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Abstract

In this paper, we study a non-zero-sum game with two players, where each of the
players plays what we call Bermudan strategies and optimizes a general non-linear
assessment functional of the pay-off. By using a recursive construction, we show that
the game has a Nash equilibrium point.
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1 Introduction

Game problems with linear evaluations between a finite number of players are by
now classical problems in stochastic control and optimal stopping (cf., e.g., [1, 4,
5, 10, 15-20, 26, 27, 29]) with various applications, in particular in economics and
finance (cf., e.g., [15, 16, 21,22, 24-26]). In the recent years game problems with non-
linear evaluation functionals have attracted considerable interest: cf. [3] for the case
of non-linear functionals of the form of worst case expectations over a set of possibly
singular measures; [3, 7-9, 12, 31] for the case of non-linear functionals induced by
backward stochastic differential equations (BSDEs). Most of the works dealing with
non-linear games have focused on the zero-sum case (cf., e.g., [3, 8,9, 33]). Non-zero-
sum games are notoriously more intricate than their zero-sum counterparts even in the
case of linear evaluations (cf., e.g., [16, 18, 19, 28, 30, 33]). Non-zero-sum games with
non-linear functionals have been considered in [14] in the discrete-time framework
and with non-linear functionals induced by Backward SDEs with Lipschitz driver, in
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[23] in the continuous time framework and with non-linear functionals of the form of
expected exponential utilities.

In the current paper, we address the question of existence of a Nash equilibrium
point in a framework with general non-linear evaluations and with a set of stopping
strategies, called here the set of Bermudan stopping strategies,! which is in between
the discrete time and the continuous time stopping strategies. In [13], we addressed
the single-agent counterpart of this problem (that is, the single-agent optimal stopping
problem with Bermudan strategies and general non-linear evaluations).

The stopping framework of the current paper is more general than the discrete-
time framework. It allows for a finite or a possibly infinite countable number of
stopping opportunities 6y (w), . . . , 0, (@), Oy41(®), . . ., depending on the scenario (or
state of nature) w, while still remaining tractable from a mathematical point of view.
Arguably, it is closer to the way agents make stopping decisions in “real life” than the
discrete-time framework (where the number of stopping times and the stopping times
themselves are deterministic), and than the continuous time (which, from an applied
point of view, might appear as rather “idealistic”). In the current paper, we work with
general (non-linear) evaluation operators ps, r depending on two time indices: the time
index S, which is the time of evaluation (or pricing, or assessment) and the second
time index 7, which is the time when the pay-off falls. Recently, some other authors
have also emphasised the importance of “horizon risk” in evaluation operators (cf.,
e.g., [32]). Moreover, we do not assume any concavity or convexity of the evaluation
operators and do not rely on duality results.

The paper is organised as follows: In Sect. 2, we introduce the framework, including
the set of optimal stopping strategies of the agents (namely the Bermudan strategies),
as well as the properties on the risk functionals p! and p? of agent 1 and agent 2. In
Sect. 3, we introduce the game problem and we present our main results and show that
the non-linear non-zero-sum game with Bermudan strategies has a Nash equilibrium
point. In Sect.4 we conclude. The Appendix contains the proof of an auxiliary result
and examples of non-linear operators entering our framework.

2 The Framework

Let T > 0 be a fixed finite terminal horizon.

Let (2, F, P) be a (complete) probability space equipped with a right-

continuous complete filtration F = {F;: ¢t € [0, T']}.

In the sequel, equalities and inequalities between random variables are to be under-
stood in the P-almost sure sense. Equalities between measurable sets are to be
understood in the P-almost sure sense. Let N be the set of natural numbers, including
0. Let N* be the set of natural numbers, excluding O.

We first define the so-called Bermudan stopping strategies (introduced in [13]).
Let (6k)ken be a sequence of stopping times satisfying the following properties:

(a) The sequence (6x)reN is non-decreasing, i.e. for all k € N, 6; < 6x1, a.s.
(b) limg— oo 1 6 =T a.s.

! This set is more general than the set of exercise times of Bermudan options in finance.
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Moreover, we set 6y = 0.
We note that the family of o -algebras (Fg, )ren is non- decreasing (as the sequence
(6k) is non-decreasing). We denote by @ the set of stopping times t of the form

+00

v=) 6l +T1y, e
k=0

where {(Ak);:g, /i} form a partition of 2 such that, for each k € N, Ay € Fy,, and
A e Fr.

The set ® can also be described as the set of stopping times 7 such that for almost
all w € Q, either t(w) = T or t(w) = O (w), for some k = k(w) € N.

Note that the set ® is closed under concatenation, that is, for each T € ® and each
A € Fy, the stopping time t14 + T1sc € ©. More generally, for each t € ©, t/ €
® and each A € F, ../, the stopping time 714 + t'14¢ is in ©. The set © is also
closed under pairwise minimization (that is, for each t € ® and t/ € ®, we have
7 AT’ € ©) and under pairwise maximization (that is, foreacht € ® and t’ € ©, we
have T vt/ € ®). Moreover, the set ® is closed under monotone limit, that is, for each
non-decreasing (resp. non-increasing) sequence of stopping times (t,),eN € oN, we
have lim,,—, {5 T € ©.

We note also that all stopping times in ® are bounded from above by 7.

Remark 2.1 We recall from [13] the following canonical writing of the sets in (1):

Ao = {r = 6o};
Aps1 ={T = 011,001 < TI\(A, U...U Ag); foralln € N*
A= (U5 AN

From this writing, we have: if w € Ax41 N {6k < T}, then w ¢ {t = 6;}.

For each 7 € ©, we denote by ©; the set of stopping times v € ® such thatv > 7 a.s.
The set ®, satisfies the same properties as the set ®. We will refer to the set © as the set
of Bermudan stopping strategies, and to the set ®; as the set of Bermudan stopping
strategies, greater than or equal to T (or the set of Bermudan stopping strategies from
time T perspective). For simplicity, the set ®¢, will be denoted by ©y.

Definition 2.1 We say that a family ¢ = (¢ (t), T € ©) is admissible if it satisfies the
following conditions

1. forall T € ®, ¢(7) is a real valued random variable, which is F;-measurable.

2. forallt,7/ € ®,¢(r) =¢(z')as.on{t =1'}.

Moreover, for p € [1,+oo] fixed, we say that an admissible family ¢ is
p-integrable, if forall T € ©, ¢ () isin LP.

Example Let (2, F, (Fi)ie0.17, P) be acomplete filtered probability space satisfying
the usual assumptions. Let p € [1, +-o0]. Let (& );¢[0,7] be an optional process. Then,
the family ¢ = (¢ (1), T € ©), defined by ¢ () := &; for each T € ©, is admissible.
If moreover, &; € L?, for all T € ©, then the family ¢ is p-integrable.
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Let ¢ = (¢(7), T € ®) be an admissible family. For a stopping time t of the form
(1), we have

+00

$(0) =) ¢pOa, +o(D1; as. )

k=0

Given two admissible families ¢ = (¢ (), T € ®) and ¢’ = (¢'(7), T € O), we say
that ¢ is equal to ¢’ and write ¢ = ¢’ if, for all T € O, ¢(t) = ¢'(7) a.s. We say that
¢ dominates ¢’ and write ¢ > ¢’ if, forall T € O, ¢p(1) > ¢'(7) a.s.

Let p € [1, +o00]. We introduce the following properties on the non-linear operators
ps.z[-], which will appear in the sequel.

ForS € ©,5 € ©,t € ©,forn,nyandny in LP (F;), for§ = (£(r)) an admissible
p-integrable family:

(i) ps.c s LP(Fr) —> LP(Fs)
(i) (admissibility) ps [n] = ps'.z[n] a.s.on {S = §'}.
(iii) (knowledge preservation) p; s[n] = n, forall n € LP(Fs), all T € Og.
(iv) (monotonicity) psInil < ps.<[nalas. if ni < as.
(v) (consistency) ps.olpo.z[nll = ps c[nl, forall §,0, 7 in ® suchthat S <6 <
T a.s.
(vi) ("generalized zero—onelaw") Ipps [£(T)] = Iaps v [£(t))], forall A € Fy,
7 € Og, 7’ € Og such that T = 7’ on A.
(vibis) ("usual zero—one law") 1aps.c[n] = ps.c[1an], forall A € Fs, 7 € Op.
(vil) (monotone Fatou property with respect to terminal condition) ps [n] <
liminf,_ 4o ps.z[na], for (n,), n such that (n,) is non-decreasing, n, €
L?(Fy), sup, ny € LP, and lim,, 1 oo 1 7, = 1 a.s.
(viii) (left-upper-semicontinuity (LUSC) along Bermudan stopping times with
respect to the terminal condition and the terminal time), that is,

lim sup ps. 7, [¢ (t)] < ps,v[lim sup ¢ (z,)],

n——+00 n——+o00

for each non-decreasing sequence (t,) € @E’ such that lim,,_ 100 1 T =
v a.s., and for each p-integrable admissible family ¢ such that sup,,c |¢ ()|
eLl.

(ix) limsup,_, , , po,,7[n] < o7 ,7[n], foralln € LP(Fr).

Let us provide some explanations on these properties. Properties (i) and (ii) (admis-
sibility) ensure that for each n € L?(F7), the family of random variables (ps (1))s
is admissible (in the sense of Definition 2.1). The knowledge preservation property
(property (iii)) implies, in particular, that ps s(n) = n,forn € L?(Fs);in other words,
if a random variable 1 is “known” at time S (in the sense that 1 is Fg-measurable),
then its “risk” (or “utility”) pgs s(n) at time S is equal to 7 itself. The monotonicity
(property (iv)) is the usual monotonicity of the operator ps ; in the a.s. sense. The
consistency property (property (v)) can be seen as a generalization of the tower prop-
erty of conditional expectations, to the case of families of operators depending on
two time indices. It ensures the consistency of evaluation through time. The “usual
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zero—one-law” (property (vi bis)) is often assumed in the risk management literature
(sometimes, it is referred to as regularity property or also local property). We note that
when p does not depend on the second time index, the “usual zero—one law” implies
the “generalized zero—one law” (property (vi)). The “generalized zero—one law” is
useful when the operators depend on both time indices (the time of evaluation and the
time when the pay-off falls). Property (vii) is the Fatou property of the operator ps .
along non-decreasing sequences of pay-offs (1,); Fatou property is often assumed in
the risk measurement literature, especially in the case where p = 4-00. Note also that
if p satisfies the monotonicity (iv) and the (monotone) Fatou property with respect to
terminal condition (vii), then ps - [n] = lim,— 400 P5.7[1x], for (n,), n such that (n,)
is non-decreasing, n, € L?(F7), sup, n, € L?, and lim,—, 4o 1 1, = 7 a.s. This
type of property is also known in the literature (e.g. risk measures) as continuity from
below. We note that, properties (i), (ii), (iii), (iv), (v), (vi), (vii), together with appropri-
ate integrability assumptions on the pay-off family, ensure that the value family of the
one agent’s non-linear optimal stopping problem with Bermudan strategies satisfies
the dynamic programming principle (cf. Theorem 2.17 in [13]). Then, these properties,
together with the upper-semicontinuity on the left-type properties (viii) and (ix) (and
the upper-semicontinuity on the left of the pay-off family at the maturity 7)) ensure
that the one-agent’s non-linear optimal stopping problem with Bermudan strategies
admits an optimal stopping time and that the first hitting time (when the value family
“hits” the pay-off family) is optimal (cf. [13], Theorem 2.19 and Proposition 2.29 for
more details). Note that in [13], the “usual zero—one law” (vi bis) is not needed. How-
ever, in the current paper, we use a localisation property for the value family of the
single-agent optimal stopping problem (cf. Proposition A.1 in the Appendix), which
holds under (vi bis).

Moreover, we introduce an additional assumption on p, which will be used later on
(in Proposition 3.4) to “pass to the limit on the right”:

(%) lim sup py ,,, [¢ (V)] = P, [ im p(vp)]. 3

n—+400

for any sequence (v,) C ON, v € O, such that v, J v, and for any p-integrable
admissible family ¢ such that sup, . ¢ (7,)| € L?.

Example We provide two examples of non-linear operators ps,r, popular in stochastic
control and mathematical finance, which enter our framework:

1. Non-linear evaluations induced by BSDEs.

2. Dynamic concave utilities.

More details about these examples can be found in the Appendix.

3 The Game Problem

We consider two agents, agent 1 and agent 2, whose pay-offs are defined via four
admissible families X! = (X'(1))reo, X% = (X2(1))reo, Y' = (Y1 (1))reo and
Y% = (Y2(1))reo. We assume that X!, X2, Y! and Y? are p-integrable families such
that
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(A1) X! <v!, X2 < Y2 (thatis, for each t € ©, X!(r) < Y!(7), and X2(7) <
Y2(1)).

(A2) X' (1) =YX(T), X*(T) = YX(T).

(A3) esssup,coX' (1) € LP, ess sup, o X2(t) € LP, ess sup, oY (r) € L? and
ess sup,cY2(1) € LP.

(A4) lim sup_, oo X'(6x) < X'(T), limsup;_, 1o X?(0) < X2(T).

The set of stopping strategies of each agent at time 0 is the set ® of Bermudan stopping
times. If the first agent plays 1 € ® and the second agent plays 12 € ©, the pay-off
of agent 1 (resp. agent 2) at time 7] A 17 is given by:

1Nty ©)=X" (1) Lig <0} + Y (©2) Ljry<ry)
(resp. (71, ‘52)Z=X2(T2)]l{r2<r1} + Yz(fl)l{rlfrz})»

where we have adopted the convention: when 71 = 19, it is the first agent who is
responsible for stopping the game. The agents evaluate their respective pay-offs via
possibly different evaluation functionals. Let p! = ( ps.z[-]) be the family of evaluation
operators of agent 1, and let p2 = (ps,z[-]) be the family of evaluation operators of
agents 2. If agent 1 plays 71 € ®, and agent 2 plays 1, € ©, then the assessment (or
evaluation) of agent 1 (resp. agent 2) at time O of his/her pay-off is given by:

T (T 12): =00 oy [ X (0D Ly <00y + V! (12) Ly <y )
(resp. Jo (71, 12):=0§ 1, np, [X*(12) Lty <y} + Y2 (1) Lz, <0 D)

We assume that both p! and p? satisfy the properties (i)—(x). We will investigate the
problem of existence of a Nash equilibrium strategy (z}, 7).

Definition 3.1 A pair of Bermudan stopping times (7], 7) € ©® x O is called a
Nash equilibrium strategy (or a Nash equilibrium point) for the above non-zero-sum
non-linear Bermudan Dynkin game if: Jy(z}, 73) > Ji(t1, 73), for any 7; € ©, and
L(tf, 1) = L(rf, 1), forany 1, € ©.

In other words, any unilateral deviation from the strategy (z{", 75°) by one of the agents
(the strategy of the other remaining fixed) does not render the deviating agent better
off.

Theorem 3.1 Under assumptions (i)—(x) on ,01 and p2 and assumptions (Al)-(A4)
on X', X2, Y and Y?, there exists a Nash equilibrium point (t{, ©5) for the game
described above.

The sequel is dedicated to the proof of this theorem. We follow an approach introduced
in [16] (cf. also [18]) for the case of linear expectations and in continuous time. We
will construct a sequence (72,41, T2n)neN (by induction), for which we will show that
it converges to a Nash equilibrium point.

We set 71:=T and 12:=T. We suppose that 15,1 € ® and 13, € ® have been
defined. We set, for each k € IN,

2 00):=X" 0 Ly <) + Y (220) L1y <01} - 4
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Moreover, £2"T1(T):=Y!(1,,). This definition is “consistent” with the above, as by
@), Lig=1)5>"(01) = Lig=1)Y ' (t20). i

[0.3cm] For 7 € © of the foom 7 = ), Okla, + T1j, where ((Ag), A) is a
partition, Ay is Fg,-measurable for each k € N, and A is Fr-measurable,

§2n+1(7’,):= Z 52n+1 (Qk)]lAk + §2n+l(T)]lA (5)
keN

We note thatéz’”rl (6r) is the pay-off at O A 12, of agent 1 (up to the equality {6 = 12,})
if agent 1 plays 6 and agent 2 plays 12;,.
We also note that:

2 (1) = X (D)L jr<ny) + Y (020) Ly <1)-

Thus, £2"+1(7) is the pay-off at T A 12, of agent 1 (up to the equality {t = 13,}) if
agent 1 plays t and agent 2 plays 12,.
For each S € ®, we define

V2rHl(§):=ess sup,e(as,oé‘mm (€2 (0)]
Tongr:=essinf A', where Al:={r € © : VZ'*l(r) = £2"F1 (1)} (6)

Ton4+1:=(02n 41 A T2n—1) L1 v <o) F T2n—1 15,1 At 12100} -

Assuming that lim sup; , , ., X L@r) < X1(T) (from (A4)) ensures that

lim supy_, oo 2771 (6%) < £2"T1(T). This is a technical condition on the pay-off
which we use to apply Theorem 2.19, together with Prop. 2.29, in [13].

By Theorem 2.19, together with Prop. 2.29 in [13], the Bermudan stopping time
o1 is optimal for the optimal stopping problem with value V2"*+1(0), that is

VIH0) = 04 2, ey, [E @2 1)] = SUD g gy, [E7H (D], @)

T€®

We also recall that VZ”‘H(T) = £ 2"‘H(T), under the assumption of knowledge
preservation on p.

Remark 3.1 i) It is not difficult to show, by induction, that for each n € N,
(E¥"F1(1));ce is an admissible LP-integrable family, and 75, is a Bermudan stop-
ping time (for the latter property, we use that ® has the property of stability by
concatenation of two Bermudan stopping times).

ii) For each n € N, for each v € ©, £2"1 (1) = 2" (7 A ).

Indeed, we have:

2N 00) = X1 (00) 149, <1y) + Y (220) L {1y <60
= X" Ok A 2) Lignra <o) + ¥ (020) Ly <6 n120) ®)
= 2Ok A Top).
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Now, let 7 € © be of the form 7 = Y, .\ 6k 14, + T15. By definition of £2"+1(1),
of £2"+1(T) and by Eq. (8), we have:

$2n+1(1) — Z §2n+1(9k)1Ak + $2H+I(T)]IA_
keN

= Y EMT O AT La, + Y ()15 = E2 TN (T A 7).
keN

Proposition 3.1 i) £2" 1 (1) 11, <g,) = ¥ ' (t20) Liry, <6y)-

i) V00 Lizy, <) = Y (T20) Ly, <6

iii) VI () Ly, <o) = V! (120) Lz, <)

iv) For eachn € N, T, = essinf{t € © : V?'"l(t) = X' (1)} A 1. In
particular, Ty 1 < Top.

Proof i) On the set {t = T}, we have £2"t1(v) = £2"t1(T) = Y'(12,). On the
set {t = 6 < T}, by the second statement in Remark 3.1, we have g2ty =
£21(G) = €21 (G, A 12,). Hence, on the set {t = 6 < T} N {12, < 6}, we have
g2t (7) = g2t (1,,) = Y!(12,), which proves the desired property.

ii) We have:

2n+1 1 2n+1
Liry, =00 V"7 (01) = Liry, <6188 SUPr @, gy wnryy 67T (T A T2n)]
1 2n+1
= €8s SupreG)kl{TZnS@k}p(-)k,r/\rzn (& " (T A 72n)]
1 2n+1
= €85 SUP ey Lira, <000 06w nray ngy (6 (T A T2n A O],
where we have used property (vi) ( “genrealized zero—one law”) to obtain the last

equality.
Forany t € O, T A T2 A O = 1oy A O < 6k. Hence,

l{fzniek}pelk,rmz,,wk [%.2n+1 (T Ao A O]
= Le2 =00 P ey e 167" (220 A O]
= ]1{72;159](}52”-"_1 (T2n A ek)a
where we have used property (iii) (knowledge preserving property) of p to obtain the

last equality.
Finally, we get

Lz, <00 V" 00) = Ly, <60E™" T (t20) = Ly, <0) Y ' (T20).

iii) Let 7 € ® be the form v = ) , 6k1la, + T1;. Then, by property (ii)
(admissibility) of p, we have

V2n+1(f) — Z V2n+1(9k)]lAk + V2n+1(T)]].A
kelN
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Hence,

VI (O 1,20 = D VI O) Lo <) + VT (D Lin, <o
kelN

= Z V2L G001 A (e <60} + V2n+l(T)ﬂAﬂ{rznsT}
keN

= Z Yl (tzn)ﬂAkm{72)1§9k} + $2n+1 (T)]lz‘im{onfT}’
kelN

where we have used the previous property ii) to obtain the last equality. Hence, we get

VI (O <0y = D Y (@) L <an) + E7 T (D Line, <1
kelN

= Z Y () Lagnfesn <6y + Yl(fzn)llgm{msr}
keN

= Y (120) Ly, <1)-

iv) By the previous property iii), we have, V>**1(r) = £2"*1(¢) if and only if
VI () Lir<ry,) = £ (1) Lz <y, Hence,

Tony1 = essinf{r € © : V(1) = X' (D)} A 1ap.

O
Similarly to (4), (5) and (6), we define:
EX2(00): =X O0) Ligy <ray 1) + ¥ (T201D) Lira, 1 <04y, and
EXMA(T): =Y (t2np1).
Fort € ® of the form 7 = ), .y Ok L4, + T'1 ;, we define
§2n+2(f):= Z $2n+2(9k)]lAk + 5271-1—2(71)]1A
keN
V21t2(8):=ess supre@s,ok%’r/\m+l [£2"F2(1)] 9)

Tonpa:=essinf A%, where A2:={r € © : V2'*2(1) = £2"+2()}

T2n+2::(T2n+2 A Tzn)ﬂ{f2n+2/\f2n <Ton+1} + rznIl'{£2n+2Af2nZ'52n+l}'

The random variable £2"*2(t) is exactly the pay-off at T A 7y,, of agent 2, if
agent 1 plays 1,41 and agent 2 plays . Hence, V>"*2(S) is the optimal value
at time S for agent 2, when agent 1’s strategy is fixed to t2,4+;. Assuming that
lim supy_, ;o X>(6k) < X*(T) leads to lim supy_, , o, §2"F2(6x) < £2"F2(T), which
we use again in applying Proposition 2.29 and Theorem 2.19 in [13]. By [13], the
Bermudan stopping time 5,4, is optimal for the problem with value V>*+2(0), that
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is,

VERO) = 00 1y 2o [ Fne2)] = $UP 06 1y, [ @] 10)
TeW

Remark 3.2 Let us recall that (cf. [13]) T, = essinf{t € ® : V" (1) = £" (1)} satisfies
the property: V"(7,) = &"(7,). (This is due to the property of stability of ® by
monotone limit and to the right-continuity-along Bermudan stopping strategies of the
families (V" (7)) and (§"(7))).

Remark 3.3 By analogy with Remark 3.1, we have:
) (& 2n+2(1)) is an admissible L? -integrable family;
ii) for each n € N, for each v € ©, £2"+2(1) = 22 (1 A 12p41).

By analogy with Proposition 3.1 and using Remark 3.3, the following holds true:

Proposition 3.2 i) £2"2(7) L, <60} = Y2 (T2nt1) Lizays1 <64)

i) V2n+2(9k)l{fzn+1§9k} = Y2(T2n+1)1{T2n+1§0k}'

iii) V" (0) Lz, 1) = Y2 (@204 1) Ly <0

iv) For eachn € N, %47 = essinf{t € © : V" 2(1) = X2(0)} A Topq1. In
particular, Ty 12 < Top+1.

Proof The proof follows the same steps as the proof of Proposition 3.1 and is left to
the reader. O

Proposition 3.3 We assume that p satisfies property (vi bis) (usual “zero—one law”).
Then, forallm > 1, T2 < Ty

Proof We suppose, by way of contradiction, that there exists m > 1 such that
P(Tp+2 > ) > 0, and we set n:=min{m > 1 : P(Tpy2 > Tpn) > 0}). We
have 7,41 < t,—1, by definition of n. This observation, together with the definition of
7,41 and with the inequality of part (iv) of Proposition 3.1 gives:

Tntl = (fn""] A rn_l):u‘{fn+1/\ftz—l<fn} + rn_lﬂ{fn-%—]Afn—lZTn}

Tnt 1 Lz, <z + D11z, 27, (11
= Tt iz <o) + -1 Lz, =)

For similar reasons, we have
T = Tuliz, <q, ) + 21i5,=q, ) (12)

For the easing of the presentation, we set I':={t, < T,42}.

On the set I', we have:

1) 7, < Th+2 < Ty41, the last inequality being due to property iv) of Proposition
3.1.

2) Ty41 = Ty—1. This is due to 1), together with Eq. (11). Indeed, by Eq. (11),
Tntl = Tnt1 Uiz <00) + =115, =1,)- BY 1), we have: 7,41 > 7,. Hence, 7,41 =
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Tnr1 Uiz <tn<tupr) T Tn—11(5,,,=7,)- Hence, as we cannot have: 7,41 = 7,41 and
Tht+1 < Ty+1 simultaneously, we get T,+1 = T—1.

3) £"%2 = £"_ This is a consequence of 2) and the definitions of £”2 and &”.

1, = 1,.

We prove that {7, = 7,—1} NI’ = @, which together with Eq. (12), gives the desired
statement.

Due to Eq. (12), we have {7, = 1,1} = {Tn = Tu—1} N {1y, = t,—2}. Thus, we
have

(th=t-INI={ti=t-1, =T < fn+2}-
Now, we have T, < t,_» (due to the definition of n). Hence,
(th=t-}NI'={thi=t-1 <2 =17, < fn+2} =0,

where the equality with @ is due to 7,42 < T,—1.
We note that combining properties 1) and 4) gives 7, < 7,42 on I". We will obtain
a contradiction with this property. To this end, we will show that:

1P V"2 (%) = 1re" 2 (3)). (13)

By definition of 7, and by Remark 3.2, we have: V"(7,) = £"(7,). This property,
together with property 3) on I, gives V" (7,) = £"(7,) = £"*2(%,) on I'. In order to
show Eq. (13), it suffices to show

1rV"2(F,) = 1r V" (%)).

By property 4) on I' and Proposition A.1 (applied with A =T € F;, and T = 1), we
have 1rV"*+2(%,) = 1rV"*2(z,) = V£ (z,). Due to property 3) on I', V/**2 and
V[ have the same pay-off, and by applying again Proposition A.1 and property 4) on
I', we have

Vit2(5,) = V() = Ir V(1) = 1r V().

We have thus shown that 11 V"*2(3,) = 1 V"(%,), which is the desired equality.
Hence, we get 7,42 < 7, on I' (as by definition 7, = essinf{r € © : V"2(¢) =
£"+2(7)}). However, this is in contradiction with the property 7,42 > 7, on I'. The
proof is complete. O

Lemma3.1 a) Foralln > 2, ty41 = Tur1 14z, <5 + Tn—11(5,41=10,)-
b) Foralln > 2, Tya1 = Tyl A Tn.

c)Onf{ty, =11}, tm =T, forallm € {1, ..., n}.

Proof a) This property follows from the definition of 7,4, together with Proposition
3.3, and with property iv) of Proposition 3.1.
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b) By using a), we get

Tnrl ATy = (Tpp1 A Tn)l{fn+1<r,,} + (-1 A Tn)]l{qu:r,,}
= Tut1 iz, <) T (Tn—1 A Tt 1) Uiz =1,
= 1 L1 <n) + Tt L=
where we have used Proposition 3.3 for the last equality.
Finally, by using property iv) of Proposition 3.1, we get T,4+1 A T, = Ty+1-
c¢) To prove this property, we proceed by induction. The property is true forn = 2. We
suppose that the property is true at rank n — 1 (where n > 3), thatis on {r,_1 = 1,2},
=T, forallme{l,...,n—1}.
From the expression for t, from statement a), we get

Tn = fnﬂ{fn <Ty—1} + Tn_2]1{fn:'fn—l}'

Hence, 1, = 1,,—2 on the set {t, = 1,—1}. We conclude by the induction hypothesis.
O

Lemma 3.2 The following inequalities hold true:
i) J1(t, ©2n) < J1(T2041, T2n), forall T € ©.
ii) J2(ton+1, T) < 2 (241, Tony2), forallt € ©.

Proof Let us first prove statement i):
By (Al), we have X! < v it follows

X' (O Lz, + Y (@) g, <0 < £ ().

Hence, by monotonicity, and by definition of y2n+l (0), we have
Ji(T, 1) < VL) (14)
We will now show that V211 (0) = J1(m21+1, T25), which will complete the proof of

statement 1).
We have

Ji(t2ntt, Ton) = P(l),fz,m/\rzn [ X' (t2n40) Lrapsr <o) + ¥ (T20) Lz <131} ]
= péaTZnJrl/\fzn [€2”+1 (1211-‘,-1)]»
where we have used ¢) from Lemma 3.1, and X1 (7)) = Y!(T) from (A2) to show the

last equality.
On the other hand, by ii) from Remark 3.1 and b) from Lemma 3.1,

1 2n+1 _ 1 2n+1
’00,7211+1/\f2n [E (T2n+1 )] - po»t2n+1A72n [s (T2n+1 A 772n)]

_ 1 2n+1 /.~
- po»f2n+lA72n [s (T2n+l)]-
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By optimality of 75,41 for VZ"T1(0) (cf. Eq. 7), we get

P0.yyy iy £ @ang)] = V2 HH(0).

Hence, we conclude

1 m+1 1 W1 =
J1 (@41 Tn) = P01y nen (67 @20t )] = 00 20 pean [ (B2n41)]

From Egs. (15) and (14), we get J1(t, t2,) < J1(T2n+1, T2n)-
Let us now prove statement ii):
We have
D (tant1, ) < VH0), (16)

by definition of V"*+2(0) (cf. Eq. 9).

We will now show that J>(t2,+1, Top+2) = V2"+2(0), which will complete the
proof.

By definition of £2"*%(12,), by ii) from Remark 3.3, and by b) from Lemma 3.1,
we have

D (T2n+1, Ton+2)
2 2 2
= PO, 12011 A T2 X (T2n+2)]l{f2n+2<fzu+1} +Y (T2n+1)]l{fzn+1§fzn+2}]

12 (19,42)]
(T2n42 A Tong) |

(Tan12)]-

[

= p3,12,1+1/\72n+2[

_ 2

- p(),‘[2n+1/\1’2n+2[
[

3
52n+2
3

— 52 2n+2
= L0, 2502 AT211

By Eq. (10), we have pg Sy (£2"%2(Tap42)) = V21+2(0). Hence, we conclude

2 242
D2 (T2 415 T2042) = 00,19, 1 ntansn (67 (T2042))

i (17)
= D0ty aney E T B2nr2)) = V(0.

From Eqgs. (17) and (16), we get J2(t2n41, T) < J2(T20+1, T2n42) O

Remark 3.4 As a by-product of the previous proof, we find that 7,4 is optimal for
the problem with value V2**1(0), and 13,4, is optimal for the problem with value
V2n+2 (0)

Definition 3.2 We define 7{ = lim;, 4 0o 72511, and 73 = lim,_, oo T2p.
Proposition 3.4 We assume that p' and p? satisfy properties (i) — (x). Then:
i) Forall T € ©,lim,_, ;o0 J1 (1, T24) = Ji (1, T).
ii) Forall T € ©, lim,,_, 1o J2(T2n41, T) = o (2}, 7).
iii) For all T € ©, limy,,—, 400 J1(T2n+1, T2n+2) = Jl(tl*, 7,'2*)
iv) Forall t € ©, limy,—, {0 J2(Ton+1, T2n42) = J2(‘L'1*, ‘L’;)
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Proof Let us first show statement 1).
Let us recall the following notation: for a fixed t € ©,

N, v =X" O 1<) + YD) 1 p<e),
', ) =X" O Lir<ey) + Y ) Ly o).

With this notation, we have
T 7o) = P ey, [I' (T 12)]s and J1(z,3) = pg o pe [T (7, )],

We note that the sequence (12,) and (T A 72,) converges from above to 7; and T A
5, respectively. Moreover, for each 7 € ©, the family (J (7, v))veo is admissible.
Indeed, for each v € ®, I'(z, v) is F,-measurable. Moreover, if {v = v'}, I'(z,v) =
I'(z, V') as. Hence, as any admissible family in our framework is right-continuous
along Bermudan stopping strategies (cf. Remark 2.27 in [13]), we get

: 1 _ 7l *
ngglool (t,72n) =1 (7, 73).

Hence, by property (x) (cf. Eq. 3) on p!, we get

: 1 1 1 1
lim sup pg o, [1' (T, T20)] = po’mrz*[l (r. )]
n——+00

Now, let us prove statement ii).
For t € ®, we recall the following notation:

(0, 1):=X*(0) L <v) + Y2 () Ljp<q),

The family (I%2(v, 7)vep) is admissible. Indeed, for each v € ©, I*(v, 1) is F,-
measurable. Moreover, on {v; = 13}, 12(1)1, T) = IZ(UQ, T) a.s.

As (12,41) converges from above to 7", and as (/ 2(v, T)yeo) is right-continuous
along Bermudan stopping strategies (cf. Remark 2.27 in [13]), we get

lim 12(12n+1a T) = 12(-,;1*, 7).
n——+o00

By property (x) (cf. Eq. 3) on p2, we get

lim sup p&UnHM [12(T2n+1, ‘L')] = p(%,rl*/\r [Iz(r{k, r)].
n——+0o

We now prove statement iii).

The proof relies again on the Bermudan structure on ©. For any sequence (z,) € ON
converging from above to T € ©, we have: for almost each w € 2, there exists
no = no(w) such that for all n > ng, 1, (w) = 7(w) (cf. Remark 2.27 in [13]).
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Hence, for almost each w € €2, there exists ng = ng(w) such that for n > nyg,
Tnt1(®) = 7 (0), 2p42(0) = 75 (w) and

I(Tnt1, T242) (@) = X' (1) (@) Lz <o) (@) + Y (03 (@) L (5 <) (@)
By property (x) (cf. Eq. 3) on p!, we get

lim Ji(t2041, Tong2) = J1 (1], T3).
n—-400

The proof of iv) is based on the same type of arguments. O
We are now ready to complete the proof of Theorem 3.1.
Proof of Theorem 3.1 By combining Lemma 3.2 and Proposition 3.4, we get:
Ji(z, ©5) < Ji(xf, 1y), forall T € ©.
L), 1) < h(zf, 1), forallt € B.
Hence, (1], 73) is a Nash equilibrium point. O

We have thus shown that the non-linear non-zero-sum Dynkin game with Bermudan
strategies admits a Nash equilibrium point.

4 Conclusions

We have established the existence of a Nash equilibrium point for a non-zero-sum game
between two Bermudan stoppers, where each stopper assesses their pay-off with their
own general non-linear assessment functional. The Bermudan stopping strategies of
the agents allow for a countable number of stopping opportunities, where the number of
stopping opportunities and the stopping opportunities themselves may depend on the
scenario  (in a non-anticipative way). The non-linear evaluation functionals include
those induced by BSDEs with Lipschitz driver, as well as the dynamic concave utilities.

A Localisation Property

Proposition A.1 (Localisation property) Let (£(1));ce be a given admissible p-
integrable family. Let (V (1)).co be the value family of the following optimal stopping
problem: for § € ©,

V(S) = esssup, e ps.[E(D)].

Let S € ©, and let A be in Fs. We consider the pay-off family (§(t)14);co,, and
we denote by (V4(7)):eo, the corresponding value family, defined by:

Va(t) =esssup,cg, pr (V) 1al.
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If p satisfies the usual “zero—one law” (that is 14ps,:[n] = L1aps,:[1an] for all
A € Fg, forall n € LP(F;)), then for each T € Oy,

1aVa(r) = 14V (7).
Proof By the definition of V () and the usual “zero—one law”, we have

1oV (r) = 1aess SUPyec@, prvl[E(W)] =ess SUPyec@, Lapev[EW)]
=ess sup,c, Laprv[1aE(V)] = Laess sup,cq, prv[1as(V)] =14 Va(7).

]

B Examples of Non-linear Operators
B.1 Non-linear Evaluations Induced by BSDEs

Let p = 2. Let (2, F, (Ft)req0, 77, P) be a complete filtered probability space, where
(Fi)tefo,1 1s the augmented natural filtration of a one-dimensional Brownian motion
(Woiero,r)- Let g : £ x [0, T] x R x R — IR be a standard Lipschitz driver, that is:
g(-, -, ¥, z) is progressively measurable, such that g is Lipschitz in (y, z), uniformly in
(w, 1), and E[fOT(g(t, 0,0))2dt] < 400. Foreach0 <s <t < T,and n € L*>(F,),
we define: 5§ ;(n):=Y;, where (Y, Z,) is the adapted pair of processes solving the
BSDE with terminal condition n and terminal time #:

t t
Ys =1 —i—/ g, Yy, Z,)du —/ Z,dW,, for0O<s <t.
N S

The operator Eﬁ ,(+) is sometimes referred to as g-(conditional) evaluation in the
mathematical finance and risk measurement literature.

It is well-known (cf. [11]) that (Sﬁ ;(+)) can be extended to the case where the
terminal time is a stopping time t (valued in [0, T]) and the terminal condition
n is Fr-measurable (n € L%(F;)) by considering the BSDE with Lipschitz driver
g% (t,y,2):=g(t,y, 2)11<r), terminal time 7', and terminal condition 7.

We recall that pg ; (~):=<‘3§r (-) satisfies the properties of admissibility (ii), knowl-
edge preservation (iii), monotonicity (iv), consistency (v), and “generalized zero—one
law” (vi). For the proof of the “generalized zero—one law”, we refer for instance, to [ 14].
We note that if, moreover, the driver is “grounded”, in the sense that g (¢, 0, 0) = 0, then
5§,T(~) satisfies the usual zero—one law (property (vi bis)). In mathematical finance
and risk measurement, we often have g(¢, 0, 0) = 0: this ensures, in particular, that
Eﬁ’r(n) > 0a.s.forn > 0as.

Remark B.1 If, moreover, g(t, y,0) = 0, for all y € R, then the operator 5§’T(-) does
not depend on the second index 7 (but on the first index only) and is known as Peng’s

g-expectation (cf. [34]).
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It is also well-known (cf. e.g. [35]) that £ §’r (+) satisfies the property of continuity
with respect to the terminal time and the terminal condition:

(Continuity)(%) Let (7,),eN be a sequence of stopping times, let T be a stopping
time such that lim,_,» 7, = T a.s. Let (1,),eN be a sequence of random variables,
such that n,, € Lz(frn), sup, . € L? and lim,_ oo N, = n a.s. Then, we have
limy,— o ng’rn () = Sﬁ’r(n) a.s.

Based on the continuity property (x), £ é’yr (+) satisfies the monotone Fatou property
(vii) and property (viii) (for the proof of property (viii), cf. e.g., Lemma A.5 in [8]).

Moreover, property (ix) is also satisfied as, in the Brownian framework, the first
component (Y;) of the solution of the BSDE with Lipschitz driver g, terminal time T,
and terminal condition n € L2(F7), has continuous trajectories (in ¢). Hence, for any
non-decreasing sequence (t,), such that lim,— 40 7, = 7T,

. g _ . _ _ 8 —
nl}ﬂr}oogrn,r(’?) = nEToo Yo, =Yr =& r(n) =n.

Finally, we can show that 5§’T(-) satisfies property (x) also as a consequence of the
continuity with respect to terminal time and terminal condition (property (x)). Indeed,
let (v,) € ®N and v € © be such that vy | v. As ¢ is right-continuous along
Bermudan stopping times (cf. Remark 2.27 in [13]), we get: lim,,— 4y oo ¢ (V) = ¢ (V)
a.s. Then, by property (%), we conclude: lim,,_, 4 o Eg’vn (Dd(vy)) = Efyv(qb(v)).

Thus, all the required properties (i) to (x) hold true for (£ §, (), when g is a standard
Lipschitz driver such that g(z, 0, 0) = 0.

B.2 Dynamic Concave Utilities

Let p = +o00. We recall the definition of the Dynamic concave utilities (abridged
DCUs) from [6] (cf. also [2]).

Definition B.1 (Dynamic concave utility) For S, T stopping times valued in [0, T],
such that S < 7, let

{ug,c () : L%(Fr) — L¥(Fy)}

be a family of operators. This family is called a dynamic concave utility, if it satisfies
the following properties:

(D1) (Monotonicity) us,- (1) < us (1), if n <n';

(D2) (Translation invariance) us (n + X) = us (n) + X, if n € L°(F;) and
X € L®(Fs);

(D3) (Concavity) us,c (0 + (1 — M) = hus,e(n) + (1 — Wus,c (), for any
A €[0,1]and 5, ' € L*®(F);

(D4) (Normalisation) us - (0) = 0.

Moreover, in [2, 6] the following properties on the dynamic concave utilities are
assumed: (D5) (Time consistency) for any stopping time ¢ € 75 ., we have
us,o(Uo,c (M) = us(1);
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(D6) (Continuity from above) for any non-increasing sequence (1,) C L°°(F;)
with n = lim, 00 | 1n € L (F7), we have limy, o0 | us,c (1) = us (n)

(D7) (Local property) us:(nla + &lac) = us(n)1a + us (§)1Lac, for any
A € Fgand for any n, & € L®°(F;);

(D8) Ep[n|F:] = 0 for any n € L>(Fr), such that u; 7(n) > 0.

By the results of [6], any functional p satisfying properties (D1)—(DS), has the
following representation:

us,(n) = Q:QN?ZL‘% on 7 {EQ[nlfs] + cs,f(Q)] "

T
=essinf Eg[n +f f(u, W,,Q)du|fs],
QeQs S

where the function f is suchthat f (-, -, x) is predictable for any x; f is a proper, convex
function in the space variable x, and valued in [0, +oc], and the process (W,Q) is the
process from the Doleans-Dade exponential representation for the density process

(Z,Q), where Z,Q = %b:t, and

T
Qs ={0:0~ P, ¥2(w) =0,dt ®dP ae.on[[0, S, EQ[/S Fs, v 2)ds] < +o0).

The dynamic concave utilities us ; do not enter directly into the framework of the
present paper, as they are defined only for S, T such that S < t a.s. (cf. [2, 6]). There
is, however, a “natural” extension of u s ; in view of the representation property (18).
This extension is as follows:

For S and 7 stopping times, and n € L>°(F7;), we define

]]-{S>T}MS,I(77) = ]]-{S>r} X 7. (19)

Thus, by assumptions, the DCUs (us . (-)) satisfy properties (i), admissibility (ii),
monotonicity (iv), consistency (v), “generalized zero—one law”(vi) (cf. the local
property of DCUs). Moreover, by property (D4) and (D7), the DCUs satisfy the “gen-
eralized zero—one law” (cf. e.g. Remark 3.9 in [13]). By property (D2) and (D4), the
DCUs satisfy the knowledge preserving property(iii). Using the representation (18),
one can show that properties (viii) and (ix) are also satisfied (cf. Remark 3.11 and
Remark 3.12 in [13]).

Finally, we check that the DCUs satisfy property (x) of p. Let (v,) be a non-
increasing sequence in ©N such that v, | v, where v € ©. Let ¢ be a p-integrable
admissible family such that sup, [¢(v,)| € L°°. By right-continuity of ¢ along
Bermudan stopping strategies and by continuity of the integral |, gdu, we get

My 400 # (V) + [& fu, ¥2)du = dw) + o fu, ¥.2)du=m. As, for each
0 e Qgs,

Vn T
EQ(SUP|¢(vn)I)+/S S, y2)du < EQ(Sup|¢(vn)|)+/S fu, p2)du < +oo,
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we get (by dominated convergence):

limEg((v) + /S " F, yQdulFs) = Eo(1lFs).

Hence,

essmf hm Eo(¢(vy) + /Un f(u, qu)dulfs) =essinf Eg(n|Fs) = us (@ (v)).
QeQg n—>+ S 0€Qs

Moreover, we have:

Vn
lim supessgf Eg(@(vp) —i—/ flu, ¢ Q)du|]—'5) < ersmfhm sup Eg (¢ (vy)
N

n——+00 Qs n—+oo

+ fs " Fu y@)dul Fs),

Hence, we get the result.
We have thus checked that the DCUs (ugs . (-)) satisfy all the properties (i)—(x).

Acknowledgements We are deeply grateful to the referees and to the associate editor for their helpful
comments and remarks.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Alario-Nazaret, M., Lepeltier, J.P., Marchal, B.: Dynkin games. In: Stochastic Differential Systems,
Lecture Notes in Control and Information Sciences, vol. 43, pp. 23-32 (1982)
2. Bayraktar, E., Karatzas, I., Yao, S.: Optimal stopping for dynamic convex risk measures. Ill. J. Math.
54, 1025-1067 (2010)
Bayraktar, E., Yao, S.: On the robust Dynkin game. Ann. Appl. Probab. 27(3), 1702-1755 (2017)
Bismut, J.-M.: Sur un probleme de Dynkin. Z. Wahrsch. Verw. Gebiete 39, 31-53 (1977)
5. Cvitanic, J., Karatzas, I.: Backward stochastic differential equations with reflection and Dynkin games.
Ann. Probab. 24(4), 2024-2056 (1996)
6. Delbaen, F.,, Peng, S., Rosazza-Gianin, E.: Representation of the penalty term of dynamic concave
utilities. Finance Stoch. 14, 449-472 (2010)
7. Dumitrescu, R., Quenez, M.-C., Sulem, A.: Game options in an imperfect market with default. SIAM
J. Financ. Math. 8, 532-559 (2016)
8. Dumitrescu, R., Quenez, M.-C., Sulem, A.: Mixed generalized Dynkin games and stochastic control
in a Markovian framework. Stochastics 89, 400-429 (2017)
9. Dumitrescu, R., Quenez, M.-C., Sulem, A.: Generalized Dynkin games and doubly reflected BSDEs
with jumps. Electron. J. Probab. 21(64), 1-32 (2016)
10. Dynkin, E.B.: Game variant of a problem of optimal stopping. Soviet Math. Dokl. 10, 16-19 (1969)

B

@ Springer


http://creativecommons.org/licenses/by/4.0/

Page 20 of 20 Journal of Optimization Theory and Applications (2025) 206:3

11.

13.

14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

El Karoui, N., Peng, S., Quenez, M.C.: Backward stochastic differential equations in finance. Math.
Finance 7, 1-71 (1997)

. Grigorova, M., Imkeller, P., Offen, E., Ouknine, Y., Quenez, M.-C.: Doubly reflected BSDEs and £ f.

Dynkin games: beyond the right-continuous case. Electron. J. Probab. 23, 1-38 (2018). https://doi.org/
10.1214/18-EJP225

Grigorova, M., Quenez, M.-C., Yuan, P.: Optimal stopping: Bermudan strategies meet non-linear
evaluations. Electron. J. Probab. 29, 1-29 (2024). https://doi.org/10.1214/24-EJP1164

Grigorova, M., Quenez, M.-C.: Optimal stopping and a non-zero-sum Dynkin game in discrete time
with risk measures induced by BSDEs. Stoch. Int. J. Probab. Stoch. Process. 89, 259-279 (2017)
Hamadene, S.: Mixed zero-sum stochastic differential game and American game options. SIAM J.
Control Optim. 45(2), 496-518 (2006)

. Hamadene, S., Zhang, J.: The continuous time nonzero-sum Dynkin game problem and application in

game options. SIAM J. Control Optim. 48, 3659-3669 (2015)

Hamadene, S., Hassani, M.: BSDEs with two reflecting barriers driven by a Brownian motion and a
Poisson noise and related Dynkin game. Electron. J. Probab. 11(5), 121-145 (2006)

Hamadene, S., Hassani, M.: The multiplayer nonzero-sum Dynkin game in continuous time. SIAM J.
Control Optim. 52, 821-835 (2014)

Hamadene, S., Hassani, M.: The multi-player nonzero-sum Dynkin game in discrete time. Math.
Methods Oper. Res. 79, 179-194 (2014)

Hamadene, S., Lepeltier, J.-P.: Reflected BSDEs and mixed game problem. Stoch. Process. Appl. 85,
177-188 (2000)

Kallsen, J., Kiihn, C.: Pricing derivatives of American and game type in incomplete markets. Finance
Stoch. 8(2), 261-284 (2004)

Kallsen, J., Kiihn, C.: Convertible bonds: financial derivatives of game type. In: Exotic Option Pricing
and Advanced Levy Models, pp. 277-291. Wiley, New York (2005)

Kentia, K., Kiihn, C.: Nash equilibria for game contingent claims with utility-based hedging. SIAM J.
Control Optim. 56, 3948-3972 (2018)

Kifer, Y.: Game options. Finance Stoch. 4, 443-463 (2000)

Kifer, Y.: Dynkin games and Israeli options. ISRN Probab. Stat. 2013, 856458 (2013)

Kobylanski, M., Quenez, M.-C., Rouy-Mironescu, E.: Optimal multiple stopping time problem. Ann.
Appl. Probab. 21, 1365-1399 (2011)

Kobylanski, M., Quenez, M.-C., Roger de Campagnolle, M.: Dynkin games in a general framework.
Stochastics 86(2), 304-329 (2013)

Laraki, R., Solan, E.: Equilibrium in two-player non-zero-sum Dynkin games in continuous time.
Stochastics 85, 997-1014 (2013)

Lepeltier, J.P., Maingueneau, M.A.: Le jeu de Dynkin en theorie generale sans I’hypothese de
Mokobodski. Stochastics 13, 25-44 (1984)

Morimoto, H.: Non-zero-sum discrete parameter stochastic games with stopping times. Probab. Theory
Relat. Fields 72, 155-160 (1986)

Nie, T., Kim, E., Rutkowski, M.: Arbitrage-free pricing of game options in nonlinear markets.
arxiv:1807.05448

Nunno, G.D., Gianin, E.R.: Fully dynamic risk measures: horizon risk, time-consistency and relations
with BSDEs and BSVIEs. SIAM J. Financ. Math. 15, 399-435 (2024)

Ohtsubo, Y.: A non-zero-sum extension of Dynkin’s stopping problem. Math. Oper. Res. 12, 277-296
(1987)

Peng, S.: Backward SDE and related g-expectation. In: El Karoui, M. (eds.) Backward Stochastic
Differential Equations. Pitman Research Notes in Math. Series, No. 364, pp. 141-159 (1997)
Quenez, M.-C., Sulem, A.: BSDEs with jumps, optimization and applications to dynamic risk measures.
Stoch. Process. Appl. 123, 3328-3357 (2013)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1214/18-EJP225
https://doi.org/10.1214/18-EJP225
https://doi.org/10.1214/24-EJP1164
http://arxiv.org/abs/1807.05448

	Non-linear Non-zero-Sum Dynkin Games with Bermudan Strategies
	Abstract
	1 Introduction
	2 The Framework
	3 The Game Problem
	4 Conclusions

	A Localisation Property
	B Examples of Non-linear Operators
	B.1 Non-linear Evaluations Induced by BSDEs
	B.2 Dynamic Concave Utilities

	Acknowledgements
	References




