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Abstract: We investigate the spin density matrix of Q™ in the Cartesian coordinate system of baryon-antibaryon
pairs produced in e*e” annihilation. Using the helicity formalism of Jacob and Wick, we derive the expression for

the spin-3/2 density matrices. Our analysis is based on the angular distribution of the process e™e™ — ¥(3686) —

Q~Q* in the BESIII experiment. By decomposing the polarization state of Q™ particles along different coordinate

axes, we examine the polarization dependence of the cross-section. Our results demonstrate that Q™ particles exhibit

varying degrees of tensor polarization along the x-, y-, and z-axes, as well as weak vector polarization and rank-3
tensor polarization along the y-axis. To the best of our knowledge, this is the first study to calculate the polarization
dependence of the cross-section distributions for the annihilation process e*e™ — Q~QF. Our theoretical predictions

are in good agreement with the experimental measurements.

Keywords: spin density matrix, helicity formalism, polarization alignment, spin-3/2

DOI: 10.1088/1674-1137/acel7e

I. INTRODUCTION

Since Rutherford's discovery of the nucleus in the last
century [1], it has been found that nucleons constitute the
majority of the visible mass in the universe. As the in-
vestigation of nucleon structure involves the non-perturb-
ative nature of strong interactions, comprehending the
quarks confinement mechanism inside hadrons is still
deemed one of the most challenging tasks in contempor-
ary physics. In strange particles, such as the =~ and Q~
particles, the light quarks inside the particles are replaced
by heavier strange quarks that move more slowly and ex-
hibit simpler dynamical characteristics. Therefore, theor-
etical predictions for strange systems are typically more
straightforward, such as calculations using lattice QCD
[2]. The Q™ baryon represents an extreme case among
strange hadrons, as it consists solely of strange quarks. As
a result, it plays a critical role in our comprehension of
the microcosm: Its discovery [3] validated the SU(3) fla-
vor symmetry [4, 5] and catalyzed the development of the
color charge hypothesis [6]. Although more than half a
century has passed, our understanding of various proper-

ties of the Q™ particle, such as its spin, parity, and decay
parameters, remains limited.

Spin is one of the most fundamental properties of
particles, and the investigation of spin structures has
played a pivotal role in advancing our understanding of
strong interactions and particle structures. Extensive re-
search has been conducted on vector polarization for
spin-1/2 particles. Nucleons are particularly suitable for
investigations of the polarization of particles in the initial
state. This line of research encompasses studies of nucle-
on spin structure [7—9], distribution functions [10, 11],
and other related aspects. However, when examining the
polarization of particles in the final state, such as in frag-
mentation functions [12] and global polarization studies
[13], direct measurement of their polarization becomes
challenging. Consequently, decay processes are often em-
ployed as a means to infer particle polarization. The A
hyperon, characterized by its weak decay properties, rep-
resents an ideal candidate for exploring the polarization
of spin-1/2 particles in the final state. We are aware that
the weak decay of spin-1/2 particles relies on decay para-
meters, denoted «., that can be measured through the
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ete™ — AA process. In particular, the involvement of in-
termediate resonances such as J/¢ and ¢(2S) is highly
suitable for precisely measuring these decay parameters,
where J/y and y(2S) have quantum numbers J7€ =17,
The cross-section of this process has been elucidated in
[14—16]. Through this process, the BESIII experiment
has published accurate measurements of the decay para-
meters with high statistical precision and minimal back-
ground contributions [17, 18]. Furthermore, the examina-
tion of disparities in decay parameters between A and A
provides a valuable means to quantify CP violation,
which is instrumental for understanding the matter-anti-
matter asymmetry observed in the universe [19].

The consideration of rank-2 tensor polarization (quad-
rupole polarization) [20—22] arises when examining spin-
1 particles. Recently, there has been a growing emphasis
on theoretical investigations [20, 23—25] and experiment-
al measurements [26, 27] pertaining to spin-1 particles.
These endeavors have yielded invaluable insights into the
structures of these particles. The Q hyperon, being a spin-
3/2 particle, exhibits vector, rank-2 tensor (quadrupole),
and rank-3 tensor (octupole) polarization states [21, 22,
28, 29]. Due to its weak decay characteristics, akin to
those of the A particle, these polarizations can be probed
via decay chains, offering a novel perspective on particle
spin structures. Recently, the BESIII experiment pub-
lished measurement results on the polarization states of Q
particles generated in the ete™ — ¥(3686) — Q~Q* pro-
cess [30], employing the helicity formalism as developed
in [31, 32]. These results revealed intriguing polarization-
dependent phenomena in the reaction cross-section. To
comprehend these experimental findings, further theoret-
ical progress in spin-3/2 particle studies is imperative.
Several theoretical articles addressing spin-3/2 particles
have already been published [21, 28, 29, 32—-35]. Non-
etheless, we note that a variety of conventions exists,
which may introduce confusion. For instance, the defini-
tion of polarization components in the helicity formula-
tion decomposition [32] may not coincide with those
defined by the spin density matrix [34]. Although their
essential nature remains unchanged, these discrepancies
can lead to confusion and unwarranted complexities. Ad-
ditionally, the calculation of cross-sections for spin-3/2
particle production processes remains an area needing
further development.

In this paper, we begin by providing an overview of
the helicity formalism utilized in the e*e™ — ¥(3686) —
Q-Q* process and the decomposition of polarization
components for spin-3/2 particles. We redefine the polar-
ization basis matrices within the helicity formalism, es-
tablishing a direct correspondence between the decom-
position of polarization components in this formalism and
the definition of polarization components in the spin
density matrix. This connection enables us to establish a
direct relationship between experimentally measured

parameters and specific interpretations of polarization.
For spin-3/2, there exist four polarization states along any
given direction, with these polarization components rep-
resenting intricate combinations of probabilities of differ-
ent polarization states along various directions. This com-
plexity poses challenges to our intuitive understanding of
the polarization of the Q- particle. To address it, we
project the polarization states of the Q™ particle onto the
x, y, and z-axes in a Cartesian coordinate system, thereby
providing a clear visualization of the polarization states
along each axis. Our results reveal that Q™ particles ex-
hibit varying degrees of tensor polarization along the x, y,
and z-axes, as well as weak vector polarization and rank-
3 tensor polarization along the y-axis.

Furthermore, in order to account for the polarization
dependence of the cross-section on azimuthal angle 6,
we conducted the first calculation of the cross-section for
the process ete” — Q Q. By neglecting the form
factors, we focus solely on the spin-3/2 field equation as a
means to describe the polarization state of the Q-
particle. This investigation allows us to assess the extent
to which the field equation alone can capture the intricate
polarization properties of the particle, shedding light on
the role and limitations of the field equation in character-
izing its polarization behavior. Overall, our theoretical
calculations demonstrate good agreement with experi-
mental results.

The remaining sections of the paper are organized as
follows. In Sec. II, we present the general helicity frame-
work, which has been adjusted to fit the commonly em-
ployed experimental analysis. In Sec. III, we construct the
spin density matrix of the baryons that we are interested
in, i.e., spin-1/2 and spin-3/2 baryons. In Sec. IV.A, we
elucidate the polarization states of the Q™ particle by pro-
jecting them onto the coordinate axes in a Cartesian co-
ordinate system. In Sec. IV.B, we calculate the cross-sec-
tion for process ete” — Q Q* and compare the results
with experimental measurements. A brief summary will
be given in Sec. V.

II. EXPERIMENTAL PRODUCTION PROCESS

We describe the production amplitudes of e*e™ anni-
hilation into Q~Q* hyperons using the helicity formalism
introduced by Jacob and Wick in their seminal work [31].
In this formalism, the helicity angle 0q- corresponds to
the polar angle of the Q™ particle in the center-of-mass
(c.m.) frame of the e*e™ collision and serves as the vari-
able of interest. The helicity system for the Q~Q* produc-
tion process is defined and illustrated in Fig. 1.

In the helicity framework, the production process of
ete” — y* — y(3686) — Q~Q* can be described as [32]:
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+

e’e c.m.system

Fig. 1.
angle 6o- is defined as the polar angle of the Q~ particle in the

(color online) In the helicity formalism, the helicity

center-of-mass (c.m.) system of the e*e™ collision. The z-axis
in the ete™ c.m. system corresponds to the direction of the in-
coming positron.

A ® =20, - 2,
p/h,/lz,/lls/lz OCA/L»/IIA/l,I,/l;pl ‘(HQ—),
pi = 37 DL(0,60 ,0)D! (0,60 ,0), O

k=%1

where D represents the Wigner transformation matrix,
fq- is the helicity angle of the Q™ particle, Ay, 41, (Ay.1)
denotes the transition amplitude with helicities 4; (1))
and 1, (1) of the Q= and QF particles, respectively, and
x represents the helicity difference between the initial e*
and e~ states, which can only take values of +1. Since the
e"e” beam is non-polarized, it is necessary to sum over
the helicity difference x. If only the Q™ particle is recon-
structed, without considering the decays of the recoil
side, the density function for a single Q~ particle can be
obtained by requiring A, = ) and summing over the heli-
city states:

* A=2,,4-2,
pa- o< ZAA.,A:AIMZP] (6a-). Q)
4

Due to the conservation of parity and charge conjug-
ate invariance, only four transition amplitudes are ob-
tained:

Hi=Ay =A-

Hyi=Ar =4y

Hy:=A; . =A_; 3)
A=A

Hy:=A::=A_;_:.

The transition amplitude matrix is then given by

Hy Hy 0 0
Hy H H, 0
0 H, H H;
0 0 H; H,

4)

In the experimental data analysis, by restricting one-
self to the azimuthal dependence of the reaction cross-
section and polarization, the ratios of the amplitudes can
be considered without the need to consider their absolute
magnitudes. These ratios are defined as follows: H,/H; =
hlei“", Hi/H, = h3ei¢*, H,/H, :h4ei¢’4, where h; and d;
(i=1, 3, 4) are real variables obtained through experi-
mental fitting. Based on the aforementioned theoretical
framework, BESIII has conducted an analysis of the an-
gular distribution of the single-tag process ¥(3686) —
Q Q" (Q" - K A, A— pr) using a data set of 448x
10%%(3686) decays collected by the BESIII detector at the
BEPCII electron-positron collider [30]. The analysis res-
ults are presented in Table 1.

Table 1. Two sets of fit values of the helicity parameters of
(3686) —» Q- Q decays in BESIII measurements [30]. The
first uncertainties are statistical, and the second ones systemat-
ic.

parameter solution I solution II
hy 0.30+0.11+0.04 0.31£0.10+0.04
&1 0.69+0.41+0.13 2.38+0.37+0.13
h3 0.26+0.05+0.02 0.2740.05+0.01
¢3 2.60+0.16+0.08 2.57+0.16+0.04
hy 0.5140.03+0.01 0.5140.03+0.01
Pa 0.34+0.80+0.31 1.37+£0.68+0.16

IIT. BARYON SPIN DENSITY MATRICES

The description of particles with spin can be achieved
using a spin density matrix p in the rest frame of the
particle, as discussed in literature [36]. The spin density
matrix enables the characterization of the spin state of a
system by introducing irreducible spin components up to
rank 2J. For example, the most general spin density mat-
rix for a spin-1/2 particle is given by the following form,
as described in [36]:

1 o
P12 = 5(]+S’0’), %)

where o represents the set of Pauli matrices. The (rank-

one) spin vector S’ corresponds to the transverse (S, S)

and longitudinal (S ;) vector polarizations of the particle.
To parametrize the density matrix of a spin-3/2
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particle, we can utilize a Cartesian basis comprising 4 X 4
matrices. This basis includes the identity matrix and three
spin matrices denoted as X/, which serve as a generaliza-
tion of the Pauli matrices to the four-dimensional case:

0 V3 0 0
—_ V3 0 2 0
2 o 2 0 V3 |’
0 0 V3 0
0 -v3 0 0
—_ Vi 0 -2 0
2 0o 2 0 -v3 [’
0 0 V3 0
30 0 0
1 01 0 0
Y= 6
2 00 -1 0 ©)
00 0 -3

In addition to these, there are five extra rank-2
matrices, denoted ¥/, and seven extra rank-3 matrices,
denoted X% [28, 34]. These matrices provide a compre-
hensive representation for the density matrix in the s,
basis and can be constructed from the spin matrices of
(Z%s. The (rank-2) spin tensor basis (X/)s are given by

. 5
T = (z’zf+zfz) 6’/1 (7)

Five independent spin tensor basis ¥, T&, ¥¥* ¥
and (¥ -3) are selected. Similarly, we construct the
(rank-3) spin tensor basis (X//)s as:

.. 1 ., . 41 .. . .
Tk = 62“2/2"’ - @(&fzk + ksl 4 sMsy. (8)

where the symbol {---} represents the symmetrization of
the indices, indicating the sum over all permutations. Fi-
nally, seven independent spin tensor basis X%, 3% 3%
T (BT ), (B - 38, and (3ZY - D) are se-
lected.

With these preliminaries, the spin density matrix can
be expressed as follows [34]:

1 4 .02 8
=—|1+< '21+7Tlfz'f+f1e'sz'fk>, 9
P 4( 553 9 ©)

where we introduce the symmetric traceless (rank-2) spin
tensor 7%/ and the (rank-3) spin tensor R'/. The spin
density matrix consists of 15 spin components:

S! ISL, ;,S;,

le :SLLs ZT’S{T’ TT7S)]C':);"5 (10)

ijk . X y xy XXX yxx
R 'SLLL’SLLT’SLLT’ LTT’SLTT’ TTT’STTT

These spin components can be described as the prob-
abilities of finding specific eigenstates from the spin
density matrix ps/,, as detailed in Appendix A. The do-
mains of the spin components can be determined through
probabilistic interpretations:

33

S..5%5.8)
L €l=330

1,
Sppe-1,1],

9 9

SpL€l- 10 10]

7r€l- V3, V3],

v 3+ V21 3+ 21
LLT’SLLT [ 10 4 10 4

[ V3, V3], SE5.SP e[-3,3].

y
SLT’SLT’STT’

XX
Trr-Sorr €1

(11)

To simplify the notation, we adopt a shorthand nota-
tion where a single index is used to represent the spin
matrices:

1

2= Zl’

I = éZZ, T, = éz& T = %Ey,

T4 = %ZZZ, Is= %2“, T6 = %zﬂ,

%= 112 (Z-x7), = ézxy,

Ty = gzm, I = %Zm, I = gzyzz’

= é (Ze—37),
3= %ZW, Si4 = %8 (Zr=329),
L5 = % (3z W), (12)

where 1 is the 4 x 4 identity matrix. The explicit expres-
sion for these basis matrices is given in Appendix B. The
corresponding spin density matrix of a spin-3/2 particle
can then be expressed as follows using the shorthand
notation:

P32 = 23208 uZp (13)

where S represents the cross-section term and S, are 15
real numbers that correspond to the 15 spin components.
By using the chosen matrix basis, we have established a
direct mapping between the decomposition of spin com-
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ponents in the helicity formalism and the decomposition
of spin components in terms of the density matrix [34].
The relationship between the polarization components
S, S7--- and the expansion coefficients S, is presented
in Table 2.

The density matrix of Q~ can also be expressed in
terms of the helicity amplitudes given in Eq. (2). Due to
the parity-conserving nature of the process, it is found
that only seven parameters are non-zero, namely S, S3,
S4, Sj, S7, S]], and S]3I

So=2sin*8o (IH\[*+|Ha?)+(1+cos* 6 ) (IHal*+2|H),

Sy = Lsin299- (2Im [HyHY] + V3Im [H3 (Hj +HZ)]>’

V2

S4=2sin*0o (IHal* —|Hi*) - (1+cos® 6o ) |Hal,
Ss = V6sin26q-Re [(Hy— Hy) H3| ,
S7=2V3sin?0q Re [HgHﬂ ,

Si= gsin(20@) (31m [H\H3] + V3Im [H; (H;‘+H;)]),

S13 =2V3sin*6q Im [H,Hj] .
(14)

These parameters characterize the spin properties of the
Q- particle in the considered process.

With the measured helicity amplitudes provided in
Table 1, we investigated the polarization dependence of
the reaction cross-section as a function of the azimuthal
angle cosfg-, as shown in Fig. 2. The uncertainties,

which include both statistical and systematic contribu-
tions, were estimated using the experimentally determ-
ined covariance matrix of the fitted 4; and ¢; parameters
[30]. In the eTe™ — ¥(3686) —» QQF process, the Q-
particles exhibit not only transverse vector polarization
(S3) but also contributions from rank-2 tensor polariza-
tion (S4, S5, S7) and rank-3 tensor polarization (S,
S13). All of these spin components were computed using
the helicity amplitudes listed in Table 1. Indeed, it is
worth noting that both sets of solutions yield the same
overall effect. For the sake of clarity and simplicity, we
choose to present only one set of solutions in our analys-
is and figures.

IV. POLARIZATION PROBABILISTIC
INTERPRETATION

In Section III, we provided the Cartesian form of the
spin density matrix for Q~, which is parameterized by
vector polarizations and tensor polarizations represented
by the coefficients S,. Each component of the spin state
corresponds to a combination of probabilities, indicating
the likelihood of finding the system in a specific spin
state defined in the particle's rest frame. In this section,
we focus on analyzing the polarization dependence of the
cross-section along the coordinate axes and provide a
physical interpretation for the observed behaviors.

A. Polarization decomposition along the
coordinate axes

The spin operator can be defined in any direction; for

Table 2. The correspondences of the expansion coefficients S, and the spin components.

1 St s 34 SiL STy STy S3

Xy
STT

X y XX Xy XXX yxx
Sire Siir Syiir Strr Strr STrr S

TTT
So S S, S3 Sy Ss Se S7 S So S10 Sn S12 S13 Sia Sis
LI I 1 T T I LI I LI T 1T _ 11 I LI I LI I LI
2z 34
= =
L Q
= =
= =
£-0.5- - g-0.5- -
[=] [=]
=] B 7 @ r 7
= L - i E | - i
2 [ Solution | 12 I Solution |l ]
L — St — Su— St i | — S — Su— S i
-1 — SH - Slir— Sim n -1 — SH - Slir— Sim =
| I T | I 11 1 | I | I T | I 11 1 | 11 1 | I | I T | I 11 1 1 I | I T |
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
cosfq- cosfq-
Fig. 2. (color online) The polarization dependence of the reaction cross-section exhibits variations with the azimuthal angle coség- .

The solid lines correspond to the central values, while the shaded areas indicate the uncertainty range of + one standard deviation.

093101-5



Zhe Zhang, Jiao-Jiao Song

Chin. Phys. C 47, 093101 (2023)

our analysis, we choose to express it in terms of the ei-
genstates of the spin vector operator in a specific direc-
tion. This allows us to write the spin vector operator in
terms of polar and azimuthal angles [20].

YAl = £¥sinfcos ¢ + X’ sinfsin g + L7 cos, (15)

As per the common convention, we denote the eigen-
state with eigenvalue m along the direction (6,¢) as
Im,g)). The eigenstates of X%, £*, and X* are given by

0
3 . b
2/, 2/ o |°

0

S O o =

0 0
;>z<?>,z>z >
0 1
\/_
3 V2 \}5 1 V2 13
‘2>x=4 N 2>x=4 -1 :
1

V3 1
- 1>,;>xf )

V3 -1

1 V3
-5 )ws( )

—i iv3

V3 1
SR I >’§>y )

-iV3 i

(16)

5y 3|2
5 —ZLZ . We have

used a more intuitive notation (x, y and z) to denote the
direction angles; the relation between the two notations
is:

where Xi|m); = m|m);, such as X?

Im): =1mo0)),  Imx=1Imgz gy),  Imy =Img: =).  (17)

The probability of observing one of these eigenstates is
defined as follows:

Pi(m) = (ml|p3/2|m);. (18)

Inserting Egs. (13) and (16) into (18), one readily obtains:

3 1 3 1 1 1 S
P(3) =3 g0 S g = g
1 1 1 1 1 1 S
L T L
1 1 1 1 1 1 S
P(5) =S S S = g
3 1 3 1 1 1 S
P(3) =i it g S = g
3 1 3., 1 1 1
P"(E) =g tioST St St gSir
1 1 S Sy
+ —Stir=-——<+—.
24°TIT— 4 g 7 8
1 11, 1 3
\5) =g EST SSL STT+8SLLT
o 1S5 80
§"TTT— 47 g 8’
1 1 1 1 3
P)‘(_E)_KESMSS“ gSrr—gSier
e _ 1 Sa_S7
§° 11T~ 4" 8 8§~
3 1 3 1
Px<‘§) =3 0SSt gSirtgSiur
Lo 1S4 $7
24°TTT =4 g " g”
3 1 3., 1 1. 1.,
P(5) =3 168t g8t gShr
g 1,35 Si S S

1) 1 3
Pyl =) == —S + S + S et =ST
)(2 4710 LL™g 8" LLT
1 1 S3 S4 S7 381
+=Syrr = ot s et s
g ITT ™~ 10 8 8 8
N 11 1 1 3
Pu(-3) =365+ g g5 - gShur
1 yxx 1 S3 S4 S7 3511

TRPTITT 1T 0T TR T8

3> 1 3 1 1
P(-2)=—-=85s-_§

’( 2) 74710 g kg
1 yxx 1 3S3 S4 S7 Sll

—_ 223 24 27,21 (g

235170 "3 s s 19

XX y
Tt gSLLT

In the intermediate expressions of Eq. (19), we have
included the complete results, which are valid for calcula-
tions in any process. However, in the e*e™ — y(3686) —
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Q-Q* process, certain polarization components, such as
S and S;;;, are found to be zero. Therefore, in the final
expression on the right-hand side, we have omitted these
zero polarization components. The values of these prob-
abilities are then determined exclusively by the non-zero
parameters in Eq. (14). The ranges of the aforementioned
spin components, as dictated by their corresponding
physical interpretations in Appendix A, are presented in
Eq. (11).

According to Eq. (19), it is evident that the influence
of S;; extends beyond the z-axis and encompasses the
polarization along the x- and y-axes as well. This peculi-
ar polarization dependence observed in spin-3/2 particles
contradicts the straightforward behavior exhibited by
spin-1/2 particles. In essence, when the Q~ particle pos-
sesses a non-zero S, component, it not only induces dis-
parities in polarization probabilities along the z-axis
(P.(£3) # P.(+1)) but also gives rise to deviations in po-
larization probabilities along the x and y-axes (Px/y(t%) #
Py/y(£3)). The complexity arises from the intrinsic nature
of spin-3/2, where the observation of spin in any direc-
tion can yield four distinct states. Investigating alternat-
ive forms of spin representation may prove worthwhile in
mitigating this complexity. Nevertheless, the physical im-
plications conveyed by Eq. (19) underscore the substan-
tial advantages of projecting the spin of Q= particles
along the coordinate axes, as this approach simplifies the
intricate polarization dependence of the Q™ particle, facil-
itating a more intuitive understanding of its spin structure.

Employing the computed multipolar polarization op-
erators as described in Eq. (14), we present a graph (Fig.
3) that illustrates the polarization dependence of the
cross-section along the x, y, and z-axes with respect to
cosfq-. All calculations were performed utilizing the
helicity amplitudes presented in Table 1. From Fig. 3, it is
evident that the Q™ particle exhibits significant tensor po-
larization along the z-axis in the ¥(3686) — Q Q" pro-
cess. This is due to a substantial difference in the probab-

ility of occupying eigenstates with eigenvalues of +3/2
and +1/2 along the z-axis. Additionally, it demonstrates
tensor polarization along the x-axis, which gradually in-
creases in the direction of the electron beam and reaches
its maximum at 6o = 0 or 7. Furthermore, notable tensor
polarization is observed along the y-axis, accompanied by
weak transverse vector polarization and rank-3 tensor po-
larization. This is attributed to a significant difference in
the probability of occupying eigenstates with eigenvalues
of +3/2 and +1/2, while only a minor difference is ob-
served in the probability of occupying eigenstates with ei-
genvalues of 3/2 and —3/2 or 1/2 and —-1/2.

B. Cross-section for ete™ —» Q Q"

In order to provide a theoretical interpretation for the
experimental measurements, we calculate the polariza-
tion dependence of the cross-section in the process of
e*e” annihilation into Q~Q"using a point-like vertex, as
depicted in Fig. 4. Since both the photon and (3686) are
vector particles, we neglect the influence of the vector
boson ¥(3686) on the cross-section. The calculations are
performed in the center-of-mass frame of the leptons, as
shown in Fig. 1. Neglecting the electronic mass, the mo-
mentum components of ete” and Q™ Q canbe ex-
pressed as follows:

k; ={E,0,0,-E}, (20)
ky ={E,0,0,E}, 21
p1 = {E,|Plsinbq,0,|7cosba } , (22)
p2 = {E,—|PIsinfqa,0,—|plcosbq } . (23)

In the ete™ — Q~QF process, the cross-section can be

0'5 L I L I L I L |__ 0_5-—I L I L I L I L |__ 0.5 L I L L I L I L |__
1 h r ] ]

Fo4 Pa(£3) - Foa- " - LY s— 9
| ] T F — Pul£3) ] ) - _— ]
N g ] - g > e 'X\\\~,,,\ —a
203 - o3l - o3 . . 3
= ] < I ; ) ] < — Pyl+3) — Pyl=3) ]
g ] s [ *' ] g P, (+1) — P (-1 ]
£ 0.2 ] S 0.2l ] £0.2 v+ P=y) .
< E < = E < E
S — - s F . - S .
E ] R Px(£;) ] E 1
g0 — Pyt) ] g0 E 201 ]
[\ = B B BT ) M T T [\ S B B B
-1 —05 0 0.5 1 -1 -05 0 0.5 1 -1 —05 0 0.5 1
cosfq- cosfq- cosfq-

Fig. 3.

(color online) The cross-section displays the polarization dependence along the z-axis (left), x-axis (middle), and y-axis (right)

as a function of the azimuthal angle cosfqo- . The solid lines represent the central values, and the shaded areas represent + one standard

deviation
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(ko)

2 (p2)

Graph describing the reaction ete” — Q~Q* in the

+
e (ko)
Fig. 4.
one-photon approximation.

expressed in terms of the scattering amplitude. When
considering the polarization dependence of the cross-sec-
tion along the helicity direction, we project the polariza-
tions of the initial and final state particles onto their re-
spective helicity directions. The expression for the cross-
section is given by

dort 1 A1
a0 =647r2sf4Z 2. Wil

—+/l¢¢

24)

where 4, 1;, and A, represent the helicities of the
positron, Q~, and Q*, respectively. The scattering amp-
litude M can be expressed as follows:

UV PO

Mo a, =

[# (p1, 1) (—iey") v (p2, 42))]

for Q= (Q*) and e~ (e*), respectively, following the con-
ventions described in Appendix C. When investigating
the dependence of the cross-section on the transverse po-
larization of Q~, it is essential to decompose its spin
within its own helicity frame, specifically along the direc-
tion %, or J;, as illustrated in Fig. 1. However, the polar-
ization states of the other particles are not of interest, and
thus we sum over their spins. It is important to note that
any spin decomposition for these particles along differ-
ent directions does not affect the final result. Therefore,
we continue to employ their spin decomposition along
their own helicity direction. We can now express the de-
pendence of the cross-section on the transverse polariza-
tion of Q- as follows:

doote 1 |1
dQ _64n2sE4Z_;A;

IMCaastnls (26)

where we introduce the notation s; T/, to represent the
transverse polarization state of the Q- particle. The ex-
pressions for all the scattering amplitudes are provided in
Appendix D. Based on the aforementioned considera-
tions, we derive the polarization dependence of the cross-
section as follows:

do*:  a? m? { < ’ mz)
el -2 (2
dQ  32E2 E? E?

X [7(ka, D) (~iey”) u(ky, =), (25) 5
+ <a2 - m—z) cos? 99}, (27)
where #’(v”) and u(v) represent the polarization vectors E
|
dot:  o? m2 5 4 (2E? > (2E s om0
o nE ‘Ez{ ot (T 1) + (- @)
22 \° (2E, m 2
2, 4 2 2
+|d®+b <72—1) _(ﬁb —E( +b )) }cos HQ} (28)
do=: a2 m? ) V3 9 , 3E V3E? m? )
Q 32E? _Ez{a(l_%)Jrzb -t et e (143 (@ +)’)
a2(1+3b2)—£ab2 15194 3 = pt +E—2b2(«/§a—6b2)—m—2(1+3(a2+b2)2)}cos299} (29)
2 m m2 4E2 ’
dO’i%T (12 m2 2 2 \/§ 2 3 4 E4 4 \/§E2 2 m2 2
a0 :32E2 I_EZ{ a (l—b )—TClb —Zb +%b + m2 ab +4E2 <3+(a +b) )
n, V3 5, 5., E', E2 2 2 2
@ (1457) + Smab?+ 20t St - (\/_a+2b>—E(3+(a +6%)%)| cos*ba . (30)
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do*:h a? m? 2 » V3 5, 9, 3E*, +3E* , m? 5 2
aQ ~ RnE? _EZ{“(I_%)_z“b A rEt e +@(1+3(“ +0%)’)
V3 15 3E* E? m? 2
2 2 2 4 4 2 2 2 2 2
+ {a (1436%) + ==ab? + 2 bt 4 bt = b7 (V3a+ 66 ) = s (143 (a2 +7) )}cos eg}, 31)
do*:h o? m? 5 o V3 5, 3., E*, 3E* , m? 2 N2
Q" 32E ‘Ez{ @ (1=0%) + ab® = 36 4 bt = =t + 1 (3+ (a7 +07)')
2 n V3 o, 5, E', E, o m 2, 12)2 2
@ (1467) = —ab? + 304 bt 4o bt (Va=20?) — s (34 (@ 407)7) | cos b (32)

where m denotes the mass of the Q™ particle, and a and b
are normalization coefficients satisfying a®>+5%>=1. In
the SU(6) quark model, one can determine a = v1/3 and
b= +2/3, as presented in Appendix C. We retain a and b
as coefficients and demonstrate the dependence of the
cross-section on a and b. It is important to note that alter-
ing the values of @ and b introduces certain challenges
elaborated upon in the subsequent paragraph.

In Fig. 5, we present the theoretical predictions for the
polarization dependence of the cross-section in the
ete” — Q Q" process. The corresponding experimental

measurements are also included for comparison. Based
on the graphical representation, it is apparent that the azi-
muth-angle dependence of the polarization cross-section
agrees with the experimental measurements when
a= +1/3 and b = v2/3. Nevertheless, when we allow the
coefficients a and b to vary, it leads to a corresponding
variation in the polarization dependence of the cross-sec-
tion. Remarkably, when a= v1/6 and b= +/5/6 are
chosen, our calculations exhibit a notably improved
agreement with the experimental measurements reported
in Ref. [30]. This observation suggests that the field equa-

05_ _] 05 LI | LI | LI | T 1T I_ 05 UL | LI | LI | T 1T I_
- = Pyft}) (a=rb=Z) ] ) (aml beiZ ] By (as-,beiZ ]
. F 2 \/? I . - Py(£2) (a_ﬁ,b_ﬁ) . - Py(%3) (a ﬁ.b ﬁ) ]
% 0.4 P,(£7) = % 0.4 3 — = D
T e § ~1 3 — Pulty) ] T ]
N - . - E e - - o -
r T b N U —— p — ]
Zoa I . ol T J 203 il pyd 3
E r ] ._“' 5 ] E y("‘z) y(_z) i
s [ ] S B ] £ Py(+1) — P,(-1 ]
o2l e . o2 . £0.2 v+y) Py .
< - e 4 < o T B < -
s F ~ . S 1 . S g
5 L ] 5 Pul3) ] s .
2 0.1 B 2 0.1 = 2301 =
25 ] 2 — Py(tl) (a=-L,b=1Z) ] 2 ]
r 3) (a=-L p=¥Z ] 2 LERR'E) b — P(#1) (a=—L b=YZ E
F P,(t2) (a_ﬁ,b_ﬁ) ] ] Py(%;) (a ﬁ.b ﬁ) ]
o T o T | P RPN B B
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
cosOq- cosfq- cosOq-
0.5-_I T 1T | LI | LI | T 1T I__ 0-5-_I T 1T | LI | LI | T 1T I__ 0.5 UL | LI | LI | T 1T I__
E — Pyl) (=t p=1E) ; - - pyd) (=t p=iE ] ~ Py(d) (=L b=iE ]
“ 04:\\ N 2 . ﬁ Ve s - 04: Py(t]) (a=b=2) . - Pyl¥3) (a=7=b=12) .
4- ) > - - % 0.4 - ] -
e Ll B A — Putd) ] =
N - E e P -4 > -
e I E o0k b 3 B
£ 0.3 — = 0.3 — = 0.3 —
C ] C ] _ 3y p 3 ]
=% 1 =7t 1 = i) — AL .
= F ] = r ] = Py(+7) — Py(- ]
£ 02f - So0.2 - 0.2 W 2) i’ 2) ]
< o B < o B < B
N L E N = 1 o N > ]
LI D e 1 5 f Pt I T
S 0.1 2(£ — © 0.1 3 — 2 0.1 —
=TT &7 = Py(t) (a=—,b=3E) 1 = 1
F7 — Pytd) (a=4—1€,b=§) & r VR e ] — Py(t1) (a=j_s—,b=§) .
0_| PR S N T T TN T I T T T B N B S B O—I PR S N T T TN T I T T T B N B S B 0 PR S T [N T T T S ST A A ST S M B
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Fig. 5. (color online) The dashed lines represent the polarization dependence for ete™ — Q~Q* at /s =3.686 GeV, calculated theoret-

ically using Eqgs. (27)—(32). The solid lines correspond to the results obtained from the BESIII experiment [30].
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tion of Q™ may deviate from the predictions of the SU(6)
quark model. Additionally, the coefficients @ and b play a
significant role in eliminating the spin-1/2 component
from the field equation, indicating that Q- may not ex-
clusively exist in a pure spin-3/2 state. This intriguing
finding offers novel insights for future investigations and
extensive discussions regarding the nature and potential
dynamics of Q. It is important to acknowledge that our
calculations did not consider the influence of intermedi-
ate resonance states (¥(3686)) and form factors of Q™ on
the cross-section. The incorporation of these factors
presents intriguing prospects for future research and addi-
tional exploration.

V. SUMMARY

In this study, we investigated the polarization depend-
ence of the cross-section for the production of Q-
particles in the e*e™ — ¥(3686) — Q- QF process.

We conducted a review of the application of the heli-
city formalism analysis method to the e*e™ — (3686) —
Q- Q process. In this analysis, the cross-section can be
described by four independent helicity transition amp-
litudes: H|, H,, H;, and H,;, which are associated with
the spin density matrix of Q= and Q. The polarization
state of spin-3/2 particles can be characterized by 15 in-
dependent polarization components. However, it is im-
portant to note that the decomposition of these polariza-
tion components is not consistent across articles. To ad-
dress this issue, we propose a redefinition of the spin mat-
rix basis in the helicity formalism that establishes a dir-
ect correspondence between the spin components used in
the helicity formalism and those defined by the spin dens-
ity matrix. In the eTe™ — ¥(3686) — Q" QF process, we
observe that the Q™ particle exhibits six non-zero polariz-
ation states, namely Sz (S}), Sa (Sz), S5 (Siz7), S7
(%), S11 (Sy;7), and S5 (Srr). By utilizing experi-
mental measurements obtained from BESIII, we present
plots that illustrate the variation of the polarization-de-
pendent reaction cross-section as a function of the azi-
muthal angle.

To enhance our understanding of the polarization
states of the Q™ particle, we conduct an analysis of the
polarization dependence of the reaction cross-section by
projecting it onto the Cartesian coordinate axes. This ana-
lysis provides valuable insights into the contributions of
different polarization components along the x-, y-, and z-
axes, elucidating their individual impacts on the overall
cross-section. Our results demonstrate significant tensor
polarization of the Q™ particle along the z-axis and y-axis.
Moreover, there is a notable tensor polarization along the
x-axis, particularly when 6 takes values of zero or .
However, we observe only a weak transverse vector po-
larization along the y-axis.

To account for the polarization dependence of the re-

action cross-section, we conduct calculations for the
cross-section distribution in the e*e™ — Q~Q* process.
Our calculations do not incorporate the form factors of
the Q particles or the influence of intermediate reson-
ance states (¢(3686)). However, despite these simplifica-
tions, our calculations exhibit a similar trend to the exper-
imental data. Moreover, we observe that the properties of
the Q™ particle deviate to some extent from the predic-
tions of the SU(6) quark model, suggesting that the field
associated with the Q- particle impacts the underlying
coefficients.
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APPENDIX A: PROBABILISTIC INTERPRETA-

TION OF THE SPIN COMPONENT
To present the explicit expression of the probabilistic
interpretations of spin polarization using Eq. (7) and Eq.
(8), we first decompose the spin operators for spin-3/2
particles into the following forms:

1 1
T — 7(2x +ZZ)2 _ Z(2.76 _ 21)2’

4
1 1
D= (24X - (T -1’
7 &I - ( )
5
zzz:ZZZ_f’
O

1 1
TV = (T 4 - (T -2
2 )= ¢ )

EXX _ Zyy — (2){)2 _ (Zy)2’

11 1 41
szzzi72x+223+72x_2z3_2x3 _ Ex’
3[2( )+ ) =& %
11 1 41
TV = (Y 439 (2 =303 ()3 - 3
3[2( + )+2( ) = (&) Tk
41
S — (2 3_ 3z
&) 20"

TVC = é[(z’f + T+ X0 - (Z 4+ ) - (2T 429
—(@ ) E @)+ )],
T = é[(zuyf —(Z-X9 - (4 T+ -39,
SRV 330 (5 %(Zx I %(Ex _ey,
3T T = () + %(zy +2%)° + %(zy -39,

(AD)
Within this framework, we define the eigenstates
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lm,g)) associated with the spin projection operator along
the direction (6, ¢). Here, ¢ represents the azimuthal angle
and @ the polar angle. These eigenstates have correspond-
ing eigenvalues denoted by m. In addition, for the sake of
clarity and convenience, we introduce the following nota-
tion:

M) xey = Imqz.z))s IM)xee = Mgz o)), ImM)yes = Mgz <)),
M)y =lmz-2)) Im)x—z =Im_z ). M)y =Im_: ).
M) xry+z = M, ),

(A2)

where 6,,,= arctan( V2).

The probability of the system being in a particular ei-
genstate can be determined by evaluating the spin dens-
ity matrix using the formula given by Eq. (18). Sub-
sequently, all the spin components can be expressed in
terms of the probabilities P(m4))s. The three spin com-
ponents of the spin vector S’ are given by [34]:

3 3 3.1 1 1
S1=51P) = P-4 5P =P=2)L (A3)

33 3.1, 1 3
§7= PG = Px(=)I+ SIPA(H) = Pu=2)). (A4

. V2 3 3
Sir = §{27[Px+z(§)_Px+z(_§

1
~ o \121P x( )= Pu(-

V2

1 1
)]+[Px+z(§)_Px+z(_§)]}+ 7{27[Px z( ) P —z(

3 1 1
5)] + 23[Px(5) - Px(_i)]}’

v 3 Sy op e te byt
1= 2P =Py N+ SIPG) = Py(=)] (AS)

The five spin components of the rank-2 spin tensor T/
are given by [34]:

3 3 1 1
SiL= [PZ(§)+PZ(_5)] - [PZ(E)-FPZ(_E)]’ (A6)

Sir= 2[Px+z(§)+Px+z(_§)] -2[P _Z(§)+PX—Z(_§)]5

(A7)
3 3 3 3
Sir = 2APyse(3)+ Prre(= 1= 2Py + Pra(=3)],
(A3)
3 3 3 3
STr = 2Px(5)+ Po(=D)I=2[Py(5) + Py(= )], (A9)

3 3
_2[Px—y(§) +Px—y(_§)]~
(A10)

. 3 3
STr = 2Proy(5)+ Peny(=3)]

The seven spin components of the rank-3 spin tensor
R'/* are given by [34]:

3 3 3 9 1
Siir=15P(5) = P:(=2)] = 5 1P(5) = P(=2)]. (All)

V2 1 1
oy )] + [Px—z(i)_Px—z(_E)]}

(A12)
V2

y N2 3 pl b by X2 3y _p (2 Nop L
Stur = 27Py(5) = Py )1+ [Pyscl(5) = Pyac(= DI+ 271Py(5) = Py =)+ [Pye(5) = Pye(= )}

1 3 3 1
- GU29P,() = Py (=1 + 23(Py(5) = Py

60

1

, 3
Strr =15 27P(5) = Po(=

[y

7{27[Py( ) Py(

—

#\ﬁ@\ﬁ

3 1
{ 7[Py+z(§)_Py+z(_§)] + [Perz(E)

3
{27[Px+y+z(§) - Px+y+z(_

1
E)]}’

3 1 1 1 3
INHP(S) = P(=5) 1+ S {27[Pc(5) = Pi(=

V2 3 3 1 1

1 1
)] + [Py(i) - Py(_i)]} - 7{27[Px+z(§) - Px+z(—§)] +

1 3
_Py+z(—§)]} - 7{27[PX+y(§)_PX+y(_

(A13)

3 1 1
N+ P(5) = Pu(=3)1)

[Px+z(§) - Px+z(_§)]}

V2 3 1 1
6 5)]+[Px+y(§)_Px+y(_§)]}

3 1 1
5)] + [Px+y+z(§) - Px+y+z(_§)]}-

(Al4)
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o V2 3 3 1 1. V2 3 3 1 1
LTT —5{27[Px+z(5)_Px+z(_§)] + [Px+z(§)_Px+z(_§)]}_ 3{27[Px—z(5)_Px—z(_§)] + [Px—z(a)_Px—z(_E)]}
V2 3 3 1 1 V2 3 3 1 1
- 3{27[Py+z(§)_Py+z(_§)] + [Py+z(§)_Py+z(_5)]}+ 6{27[[) ’—Z(E)_Py—z(_i)] + [Py—z(i)_Py—z(_E)]},
(A15)
we _Logp G P+ pidy - Pl \/527P 3 P (=) 4+ [Pasy(2) =P !
TTT —Z{ [ X(E)_ x(_i)]'i'[ x(i)_ x(_i)]}_?{ [ x+y(§)_ x+y(_§)]+[ x+y(§)_ x+y(_§)]}
V2 3 3 1 1
- ?{27[Px—y(§)_Px—y(_§)] + [Px—y(i)_Px—y(_E)]}’ (A16)
s = Logp 3yopy 2 P1P1}£{27P§P 1P = Pr=So
T = "] [ }'(2)_ }~(—2)]+[ y(z)_ y(_z)] 3 [ y+x(2)_ y+x(_2)]+[ y+x(2)_ y+x(_2)]
2 3 3 1 1
+ ?\/_{27[Py—x(5)_Pf—x(_E)] +[Py—x(§)_Py—x(_§)]}- (A17)

APPENDIX B: SPIN-3/2 BASIS MATRICES

In order to describe the density matrix of a spin-3/2 particle, we employ a set of X, matrices, where u takes values
from 0 to 15. This set consists of 16 4x4 matrices. Here, we provide the explicit expressions for the X, matrices:

1 000 30 0 0 0 V3 0 0
1 0100 1 01 0 0 1 v3 0 2 0
20:* 921_7 s 22_7 s
4 0010 10 0 0 -1 10 0 2 0 3
00 0 1 00 0 -3 0 0 V3 0
0 —-vV3 0 1 0 0 01 0
i V3 0 -2 0 1 0 -1 0 0 \3 1 0 0 0
23:7 s 24=7 ) 25:7 B
10 0 2 0 -3 4 0 -1 0 1 00 0 -1
0 0 V3 0 0 0 1 00 -1 0
0 -1 0 0 0010 00 -1 0
iVv3 1 0 0 0 \3 00 0 1 iVv3 00 0 -1
26:7 ) 27_7 ) 28_7 s
12 0 0 0 1 12 1 0 00 12 1 0 0 0
0 0 -1 0 0100 01 0 0
1 0 0 0 0 1 0 0 0 -1 0 0
1 0 -3 0 0 V3 1 0 -v3 0 iv3 1 0 V3 0
29:7 > 21027 s 211:7
6 0 0 3 0 6 0 -v3 0 1 6 0 -vV3 0 -1
0 0 0 -1 0 0 1 0 0 0 1 0

093101-12



Spin density matrix for Q and its polarization alignment in ¥(3686) — Q~Q* Chin. Phys. C 47, 093101 (2023)

0 0 1 O 0 0 -1 0 0 0 01
V3 0 0 0 -1 iV3 0 0 1 0 00O
L= — s L= — s Zig=
12 1 0 O 12 1 0 0 00 0O
0 -1 0 0 -1 0 1 000
00 0 -1
s._if 000 0
76l 000 0
1 00 O (B1)
APPENDIX C: POLARIZATION VECTORS FOR 0
. 1 Fcosfcos¢+ising
SPIN-1/2, SPIN-1, AND SPIN-3/2 PARTICLES AND & (pt)=—4 o . (CY)
2 Fcosfsing —icos¢
ANTIPARTICLES .
+sinf
In the following section, we investigate the polariza-
tion state of a particle (1) or an antiparticle (v), which is 17
characterized by its polarization vector. We consider a , 1 Esinfcos¢
particle or antiparticle with a mass M and a four-mo- ' (7.0) = . o . (Co)
Esinfsin¢
mentum
Ecosf
P = (E,|plsinfcos ¢, |plsindsing,|plcos ) . (C1) The spin-3/2 field is derived by solving the Rarita-

Schwinger equation, as outlined in Ref. [39]. The polariz-
ation vectors for spin-3/2 particles with helicity

For spin-1/2, spin-1, and spin-3/2 particles and anti- A==3/2, +1/2 are given by

particles, we adopt the Pauli-Dirac representation.
The spin-1/2 field is derived by solving the Dirac

3
equation, as detailed in Ref. [37]. The polarization vec- u (Pz,i§> =& (p)us(p), (C7)
tors for spin-1/2 particles with helicity A = + are given by
1
ut <pz’ ii) = asﬁil (puz(p;)+ bs’é (pus(py), (C8)
. VE +my .
u(p.£) = ( , (C2)
+ VE —my. 3 .
vﬂ (pz’i§> :gi (pz)Vt (Pz)» (C9)
VE —my=
v(p.x) = e, (C3) 1 , .
FVE +my=+ W Pz ii = agui (p)v=(p)+ bglol (p)vs (py), (C10)
where y. represent the two-component spinors: where a and b are normalization coefficients that satisfy
a*+b* = 1. In the context of the SU(6) quark model, the
p p values a = 1/3 and b = +2/3 are determined to remove
cos 5 —sin 3 the spin-1/2 fermions.
X+ = ) 2] i s X-= 7] is . (C4)
) €08 5¢ APPENDIX D: SCATTERING AMPLITUDES FOR

ete” - Q QF
The spin-1 field is derived by solving the Proca equa-

When investigating the longitudinal polarization de-
tion, as outlined in Ref. [38]. The polarization vectors for

pendence of the reaction cross-section, we compute the
spin-1 particles with helicity 4 = +,0 are given by helicity scattering amplitude. Considering the principles
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of parity conservation and charge conjugation invariance, we derive the following independent terms:
|

2
m- .

IMimaraiP S IM s = € g sin®6, (1)

2WE? - (2 +b2 ) m? )
Mo _ 41 +1|2 =|M_, 41 +1|2=e4 ( ) Sil‘l29, (D2)

b iiat) ST+ mE
2E2 2\

IMiar 2P = M = (T’") (1Fcos6)?, (D3)
IM, - +2 i1|2 =IM_, i%,¥§|2 = |M—,+ +1 i%lz = |M+,—,$§,¢§|2 = e4a2(1 ¢(3059)2- (D4)

When investigating the dependence of the cross-section on the transverse polarization of the Q™ particle, we decom-
pose its polarization in the transverse direction. For the other particles, we sum over their polarizations, allowing for lon-
gitudinal polarization decomposition. By utilizing Eq. (16) and considering parity conservation, we derive the following
independent terms:

4

2
My iz =IMpzsg P = é [ V3aE (1+cos) xmsing| ", (D5)
4 2
IM_aspaalP =M,z P = % [ V34E (1 -cos6) % msiné] ", (D6)
4
2_ 2_ ¢ 2 . 2 (np2 2 . 2
|M+’_,i%,+%| = IM_,+’¢%T“_%| = SEInd {am {E(l —cosf) + \/gamsme] —V3b (2E -m )[E(l +cos0)imsm6]} ,
(D7)
4
2 _ 2 € 2 _ . 2 2 2 _ . 2
IM_’+¢§TU+%| —|M+,—,¢§T“—§| = St {am {E(l +cosf) F \/gamsme] —V3b (2E -m )[E(l—cos9)+ms1n6]} ,
(D8)
4 2
M aigaaP =M aig P = é [aE (1 +cos6) + Vamsine] ", (D9)
4 2
IMesaigaaP =M, 2 P = é [aE (1-cos6) % V3msine]", (D10)
4
|M+,—,j:%Tv‘,+%|2 =Mz = SI;W {am2 {\BE(I —cosh) iamsinﬁ} +b? (2E2 —m2) [E(1+cos6) TLmsinH]}2 ,
(D11)
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4
IM_eipiP =M g1 1 = 8EeTm4 {am2 {\@E(l +cos€)$amsin9] +b* (2E*—m?*) [E(1 —COSG)imSinH]}Z,

(D12)
o
Mi—ip il = IMCpgsq 2P = g [3a*E* (1 +cos6)* +m”sin? 6 (D13)
4
|M—,+,igrv,+§|2 = |M+,_”¢§T”_%|2 =3E [SazEz (1-cos6)* +m?sin’ 6?] (D14)
4
e 2 .
M —ip ot =IMC gy o = SEE {3m2 [m?* (a* +b*) —2b*E?] "sin’
2
+ [am?E Q1= cos0) + V3PE (26> - m?) (1 +cos6)] " } (D15)
IM ? =M p= o {3m? [m® (a® +b*) — 267 E2] " sin*0
it il SIMe g = e (3 e (a sin
2
+ [amE (1 +cos0)+ V3UE (26> - m?) (1 -cos0)] "} (D16)
o
Mi—eip il = IMCpgiq PP = g [a*E* (1+cos6) +3m?sin® 6] , (D17)
2 oo 2 22
IM_ s 2l =My 51q 27 = 352 [a E“(1—-cos8)” +3m”sin 9] , (D18)
2 2 et 20 2( 2, 12 2272 i 2
IM, - t%Tw%l =|M_,+7¢%T”_%| = RE2m {m [m (a +b )—Zb E] sin“ 6
2
+ [ V3an®E (1= cos0) - bE (2> - m?) (1 +<0s0)] " | (D19)
M 2 M 2 _ et 22 (2 + b2 =202 E2 sin? 0
| —,+,:%T\‘,+§| =| +,—,$%T‘.,—%| = SEImA {m [m (a + ) - ] s
2
+ [ V3am?E(1 +cos0) ~ bE (28>~ m?) (1= cos0)] "} (D20)
References [4] M. Gell-Mann, Phys. Rev. 125, 1067-1084 (1962); Y.
Ne'eman, Nucl. Phys. 26, 222 (1961)
[1]  E.Rutherford, Phil. Mag. Ser. 21(6), 669 (1911) [5] Gell-Mann, Phys. Lett. 8, 214 (1964); G. Zweig, CERN-
[21 A. N. Cooke, R. Horsley, Y. Nakamura et al., PoS TH-401, 412 (1964)
LATTICE2013, 278 (2014) [6] O.W. Greenberg, Phys. Rev. Lett. 13, 598 (1964)
[3] V. E. Barnes, P. L. Connolly, D. J. Crennell et al., Phys. [71 B. W.Filippone and X. D. Ji, Adv. Nucl. Phys. 26, 1 (2001)
Rev. Lett. 12, 204 (1964) [8] C. A. Aidala, S. D. Bass, D. Hasch ef al., Rev. Mod. Phys.

093101-15


https://doi.org/10.22323/1.187.0278
https://doi.org/10.22323/1.187.0278
https://doi.org/10.1103/PhysRevLett.12.204
https://doi.org/10.1103/PhysRevLett.12.204
https://doi.org/10.1103/PhysRevLett.12.204
https://doi.org/10.1103/PhysRevLett.12.204
https://doi.org/10.1103/PhysRev.125.1067
https://doi.org/10.1103/PhysRev.125.1067
https://doi.org/10.1103/PhysRev.125.1067
https://doi.org/10.1016/S0031-9163(64)92001-3
https://doi.org/10.1016/S0031-9163(64)92001-3
https://doi.org/10.1016/S0031-9163(64)92001-3
https://doi.org/10.1103/PhysRevLett.13.598
https://doi.org/10.1103/PhysRevLett.13.598
https://doi.org/10.1103/PhysRevLett.13.598
https://doi.org/10.1007/0-306-47915-X_1
https://doi.org/10.1007/0-306-47915-X_1
https://doi.org/10.1007/0-306-47915-X_1
https://doi.org/10.1103/RevModPhys.85.655

Zhe Zhang, Jiao-Jiao Song

Chin. Phys. C 47, 093101 (2023)

[9]
[10]
[11]
[12]
[13]

14]
15]
16]
17]
18]
19]
20]

—, e, ——

(21]
(22]
(23]

[24]

85, 655 (2013)

A. Deur, S. J. Brodsky, and G. F. De Téramond,
Rept.Prog.Phys. 82, 076201 (2019)

R. Angeles-Martinez, A. Bacchetta, and 1. I. Balitsky, et al.
Acta Phys. Polon. B 46(12), 2501 (2015)

J. J. Ethier and E. R. Nocera, Ann. Rev. Nucl. Part. Sci. 70,
43 (2020)

A. Metz and A. Vossen, Prog. Part. Nucl. Phys. 91, 136
(20106)

Z. T. Liang and X. N. Wang, Phys. Rev. Lett. 94, 102301
(2005) [Erratum: Phys. Rev. Lett. 96, 039901 (2006)]

G. Fildt, Eur. Phys. J. A 51(7), 74 (2015)

G. Féldt, Eur. Phys. J. A 52(5), 141 (2016)

G. Féldt and A. Kupsc, Phys. Lett. B 772, 16 (2017)

M. Ablikim et al. [BESIII], Nature Phys. 15, 631 (2019)

M. Ablikim et al. [BESIII], Nature 606(7912), 64 (2022)

K. H. Sun and H. B. Li, Physics 51(7), 491 (2022)

A. Bacchetta and P. J. Mulders, Phys. Rev. D 62, 114004
(2000)

M. G. Doncel, L. Michel, and P. Minnaert, Nucl. Phys. B
38,477 (1972)

A. Z. Dubnickova, S. Dubnicka, and M. P. Rekalo, Nuovo
Cim. A 109, 241 (1996)

S.y. Wei, Y. k. Song, and Z. t. Liang, Phys. Rev. D 89(1),
014024 (2014)

K. b. Chen, Z. t. Liang, Y. k. Song et al., Phys. Rev. D

[25]
[26]
(27]
(28]
[29]
(30]

[31]
[32]

[33]
[34]

[35]
[36]

[37]
[38]
[39]

093101-16

102(3), 034001 (2020)

S. Kumano and Q. T. Song, Phys. Rev. D 103(1), 014025
(2021)

S. Acharya et al. [ALICE], Phys. Rev. Lett. 125(1), 012301
(2020)

M. S. Abdallah et al. [STAR], Nature 614(7947), 244
(2023)

H. S. Song, Phys. Rev. 162, 1615 (1967)

J. Kim and H. S. Song, Annals Phys. 108, 99 (1977)

M. Ablikim et al. [BESIII], Phys. Rev. Lett. 126(9), 092002
(2021)

M. Jacob and G. C. Wick, Annals Phys. 7, 404 (1959)

E. Perotti, G. Fildt, A. Kupsc et al., Phys. Rev. D 99(5),
056008 (2019)

W. Yang, Nucl. Phys. A 997, 121729 (2020)

J. Zhao, Z. Zhang, Z. t. Liang et al., Phys. Rev. D 106(9),
094006 (2022)

E. Perotti, J. Phys. Conf. Ser. 1024(1), 012019 (2018)

E. Leader, Spin in Particle Physics, Cambridge Monographs
on Particle Physics, Nuclear Physics and Cosmology Series
Vol. 15 (Cambridge University Press, Cambridge, England,
2011)

Paul A. M. Dirac, Proc. Roy. Soc. Lond. A 117, 610 (1928)
Alexandru Proca, J. Phys. Radium 7, 347 (1936)

William Rarita and Julian Schwinger, Phys. Rev. 60, 61
(1941)


https://doi.org/10.1103/RevModPhys.85.655
https://doi.org/10.1088/1361-6633/ab0b8f
https://doi.org/10.1088/1361-6633/ab0b8f
https://doi.org/10.1088/1361-6633/ab0b8f
https://doi.org/10.5506/APhysPolB.46.2501
https://doi.org/10.5506/APhysPolB.46.2501
https://doi.org/10.5506/APhysPolB.46.2501
https://doi.org/10.1146/annurev-nucl-011720-042725
https://doi.org/10.1146/annurev-nucl-011720-042725
https://doi.org/10.1146/annurev-nucl-011720-042725
https://doi.org/10.1146/annurev-nucl-011720-042725
https://doi.org/10.1016/j.ppnp.2016.08.003
https://doi.org/10.1016/j.ppnp.2016.08.003
https://doi.org/10.1016/j.ppnp.2016.08.003
https://doi.org/10.1016/j.ppnp.2016.08.003
https://doi.org/10.1103/PhysRevLett.94.102301
https://doi.org/10.1103/PhysRevLett.94.102301
https://doi.org/10.1103/PhysRevLett.94.102301
https://doi.org/10.1103/PhysRevLett.94.102301
https://doi.org/10.1103/PhysRevLett.96.039901
https://doi.org/10.1103/PhysRevLett.96.039901
https://doi.org/10.1103/PhysRevLett.96.039901
https://doi.org/10.1140/epja/i2015-15074-3
https://doi.org/10.1140/epja/i2015-15074-3
https://doi.org/10.1140/epja/i2015-15074-3
https://doi.org/10.1140/epja/i2016-16141-y
https://doi.org/10.1140/epja/i2016-16141-y
https://doi.org/10.1140/epja/i2016-16141-y
https://doi.org/10.1016/j.physletb.2017.06.011
https://doi.org/10.1016/j.physletb.2017.06.011
https://doi.org/10.1016/j.physletb.2017.06.011
https://doi.org/10.1038/s41567-019-0494-8
https://doi.org/10.1038/s41567-019-0494-8
https://doi.org/10.1038/s41567-019-0494-8
https://doi.org/10.1038/s41586-022-04624-1
https://doi.org/10.1038/s41586-022-04624-1
https://doi.org/10.1038/s41586-022-04624-1
https://doi.org/10.7693/wl20220706
https://doi.org/10.7693/wl20220706
https://doi.org/10.7693/wl20220706
https://doi.org/10.1103/PhysRevD.62.114004
https://doi.org/10.1103/PhysRevD.62.114004
https://doi.org/10.1103/PhysRevD.62.114004
https://doi.org/10.1103/PhysRevD.62.114004
https://doi.org/10.1016/0550-3213(72)90321-5
https://doi.org/10.1016/0550-3213(72)90321-5
https://doi.org/10.1007/BF02731012
https://doi.org/10.1007/BF02731012
https://doi.org/10.1007/BF02731012
https://doi.org/10.1007/BF02731012
https://doi.org/10.1103/PhysRevD.89.014024
https://doi.org/10.1103/PhysRevD.89.014024
https://doi.org/10.1103/PhysRevD.89.014024
https://doi.org/10.1103/PhysRevD.89.014024
https://doi.org/10.1103/PhysRevD.102.034001
https://doi.org/10.1103/PhysRevD.102.034001
https://doi.org/10.1103/PhysRevD.103.014025
https://doi.org/10.1103/PhysRevD.103.014025
https://doi.org/10.1103/PhysRevD.103.014025
https://doi.org/10.1103/PhysRevD.103.014025
https://doi.org/10.1103/PhysRevLett.125.012301
https://doi.org/10.1103/PhysRevLett.125.012301
https://doi.org/10.1103/PhysRevLett.125.012301
https://doi.org/10.1103/PhysRevLett.125.012301
https://doi.org/10.1038/s41586-022-05557-5
https://doi.org/10.1038/s41586-022-05557-5
https://doi.org/10.1038/s41586-022-05557-5
https://doi.org/10.1038/s41586-022-05557-5
https://doi.org/10.1103/PhysRev.162.1615
https://doi.org/10.1103/PhysRev.162.1615
https://doi.org/10.1103/PhysRev.162.1615
https://doi.org/10.1016/0003-4916(77)90353-0
https://doi.org/10.1016/0003-4916(77)90353-0
https://doi.org/10.1016/0003-4916(77)90353-0
https://doi.org/10.1103/PhysRevLett.126.092002
https://doi.org/10.1103/PhysRevLett.126.092002
https://doi.org/10.1103/PhysRevLett.126.092002
https://doi.org/10.1103/PhysRevLett.126.092002
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1103/PhysRevD.99.056008
https://doi.org/10.1103/PhysRevD.99.056008
https://doi.org/10.1103/PhysRevD.99.056008
https://doi.org/10.1103/PhysRevD.99.056008
https://doi.org/10.1016/j.nuclphysa.2020.121729
https://doi.org/10.1016/j.nuclphysa.2020.121729
https://doi.org/10.1016/j.nuclphysa.2020.121729
https://doi.org/10.1103/PhysRevD.106.094006
https://doi.org/10.1103/PhysRevD.106.094006
https://doi.org/10.1103/PhysRevD.106.094006
https://doi.org/10.1103/PhysRevD.106.094006
https://doi.org/10.1088/1742-6596/1024/1/012019
https://doi.org/10.1088/1742-6596/1024/1/012019
https://doi.org/10.1088/1742-6596/1024/1/012019
https://doi.org/10.1098/rspa.1928.0023
https://doi.org/10.1098/rspa.1928.0023
https://doi.org/10.1098/rspa.1928.0023
https://doi.org/10.1051/jphysrad:0193600708034700
https://doi.org/10.1051/jphysrad:0193600708034700
https://doi.org/10.1051/jphysrad:0193600708034700
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61

	I INTRODUCTION
	II EXPERIMENTAL PRODUCTION PROCESS
	III BARYON SPIN DENSITY MATRICES
	IV POLARIZATION PROBABILISTIC INTERPRETATION
	A Polarization decomposition along the coordinate axes
	B Cross-section for $\bm{ e^{+}e^{-}\rightarrow} \bm{\Omega^{-}}\bar{\bm\Omega}^{+}$

	V SUMMARY
	ACKNOWLEDGEMENTS
	APPENDIX A: PROBABILISTIC INTERPRETATION OF THE SPIN COMPONENT
	APPENDIX B: SPIN-3/2 BASIS MATRICES
	APPENDIX C: POLARIZATION VECTORS FOR SPIN-1/2, SPIN-1, AND SPIN-3/2 PARTICLES AND ANTIPARTICLES
	APPENDIX D: SCATTERING AMPLITUDES FOR $\bm{e^{+}e^{-}\rightarrow} \bm{\Omega^{-}}\bar{\bm\Omega}^{+}$
	References

