x ∈ L(Hd⊗HR). Since the output of E is diagonal, ∆S ◦E = E ,
and we get (

P[∆S ]⊗ IdR
)
(x) =

∑
(k,a,b)∈Σ

(JkU
(k)
a,b ⊗ 1R)Tk,a,b (JkU

(k)
a,b ⊗ 1R)∗,
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with P = (ωA0B0
, E ,D) and Tk,a,b = trHdA0Bk̄

(
(Mk,a,b ⊗ 1B0R)(x ⊗ ωA0B0

)
)
∈ L(HBk

⊗ HR). Now,
Mk,a,b acts as the identity on the systems Ak̄, and trAk̄Bk̄

(
⊗

l ̸=k |ϕdl⟩⟨ϕdl |) = 1. Hence, writing xkk =

(J∗
k ⊗ 1R)x(Jk ⊗ 1R) ∈ L(Cdk ⊗HR) and abbreviating

Vk,a,b = JkU
(k)
a,b ⊗ 1R, Λk,a,b = ⟨ϕ(k)a,b |XAk

⊗ 1BkR,

where X ∼= Cdk denotes the k-th block of the input, the (k, a, b) term of the sum reads

Vk,a,b Λk,a,b
(
xkk ⊗ |ϕdk⟩⟨ϕdk |AkBk

)
Λ∗
k,a,b V

∗
k,a,b =

1

d2k
(Jk ⊗ 1R)xkk(Jk ⊗ 1R)∗,

where the equality follows from Lemma 38. Summing over the d2k pairs (a, b) and over k ∈ [K], we obtain

(
P[∆S ]⊗ IdR

)
(x) =

K∑
k=1

(P̃k ⊗ 1R)x(P̃k ⊗ 1R) = (Πd ⊗ IdR)(x),

that is, Πd = P[∆S ].

Emulation of ∆S by Πd (superdense coding). To send the symbol (k, a, b), Alice applies U
(k)
a,b on her

half Ak of the k-th maximally entangled state and sends Ak in the k-th block of Πd. Bob measures the
received system together with B0 with the measurement {Nk,a,b}. Formally, let E ′ : L(CΣ ⊗ HA0

) →
L(Hd) and D′ : L(Hd ⊗HB0

)→ L(CΣ) be defined by

E ′(y) =
∑

(k,a,b)∈Σ

JkU
(k)
a,b trAk̄

(
(⟨k, a, b| ⊗ 1A0

)y(|k, a, b⟩ ⊗ 1A0
)
)
U

(k)∗
a,b J∗

k ,

D′(y) =
∑

(k,a,b)∈Σ

tr(Nk,a,b y)|k, a, b⟩⟨k, a, b|,

which are channels for the same reasons as E and D, and let P′ = (ωA0B0 , E ′,D′). Since E ′ starts by
measuring its classical input in the basis {|k, a, b⟩} and D′ outputs diagonal operators, P′[Πd] satisfies
P′[Πd] = ∆S◦P′[Πd]◦∆S . Hence, it suffices to show that P′[Πd](|k, a, b⟩⟨k, a, b|) = |k, a, b⟩⟨k, a, b| for every
(k, a, b) ∈ Σ. Indeed, in that case, for every reference system R and every x =

∑
σ,σ′∈Σ |σ⟩⟨σ′| ⊗ xσσ′ ∈

L(CΣ ⊗HR),

(P′[Πd]⊗ IdR)(x) =
∑
σ∈Σ

P′[Πd](|σ⟩⟨σ|)⊗ xσσ =
∑
σ∈Σ

|σ⟩⟨σ| ⊗ xσσ = (∆S ⊗ IdR)(x).

Let us fix (k, a, b) ∈ Σ. We have

(E ′ ⊗ IdB0
)(|k, a, b⟩⟨k, a, b| ⊗ ωA0B0

) = (Jk ⊗ 1Bk
)|ϕ(k)a,b⟩⟨ϕ

(k)
a,b |AkBk

(Jk ⊗ 1Bk
)∗ ⊗

⊗
l ̸=k

1Bl

dl
,

where we used (U
(k)
a,b ⊗ 1) |ϕdk⟩ = |ϕ(k)a,b⟩ and trAl

(|ϕdl⟩⟨ϕdl |) = 1Bl
/dl. This operator is invariant under

Πd ⊗ IdB0
, as it is supported on the k-th block of Hd. Finally, for (k′, a′, b′) ∈ Σ,

tr
(
Nk′,a′,b′ (Jk ⊗ 1Bk

)|ϕ(k)a,b⟩⟨ϕ
(k)
a,b |(Jk ⊗ 1Bk

)∗ ⊗
⊗
l ̸=k

1Bl

dl

)
= δk,k′ |⟨ϕ(k)a′,b′ |ϕ

(k)
a,b⟩|

2 = δk,k′δa,a′δb,b′ ,

where we used J∗
k′Jk = δk,k′1 and the orthonormality of the Bell basis. Hence P′[Πd](|k, a, b⟩⟨k, a, b|) =

|k, a, b⟩⟨k, a, b|, which shows that ∆S = P′[Πd].

Combining Proposition 3 and Proposition 10 with the composability of entanglement-assisted proto-
cols in eq. (115), we obtain the following corollary.

Corollary 39. Let F be an idempotent channel and let s(F) = ∥λ(F)∥22. Then there are entanglement-
assisted protocols Q and Q′ such that

F = Q[∆s(F)] and ∆s(F) = Q′[F ]. (125)
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Remark 40. Corollary 39 explains why the squares d2k of the entries of the shape vector, rather than
the entries dk themselves or other powers of them, govern the entanglement-assisted regime. A block
of dimension dk can carry d2k classical symbols with superdense coding, and it can be simulated by
the transmission of d2k classical symbols with teleportation. In contrast, without entanglement, a dk-
dimensional block can only carry dk classical symbols, and it cannot be simulated at all by a classical
channel when dk ≥ 2, as shown by the fourth row of Table 2.

7.3 Entanglement-assisted emulation of noiseless classical channels

By Corollary 39, it remains to understand the entanglement-assisted emulation of a noiseless classical
channel by another one. The following lemma provides the exact minimal error for this task. Its converse
part is a no-signalling argument: it only uses the fact that the local operations of the encoder do not
change the marginal state of the decoder, so that it also holds for the larger class of protocols assisted
by arbitrary no-signalling correlations, for which linear and semidefinite programming characterisations
are available at finite blocklength [22, 23]. Zero-error capacities and exact simulation costs of classical
channels assisted by non-local correlations were determined along these lines in [24].

Lemma 41. Let M,N ∈ N>0. Then

δEA
1,1 (∆N 7→ ∆M ) = max

{
0, 1− N

M

}
. (126)

Furthermore, if N ≥M , then ∆M = P[∆N ] for an unassisted protocol P.

Proof. Achievability. Suppose first that N ≥M and let E : L(CM )→ L(CN ) and D : L(CN )→ L(CM )
be the channels

E(x) =
∑

m∈[M ]

⟨m|x |m⟩ |m⟩⟨m|, D(y) =
∑
z∈[M ]

⟨z| y |z⟩ |z⟩⟨z|+
N∑

z=M+1

⟨z| y |z⟩ |1⟩⟨1|.

The encoder E embeds [M ] into [N ], so that the symbols z ∈ {M + 1, . . . , N} are never transmitted
and the second sum defining D, which sends them to the default symbol 1, never contributes. Hence
D ◦∆N ◦ E = ∆M , so that ∆M = P[∆N ] for the unassisted protocol P with encoder E and decoder D,
and δEA

1,1 (∆N 7→ ∆M ) = 0.
Suppose now that N < M . We use shared randomness, which is a special case of shared entanglement

(see Section 2.1). Let SM be the set of permutations of [M ] and, for π ∈ SM , let fπ : [M ] → [N ] be
defined by fπ(m) = π(m) if π(m) ≤ N and fπ(m) = 1 otherwise. We define the channels Eπ : L(CM )→
L(CN ) and Dπ : L(CN )→ L(CM ) by

Eπ(x) =
∑

m∈[M ]

⟨m|x |m⟩ |fπ(m)⟩⟨fπ(m)|, Dπ(y) =
∑
z∈[N ]

⟨z| y |z⟩ |π−1(z)⟩⟨π−1(z)|.

In words, Alice and Bob agree on a uniformly random permutation π; Alice sends π(m) when it be-

longs to [N ] and the symbol 1 otherwise, and Bob outputs π−1 of the received symbol. Let ∆̃ =
1
M !

∑
π∈SM

Dπ∆NEπ be the channel induced by this shared randomness strategy. For m ∈ [M ], we

have Dπ∆NEπ(|m⟩⟨m|) = |π−1(fπ(m))⟩⟨π−1(fπ(m))|, which is equal to |m⟩⟨m| if π(m) ≤ N and to
|π−1(1)⟩⟨π−1(1)| with π−1(1) ̸= m otherwise (since then π(m) > N ≥ 1). Splitting the average over SM

according to whether π(m) ≤ N or π(m) > N , we obtain

∆̃(|m⟩⟨m|) =
1

M !

∑
π∈SM

π(m)≤N

|m⟩⟨m| +
1

M !

∑
π∈SM

π(m)>N

|π−1(1)⟩⟨π−1(1)|.

As π(m) is uniformly distributed on [M ] when π is uniformly distributed on SM , the first sum has weight
N/M and the second has weight 1−N/M , so that

∆̃(|m⟩⟨m|) =
N

M
|m⟩⟨m|+

(
1− N

M

)
τm, τm =

1

|{π | π(m) > N}|
∑
π∈SM

π(m)>N

|π−1(1)⟩⟨π−1(1)|.

43



Then, τm is a diagonal state satisfying ⟨m| τm |m⟩ = 0, since π−1(1) ̸= m for every π occurring in the

sum. Now, since each Eπ first dephases its input, ∆̃ = ∆̃ ◦ ∆M . Let R be a reference system and
ρ ∈ D(CM ⊗HR). Then (∆M ⊗ IdR)(ρ) =

∑
m∈[M ] |m⟩⟨m| ⊗ ρm with ρm = (⟨m| ⊗ 1R)ρ(|m⟩ ⊗ 1R) ≥ 0

and
∑
m∈[M ] tr(ρm) = 1, so that

1

2
∥((∆M − ∆̃)⊗ IdR)(ρ)∥1 =

1

2
∥((∆M − ∆̃) ◦∆M ⊗ IdR)(ρ)∥1

=
1

2

∥∥∥ ∑
m∈[M ]

(∆M − ∆̃)(|m⟩⟨m|)⊗ ρm
∥∥∥
1

≤
∑

m∈[M ]

tr(ρm)
1

2

(
1− N

M

)
∥|m⟩⟨m| − τm∥1

= 1− N

M
,

where the first equality uses ∆̃ = ∆̃ ◦ ∆M together with the idempotence of ∆M , and where we then
used the triangle inequality, ∥y ⊗ ρm∥1 = ∥y∥1 tr(ρm) and ∥|m⟩⟨m| − τm∥1 = 2 since |m⟩⟨m| and τm are

states with orthogonal supports. Since the diamond norm of the Hermitian-preserving map ∆M − ∆̃ is
attained on states (see e.g. [27, Chapter 3]), we obtain 1

2∥∆M − ∆̃∥⋄ ≤ 1 − N/M , so that δEA
1,1 (∆N 7→

∆M ) ≤ δSR1,1(∆N 7→ ∆M ) ≤ 1−N/M .

Converse. Let P = (ωA0B0 , E ,D) be an arbitrary entanglement-assisted protocol, with E : L(CM ⊗
HA0

) → L(CN ) and D : L(CN ⊗HB0
) → L(CM ), and let ∆̃ = P[∆N ]. We first show that the average

probability that ∆̃ transmits correctly a uniformly distributed symbol is at most N/M , that is

1

M

∑
m∈[M ]

⟨m| ∆̃(|m⟩⟨m|) |m⟩ ≤ N

M
. (127)

For m ∈ [M ], let Ym = (E ⊗ IdB0
)(|m⟩⟨m| ⊗ ωA0B0

) ∈ L(CN ⊗ HB0
) and, for z ∈ [N ], let σm,z =

(⟨z| ⊗ 1B0
)Ym(|z⟩ ⊗ 1B0

) ∈ L(HB0
). Since Ym is positive semidefinite, so are the operators σm,z, and

(∆N ⊗ IdB0)(Ym) =
∑
z∈[N ]

|z⟩⟨z| ⊗ σm,z.

Furthermore, for every w ∈ L(CM ⊗ HA0
⊗ HB0

), we have trCN

(
(E ⊗ IdB0

)(w)
)

= trCMA0
(w): indeed,

for every v ∈ L(HB0), tr
(
trCN ((E ⊗ IdB0)(w)) v

)
= tr

(
(E ⊗ IdB0)(w) (1CN ⊗ v)

)
= tr

(
w (E∗(1CN )⊗ v)

)
=

tr
(
trCMA0

(w) v
)
, where the last equality uses that E∗ is unital, which is equivalent to E being trace

preserving. Applying this with w = |m⟩⟨m| ⊗ ωA0B0 , we get∑
z∈[N ]

σm,z = trCN (Ym) = trCMA0
(|m⟩⟨m| ⊗ ωA0B0

) = ωB0
, (128)

where ωB0
= trA0

(ωA0B0
). This equation expresses the no-signalling principle: the local operation of

Alice does not change the marginal state of Bob. In particular, 0 ≤ σm,z ≤ ωB0 for all m ∈ [M ] and
z ∈ [N ]. Now, for z ∈ [N ] and m ∈ [M ], let

D(z)
m = (⟨z| ⊗ 1B0

)D∗(|m⟩⟨m|)(|z⟩ ⊗ 1B0
) ∈ L(HB0

).

Since D∗ is unital and completely positive, D
(z)
m ≥ 0 and

∑
m∈[M ]D

(z)
m = (⟨z| ⊗ 1B0

)D∗(1)(|z⟩ ⊗ 1B0
) =

1B0
, i.e. {D(z)

m }m∈[M ] is the POVM that Bob applies on B0 when he receives the symbol z. Then, for
m ∈ [M ],

⟨m| ∆̃(|m⟩⟨m|) |m⟩ = tr
(
D∗(|m⟩⟨m|)

∑
z∈[N ]

|z⟩⟨z| ⊗ σm,z
)

=
∑
z∈[N ]

tr(D(z)
m σm,z) ≤

∑
z∈[N ]

tr(D(z)
m ωB0

),

where the inequality follows from σm,z ≤ ωB0
and D

(z)
m ≥ 0. Summing over m, we get∑

m∈[M ]

⟨m| ∆̃(|m⟩⟨m|) |m⟩ ≤
∑
z∈[N ]

tr
( ∑
m∈[M ]

D(z)
m ωB0

)
=

∑
z∈[N ]

tr(ωB0) = N,
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which proves eq. (127).

We then apply Lemma 14 to the channels ∆M and ∆̃, with the auxiliary system HR = CM and

σ =
1

M

∑
m∈[M ]

|m⟩⟨m| ⊗ |m⟩⟨m|R, µ =
∑

m∈[M ]

|m⟩⟨m| ⊗ |m⟩⟨m|R.

Since µ is an orthogonal projector, 0 ≤ µ ≤ 1. Furthermore, (∆M ⊗ IdR)(σ) = σ, so that tr(µ(∆M ⊗
IdR)(σ)) = tr(µσ) = 1, and

tr(µ(∆̃⊗ IdR)(σ)) =
1

M

∑
m∈[M ]

⟨m| ∆̃(|m⟩⟨m|) |m⟩ ≤ N

M
,

by eq. (127). Hence, by Lemma 14, 1
2∥∆M −P[∆N ]∥⋄ ≥ 1−N/M . As this holds for every entanglement-

assisted protocol P, and as the diamond norm is non-negative, we get δEA
1,1 (∆N 7→ ∆M ) ≥ max{0, 1 −

N/M}, which ends the proof.

Note that the achievability part of Lemma 41 only uses shared randomness, and that the converse
holds with arbitrary shared entanglement, and even with arbitrary no-signalling correlations [22]. Hence,
for noiseless classical channels, shared entanglement does not help compared to shared randomness, and
the minimal error in eq. (126) is also the minimal error with shared randomness.

7.4 Proof of Theorem B

We are now ready to prove the two main results of this section.

Proof of item (ii) of Theorem B. Let F and G be idempotent channels and k, n ∈ N>0. By Proposition 7,
λ(F⊗k) = λ(F)⊗k, so that, by the multiplicativity of the ℓ2-norm under tensor products,

s(F⊗k) = ∥λ(F)⊗k∥22 = ∥λ(F)∥2k2 = s(F)k,

and similarly s(G⊗n) = s(G)n. By Corollary 39 applied to the idempotent channels F⊗k and G⊗n, there
are entanglement-assisted protocols QF , Q′

F , QG and Q′
G such that

F⊗k = QF [∆s(F)k ], ∆s(F)k = Q′
F [F⊗k], G⊗n = QG [∆s(G)n ], ∆s(G)n = Q′

G [G⊗n]. (129)

Therefore, by eq. (117), Lemma 37 and Lemma 41,

δEA
k,n(G 7→ F) = δEA

1,1 (G⊗n 7→ F⊗k) = δEA
1,1 (∆s(G)n 7→ ∆s(F)k)

= max
{

0, 1− s(G)n

s(F)k

}
= max

{
0, 1− ∥λ(G)∥2n2

∥λ(F)∥2k2

}
.

Note that the proof of item (ii) of Theorem B also shows that, when ∥λ(G)∥2n2 ≥ ∥λ(F)∥2k2 , the
minimal error δEA

k,n(G 7→ F) = 0 is attained, i.e. there is an entanglement-assisted protocol P such that

F⊗k = P[G⊗n]. Indeed, in that case, s(G)n ≥ s(F)k, so that ∆s(F)k = R[∆s(G)n ] for some entanglement-

assisted protocol R by Lemma 41. Composing with eq. (129) gives F⊗k = QF [R[Q′
G [G⊗n]]], and the

right-hand side is of the form P[G⊗n] by eq. (115).

Remark 42. The protocol P above consumes only maximally entangled states: by eq. (115), its shared
state is the tensor product of the shared states of QF , R and Q′

G , which are tensor products of finitely
many maximally entangled states of finite dimension by Proposition 10, the protocol R being unassisted.
Hence the exact interconversion of idempotent channels never requires entanglement beyond a finite
supply of maximally entangled states, a feature of interest from the point of view of resource theories,
where such states are the standard unit of entanglement.
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Proof of item (i) of Theorem B. Let F and G be idempotent channels with λ(F) ̸= (1), so that s(F) ≥ 2,
and let

R =
log(s(G))

log(s(F))
=

log(∥λ(G)∥2)

log(∥λ(F)∥2)
,

where we used log(s(G)) = 2 log(∥λ(G)∥2) and log(s(F)) = 2 log(∥λ(F)∥2) > 0.
Converse. Let r be an achievable rate in the entanglement-assisted regime, and let (kν)ν and (nν)ν

be two sequences of positive integers satisfying eq. (10) with δν = δEA
kν ,nν

(G 7→ F) → 0. By item (ii) of

Theorem B, s(G)nν/s(F)kν ≥ 1− δν for every ν. For ν large enough, δν < 1, and, taking the logarithm
and dividing by nν log(s(F)) > 0,

kν
nν
≤ R− log(1− δν)

nν log(s(F))
.

The last term vanishes as ν → ∞, so that r ≤ lim infν kν/nν ≤ R. Hence CEA(G 7→ F) ≤ R, and the
zero-error entanglement-assisted emulation capacity is at most R as well, by Section 2.1.

Achievability with zero error. By the discussion following the proof of item (ii) of Theorem B, for
k, n ∈ N>0, F⊗k can be emulated exactly by G⊗n with shared entanglement as soon as s(G)n ≥ s(F)k,
that is as soon as k/n ≤ R. If λ(G) = (1), then R = 0 and CEA(G 7→ F) = 0, so that both capacities
vanish, in accordance with eq. (3). Otherwise, R > 0 and, by density of the rational numbers in the
reals, the supremum of the ratios k/n ≤ R is R, so that the zero-error entanglement-assisted emulation
capacity is at least R. Since it is at most CEA(G 7→ F) ≤ R, both capacities are equal to R, which proves
eq. (3) and the last statement of item (i).

As in the unassisted and shared randomness regimes (see the end of Section 5), the finite blocklength
result of item (ii) directly yields the strong converse of item (iii), here with an explicit exponent. No
optimisation over p is needed, since the only relevant value is p = 2.

Proof of item (iii) of Theorem B. Let F and G be two idempotent channels such that λ(F) ̸= (1), so
that ∥λ(F)∥2 > 1, and let ε > 0. Throughout this proof, we take the logarithm in base 2. Let k, n ∈ N>0

with k/n ≥ CEA(G 7→ F) + ε. Multiplying this inequality by n log(∥λ(F)∥2) > 0 and using eq. (3), we
get

k log(∥λ(F)∥2) ≥ n log(∥λ(G)∥2) + εn log(∥λ(F)∥2),

and thus, by eq. (4),

δEA
k,n(G 7→ F) ≥ 1− ∥λ(G)∥2n2

∥λ(F)∥2k2
= 1− 22(n log(∥λ(G)∥2)−k log(∥λ(F)∥2)) ≥ 1− 2−cn,

with c = 2ε log(∥λ(F)∥2) > 0, which proves item (iii).

Since eq. (4) is an equality, the exponent c = 2ε log(∥λ(F)∥2) is optimal: for k/n = CEA(G 7→ F) + ε,
the error is exactly 1− 2−cn.

7.5 Consequences and examples

We now draw some consequences of Theorem B, and compare them with the unassisted and shared
randomness regimes. First, the entanglement-assisted emulation capacity is reversible and additive.

Corollary 43. Let F , G1 and G2 be idempotent channels with λ(F) ̸= (1).

(i) If λ(G1) ̸= (1), then CEA(G1 7→ F)CEA(F 7→ G1) = 1.

(ii) CEA(G1 ⊗ G2 7→ F) = CEA(G1 7→ F) + CEA(G2 7→ F).

Proof. (i) follows directly from eq. (3), since log(∥λ(F)∥2) and log(∥λ(G1)∥2) are both positive. For (ii),
G1 ⊗ G2 is idempotent and, by Proposition 7, λ(G1 ⊗ G2) = λ(G1)⊗ λ(G2), so that log(∥λ(G1 ⊗ G2)∥2) =
log(∥λ(G1)∥2) + log(∥λ(G2)∥2), and (ii) follows from eq. (3).

Second, exact emulation with a single use of the source channel is governed by a single integer.
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Corollary 44. Let F and G be idempotent channels. Then there is an entanglement-assisted protocol
P such that F = P[G] if and only if ∥λ(F)∥2 ≤ ∥λ(G)∥2. In particular, there are entanglement-assisted
protocols P, P′ with F = P[G] and G = P′[F ] if and only if ∥λ(F)∥2 = ∥λ(G)∥2.

Proof. If F = P[G] for some entanglement-assisted protocol P, then δEA
1,1 (G 7→ F) = 0, so that ∥λ(G)∥22 ≥

∥λ(F)∥22 by item (ii) of Theorem B with k = n = 1. Conversely, if ∥λ(F)∥2 ≤ ∥λ(G)∥2, then such a
protocol exists by the discussion following the proof of item (ii) of Theorem B. The second statement
follows by applying the first one in both directions.

Corollary 44 shows that, in the presence of shared entanglement, idempotent channels are totally
preordered by exact emulation with a single use, and that their equivalence classes are labelled by the
single integer ∥λ(F)∥22. This contrasts with the unassisted regime, where inequalities ∥λ(F)∥p ≤ ∥λ(G)∥p
for every p ∈ [1,+∞] are necessary for exact unassisted emulation after taking a common tensor power,
by item (ii) of Theorem A. For instance, let G be an idempotent channel with λ(G) = (2, 2, 1). Then
∥λ(Id3)∥∞ = 3 > 2 = ∥λ(G)∥∞ and ∥λ(G)∥1 = 5 > 3 = ∥λ(Id3)∥1, so that neither of Id3 and G can be
emulated with zero error by one use of the other, even with shared randomness. However, ∥λ(Id3)∥22 =
9 = ∥λ(G)∥22, so that Id3 and G can be exactly emulated by each other with shared entanglement, by
Corollary 44.

As in the unassisted case, we gather in Table 3 the expressions of CEA(G 7→ F) when either F or G
is an identity or a completely dephasing channel, which follow directly from item (i) of Theorem B and
from ∥λ(Idd)∥2 = d, ∥λ(∆d)∥2 =

√
d. In particular, for every idempotent channel G, the entanglement-

assisted quantum and classical capacities of G (in qubits and bits per channel use) are respectively
CEA(G 7→ Id2) = log2(∥λ(G)∥2) and CEA(G 7→ ∆2) = 2 log2(∥λ(G)∥2), as expected from teleportation
and superdense coding.

F G CEA(G 7→ F)

Idd G log(∥λ(G)∥2)
log(d)

F Idd
log(d)

log(∥λ(F)∥2)

∆d G 2 log(∥λ(G)∥2)
log(d)

F ∆d
log(d)

2 log(∥λ(F)∥2)

Table 3: Entanglement-assisted emulation capacities when either F or G is the identity or the completely
dephasing channel (with d ≥ 2 and λ(F) ̸= (1)).

The following examples illustrate how shared entanglement modifies the emulation capacities of idem-
potent channels.

Example 45 (Emulation of a quantum channel by a classical one). Let F = Id2 and G = ∆2, so that
λ(F) = (2) and λ(G) = (1, 1). As computed in Example 9, CUA(∆2 7→ Id2) = CSR(∆2 7→ Id2) = 0 and
CUA(Id2 7→ ∆2) = 1: a noiseless qubit channel cannot be emulated with zero error by a classical channel,
even with shared randomness. In contrast, by Table 3,

CEA(∆2 7→ Id2) =
log(
√

2)

log(2)
=

1

2
, CEA(Id2 7→ ∆2) =

2 log(2)

log(2)
= 2.

Operationally, two uses of ∆2 transmit the two bits needed to teleport a qubit, and one use of Id2

transmits two bits with superdense coding. Shared entanglement is known to strictly increase zero-error
rates already for classical channels, both in the one-shot [39] and in the asymptotic [40] regimes; this
example is an extreme instance of this phenomenon, since the emulation capacity jumps from 0 to 1/2.
Note that the product of these two capacities is 1, in accordance with Corollary 43 (i), whereas the
corresponding product is 0 in the unassisted regime.

Example 46 (Complementary source channels). Let G1 = Id2, G2 = ∆2 and F = G1 ⊗ G2, so that

λ(G1) = (2), λ(G2) = (1, 1), λ(F) = λ(G1)⊗ λ(G2) = (2, 2).
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As computed in Example 8, the superadditivity of Corollary 7 is strict for these channels. With shared
entanglement, since ∥λ(G1)∥22 = 4, ∥λ(G2)∥22 = 2 and ∥λ(F)∥22 = 8, we get instead

CEA(G1 7→ F) =
log(4)

log(8)
=

2

3
, CEA(G2 7→ F) =

log(2)

log(8)
=

1

3
, CEA(G1 ⊗ G2 7→ F) = 1,

which is additive, in accordance with Corollary 43 (ii). Entanglement therefore restores additivity here:
the classical source channel G2, which was useless on its own without entanglement, now contributes the
missing third of the rate.
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Gauthier-Villars. (1969). Second edition. url: https://www.gabay-editeur.com/DIXMIER-Les-a
lgebres-doperateurs-dans-lespace-hilbertien-Algebres-de-von-Neumann-2e-ed-1969.

[31] Ker-I Ko. “Complexity theory of real functions”. Progress in Theoretical Computer Science.
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A An algebraic proof of the converse of item (i) of Theorem A
in the unassisted setting

Since a reduced channel F̂ has an adjoint F̂∗ which projects its input onto a finite-dimensional ∗-
algebra, it is natural to ask whether it is possible to approach the problem of the unassisted emulation
of idempotent channels through purely algebraic arguments. We provide such a proof of the converse of
item (i) of Theorem A for exact unassisted emulation in this section, that is, we show that for any two
idempotent channels F and G with λ(F) ̸= (1), the zero-error unassisted emulation capacity of F by G,
i.e. the supremum of the ratios k/n for which F⊗k = DG⊗nE for some channels D and E , is at most

inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

. (130)

This algebraic approach yields a slightly stronger version of the converse of item (i) of Theorem A
for the interconversion of reduced idempotent channels when allowing for dimension-dependent errors.
We provide the latter theorem and its proof in Appendix B, which is an application of approximate
C∗-algebras. These algebraic structures were recently introduced by Kitaev in [25].

To prove this direction, we use a result of [14] which is almost a converse to Theorem 11.

Theorem 47 (Forward direction of [14, Theorem 1.1]). Let A and B be two finite-dimensional ∗-algebras.
If there is an injective ∗-homomorphism of A into B, then for all p ∈ [1,+∞],

∥λ(A)∥p ≤ ∥λ(B)∥p. (131)

Note that Theorems 11 and 47 are not converse to one another, because the inequality between the
ℓp-norms of the shape vectors is strict in one case but not in the other.

The converse of item (i) of Theorem A then follows from Theorem 47 combined with the following
proposition.

Proposition 11. Let F : L(HF )→ L(HF ) and G : L(HG)→ L(HG) be two idempotent channels equal

to their reduced channels, i.e. F = F̂ and G = Ĝ. Suppose that there are two channels E, D satisfying

F = DGE . (132)

We write 1F and 1G for the identity operators in L(HF ) and L(HG) respectively. To simplify notation,
we also write eGE = GE(1F )0. Define

G̃∗ : x 7→ eGEG∗(x)eGE . (133)

Then, eGE Rg(G∗)eGE is a unital ∗-subalgebra of L(HG) whose identity operator is eGE and G̃∗D∗ restricted
to the ∗-algebra Rg(F∗) is an injective unital ∗-homomorphism which embeds Rg(F∗) into eGE Rg(G∗)eGE
as a subalgebra.

Furthermore, for all p ∈ [1,+∞]

∥λ(eGE Rg(G∗)eGE)∥p ≤ ∥λ(Rg(G∗))∥p.

The proof of this proposition uses the following lemma.

Lemma 48. Let Φ : L(H)→ L(H′) be a quantum channel and write e = Φ(1)0. Then,

i) for all x ∈ L(H′), Φ∗(x) = Φ∗(exe),

ii) for all positive semidefinite x ∈ L(H′), Φ∗(x) = 0 implies exe = 0.

Proof. Let H′
0 = supp(Φ(1)) and V : H′

0 → H′ be the isometry such that e = V V ∗. Let y ∈ L(H) and
x ∈ L(H′), then

tr(yΦ∗(x)) = tr(Φ(y)x) = tr(V V ∗Φ(y)V V ∗x) = tr(eΦ(y)ex) = tr(yΦ∗(exe)),

where the second equality follows by Lemma 1. Therefore Φ∗(x) = Φ∗(exe).

51



For the second statement, let x ∈ L(H′) be positive semidefinite such that Φ∗(x) = 0. Then

0 = tr(Φ∗(x)) = tr(Φ(1)x) = tr(eΦ(1)ex) ≥ λmin(Φ(1)) tr(exe),

with λmin(Φ(1)) the minimal non-zero eigenvalue of Φ(1). Therefore, tr(exe) = 0 and, by positivity of
x, exe = 0.

Then, we move on to the proof of Proposition 11. This proof uses the Kadison–Schwarz inequality
[15, eq. (5.2)], which is a generalisation of the well-known Cauchy–Schwarz inequality to maps acting on
operators. For every channel F : L(H)→ L(H′), for all x ∈ L(H′),

F∗(x∗)F∗(x) ≤ F∗(x∗x). (134)

Furthermore, in this proof, we will use the notion of multiplicative domain of linear maps. Given
F∗ : L(H′)→ L(H) a linear map, the multiplicative domain of F∗ is the set

{x ∈ L(H′) | ∀y ∈ L(H′), F∗(xy) = F∗(x)F∗(y) and F∗(yx) = F∗(y)F∗(x)}.

If F∗ is furthermore Hermitian preserving, then its multiplicative domain is closed under taking the
adjoint and is therefore a ∗-algebra. Moreover, in this case, F∗ acts as a (not necessarily unital) ∗-
homomorphism on its multiplicative domain. Furthermore, when F∗ satisfies the Kadison–Schwarz
inequality, by [15, Theorem 5.7], we can write its multiplicative domain as

{x ∈ L(H′) | F∗(x∗x) = F∗(x∗)F∗(x) and F∗(xx∗) = F∗(x)F∗(x∗)}.

In particular, if F∗ is unital completely positive3, it satisfies the Kadison–Schwarz inequality (eq. (134))
and we can use this second characterisation of its multiplicative domain.

Proof of Proposition 11. Let F : L(HF )→ L(HF ) and G : L(HG)→ L(HG) be two idempotent channels

equal to their reduced channels, i.e. F = F̂ and G = Ĝ, and let D, E be two channels such that

F = DGE .

Taking the adjoint of this equation, we get

F∗ = E∗G∗D∗ = E∗G∗G∗D∗,

where the right-hand side follows from the idempotence of G∗. Let x ∈ L(HF ), applying Lemma 48 to
the channel Φ = GE , we get that

F∗(x) = E∗G∗(eGEG∗D∗(x)eGE) = E∗G∗G̃∗D∗(x),

with G̃∗ defined in the statement of Proposition 11. Let x ∈ Rg(F∗). By the assumption that F = F̂ ,
Rg(F∗) is a ∗-subalgebra of L(HF ), thus x∗x ∈ Rg(F∗), and as F∗ is idempotent, x∗x is a fixed point
of F∗, so that we have:

x∗x = F∗(x∗x)

= E∗G∗G̃∗D∗(x∗x)

(a)

≥ E∗G∗(G̃∗D∗(x∗)G̃∗D∗(x))

(b)

≥ E∗G∗(G̃∗D∗(x∗))E∗G∗(G̃∗D∗(x))

= x∗x,

where we used the Kadison–Schwarz inequality to get both (a) and (b). Since the left-hand side and the
right-hand side of this chain of inequalities coincide, we conclude that (a) and (b) are in fact equalities.
Therefore,

E∗G∗(G̃∗D∗(x∗x)− G̃∗D∗(x∗)G̃∗D∗(x)) = 0,

3In fact, it suffices for F∗ to be subunital 2-positive for it to satisfy the Kadison–Schwarz inequality, see [15, Section 5.2]
for more details.
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where, by the Kadison–Schwarz inequality,

G̃∗D∗(x∗x)− G̃∗D∗(x∗)G̃∗D∗(x) ≥ 0.

Therefore, by the second statement in Lemma 48 applied to the channel Φ = GE , we obtain

G̃∗D∗(x∗x)− G̃∗D∗(x∗)G̃∗D∗(x) = 0.

We can swap the roles of x and x∗ in (a) and (b) to find that

G̃∗D∗(xx∗)− G̃∗D∗(x)G̃∗D∗(x∗) = 0.

Therefore, x is in the multiplicative domain of G̃∗D∗. Thus, G̃∗D∗ restricted to Rg(F∗) is an injective
unital ∗-homomorphism into the ∗-algebra eGE Rg(G∗)eGE , which is a ∗-subalgebra of L(HG) and whose
identity operator is eGE . It is injective as, for all x ∈ Rg(F∗),

x = F∗(x) = E∗G∗G̃∗D∗(x),

hence G̃∗D∗(x) = 0 implies x = 0. It is unital as it maps the identity of L(HF ) to eGE which is the
identity operator of the ∗-algebra eGE Rg(G∗)eGE . Indeed, as both G and D are channels, G∗ and D∗ are

unital so that G∗D∗(1F ) = 1G and G̃∗D∗(1F ) = eGE .
Now, to show that eGE Rg(G∗)eGE is a ∗-subalgebra of L(HG) which satisfies for all p ∈ [1,+∞],

∥λ(eGE Rg(G∗)eGE)∥p ≤ ∥λ(Rg(G∗))∥p, it suffices to remark that, by Proposition 1, we can decompose
the Hilbert space HG as

HG =

K⊕
k=1

Hk,1 ⊗Hk,2,

and the ∗-algebra Rg(G∗) as

Rg(G∗) =

K⊕
k=1

L(Hk,1)⊗ 1mk
,

with mk = dim(Hk,2) for all k ∈ [K]. Then GE(1F ) ∈ Rg(G) can itself be decomposed as

GE(1F ) =

K∑
k=1

xk ⊗ ρk,

with {xk ∈ L(Hk,1) | k ∈ [K]} and {ρk ∈ D(Hk,2) | k ∈ [K]}. Thus,

eGE = GE(1F )0 =

K∑
k=1

x0k ⊗ ρ0k.

Since G is reduced, G(1G) is full-rank, so that for all k ∈ [K], ρ0k = 1mk
. Then,

eGE =

K∑
k=1

x0k ⊗ 1mk
∈ Rg(G∗),

and

eGE Rg(G∗)eGE =

K⊕
k=1

x0kL(Hk,1)x0k ⊗ ρ0k.

Hence, eGE Rg(G∗)eGE is a ∗-subalgebra whose shape vector consists of the non-zero ranks of the projec-
tions x0k, arranged in non-increasing order. Since rank(x0k) ≤ dim(Hk,1) for every k ∈ [K], we obtain, for
every p ∈ [1,+∞),

∥λ(eGE Rg(G∗)eGE)∥pp =

K∑
k=1

rank(x0k)p ≤
K∑
k=1

dim(Hk,1)p = ∥λ(Rg(G∗))∥pp.

For p = +∞, the same conclusion follows by taking the maximum instead of the sum. This proves the
claimed inequality.
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We can now prove the converse of item (i) of Theorem A for exact unassisted emulation.

Proof of the converse for exact unassisted emulation. Let F : L(HF ) → L(HF ) and G : L(HG) →
L(HG) be two idempotent channels, let k, n ∈ N>0 such that there are two channels E and D satis-
fying

F⊗k = DG⊗nE .

By Corollary 5, then, if we denote F̂⊗k and Ĝ⊗n the reduced channels associated to F⊗k and G⊗n, this
condition is equivalent to

F̂⊗k = D′Ĝ⊗nE ′,

for some channels D′, E ′. Thus, by Proposition 11, there is an injective unital ∗-homomorphism from

Rg(F̂⊗k
∗
) into the ∗-algebra eĜ⊗nE′ Rg(Ĝ⊗n

∗
)eĜ⊗nE′ , which is itself a ∗-subalgebra of L(H⊗n

G ). Then,

by Theorem 47 and the second statement of Proposition 11, we have for all p ∈ [1,+∞]:

∥λ(F̂⊗k)∥p = ∥λ(Rg(F̂⊗k
∗
))∥p ≤ ∥λ(eĜ⊗nE′ Rg(Ĝ⊗n

∗
)eĜ⊗nE′)∥p ≤ ∥λ(Rg(Ĝ⊗n

∗
))∥p = ∥λ(Ĝ⊗n)∥p.

By the multiplicativity property of the shape vectors and the ℓp-norms with the tensor product (Propo-
sition 7), we get for all p ∈ [1,+∞]:

∥λ(F)∥kp = ∥λ(F̂)∥kp ≤ ∥λ(Ĝ)∥np = ∥λ(G)∥np .

Since λ(F) ̸= (1), we have log(∥λ(F)∥p) > 0 for every finite p ≥ 1. The same holds at p = +∞ unless
F is classical. In that case, we omit p = +∞, following the convention of Section 4. Taking logarithms
and dividing therefore gives,

k

n
≤ inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

,

which ends the proof.

B An application of approximate C∗-algebras

In a recent article, Kitaev introduced and studied approximate C∗-algebras and almost idempotent
quantum channels, in order to find an algebraic framework which allows one to naturally express the
effects of noise on quantum information [25]. As most of our proofs in Section 4 exploit the decomposition
properties of finite-dimensional ∗-algebras, we use approximate C∗-algebras to strengthen the converse
of item (i) of Theorem A, for the interconversion of reduced idempotent channels, and show that it holds
even if a small error is allowed.

Theorem 49. Let F : L(HF ) → L(HF ) and G : L(HG) → L(HG) be two idempotent channels, which

we assume to be reduced, that is F = F̂ and G = Ĝ. Suppose λ(F) ̸= (1). Let k, n ∈ N>0 and let
E : L(H⊗k

F )→ L(H⊗n
G ), D : L(H⊗n

G )→ L(H⊗k
F ) be two channels. Let d = dim(HF ), δmax be the absolute

constant4 of Theorem 52 and let λmin,n be the minimal non-zero eigenvalue of G⊗nE(1F⊗k). If

∥F⊗k −DG⊗nE∥⋄ ≤
δmaxλmin,n

6dk
,

then
k

n
≤ inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

.

Note that in Theorem 49, the error allowed depends on the dimension of the input space of F , on
the number of copies of F obtained, on the number of copies of G used, as well as on the encoder
used for the emulation. This theorem is therefore less operationally motivated than items (i) and (iii) of
Theorem A, but it still strengthens the converse of item (i), and its proof leads to interesting mathematical
developments, especially on multiplicative domains (see Theorem 53).

An interesting direction would be to extend item (i) of Theorem A to the problem of emulating almost
idempotent channels with one another, but we leave this for future work.

4Here, ‘absolute’ means that δmax depends neither on the dimension of HF nor on that of HG .
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This section is organised as follows. In Subsection B.1, we recall, for completeness, the Error Reduc-
tion Theorem for approximate C∗-algebras. We then move on to proving Theorem 53 on the approximate
multiplicative domain of maps satisfying the Kadison–Schwarz inequality in Subsection B.2, which will
be used in the proof of Theorem 49 in Subsection B.3.

Note that this section assumes familiarity with basic concepts from operator algebras. Note also
that, in this section, we measure the quality of an emulation with the diamond norm itself, and not with
the normalised diamond norm 1

2∥ · ∥⋄ used in the rest of the article. Also, throughout this section, the
idempotent channels F and G are assumed equal to their reduced channels.

B.1 The Error Reduction Theorem

We begin by recalling the definitions of ε-C∗-algebras and of δ-homomorphisms.

Definition 50 (ε-C∗-algebra, [25, Definition 2.1]). An ε-Banach algebra is a Banach space A, endowed
with a bilinear multiplication map A×A → A such that

∀x, y ∈ A, ∥xy∥ ≤ (1 + ε)∥x∥∥y∥,
∀x, y, z ∈ A, ∥(xy)z − x(yz)∥ ≤ ε∥x∥∥y∥∥z∥.

A ∗ε-Banach algebra is a complex ε-Banach algebra with a conjugate linear involution x 7→ x∗ satisfying
the equations:

∀x, y ∈ A, ∥x∗∥ = ∥x∥, (xy)∗ = y∗x∗. (135)

An ε-C∗-algebra is one satisfying the following property:

∀x ∈ A, ∥x∗x∥ ≥ (1− ε)∥x∥2. (136)

The unit element 1 ∈ A should satisfy the following conditions:

∥x1− x∥ ≤ ε∥x∥, ∥1x− x∥ ≤ ε∥x∥, |∥1∥ − 1| ≤ ε. (137)

If A is involutive, we also have
1∗ = 1. (138)

A δ-homomorphism is then defined in the following way.

Definition 51 (δ-homomorphism, [25, Definition 2.2]). A δ-homomorphism from an ε′-Banach algebra
A′ to an ε′′-Banach algebra A′′ is a bounded linear map v : A′ → A′′ that almost preserves the unit and
the multiplication:

∥v(1)− 1∥ ≤ δ,
∀x, y ∈ A′, ∥v(xy)− v(x)v(y)∥ ≤ δ∥x∥∥y∥.

(139)

A non-unital δ-homomorphism is defined by imposing only the second condition. In the ∗-algebra setting,
it is also required that v(x∗) = v(x)∗.

A δ-inclusion is a δ-homomorphism such that

∀x ∈ A′, (1− δ)∥x∥ ≤ ∥v(x)∥ ≤ (1 + δ)∥x∥.

The Error Reduction Theorem then states that if there is a δ-inclusion of an exact C∗-algebra A into
an ε-C∗-algebra B for δ ≤ δmax and ε < εmax, which are constants that do not depend on the dimensions
of A and B, one can ‘correct’ this δ-inclusion into a less noisy approximate inclusion.

Theorem 52 (Error Reduction Theorem, [25, Corollary 8.3]). There exist positive constants εmax, δmax

and c0 such that for all ε < εmax, if a finite-dimensional C∗-algebra A is δmax-included into an ε-C∗-
algebra B, then there is also a (c0ε)-inclusion. If the original inclusion is bijective, then so is the new
inclusion.

Note that as every C∗-algebra is a 0-C∗-algebra, Theorem 52 states that when we have a δmax-
inclusion between two C∗-algebras, it is possible to lift it to an exact inclusion. This can be interpreted
as a case of complete correction, in the sense that the reduction of the error parameter δ is total.
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B.2 Approximate Multiplicative Domains

We used in the proof of the converse of item (i) of Theorem A the fact that, for a map F∗ : L(H′)→ L(H),
which satisfies the Kadison–Schwarz inequality, its multiplicative domain can be expressed as

{x ∈ L(H′) | F∗(x∗x) = F∗(x∗)F∗(x) and F∗(xx∗) = F∗(x)F∗(x∗)}.
In order to prove Theorem 49, we have to extend this result to the approximate case. For F∗ :

L(H′)→ L(H) a linear map satisfying the Kadison–Schwarz inequality, we define, for δ ≥ 0 the following
sets:

CRδ = {x ∈ L(H′) | ∥F∗(x∗x)−F∗(x∗)F∗(x)∥ ≤ δ∥x∥2},
CLδ = {x ∈ L(H′) | ∥F∗(xx∗)−F∗(x)F∗(x∗)∥ ≤ δ∥x∥2},
Cδ = CRδ ∩ CLδ .

We can show the following theorem.

Theorem 53. Let F∗ : L(H′) → L(H) be a Hermitian-preserving linear map satisfying the Kadison–
Schwarz inequality. Then, for all δ > 0, F∗ is 2δ-multiplicative on Cδ, i.e.

∀x, y ∈ Cδ, ∥F∗(xy)−F∗(x)F∗(y)∥ ≤ 2δ∥x∥∥y∥. (140)

More precisely, we have that

∀x ∈ CLδ , ∀y ∈ CRδ , ∥F∗(xy)−F∗(x)F∗(y)∥ ≤ 2δ∥x∥∥y∥. (141)

Proof of Theorem 53. This proof generalises the ones of [15, Theorems 5.4 and 5.7]. In this proof, we let
1 denote the identity operator on H.

We have that x ∈ CLδ if and only if x∗ ∈ CRδ and vice versa. Therefore, it suffices to show that for all
x, y ∈ CRδ ,

∥F∗(x∗y)−F∗(x∗)F∗(y)∥ ≤ 2δ∥x∥∥y∥. (142)

Let x, y ∈ CRδ , t ∈ R and z = tx+ y. As F∗ satisfies the Kadison–Schwarz inequality,

0 ≤ F∗(z∗z)−F∗(z∗)F∗(z).

If we develop the right-hand side, we get:

0 ≤ t2Q+ tV +W,

with
Q = F∗(x∗x)−F∗(x∗)F∗(x),

W = F∗(y∗y)−F∗(y∗)F∗(y),

v = F∗(x∗y)−F∗(x∗)F∗(y),

V = v + v∗.

Then, as F∗ satisfies the Kadison–Schwarz inequality, 0 ≤ Q and 0 ≤W . Furthermore, Q ≤ ∥Q∥1 ≤
δ∥x∥21 and W ≤ ∥W∥1 ≤ δ∥y∥21 by assumption. Since for all t ∈ R, t2 ≥ 0, we have

0 ≤ t2Q+ tV +W ≤ t2δ∥x∥21+ tV + δ∥y∥21.
As V = v+ v∗ is Hermitian, we have V = UDU∗ with U a unitary matrix and D a diagonal matrix with
real coefficients. Conjugating the last inequality by U , we get

0 ≤ t2δ∥x∥21+ tD + δ∥y∥21.
The right-hand side of this equation is simply a diagonal operator, whose diagonal coefficients are

quadratic polynomials in t. As this equation gives us that this operator is positive semidefinite for all
t ∈ R, each of these quadratic polynomials is always non-negative, and can thus have at most a single
root. Therefore, if we write {Di}i for the diagonal entries of D, the discriminant of the polynomial

δ∥x∥2t2 +Dit+ δ∥y∥2,
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has to be non-positive for all indices i, that is

D2
i ≤ 4δ2∥x∥2∥y∥2.

Thus,
|Di| ≤ 2δ∥x∥∥y∥.

As the Schatten ∞-norm of V = UDU∗ is ∥V ∥ = maxi |Di|, we have:

∥v + v∗∥ = ∥V ∥ ≤ 2δ∥x∥∥y∥.

We can apply the same line of argument replacing y with iy to find

∥iv − iv∗∥ ≤ 2δ∥x∥∥y∥. (143)

We can decompose v = h1 + ih2 with h1 and h2 Hermitian operators5, to find:

∥v + v∗∥ = 2∥h1∥ ≤ 2δ∥x∥∥y∥,

∥iv − iv∗∥ = 2∥h2∥ ≤ 2δ∥x∥∥y∥.
Therefore,

∥v∥ ≤ ∥h1∥+ ∥h2∥ ≤ 2δ∥x∥∥y∥, (144)

which is what we claimed.

B.3 Proof of Theorem 49

In this subsection, we finally prove Theorem 49, in the same way as we proved the converse of item (i)
of Theorem A, that is, by first proving the one-shot case and then using the compatibility of the shape
vector and of the ℓp-norms with the tensor product to conclude.

Proposition 12. Let F : L(HF )→ L(HF ) and G : L(HG)→ L(HG) be two idempotent channels equal

to their reduced channels, i.e. F = F̂ and G = Ĝ, such that there exist two channels E and D satisfying

∥F − DGE∥⋄ ≤
δmaxλmin,1

6d
, (145)

with d = dim(HF ), δmax is the constant of Theorem 52 and λmin,1 is the minimal non-zero eigenvalue of
GE(1F ). We write eGE = GE(1F )0 for the orthogonal projector onto the support supp(GE(1F )), and we
define

G̃∗ : x 7→ eGEG∗(x)eGE .

Then, G̃∗D∗ is a δmax-inclusion from the ∗-algebra Rg(F∗) into the ∗-algebra eGE Rg(G∗)eGE . By the
Error Reduction Theorem 52, there is therefore an injective unital ∗-homomorphism embedding Rg(F∗)
into eGE Rg(G∗)eGE , thus, for all p ∈ [1,+∞],

∥λ(F)∥p ≤ ∥λ(G)∥p.

We split the proof that the map G̃∗D∗ restricted to Rg(F∗) satisfies all the properties of a δmax-
inclusion into eGE Rg(G∗)eGE into several lemmas, each of them devoted to one of these properties.

We begin with the one related to the almost preservation of the Schatten∞-norm. Its proof uses the
completely bounded operator norm, which is defined for all linear maps F : L(H)→ L(H′) as

∥F∥cb = sup
n∈N>0

∥F ⊗ Idn∥∞→∞,

with ∥ ·∥∞→∞ the ‘infinity-to-infinity’ norm, i.e. the map norm of linear maps from L(H) to L(H′) when
the input and output spaces are endowed with the Schatten ∞-norms. That is:

∥F∥∞→∞ = sup
∥x∥≤1

∥F(x)∥.

Note that for any linear map F : L(H)→ L(H′), we have

∥F∥⋄ = ∥F∗∥cb.
5Taking h1 = 1

2
(v + v∗), h2 = 1

2i
(v − v∗).
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Lemma 54 (Almost norm preservation). Let F , G, G̃, E and D be defined as in the statement of
Proposition 12 and let

δ ≥ ∥F −DGE∥⋄ = ∥F∗ − E∗G∗D∗∥cb.

Then, for all x ∈ Rg(F∗),

(1− δ)∥x∥ ≤ ∥G̃∗D∗(x)∥ ≤ ∥x∥.

Note that this lemma implies that, whenever ∥F −DGE∥⋄ ≤ δ < 1, the restriction of G̃∗D∗ to Rg(F∗)

is injective. Indeed, if x ∈ Rg(F∗) and G̃∗D∗(x) = 0, then (1− δ)∥x∥ ≤ 0, hence x = 0.

Proof. The right-hand side inequality follows from the fact that G̃∗D∗ : L(HF )→ L(HG) is a subunital

completely positive map (when the identity considered in the output space of G̃∗D∗ is the identity of
L(HG)). For the left-hand side inequality, recall that, by Lemma 48, for all x ∈ L(HF ),

E∗G∗D∗(x) = E∗G∗G̃∗D∗(x).

Then, we have for all x ∈ Rg(F∗):

∥x∥ − ∥G̃∗D∗(x)∥
(a)

≤ ∥x∥ − ∥E∗G∗G̃∗D∗(x)∥
(b)

≤ ∥x− E∗G∗D∗(x)∥
(c)
= ∥F∗(x)− E∗G∗D∗(x)∥
≤ ∥F∗ − E∗G∗D∗∥cb∥x∥
≤ δ∥x∥,

where (a) follows from the fact that ∥E∗G∗G̃∗D∗(x)∥ ≤ ∥G̃∗D∗(x)∥, since E∗G∗ is a unital completely
positive map. Then, (b) follows from the triangle inequality. Finally, (c) follows from the fact that
F∗(x) = x for all x ∈ Rg(F∗). The last inequality can be rewritten as

(1− δ)∥x∥ ≤ ∥G̃∗D∗(x)∥.

We then move on to the proof that G̃∗D∗ : Rg(F∗) → eGE Rg(G∗)eGE is unital, where we recall that
the unit of the ∗-algebra eGE Rg(G∗)eGE is eGE , as, for every element x = eGEx

′eGE ∈ eGE Rg(G∗)eGE ,
eGEx = xeGE = x. Note also that for a general δ-inclusion, only almost unitality is required.

Lemma 55 (Exact unitality). Let F , G, G̃, E and D be defined as in Proposition 12. Then:

G̃∗D∗(1F ) = eGE .

Proof. As G and D are assumed to be channels, their adjoints are unital maps, so that

G∗D∗(1F ) = 1G .

Therefore
G̃∗D∗(1F ) = eGEG∗(D∗(1F ))eGE = eGE1GeGE = eGE .

Finally, to prove the almost preservation of the multiplication on Rg(F∗) by G̃∗D∗, we will need the
following additional lemma.

Lemma 56. Let Φ : L(H)→ L(H′) be a channel, write d = dim(H), e = Φ(1)0 and λmin,1 the minimal
non-zero eigenvalue of Φ(1). Then, for all positive semidefinite x ∈ L(H′),

λmin,1

d
∥exe∥ ≤ ∥Φ∗(x)∥. (146)
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Proof. Let x ∈ L(H′) be positive semidefinite, then

∥Φ∗(x)∥ ≥ 1

d
tr(Φ∗(x))

=
1

d
tr(xΦ(1))

≥ λmin,1

d
tr(exe)

≥ λmin,1

d
∥exe∥.

Note that this lemma implies the second statement of Lemma 48. We can now move on to the
proof of the almost preservation of the multiplication, which uses our Theorem 53 on the approximate
multiplicative domain of maps satisfying the Kadison–Schwarz inequality.

Lemma 57 (Almost preservation of the multiplication). Let F , G, G̃, E and D be defined as in the
statement of Proposition 12, let

δ ≥ ∥F −DGE∥⋄,
let λmin,1 be the minimal non-zero eigenvalue of GE(1F ), let d = dim(HF ) and let x, y ∈ Rg(F∗). We
then have:

∥G̃∗D∗(xy)− G̃∗D∗(x)G̃∗D∗(y)∥ ≤ 6δd

λmin,1
∥x∥∥y∥.

Proof. We prove that, for all x ∈ Rg(F∗),

∥G̃∗D∗(x∗x)− G̃∗D∗(x∗)G̃∗D∗(x)∥ ≤ 3δd

λmin,1
∥x∥2,

∥G̃∗D∗(xx∗)− G̃∗D∗(x)G̃∗D∗(x∗)∥ ≤ 3δd

λmin,1
∥x∥2,

and then use Theorem 53 to conclude. First, to simplify notation, we let Φ∗ = E∗G∗D∗ = E∗G∗G̃∗D∗.
We have:

∥Φ∗(x∗x)− Φ∗(x∗)Φ∗(x)∥ = ∥Φ∗(x∗x)− Φ∗(x∗)Φ∗(x) + x∗x− x∗x∥
≤ ∥Φ∗(x∗x)− x∗x∥+ ∥x∗x− Φ∗(x∗)Φ∗(x) + x∗Φ∗(x)− x∗Φ∗(x)∥
(a)

≤ δ∥x∥2 + ∥x∥∥x− Φ∗(x)∥+ ∥x∗ − Φ∗(x∗)∥∥Φ∗(x)∥
(b)

≤ 3δ∥x∥2,

where (a) follows from the fact that as x ∈ Rg(F∗), we have

∥Φ∗(x∗x)− x∗x∥ = ∥Φ∗(x∗x)−F∗(x∗x)∥ ≤ ∥Φ∗ −F∗∥cb∥x∗x∥ ≤ δ∥x∥2.

By the same argument, we also have that ∥x − Φ∗(x)∥ ≤ δ∥x∥ and ∥x∗ − Φ∗(x∗)∥ ≤ δ∥x∥, hence (b)
follows.

Then, applying the Kadison–Schwarz inequality, we get:

E∗G∗G̃∗D∗(x∗x) ≥ E∗G∗(G̃∗D∗(x∗)G̃∗D∗(x)) ≥ E∗G∗G̃∗D∗(x∗)E∗G∗G̃∗D∗(x).

Therefore:

∥E∗G∗(G̃∗D∗(x∗x)− G̃∗D∗(x∗)G̃∗D∗(x))∥ ≤ ∥Φ∗(x∗x)− Φ∗(x∗)Φ∗(x)∥ ≤ 3δ∥x∥2.

Thus, by Lemma 56, we obtain

∥G̃∗D∗(x∗x)− G̃∗D∗(x∗)G̃∗D∗(x)∥ ≤ 3dδ

λmin,1
∥x∥2.

We can apply the exact same line of reasoning to prove the same inequality but with the roles of x and
x∗ swapped.
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Gathering all these lemmas, we obtain the proof of Proposition 12.

Proof of Proposition 12. Let δ ≥ ∥F−DGE∥⋄. Since we assumed that F and G are equal to their reduced

channels, i.e. F = F̂ and G = Ĝ, Rg(F∗) is a ∗-subalgebra of L(HF ) and eGE Rg(G∗)eGE is a ∗-subalgebra

of L(HG). By Lemmas 54, 55 and 57, G̃∗D∗ is a max{δ, 6dδ
λmin,1

}-inclusion (we trivially have that G̃∗D∗ is

Hermitian preserving). However, as

d = tr(1F ) = tr(GE(1F )) ≥ λmin,1,

d
λmin,1

≥ 1 so that δ ≤ 6d
λmin,1

δ. Finally, G̃∗D∗ is a 6dδ
λmin,1

-inclusion of Rg(F∗) into eGE Rg(G∗)eGE .

Then, if we suppose that
6dδ

λmin,1
≤ δmax,

i.e.

∥F − DGE∥⋄ ≤ δ ≤
δmaxλmin,1

6d
,

by the Error Reduction Theorem (Theorem 52), there is an injective ∗-homomorphism from Rg(F∗) into
eGE Rg(G∗)eGE , thus by Kuperberg’s theorem (Theorem 47) and the second part of Proposition 11, for
all p ∈ [1,+∞],

∥λ(F)∥p ≤ ∥λ(eGE Rg(G∗)eGE)∥p ≤ ∥λ(G)∥p.

We can finally prove Theorem 49.

Proof of Theorem 49. We simply apply Proposition 12 to F⊗k and G⊗n. Note that the dimension of
H⊗k

F is dim(HF )k = dk, with d = dim(HF ), so that the hypothesis of Theorem 49 is sufficient. Thus, by
Proposition 12, if the hypotheses of Theorem 49 are met, for all p ∈ [1,+∞], we have:

∥λ(F⊗k)∥p ≤ ∥λ(G⊗n)∥p.

If F is classical, i.e. λ(F) = (1, . . . , 1), with λ(F) ̸= (1) by assumption, then the infimum of the ratios
log(∥λ(G)∥p)/ log(∥λ(F)∥p) for p ∈ [1,+∞] is reached at p = 1, see Table 2. Since ∥λ(F⊗k)∥1 ≤
∥λ(G⊗n)∥1, we have

k

n
≤ log(∥λ(G)∥1)

log(∥λ(F)∥1)
= inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

= CUA(G 7→ F).

If F is not classical, then for all p ∈ [1,+∞], log(∥λ(F)∥p) > 0. Thus, by the compatibility of the
ℓp-norms of the shape vector with the tensor product, we have

k

n
≤ inf
p∈[1,+∞]

log(∥λ(G)∥p)
log(∥λ(F)∥p)

= CUA(G 7→ F),

where the right-hand side equality is the first statement in item (i) of Theorem A.
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