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Abstract
In this paper, we study a non-zero-sum game with two players, where each of the
players plays what we call Bermudan strategies and optimizes a general non-linear
assessment functional of the pay-off. By using a recursive construction, we show that
the game has a Nash equilibrium point.
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1 Introduction

Game problems with linear evaluations between a finite number of players are by
now classical problems in stochastic control and optimal stopping (cf., e.g., [1, 4,
5, 10, 15–20, 26, 27, 29]) with various applications, in particular in economics and
finance (cf., e.g., [15, 16, 21, 22, 24–26]). In the recent years game problems with non-
linear evaluation functionals have attracted considerable interest: cf. [3] for the case
of non-linear functionals of the form of worst case expectations over a set of possibly
singular measures; [3, 7–9, 12, 31] for the case of non-linear functionals induced by
backward stochastic differential equations (BSDEs). Most of the works dealing with
non-linear games have focused on the zero-sum case (cf., e.g., [3, 8, 9, 33]). Non-zero-
sum games are notoriously more intricate than their zero-sum counterparts even in the
case of linear evaluations (cf., e.g., [16, 18, 19, 28, 30, 33]). Non-zero-sum games with
non-linear functionals have been considered in [14] in the discrete-time framework
and with non-linear functionals induced by Backward SDEs with Lipschitz driver, in
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[23] in the continuous time framework and with non-linear functionals of the form of
expected exponential utilities.

In the current paper, we address the question of existence of a Nash equilibrium
point in a framework with general non-linear evaluations and with a set of stopping
strategies, called here the set of Bermudan stopping strategies,1 which is in between
the discrete time and the continuous time stopping strategies. In [13], we addressed
the single-agent counterpart of this problem (that is, the single-agent optimal stopping
problem with Bermudan strategies and general non-linear evaluations).

The stopping framework of the current paper is more general than the discrete-
time framework. It allows for a finite or a possibly infinite countable number of
stopping opportunities θ0(ω), . . . , θn(ω), θn+1(ω), . . ., depending on the scenario (or
state of nature) ω, while still remaining tractable from a mathematical point of view.
Arguably, it is closer to the way agents make stopping decisions in “real life” than the
discrete-time framework (where the number of stopping times and the stopping times
themselves are deterministic), and than the continuous time (which, from an applied
point of view, might appear as rather “idealistic”). In the current paper, we work with
general (non-linear) evaluation operators ρS,τ depending on two time indices: the time
index S, which is the time of evaluation (or pricing, or assessment) and the second
time index τ , which is the time when the pay-off falls. Recently, some other authors
have also emphasised the importance of “horizon risk” in evaluation operators (cf.,
e.g., [32]). Moreover, we do not assume any concavity or convexity of the evaluation
operators and do not rely on duality results.

The paper is organised as follows: In Sect. 2, we introduce the framework, including
the set of optimal stopping strategies of the agents (namely the Bermudan strategies),
as well as the properties on the risk functionals ρ1 and ρ2 of agent 1 and agent 2. In
Sect. 3, we introduce the game problem and we present our main results and show that
the non-linear non-zero-sum game with Bermudan strategies has a Nash equilibrium
point. In Sect. 4 we conclude. The Appendix contains the proof of an auxiliary result
and examples of non-linear operators entering our framework.

2 The Framework

Let T > 0 be a fixed finite terminal horizon.
Let (�,F , P) be a (complete) probability space equipped with a right-
continuous complete filtration F = {Ft : t ∈ [0, T ]}.
In the sequel, equalities and inequalities between random variables are to be under-

stood in the P-almost sure sense. Equalities between measurable sets are to be
understood in the P-almost sure sense. Let N be the set of natural numbers, including
0. Let N∗ be the set of natural numbers, excluding 0.

We first define the so-called Bermudan stopping strategies (introduced in [13]).
Let (θk)k∈N be a sequence of stopping times satisfying the following properties:

(a) The sequence (θk)k∈N is non-decreasing, i.e. for all k ∈ N, θk ≤ θk+1, a.s.
(b) limk→∞ ↑ θk = T a.s.

1 This set is more general than the set of exercise times of Bermudan options in finance.
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Moreover, we set θ0 = 0.
We note that the family of σ -algebras (Fθk )k∈N is non- decreasing (as the sequence

(θk) is non-decreasing). We denote by � the set of stopping times τ of the form

τ =
+∞∑

k=0

θk1Ak + T 1 Ā, (1)

where {(Ak)
+∞
k=0, Ā} form a partition of � such that, for each k ∈ N, Ak ∈ Fθk , and

Ā ∈ FT .
The set � can also be described as the set of stopping times τ such that for almost

all ω ∈ �, either τ(ω) = T or τ(ω) = θk(ω), for some k = k(ω) ∈ N.
Note that the set � is closed under concatenation, that is, for each τ ∈ � and each

A ∈ Fτ , the stopping time τ1A + T 1Ac ∈ �. More generally, for each τ ∈ �, τ ′ ∈
� and each A ∈ Fτ∧τ ′ , the stopping time τ1A + τ ′1Ac is in �. The set � is also
closed under pairwise minimization (that is, for each τ ∈ � and τ ′ ∈ �, we have
τ ∧ τ ′ ∈ �) and under pairwise maximization (that is, for each τ ∈ � and τ ′ ∈ �, we
have τ ∨τ ′ ∈ �). Moreover, the set� is closed under monotone limit, that is, for each
non-decreasing (resp. non-increasing) sequence of stopping times (τn)n∈N ∈ �N, we
have limn→+∞ τn ∈ �.

We note also that all stopping times in � are bounded from above by T .

Remark 2.1 We recall from [13] the following canonical writing of the sets in (1):

A0 = {τ = θ0};
An+1 = {τ = θn+1, θn+1 < T }\(An ∪ . . . ∪ A0); for all n ∈ N

∗

Ā = (∪+∞
k=0 Ak)

c

From this writing, we have: if ω ∈ Ak+1 ∩ {θk < T }, then ω /∈ {τ = θk}.
For each τ ∈ �, we denote by �τ the set of stopping times ν ∈ � such that ν ≥ τ a.s.
The set�τ satisfies the same properties as the set�.Wewill refer to the set� as the set
of Bermudan stopping strategies, and to the set �τ as the set of Bermudan stopping
strategies, greater than or equal to τ (or the set of Bermudan stopping strategies from
time τ perspective). For simplicity, the set �θk will be denoted by �k .

Definition 2.1 We say that a family φ = (φ(τ), τ ∈ �) is admissible if it satisfies the
following conditions

1. for all τ ∈ �, φ(τ) is a real valued random variable, which is Fτ -measurable.
2. for all τ, τ ′ ∈ �, φ(τ) = φ(τ ′) a.s. on {τ = τ ′}.
Moreover, for p ∈ [1,+∞] fixed, we say that an admissible family φ is

p-integrable, if for all τ ∈ �, φ(τ) is in L p.

Example Let (�,F , (Ft )t∈[0,T ], P) be a complete filtered probability space satisfying
the usual assumptions. Let p ∈ [1,+∞]. Let (ξt )t∈[0,T ] be an optional process. Then,
the family φ = (φ(τ), τ ∈ �), defined by φ(τ) := ξτ for each τ ∈ �, is admissible.
If moreover, ξτ ∈ L p, for all τ ∈ �, then the family φ is p-integrable.

123



3 Page 4 of 20 Journal of Optimization Theory and Applications (2025) 206 :3

Let φ = (φ(τ), τ ∈ �) be an admissible family. For a stopping time τ of the form
(1), we have

φ(τ) =
+∞∑

k=0

φ(θk)1Ak + φ(T )1 Ā a.s. (2)

Given two admissible families φ = (φ(τ), τ ∈ �) and φ′ = (φ′(τ ), τ ∈ �), we say
that φ is equal to φ′ and write φ = φ′ if, for all τ ∈ �, φ(τ) = φ′(τ ) a.s. We say that
φ dominates φ′ and write φ ≥ φ′ if, for all τ ∈ �, φ(τ) ≥ φ′(τ ) a.s.

Let p ∈ [1,+∞].We introduce the following properties on the non-linear operators
ρS,τ [·], which will appear in the sequel.

For S ∈ �, S′ ∈ �, τ ∈ �, for η, η1 and η2 in L p(Fτ ), for ξ = (ξ(τ )) an admissible
p-integrable family:

(i) ρS,τ : L p(Fτ ) −→ L p(FS)

(ii) (admissibility) ρS,τ [η] = ρS′,τ [η] a.s. on {S = S′}.
(iii) (knowledge preservation) ρτ,S[η] = η, for all η ∈ L p(FS), all τ ∈ �S .

(iv) (monotonicity) ρS,τ [η1] ≤ ρS,τ [η2] a.s., if η1 ≤ η2 a.s.
(v) (consistency) ρS,θ [ρθ,τ [η]] = ρS,τ [η], for all S, θ, τ in � such that S ≤ θ ≤

τ a.s.
(vi) ("generalized zero–one law") IAρS,τ [ξ(τ )] = IAρS,τ ′ [ξ(τ ′)], for all A ∈ FS ,

τ ∈ �S , τ ′ ∈ �S such that τ = τ ′ on A.
(vi bis) ("usual zero–one law") IAρS,τ [η] = ρS,τ [IAη], for all A ∈ FS , τ ∈ �S .

(vii) (monotone Fatou property with respect to terminal condition) ρS,τ [η] ≤
lim infn→+∞ ρS,τ [ηn], for (ηn), η such that (ηn) is non-decreasing, ηn ∈
L p(Fτ ), supn ηn ∈ L p, and limn→+∞ ↑ ηn = η a.s.

(viii) (left-upper-semicontinuity (LUSC) along Bermudan stopping times with
respect to the terminal condition and the terminal time), that is,

lim sup
n→+∞

ρS,τn [φ(τn)] ≤ ρS,ν[lim sup
n→+∞

φ(τn)],

for each non-decreasing sequence (τn) ∈ �N

S such that limn→+∞ ↑ τn =
ν a.s., and for each p-integrable admissible family φ such that supn∈N |φ(τn)|
∈ L p.

(ix) lim supn→+∞ ρθn ,T [η] ≤ ρT ,T [η], for all η ∈ L p(FT ).

Let us provide some explanations on these properties. Properties (i) and (ii) (admis-
sibility) ensure that for each η ∈ L p(Fτ ), the family of random variables (ρS,τ (η))S

is admissible (in the sense of Definition 2.1). The knowledge preservation property
(property (iii)) implies, in particular, thatρS,S(η) = η, for η ∈ L p(FS); in otherwords,
if a random variable η is “known” at time S (in the sense that η is FS-measurable),
then its “risk” (or “utility”) ρS,S(η) at time S is equal to η itself. The monotonicity
(property (iv)) is the usual monotonicity of the operator ρS,τ in the a.s. sense. The
consistency property (property (v)) can be seen as a generalization of the tower prop-
erty of conditional expectations, to the case of families of operators depending on
two time indices. It ensures the consistency of evaluation through time. The “usual
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zero–one-law” (property (vi bis)) is often assumed in the risk management literature
(sometimes, it is referred to as regularity property or also local property). We note that
when ρ does not depend on the second time index, the “usual zero–one law” implies
the “generalized zero–one law” (property (vi)). The “generalized zero–one law” is
useful when the operators depend on both time indices (the time of evaluation and the
time when the pay-off falls). Property (vii) is the Fatou property of the operator ρS,τ

along non-decreasing sequences of pay-offs (ηn); Fatou property is often assumed in
the risk measurement literature, especially in the case where p = +∞. Note also that
if ρ satisfies the monotonicity (iv) and the (monotone) Fatou property with respect to
terminal condition (vii), then ρS,τ [η] = limn→+∞ ρS,τ [ηn], for (ηn), η such that (ηn)

is non-decreasing, ηn ∈ L p(Fτ ), supn ηn ∈ L p, and limn→+∞ ↑ ηn = η a.s. This
type of property is also known in the literature (e.g. risk measures) as continuity from
below.We note that, properties (i), (ii), (iii), (iv), (v), (vi), (vii), together with appropri-
ate integrability assumptions on the pay-off family, ensure that the value family of the
one agent’s non-linear optimal stopping problem with Bermudan strategies satisfies
the dynamic programming principle (cf. Theorem 2.17 in [13]). Then, these properties,
together with the upper-semicontinuity on the left-type properties (viii) and (ix) (and
the upper-semicontinuity on the left of the pay-off family at the maturity T ) ensure
that the one-agent’s non-linear optimal stopping problem with Bermudan strategies
admits an optimal stopping time and that the first hitting time (when the value family
“hits” the pay-off family) is optimal (cf. [13], Theorem 2.19 and Proposition 2.29 for
more details). Note that in [13], the “usual zero–one law” (vi bis) is not needed. How-
ever, in the current paper, we use a localisation property for the value family of the
single-agent optimal stopping problem (cf. Proposition A.1 in the Appendix), which
holds under (vi bis).

Moreover, we introduce an additional assumption on ρ, which will be used later on
(in Proposition 3.4) to “pass to the limit on the right”:

(x) lim sup
n→+∞

ρ0,νn
[φ(νn)] = ρ0,ν[ lim

n→+∞ φ(νn)], (3)

for any sequence (νn) ⊂ �N, ν ∈ �, such that νn ↓ ν, and for any p-integrable
admissible family φ such that supn∈N |φ(τn)| ∈ L p.

Example We provide two examples of non-linear operators ρS,τ , popular in stochastic
control and mathematical finance, which enter our framework:

1. Non-linear evaluations induced by BSDEs.
2. Dynamic concave utilities.
More details about these examples can be found in the Appendix.

3 The Game Problem

We consider two agents, agent 1 and agent 2, whose pay-offs are defined via four
admissible families X1 = (X1(τ ))τ∈�, X2 = (X2(τ ))τ∈�, Y 1 = (Y 1(τ ))τ∈� and
Y 2 = (Y 2(τ ))τ∈�. We assume that X1, X2, Y 1 and Y 2 are p-integrable families such
that
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(A1) X1 ≤ Y 1, X2 ≤ Y 2 (that is, for each τ ∈ �, X1(τ ) ≤ Y 1(τ ), and X2(τ ) ≤
Y 2(τ )).

(A2) X1(T ) = Y 1(T ), X2(T ) = Y 2(T ).
(A3) ess supτ∈� X1(τ ) ∈ L p, ess supτ∈� X2(τ ) ∈ L p, ess supτ∈�Y 1(τ ) ∈ L p and

ess supτ∈�Y 2(τ ) ∈ L p.
(A4) lim supk→+∞ X1(θk) ≤ X1(T ), lim supk→+∞ X2(θk) ≤ X2(T ).

The set of stopping strategies of each agent at time 0 is the set� of Bermudan stopping
times. If the first agent plays τ1 ∈ � and the second agent plays τ2 ∈ �, the pay-off
of agent 1 (resp. agent 2) at time τ1 ∧ τ2 is given by:

I 1(τ1, τ2):=X1(τ1)1{τ1≤τ2} + Y 1(τ2)1{τ2<τ1}
(resp. I 2(τ1, τ2):=X2(τ2)1{τ2<τ1} + Y 2(τ1)1{τ1≤τ2}),

where we have adopted the convention: when τ1 = τ2, it is the first agent who is
responsible for stopping the game. The agents evaluate their respective pay-offs via
possibly different evaluation functionals. Letρ1 = (ρS,τ [·])be the family of evaluation
operators of agent 1, and let ρ2 = (ρS,τ [·]) be the family of evaluation operators of
agents 2. If agent 1 plays τ1 ∈ �, and agent 2 plays τ2 ∈ �, then the assessment (or
evaluation) of agent 1 (resp. agent 2) at time 0 of his/her pay-off is given by:

J1(τ1, τ2):=ρ1
0,τ1∧τ2

[X1(τ1)1{τ1≤τ2} + Y 1(τ2)1{τ2<τ1}].
(resp. J2(τ1, τ2):=ρ2

0,τ1∧τ2
[X2(τ2)1{τ2<τ1} + Y 2(τ1)1{τ1≤τ2}]).

We assume that both ρ1 and ρ2 satisfy the properties (i)–(x). We will investigate the
problem of existence of a Nash equilibrium strategy (τ ∗

1 , τ ∗
2 ).

Definition 3.1 A pair of Bermudan stopping times (τ ∗
1 , τ ∗

2 ) ∈ � × � is called a
Nash equilibrium strategy (or a Nash equilibrium point) for the above non-zero-sum
non-linear Bermudan Dynkin game if: J1(τ ∗

1 , τ ∗
2 ) ≥ J1(τ1, τ ∗

2 ), for any τ1 ∈ �, and
J2(τ ∗

1 , τ ∗
2 ) ≥ J2(τ ∗

1 , τ2), for any τ2 ∈ �.

In other words, any unilateral deviation from the strategy (τ ∗
1 , τ ∗

2 ) by one of the agents
(the strategy of the other remaining fixed) does not render the deviating agent better
off.

Theorem 3.1 Under assumptions (i)–(x) on ρ1 and ρ2 and assumptions (A1)-(A4)
on X1, X2, Y 1 and Y 2, there exists a Nash equilibrium point (τ ∗

1 , τ ∗
2 ) for the game

described above.

The sequel is dedicated to the proof of this theorem.We follow an approach introduced
in [16] (cf. also [18]) for the case of linear expectations and in continuous time. We
will construct a sequence (τ2n+1, τ2n)n∈N (by induction), for which we will show that
it converges to a Nash equilibrium point.

We set τ1:=T and τ2:=T . We suppose that τ2n−1 ∈ � and τ2n ∈ � have been
defined. We set, for each k ∈ N,

ξ2n+1(θk):=X1(θk)1{θk<τ2n} + Y 1(τ2n)1{τ2n≤θk }. (4)
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Moreover, ξ2n+1(T ):=Y 1(τ2n). This definition is “consistent” with the above, as by
(4), 1{θk=T }ξ2n+1(θk) = 1{θk=T }Y 1(τ2n).

[0.3cm] For τ ∈ � of the form τ = ∑
k∈N θk1Ak + T1 Ā, where ((Ak), Ā) is a

partition, Ak is Fθk -measurable for each k ∈ N, and Ā is FT -measurable,

ξ2n+1(τ ):=
∑

k∈N
ξ2n+1(θk)1Ak + ξ2n+1(T )1 Ā. (5)

Wenote that ξ2n+1(θk) is the pay-off at θk∧τ2n of agent 1 (up to the equality {θk = τ2n})
if agent 1 plays θk and agent 2 plays τ2n .

We also note that:

ξ2n+1(τ ) = X1(τ )1{τ<τ2n} + Y 1(τ2n)1{τ2n≤τ }.

Thus, ξ2n+1(τ ) is the pay-off at τ ∧ τ2n of agent 1 (up to the equality {τ = τ2n}) if
agent 1 plays τ and agent 2 plays τ2n .

For each S ∈ �, we define

V 2n+1(S):=ess supτ∈�S
ρ1

S,τ∧τ2n
[ξ2n+1(τ )]

τ̃2n+1:= ess inf Ã1, where Ã1:={τ ∈ � : V 2n+1(τ ) = ξ2n+1(τ )}
τ2n+1:=(τ̃2n+1 ∧ τ2n−1)1{τ̃2n+1∧τ2n−1<τ2n} + τ2n−11{τ̃2n+1∧τ2n−1≥τ2n}.

(6)

Assuming that lim supk→+∞ X1(θk) ≤ X1(T ) (from (A4)) ensures that
lim supk→+∞ ξ2n+1(θk) ≤ ξ2n+1(T ). This is a technical condition on the pay-off

which we use to apply Theorem 2.19, together with Prop. 2.29, in [13].
By Theorem 2.19, together with Prop. 2.29 in [13], the Bermudan stopping time

τ̃2n+1 is optimal for the optimal stopping problem with value V 2n+1(0), that is

V 2n+1(0) = ρ1
0,τ̃2n+1∧τ2n

[ξ(τ̃2n+1)] = sup
τ∈�

ρ1
0,τ∧τ2n

[ξ2n+1(τ )]. (7)

We also recall that V 2n+1(T ) = ξ2n+1(T ), under the assumption of knowledge
preservation on ρ.

Remark 3.1 i) It is not difficult to show, by induction, that for each n ∈ N,
(ξ2n+1(τ ))τ∈� is an admissible L p-integrable family, and τ2n+1 is a Bermudan stop-
ping time (for the latter property, we use that � has the property of stability by
concatenation of two Bermudan stopping times).

ii) For each n ∈ N, for each τ ∈ �, ξ2n+1(τ ) = ξ2n+1(τ ∧ τ2n).
Indeed, we have:

ξ2n+1(θk) = X1(θk)1{θk<τ2n} + Y 1(τ2n)1{τ2n≤θk }
= X1(θk ∧ τ2n)1{θk∧τ2n<τ2n} + Y 1(τ2n)1{τ2n≤θk∧τ2n}
= ξ2n+1(θk ∧ τ2n).

(8)
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Now, let τ ∈ � be of the form τ = ∑
k∈N θk1Ak + T1 Ā. By definition of ξ2n+1(τ ),

of ξ2n+1(T ) and by Eq. (8), we have:

ξ2n+1(τ ) =
∑

k∈N
ξ2n+1(θk)1Ak + ξ2n+1(T )1 Ā

=
∑

k∈N
ξ2n+1(θk ∧ τ2n)1Ak + Y 1(τ2n)1 Ā = ξ2n+1(τ ∧ τ2n).

Proposition 3.1 i) ξ2n+1(τ )1{τ2n≤θk } = Y 1(τ2n)1{τ2n≤θk }.
ii) V 2n+1(θk)1{τ2n≤θk } = Y 1(τ2n)1{τ2n≤θk }.
iii) V 2n+1(τ )1{τ2n≤τ } = Y 1(τ2n)1{τ2n≤τ }.
iv) For each n ∈ N, τ̃2n+1 = ess inf{τ ∈ � : V 2n+1(τ ) = X1(τ )} ∧ τ2n. In

particular, τ̃2n+1 ≤ τ2n.

Proof i) On the set {τ = T }, we have ξ2n+1(τ ) = ξ2n+1(T ) = Y 1(τ2n). On the
set {τ = θk < T }, by the second statement in Remark 3.1, we have ξ2n+1(τ ) =
ξ2n+1(θk) = ξ2n+1(θk ∧ τ2n). Hence, on the set {τ = θk < T } ∩ {τ2n ≤ θk}, we have
ξ2n+1(τ ) = ξ2n+1(τ2n) = Y 1(τ2n), which proves the desired property.
ii) We have:

1{τ2n≤θk }V 2n+1(θk) = 1{τ2n≤θk }ess supτ∈�k
ρ1

θk ,τ∧τ2n
[ξ2n+1(τ ∧ τ2n)]

= ess supτ∈�k
1{τ2n≤θk }ρ1

θk ,τ∧τ2n
[ξ2n+1(τ ∧ τ2n)]

= ess supτ∈�k
1{τ2n≤θk }ρ1

θk ,τ∧τ2n∧θk
[ξ2n+1(τ ∧ τ2n ∧ θk)],

where we have used property (vi) ( “genrealized zero–one law”) to obtain the last
equality.

For any τ ∈ �k , τ ∧ τ2n ∧ θk = τ2n ∧ θk ≤ θk . Hence,

1{τ2n≤θk }ρ1
θk ,τ∧τ2n∧θk

[ξ2n+1(τ ∧ τ2n ∧ θk)]
= 1{τ2n≤θk }ρ1

θk ,τ2n∧θk
[ξ2n+1(τ2n ∧ θk)]

= 1{τ2n≤θk }ξ2n+1(τ2n ∧ θk),

where we have used property (iii) (knowledge preserving property) of ρ to obtain the
last equality.

Finally, we get

1{τ2n≤θk }V 2n+1(θk) = 1{τ2n≤θk }ξ2n+1(τ2n) = 1{τ2n≤θk }Y 1(τ2n).

iii) Let τ ∈ � be the form τ = ∑
k∈N θk1Ak + T1 Ā. Then, by property (ii)

(admissibility) of ρ, we have

V 2n+1(τ ) =
∑

k∈N
V 2n+1(θk)1Ak + V 2n+1(T )1 Ā.
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Hence,

V 2n+1(τ )1{τ2n≤τ } =
∑

k∈N
V 2n+1(θk)1Ak∩{τ2n≤τ } + V 2n+1(T )1 Ā∩{τ2n≤τ }

=
∑

k∈N
V 2n+1(θk)1Ak∩{τ2n≤θk } + V 2n+1(T )1 Ā∩{τ2n≤T }

=
∑

k∈N
Y 1(τ2n)1Ak∩{τ2n≤θk } + ξ2n+1(T )1 Ā∩{τ2n≤T },

where we have used the previous property ii) to obtain the last equality. Hence, we get

V 2n+1(τ )1{τ2n≤τ } =
∑

k∈N
Y 1(τ2n)1Ak∩{τ2n≤θk } + ξ2n+1(T )1 Ā∩{τ2n≤T }

=
∑

k∈N
Y 1(τ2n)1Ak∩{τ2n≤θk } + Y 1(τ2n)1 Ā∩{τ2n≤T }

= Y 1(τ2n)1{τ2n≤τ }.

iv) By the previous property iii), we have, V 2n+1(τ ) = ξ2n+1(τ ) if and only if
V 2n+1(τ )1{τ<τ2n} = ξ2n+1(τ )1{τ<τ2n}. Hence,

τ̃2n+1 = ess inf{τ ∈ � : V 2n+1(τ ) = X1(τ )} ∧ τ2n . ��
Similarly to (4), (5) and (6), we define:

ξ2n+2(θk):=X2(θk)1{θk<τ2n+1} + Y 2(τ2n+1)1{τ2n+1≤θk }, and

ξ2n+2(T ):=Y 2(τ2n+1).

For τ ∈ � of the form τ = ∑
k∈N θk1Ak + T1 Ā, we define

ξ2n+2(τ ):=
∑

k∈N
ξ2n+2(θk)1Ak + ξ2n+2(T )1 Ā

V 2n+2(S):=ess supτ∈�S
ρ2

S,τ∧τ2n+1
[ξ2n+2(τ )]

τ̃2n+2:= ess inf Ã2, where Ã2:={τ ∈ � : V 2n+2(τ ) = ξ2n+2(τ )}
τ2n+2:=(τ̃2n+2 ∧ τ2n)1{τ̃2n+2∧τ2n<τ2n+1} + τ2n1{τ̃2n+2∧τ2n≥τ2n+1}.

(9)

The random variable ξ2n+2(τ ) is exactly the pay-off at τ ∧ τ2n+1 of agent 2, if
agent 1 plays τ2n+1 and agent 2 plays τ . Hence, V 2n+2(S) is the optimal value
at time S for agent 2, when agent 1’s strategy is fixed to τ2n+1. Assuming that
lim supk→+∞ X2(θk) ≤ X2(T ) leads to lim supk→+∞ ξ2n+2(θk) ≤ ξ2n+2(T ), which
we use again in applying Proposition 2.29 and Theorem 2.19 in [13]. By [13], the
Bermudan stopping time τ̃2n+2 is optimal for the problem with value V 2n+2(0), that
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is,

V 2n+2(0) = ρ2
0,τ̃2n+2∧τ2n+1

[
ξ2n+2(τ̃2n+2)

] = sup
τ∈�

ρ2
0,τ∧τ2n+1

[
ξ2n+2(τ )

]
. (10)

Remark 3.2 Let us recall that (cf. [13]) τ̃n = ess inf{τ ∈ � : V n(τ ) = ξn(τ )} satisfies
the property: V n(τ̃n) = ξn(τ̃n). (This is due to the property of stability of � by
monotone limit and to the right-continuity-along Bermudan stopping strategies of the
families (V n(τ )) and (ξn(τ ))).

Remark 3.3 By analogy with Remark 3.1, we have:
i) (ξ2n+2(τ )) is an admissible L p-integrable family;
ii) for each n ∈ N, for each τ ∈ �, ξ2n+2(τ ) = ξ2n+2(τ ∧ τ2n+1).

By analogy with Proposition 3.1 and using Remark 3.3, the following holds true:

Proposition 3.2 i) ξ2n+2(τ )1{τ2n+1≤θk } = Y 2(τ2n+1)1{τ2n+1≤θk }
ii) V 2n+2(θk)1{τ2n+1≤θk } = Y 2(τ2n+1)1{τ2n+1≤θk }.
iii) V 2n+2(τ )1{τ2n+1≤τ } = Y 2(τ2n+1)1{τ2n+1≤τ }
iv) For each n ∈ N, τ̃2n+2 = ess inf{τ ∈ � : V 2n+2(τ ) = X2(τ )} ∧ τ2n+1. In

particular, τ̃2n+2 ≤ τ2n+1.

Proof The proof follows the same steps as the proof of Proposition 3.1 and is left to
the reader. ��
Proposition 3.3 We assume that ρ satisfies property (vi bis) (usual “zero–one law”).
Then, for all m ≥ 1, τ̃m+2 ≤ τm.

Proof We suppose, by way of contradiction, that there exists m ≥ 1 such that
P(τ̃m+2 > τm) > 0, and we set n:=min{m ≥ 1 : P(τ̃m+2 > τm) > 0}. We
have τ̃n+1 ≤ τn−1, by definition of n. This observation, together with the definition of
τn+1 and with the inequality of part (iv) of Proposition 3.1 gives:

τn+1 = (τ̃n+1 ∧ τn−1)1{τ̃n+1∧τn−1<τn} + τn−11{τ̃n+1∧τn−1≥τn}
= τ̃n+11{τ̃n+1<τn} + τn−11{τ̃n+1≥τn}
= τ̃n+11{τ̃n+1<τn} + τn−11{τ̃n+1=τn}

(11)

For similar reasons, we have

τn = τ̃n1{τ̃n<τn−1} + τn−21{τ̃n=τn−1}. (12)

For the easing of the presentation, we set 
:={τn < τ̃n+2}.
On the set 
, we have:
1) τn < τ̃n+2 ≤ τn+1, the last inequality being due to property iv) of Proposition

3.1.
2) τn+1 = τn−1. This is due to 1), together with Eq. (11). Indeed, by Eq. (11),

τn+1 = τ̃n+11{τ̃n+1<τn} + τn−11{τ̃n+1=τn}. By 1), we have: τn+1 > τn . Hence, τn+1 =
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τ̃n+11{τ̃n+1<τn<τn+1} + τn−11{τ̃n+1=τn}. Hence, as we cannot have: τn+1 = τ̃n+1 and
τ̃n+1 < τn+1 simultaneously, we get τn+1 = τn−1.

3) ξn+2 = ξn . This is a consequence of 2) and the definitions of ξn+2 and ξn .
4) τn = τ̃n .
We prove that {τ̃n = τn−1}∩
 = ∅, which together with Eq. (12), gives the desired

statement.
Due to Eq. (12), we have {τ̃n = τn−1} = {τ̃n = τn−1} ∩ {τn = τn−2}. Thus, we

have

{τ̃n = τn−1} ∩ 
 = {τ̃n = τn−1, τn = τn−2 < τ̃n+2}.

Now, we have τ̃n ≤ τn−2 (due to the definition of n). Hence,

{τ̃n = τn−1} ∩ 
 = {τ̃n = τn−1 ≤ τn−2 = τn < τ̃n+2} = ∅,

where the equality with ∅ is due to τ̃n+2 ≤ τn−1.
We note that combining properties 1) and 4) gives τ̃n < τ̃n+2 on 
. We will obtain

a contradiction with this property. To this end, we will show that:

1
V n+2(τ̃n) = 1
ξn+2(τ̃n). (13)

By definition of τ̃n and by Remark 3.2, we have: V n(τ̃n) = ξn(τ̃n). This property,
together with property 3) on 
, gives V n(τ̃n) = ξn(τ̃n) = ξn+2(τ̃n) on 
. In order to
show Eq. (13), it suffices to show

1
V n+2(τ̃n) = 1
V n(τ̃n).

By property 4) on 
 and Proposition A.1 (applied with A = 
 ∈ Fτn and τ = τn), we
have 1
V n+2(τ̃n) = 1
V n+2(τn) = V n+2


 (τn). Due to property 3) on 
, V n+2

 and

V n

 have the same pay-off, and by applying again Proposition A.1 and property 4) on


, we have

V n+2

 (τn) = V n


 (τn) = 1
V n(τn) = 1
V n(τ̃n).

We have thus shown that 1
V n+2(τ̃n) = 1
V n(τ̃n), which is the desired equality.
Hence, we get τ̃n+2 ≤ τ̃n on 
 (as by definition τ̃n+2 = ess inf{τ ∈ � : V n+2(τ ) =
ξn+2(τ )}). However, this is in contradiction with the property τ̃n+2 > τ̃n on 
. The
proof is complete. ��
Lemma 3.1 a) For all n ≥ 2, τn+1 = τ̃n+11{τ̃n+1<τn} + τn−11{τ̃n+1=τn}.

b) For all n ≥ 2, τ̃n+1 = τn+1 ∧ τn.
c) On {τn = τn−1}, τm = T , for all m ∈ {1, . . . , n}.

Proof a) This property follows from the definition of τn+1, together with Proposition
3.3, and with property iv) of Proposition 3.1.
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b) By using a), we get

τn+1 ∧ τn = (τ̃n+1 ∧ τn)1{τ̃n+1<τn} + (τn−1 ∧ τn)1{τ̃n+1=τn}
= τ̃n+11{τ̃n+1<τn} + (τn−1 ∧ τ̃n+1)1{τ̃n+1=τn}
= τ̃n+11{τ̃n+1<τn} + τ̃n+11{τ̃n+1=τn},

where we have used Proposition 3.3 for the last equality.
Finally, by using property iv) of Proposition 3.1, we get τn+1 ∧ τn = τ̃n+1.

c) To prove this property, we proceed by induction. The property is true for n = 2. We
suppose that the property is true at rank n −1 (where n ≥ 3), that is on {τn−1 = τn−2},
τm = T , for all m ∈ {1, . . . , n − 1}.

From the expression for τn from statement a), we get

τn = τ̃n1{τ̃n<τn−1} + τn−21{τ̃n=τn−1}.

Hence, τn = τn−2 on the set {τn = τn−1}. We conclude by the induction hypothesis.
��

Lemma 3.2 The following inequalities hold true:
i) J1(τ, τ2n) ≤ J1(τ2n+1, τ2n), for all τ ∈ �.
ii) J2(τ2n+1, τ ) ≤ J2(τ2n+1, τ2n+2), for all τ ∈ �.

Proof Let us first prove statement i):
By (A1), we have X1 ≤ Y 1; it follows

X1(τ )1{τ≤τ2n} + Y 1(τ2n)1{τ2n<τ } ≤ ξ2n+1(τ ).

Hence, by monotonicity, and by definition of V 2n+1(0), we have

J1(τ, τ2n) ≤ V 2n+1(0) (14)

We will now show that V 2n+1(0) = J1(τ2n+1, τ2n), which will complete the proof of
statement i).

We have

J1(τ2n+1, τ2n) = ρ1
0,τ2n+1∧τ2n

[
X1(τ2n+1)1{τ2n+1≤τ2n} + Y 1(τ2n)1{τ2n<τ2n+1}

]

= ρ1
0,τ2n+1∧τ2n

[
ξ2n+1(τ2n+1)

]
,

where we have used c) from Lemma 3.1, and X1(T ) = Y 1(T ) from (A2) to show the
last equality.

On the other hand, by ii) from Remark 3.1 and b) from Lemma 3.1,

ρ1
0,τ2n+1∧τ2n

[
ξ2n+1(τ2n+1)

] = ρ1
0,τ2n+1∧τ2n

[
ξ2n+1(τ2n+1 ∧ τ2n)

]

= ρ1
0,τ̃2n+1∧τ2n

[
ξ2n+1(τ̃2n+1)

]
.
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By optimality of τ̃2n+1 for V 2n+1(0) (cf. Eq. 7), we get

ρ1
0,τ̃2n+1∧τ2n

[
ξ2n+1(τ̃2n+1)

] = V 2n+1(0).

Hence, we conclude

J1(τ2n+1, τ2n) = ρ1
0,τ2n+1∧τ2n

[
ξ2n+1(τ2n+1)

] = ρ1
0,τ̃2n+1∧τ2n

[
ξ2n+1(τ̃2n+1)

]

= V 2n+1(0).
(15)

From Eqs. (15) and (14), we get J1(τ, τ2n) ≤ J1(τ2n+1, τ2n).

Let us now prove statement ii):
We have

J2(τ2n+1, τ ) ≤ V 2n+2(0), (16)

by definition of V 2n+2(0) (cf. Eq. 9).
We will now show that J2(τ2n+1, τ2n+2) = V 2n+2(0), which will complete the

proof.
By definition of ξ2n+2(τ2n), by ii) from Remark 3.3, and by b) from Lemma 3.1,

we have

J2(τ2n+1, τ2n+2)

= ρ2
0,τ2n+1∧τ2n+2

[
X2(τ2n+2)1{τ2n+2<τ2n+1} + Y 2(τ2n+1)1{τ2n+1≤τ2n+2}

]

= ρ2
0,τ2n+1∧τ2n+2

[
ξ2n+2(τ2n+2)

]

= ρ2
0,τ2n+1∧τ2n+2

[
ξ2n+2(τ2n+2 ∧ τ2n+1)

]

= ρ2
0,τ̃2n+2∧τ2n+1

[
ξ2n+2(τ̃2n+2)

]
.

By Eq. (10), we have ρ2
0,τ̃2n+2∧τ2n+1

(
ξ2n+2(τ̃2n+2)

) = V 2n+2(0).Hence, we conclude

J2(τ2n+1, τ2n+2) = ρ2
0,τ2n+1∧τ2n+2

(
ξ2n+2(τ2n+2)

)

= ρ2
0,τ̃2n+2∧τ2n+1

(
ξ2n+2(τ̃2n+2)

) = V 2n+2(0).
(17)

From Eqs. (17) and (16), we get J2(τ2n+1, τ ) ≤ J2(τ2n+1, τ2n+2) ��
Remark 3.4 As a by-product of the previous proof, we find that τ2n+1 is optimal for
the problem with value V 2n+1(0), and τ2n+2 is optimal for the problem with value
V 2n+2(0).

Definition 3.2 We define τ ∗
1 = limn→+∞ τ2n+1, and τ ∗

2 = limn→+∞ τ2n .

Proposition 3.4 We assume that ρ1 and ρ2 satisfy properties (i) − (x). Then:
i) For all τ ∈ �, limn→+∞ J1(τ, τ2n) = J1(τ, τ ∗

2 ).
ii) For all τ ∈ �, limn→+∞ J2(τ2n+1, τ ) = J2(τ ∗

1 , τ ).
iii) For all τ ∈ �, limn→+∞ J1(τ2n+1, τ2n+2) = J1(τ ∗

1 , τ ∗
2 ).

iv) For all τ ∈ �, limn→+∞ J2(τ2n+1, τ2n+2) = J2(τ ∗
1 , τ ∗

2 ).
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Proof Let us first show statement i).
Let us recall the following notation: for a fixed τ ∈ �,

I 1(τ, ν):=X1(τ )1{τ≤ν} + Y 1(ν)1{ν<τ },
I 1(τ, τ ∗

2 ):=X1(τ )1{τ≤τ∗
2 } + Y 1(τ ∗

2 )1{τ∗
2 <τ }.

With this notation, we have

J1(τ, τ2n) = ρ1
0,τ∧τ2n

[
I 1(τ, τ2n)

]
, and J1(τ, τ

∗
2 ) = ρ1

0,τ∧τ∗
2

[
I 1(τ, τ ∗

2 )
]
.

We note that the sequence (τ2n) and (τ ∧ τ2n) converges from above to τ ∗
2 and τ ∧

τ ∗
2 , respectively. Moreover, for each τ ∈ �, the family (I 1(τ, ν))ν∈� is admissible.
Indeed, for each ν ∈ �, I 1(τ, ν) is Fν-measurable. Moreover, if {ν = ν′}, I 1(τ, ν) =
I 1(τ, ν′) a.s. Hence, as any admissible family in our framework is right-continuous
along Bermudan stopping strategies (cf. Remark 2.27 in [13]), we get

lim
n→+∞ I 1(τ, τ2n) = I 1(τ, τ ∗

2 ).

Hence, by property (x) (cf. Eq. 3) on ρ1, we get

lim sup
n→+∞

ρ1
0,τ∧τ2n

[
I 1(τ, τ2n)

] = ρ1
0,τ∧τ∗

2

[
I 1(τ, τ ∗

2 )
]
.

Now, let us prove statement ii).
For τ ∈ �, we recall the following notation:

I 2(ν, τ ):=X2(τ )1{τ<ν} + Y 2(ν)1{ν≤τ },

The family (I 2(ν, τ )ν∈�) is admissible. Indeed, for each ν ∈ �, I 2(ν, τ ) is Fν-
measurable. Moreover, on {ν1 = ν2}, I 2(ν1, τ ) = I 2(ν2, τ ) a.s.

As (τ2n+1) converges from above to τ ∗
1 , and as (I 2(ν, τ )ν∈�) is right-continuous

along Bermudan stopping strategies (cf. Remark 2.27 in [13]), we get

lim
n→+∞ I 2(τ2n+1, τ ) = I 2(τ ∗

1 , τ ).

By property (x) (cf. Eq. 3) on ρ2, we get

lim sup
n→+∞

ρ2
0,τ2n+1∧τ

[
I 2(τ2n+1, τ )

] = ρ2
0,τ∗

1 ∧τ

[
I 2(τ ∗

1 , τ )
]
.

We now prove statement iii).
Theproof relies again on theBermudan structure on�. For any sequence (τn) ∈ �N

converging from above to τ ∈ �, we have: for almost each ω ∈ �, there exists
n0 = n0(ω) such that for all n ≥ n0, τn(ω) = τ(ω) (cf. Remark 2.27 in [13]).
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Hence, for almost each ω ∈ �, there exists n0 = n0(ω) such that for n ≥ n0,
τ2n+1(ω) = τ ∗

1 (ω), τ2n+2(ω) = τ ∗
2 (ω) and

I (τ2n+1, τ2n+2)(ω) = X1(τ ∗
1 )(ω)1{τ∗

1 ≤τ∗
2 }(ω) + Y 1(τ ∗

2 )(ω)1{τ∗
2 <τ∗

1 }(ω).

By property (x) (cf. Eq. 3) on ρ1, we get

lim
n→+∞ J1(τ2n+1, τ2n+2) = J1(τ

∗
1 , τ ∗

2 ).

The proof of iv) is based on the same type of arguments. ��
We are now ready to complete the proof of Theorem 3.1.

Proof of Theorem 3.1 By combining Lemma 3.2 and Proposition 3.4, we get:

J1(τ, τ
∗
2 ) ≤ J1(τ

∗
1 , τ ∗

2 ), for all τ ∈ �.

J2(τ
∗
1 , τ ) ≤ J2(τ

∗
1 , τ ∗

2 ), for all τ ∈ �.

Hence, (τ ∗
1 , τ ∗

2 ) is a Nash equilibrium point. ��
Wehave thus shown that the non-linear non-zero-sumDynkin gamewithBermudan

strategies admits a Nash equilibrium point.

4 Conclusions

Wehave established the existence of aNash equilibriumpoint for a non-zero-sumgame
between two Bermudan stoppers, where each stopper assesses their pay-off with their
own general non-linear assessment functional. The Bermudan stopping strategies of
the agents allow for a countable number of stopping opportunities,where the number of
stopping opportunities and the stopping opportunities themselves may depend on the
scenario ω (in a non-anticipative way). The non-linear evaluation functionals include
those induced byBSDEswithLipschitz driver, aswell as the dynamic concave utilities.

A Localisation Property

Proposition A.1 (Localisation property) Let (ξ(τ ))τ∈� be a given admissible p-
integrable family. Let (V (τ ))τ∈� be the value family of the following optimal stopping
problem: for S ∈ �,

V (S) = ess supτ∈�S
ρS,τ [ξ(τ )].

Let S ∈ �, and let A be in FS . We consider the pay-off family (ξ(τ )1A)τ∈�S , and
we denote by (VA(τ ))τ∈�S the corresponding value family, defined by:

VA(τ ) = ess supν∈�τ
ρτ,ν[ξ(ν)1A].
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If ρ satisfies the usual “zero–one law” (that is 1AρS,τ [η] = 1AρS,τ [1Aη] for all
A ∈ FS , for all η ∈ L p(Fτ )), then for each τ ∈ �S ,

1AVA(τ ) = 1AV (τ ).

Proof By the definition of V (τ ) and the usual “zero–one law”, we have

1AV (τ ) = 1Aess supν∈�τ
ρτ,ν[ξ(ν)] = ess supν∈�τ

1Aρτ,ν[ξ(ν)]
= ess supν∈�τ

1Aρτ,ν[1Aξ(ν)] = 1Aess supν∈�τ
ρτ,ν[1Aξ(ν)] = 1AVA(τ ).

��

B Examples of Non-linear Operators

B.1 Non-linear Evaluations Induced by BSDEs

Let p = 2. Let (�,F , (Ft )t∈[0,T ], P) be a complete filtered probability space, where
(Ft )t∈[0,T ] is the augmented natural filtration of a one-dimensional Brownian motion
(Wt )t∈[0,T ]. Let g : � × [0, T ] ×R×R → R be a standard Lipschitz driver, that is:
g(·, ·, y, z) is progressively measurable, such that g is Lipschitz in (y, z), uniformly in
(ω, t), and E[∫ T

0 (g(t, 0, 0))2dt] < +∞. For each 0 ≤ s ≤ t ≤ T , and η ∈ L2(Ft ),
we define: Eg

s,t (η):=Ys , where (Yu, Zu) is the adapted pair of processes solving the
BSDE with terminal condition η and terminal time t :

Ys = η +
∫ t

s
g(u, Yu, Zu)du −

∫ t

s
ZudWu, for 0 ≤ s ≤ t .

The operator Eg
s,t (·) is sometimes referred to as g-(conditional) evaluation in the

mathematical finance and risk measurement literature.
It is well-known (cf. [11]) that (Eg

s,t (·)) can be extended to the case where the
terminal time is a stopping time τ (valued in [0, T]) and the terminal condition
η is Fτ -measurable (η ∈ L2(Fτ )) by considering the BSDE with Lipschitz driver
gτ (t, y, z):=g(t, y, z)1{t≤τ }, terminal time T , and terminal condition η.

We recall that ρS,τ (·):=Eg
S,τ (·) satisfies the properties of admissibility (ii), knowl-

edge preservation (iii), monotonicity (iv), consistency (v), and “generalized zero–one
law” (vi). For the proof of the “generalized zero–one law”,we refer for instance, to [14].
Wenote that if,moreover, the driver is “grounded”, in the sense that g(t, 0, 0) = 0, then
Eg

S,τ (·) satisfies the usual zero–one law (property (vi bis)). In mathematical finance
and risk measurement, we often have g(t, 0, 0) = 0: this ensures, in particular, that
Eg

S,τ (η) ≥ 0 a.s. for η ≥ 0 a.s.

Remark B.1 If, moreover, g(t, y, 0) = 0, for all y ∈ R, then the operator Eg
S,τ (·) does

not depend on the second index τ (but on the first index only) and is known as Peng’s
g-expectation (cf. [34]).
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It is also well-known (cf. e.g. [35]) that Eg
S,τ (·) satisfies the property of continuity

with respect to the terminal time and the terminal condition:
(Continuity)(�) Let (τn)n∈N be a sequence of stopping times, let τ be a stopping

time such that limn→∞ τn = τ a.s. Let (ηn)n∈N be a sequence of random variables,
such that ηn ∈ L2(Fτn ), supn ηn ∈ L2 and limn→∞ ηn = η a.s. Then, we have
limn→∞ Eg

S,τn
(ηn) = Eg

S,τ (η) a.s.

Based on the continuity property (�), Eg
S,τ (·) satisfies the monotone Fatou property

(vii) and property (viii) (for the proof of property (viii), cf. e.g., Lemma A.5 in [8]).
Moreover, property (ix) is also satisfied as, in the Brownian framework, the first

component (Yt ) of the solution of the BSDE with Lipschitz driver g, terminal time T ,
and terminal condition η ∈ L2(FT ), has continuous trajectories (in t). Hence, for any
non-decreasing sequence (τn), such that limn→+∞ τn = T ,

lim
n→+∞ Eg

τn ,T (η) = lim
n→+∞ Yτn = YT = Eg

T ,T (η) = η.

Finally, we can show that Eg
S,τ (·) satisfies property (x) also as a consequence of the

continuity with respect to terminal time and terminal condition (property (�)). Indeed,
let (νn) ∈ �N and ν ∈ � be such that νn ↓ ν. As φ is right-continuous along
Bermudan stopping times (cf. Remark 2.27 in [13]), we get: limn→+∞ φ(νn) = φ(ν)

a.s. Then, by property (�), we conclude: limn→+∞ Eg
S,νn

(φ(νn)) = Eg
S,ν(φ(ν)).

Thus, all the required properties (i) to (x) hold true for (Eg
S,τ (·)), when g is a standard

Lipschitz driver such that g(t, 0, 0) = 0.

B.2 Dynamic Concave Utilities

Let p = +∞. We recall the definition of the Dynamic concave utilities (abridged
DCUs) from [6] (cf. also [2]).

Definition B.1 (Dynamic concave utility) For S, τ stopping times valued in [0, T],
such that S ≤ τ , let

{uS,τ (·) : L∞(Fτ ) → L∞(FS)}

be a family of operators. This family is called a dynamic concave utility, if it satisfies
the following properties:

(D1) (Monotonicity) uS,τ (η) ≤ uS,τ (η
′), if η ≤ η′;

(D2) (Translation invariance) uS,τ (η + X) = uS,τ (η) + X , if η ∈ L∞(Fτ ) and
X ∈ L∞(FS);

(D3) (Concavity) uS,τ (λη + (1 − λ)η′) ≥ λuS,τ (η) + (1 − λ)uS,τ (η
′), for any

λ ∈ [0, 1] and η, η′ ∈ L∞(Fτ );
(D4) (Normalisation) uS,τ (0) = 0.

Moreover, in [2, 6] the following properties on the dynamic concave utilities are
assumed: (D5) (Time consistency) for any stopping time σ ∈ TS,τ , we have
uS,σ (uσ,τ (η)) = uS,τ (η);
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(D6) (Continuity from above) for any non-increasing sequence (ηn) ⊂ L∞(Fτ )

with η = limn→∞ ↓ ηn ∈ L∞(Fτ ), we have limn→∞ ↓ uS,τ (ηn) = uS,τ (η)

(D7) (Local property) uS,τ (η1A + ξ1Ac) = uS,τ (η)1A + uS,τ (ξ)1Ac , for any
A ∈ FS and for any η, ξ ∈ L∞(Fτ );

(D8) EP [η|Ft ] ≥ 0 for any η ∈ L∞(FT ), such that ut,T (η) ≥ 0.
By the results of [6], any functional ρ satisfying properties (D1)–(D8), has the

following representation:

uS,τ (η) = ess inf
Q:Q∼P,Q=P on FS

{
EQ[η|FS] + cS,τ (Q)

}

= ess inf
Q∈QS

EQ[η +
∫ τ

S
f (u, ψ Q

u )du|FS],
(18)

where the function f is such that f (·, ·, x) is predictable for any x ; f is a proper, convex
function in the space variable x , and valued in [0,+∞], and the process (ψ

Q
t ) is the

process from the Doleans-Dade exponential representation for the density process
(Z Q

t ), where Z Q
t = d Q

d P |Ft , and

QS = {Q : Q ∼ P, ψ
Q
t (ω) = 0, dt ⊗ d P a.e. on [[0, S[[, EQ [

∫ T

S
f (s, ψ Q

s )ds] < +∞}.

The dynamic concave utilities uS,τ do not enter directly into the framework of the
present paper, as they are defined only for S, τ such that S ≤ τ a.s. (cf. [2, 6]). There
is, however, a “natural” extension of uS,τ in view of the representation property (18).
This extension is as follows:

For S and τ stopping times, and η ∈ L∞(Fτ ), we define

1{S>τ }uS,τ (η) = 1{S>τ } × η. (19)

Thus, by assumptions, the DCUs (uS,τ (·)) satisfy properties (i), admissibility (ii),
monotonicity (iv), consistency (v), “generalized zero–one law”(vi) (cf. the local
property of DCUs). Moreover, by property (D4) and (D7), the DCUs satisfy the “gen-
eralized zero–one law” (cf. e.g. Remark 3.9 in [13]). By property (D2) and (D4), the
DCUs satisfy the knowledge preserving property(iii). Using the representation (18),
one can show that properties (viii) and (ix) are also satisfied (cf. Remark 3.11 and
Remark 3.12 in [13]).

Finally, we check that the DCUs satisfy property (x) of ρ. Let (νn) be a non-
increasing sequence in �N such that νn ↓ ν, where ν ∈ �. Let φ be a p-integrable
admissible family such that supn |φ(νn)| ∈ L∞. By right-continuity of φ along
Bermudan stopping strategies and by continuity of the integral

∫ ·
S du, we get

limn→+∞ φ(νn) + ∫ νn
S f (u, ψ

Q
u )du = φ(ν) + ∫ ν

S f (u, ψ
Q
u )du=:η. As, for each

Q ∈ QS ,

EQ(sup
n

|φ(νn)|) +
∫ νn

S
f (u, ψ Q

u )du ≤ EQ(sup
n

|φ(νn)|) +
∫ T

S
f (u, ψ Q

u )du < +∞,
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we get (by dominated convergence):

lim
n→+∞ EQ(φ(νn) +

∫ νn

S
f (u, ψ Q

u )du|FS) = EQ(η|FS).

Hence,

ess inf
Q∈QS

lim
n→+∞ EQ(φ(νn) +

∫ νn

S
f (u, ψ Q

u )du|FS) = ess inf
Q∈QS

EQ(η|FS) = uS,ν(φ(ν)).

Moreover, we have:

lim sup
n→+∞

ess inf
Q∈QS

EQ(φ(νn) +
∫ νn

S
f (u, ψ Q

u )du|FS) ≤ ess inf
Q∈QS

lim sup
n→+∞

EQ(φ(νn)

+
∫ νn

S
f (u, ψ Q

u )du|FS),

Hence, we get the result.
We have thus checked that the DCUs (uS,τ (·)) satisfy all the properties (i)–(x).
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