
ARENBERG DOCTORAL SCHOOL
Faculty of Science

Finding the ringdown
of rotating black holes
in higher-derivative gravity

Supervisors:
Prof. dr. Thomas Hertog
Prof. dr. Tjonnie Li

Simon Maenaut

Dissertation presented in partial fulfilment
of the requirements for the degree of

Doctor of Science (PhD): Physics

August 2025





FINDING THE RINGDOWN
OF ROTATING BLACK HOLES
IN HIGHER-DERIVATIVE GRAVITY

Simon MAENAUT

Supervisors:
Prof. dr. Thomas Hertog
Prof. dr. Tjonnie Li

Members of the
Examination Committee:
Prof. dr. Eva Laplace, chair
Prof. dr. Thomas Van Riet
Prof. dr. Hugues Sana
Dr. Henri Inchauspé
Prof. dr. Chris Van Den Broeck

(Utrecht University)

Dissertation presented in partial fulfilment
of the requirements for the degree of
Doctor of Science (PhD): Physics

August 2025



Statement on the use of Generative AI

The research and writing process of my thesis was completed without the use of generative AI assistance tools.

The text, code, and images in this thesis are my own (unless otherwise specified). Generative AI has only been
used in accordance with the KU Leuven guidelines and appropriate references have been added. I have reviewed
and edited the content as needed and I take full responsibility for the content of the thesis.

© 2025 Simon Maenaut
Uitgegeven in eigen beheer, Simon Maenaut, Celestijnenlaan 200D box 2415, B-3001 Leuven (Belgium)

Alle rechten voorbehouden. Niets uit deze uitgave mag worden vermenigvuldigd en/of openbaar gemaakt worden
door middel van druk, fotokopie, microfilm, elektronisch of op welke andere wijze ook zonder voorafgaande
schriftelijke toestemming van de uitgever.

All rights reserved. No part of the publication may be reproduced in any form by print, photoprint, microfilm,
electronic or any other means without written permission from the publisher.



In memory of my grandfathers
Opa Piet and Opa Roger



Acknowledgements

Research is seldom carried out in isolation and it would not have been possible
for me to complete this journey without the help and support of so many people.
To each and every one of these individuals: Thank you!

To the reader, let me express my appreciation for your interest in my thesis.

The content of several publications is presented in this work. I would like to
credit the funding and collaborations that supported me and my co-authors.
Please refer to the original publications for a full acknowledgement thereof.

There are, at this point, several persons that I explicitly would like to thank.
First and foremost, I would like to thank my supervisors Thomas Hertog and
Tjonnie Li, who have guided me on my doctoral journey and without their
continued advice, guidance and encouragement it would not have been possible.
I am very grateful to have had two supervisors with such an extensive and
profound set of – often complementary – knowledge, experience, and skills.
Thank you, Thomas, for always sharing your scientific perspective and wisdom.
Tjonnie, thank you for challenging me to always be more ambitious.

I would like to express my gratitude to Pablo Cano for always taking the time to
explain concepts to me and to discuss different approaches to solving a problem.
Thank you for guiding me as a student and for the wonderful collaborations
on many of the research projects to study the fascinating nature of black holes.
Let me thank Thomas Van Riet, who guided me when I started my journey into
theoretical physics as a student. Together with Nikolay Bobev, you have taught
me the most theoretical physics over the years and inspired me to do research.

Also, I want to thank Thomas Van Riet as well as Eva Laplace, Hugues Sana,
Henri Inchauspé, and Chris Van Den Broeck for serving on my examination
committee, taking the time to read my thesis, and providing valuable feedback.

ii



ACKNOWLEDGEMENTS iii

It brought me great joy during my PhD to work with many wonderful people,
and I would like to thank in particular those with whom I collaborated closely.
Thank you Kwinten, Pablo, and Thomas for setting up a good start to my PhD,
taking the time to involve me in the first projects and to teach me so much.
Thank you Ania for your help with running the ringdown analysis and the
enlightening conversations. Thank you Gregorio for all your invaluable advice,
all the time debugging the analysis code and letting me discover Copenhagen.
Thank you Vitor for all your words of wisdom. Thank you Nicola and Lodovico
for insightful discussions on quasinormal modes. Even though this thesis does
not include Euclidean wormholes, thank you Thomas (both), Bruno and Rob for
bringing the saga on the stability of these strange objects to a proper conclusion.
Thank you to all the students I had the honour of guiding throughout my PhD.
In particular, I would like to thank Maxim, Alessia, Gorik, Karel, and Robrecht
for being such fantastic and enthusiastic master students.

To all my colleagues: fellow PhDs, postdocs, professors from high-energy physics,
gravitational waves, and beyond, I thank you for sharing your time with me.
To everyone in the Leuven Gravity Institute, especially the managers, thank you.
Annelien and Marina, thank you for putting up with me in your office and
accepting the resulting increase in entropy, and for all the outreach activities.
Thank you Caroline for your willingness to always listen and share advice.

There are many more people who contributed to my grasp of physics, throughout
the Physics and Astronomy Department and especially from a special place
up high called the Institute of Theoretical Physics. To all of you: Thank you!
This includes Pierre, who visits the institute seasonally. Thank you for taking
the time to also read my thesis and provide detailed feedback on my writing.
Thank you Anneleen for all you have done and keeping the institute running all
those years. Filip, thanks for the IT support and distractions when needed.

In my PhD I gained precious experience as a teaching assistant. Thank you
Cassandra for helping out with the Quantum Mechanics course for engineers.
Jozefien, thank you for working with me to support the phsyics master students.

To my friends from Leuven, Brussels, and abroad, thank you for your support
and encouragements. A special thanks goes to Joris, Vincent and Soetkin for
all the wonderful times throughout our studies, the games, and the vacations.
I would also like to thank my housemates: Tom, Estelle, Nick, and Clannad,
for living with me, sharing small moments of joy, and all your understanding.

To my family, thank you for your persistent motivation and confidence in me.
Last but definitely not least, I want to thank my parents and my sister Emilia.
For all your love, patience, and support, I am eternally grateful.

— Simon



Abstract

Black holes are among the most intriguing and fascinating objects in our universe.
They are a key feature of general relativity, Einstein’s theory of gravity, and
their existence leads to many of the current questions in theoretical physics.
Astronomical observations indicate the presence of black holes in a variety of
astrophysical phenomena, including in star systems and at the centre of galaxies.
Although inherently dark by nature, the presence of black holes could be inferred
from the influence these massive compact objects have on their surroundings.
The detection of gravitational waves provides a new lens to study black holes.

Gravitational waves are ripples in the fabric of spacetime, and are predicted by
general relativity as a form of gravitational radiation. The gravitational waves
we can measure come from astrophysical events with strong and dynamical
gravitational fields, e.g. mergers of massive compact objects like black holes.
The first detection of gravitational waves in 2015 was from the merger of two
black holes. Since then about a hundred black hole mergers have been observed.
The gravitational-wave signal from the merger of black holes can be described
in three phases: the inspiral, when the two black holes orbit around each other,
they gradually draw closer and spiral inward; the merger, when the event
horizons of the two black holes start to overlap, and they coalesce together; and
the ringdown, whereby the new black hole relaxes towards its stationary state
and the surrounding spacetime rings with the black hole’s quasinormal modes.

Each quasinormal mode has a specific complex frequency, which describes its
oscillation frequency and damping time, intrinsic to the black-hole spacetime.
The quasinormal mode spectrum of a Kerr black hole, which consists of these
complex frequencies, is uniquely determined by the black hole’s mass and spin.
Quasinormal modes are solutions of the Teukolsky equation, which is derived
from the perturbation of curvature scalars in the Newman-Penrose formalism.
Black-hole spectroscopy aims to study the nature of black holes by analysing
the gravitational-wave signal of the ringdown and to compare the observed
spectrum of quasinormal mode frequencies with theoretical predictions.
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ABSTRACT v

With advances in the sensitivity of gravitational-wave detectors, it is pertinent
to explore gravitational-wave signatures of corrections to general relativity. On a
fundamental level, there are strong arguments to consider that general relativity
is incomplete, at least at very high energies. Higher-derivative gravity is an
extension of general relativity that follows the principles of effective field theory.
Higher-curvature terms are added to the Einstein-Hilbert action, order by order
in curvature dimension, with a length scale ℓ much smaller than the black hole.
The leading effect from these terms then comes from the lowest-order terms
that modify the black-hole solutions and the dynamics of general relativity.

We study the leading effect of higher-derivative corrections to general relativity
on the quasinormal modes that describe perturbations of rotating black holes.
Initially, we only consider static and slowly-rotating black holes and calculate
the effect of higher-derivative corrections on their quasinormal mode spectrum.
The isospectrality between modes of opposite parity is lifted by these corrections.
Subsequently, to study any rotating black hole with higher-derivative corrections,
we describe curvature perturbations in terms of a universal Teukolsky equation.
This requires a Newman-Penrose description of the corrected background and a
metric reconstruction of Kerr perturbations. We are able to reduce the equations
to a decoupled set of radial equations that form modified Teukolsky equations.

Since higher-derivative corrections lead to deviations in the effective potential of
the modified Teukolsky equation, we studied a general parametrisation of such
deviations, any of which can be captured by a limited number of coefficients.
Small deviations should cause small shifts in the quasinormal mode spectrum.
We calculate the leading corrections to the quasinormal mode frequencies related
to each coefficient with a generalisation of Leaver’s continued-fraction method.
This allows for the fast computation of corrections to the quasinormal modes of
rotating black holes in any theory that yields a modified Teukolsky equation.
We apply this method to calculate the shifts from higher-derivative corrections
in the quasinormal mode spectrum of black holes with a wide range of spins.

We conduct an analysis of all gravitational-wave signals with a detectable
ringdown, with a waveform template for the ringdown of rotating black holes
that includes higher-derivative corrections and allows for isospectrality breaking.
This model was implemented in pyRing to perform the first time-domain
spectroscopic search for these corrections with quasinormal mode frequency
shifts that are accurate for rapidly rotating black holes. We find no evidence of
higher-derivative corrections, and we set an upper bound on the length scale of
these corrections from a joint analysis of all the observed ringdown signals.

In this thesis, we strive to connect the theoretical study of gravity to the
analysis of ringdown observations through the explicit calculation of the impact
of higher-derivative corrections on the ringdown signal of rotating black holes.
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Chapter 1

Introduction

Black holes are one of the most fascinating astrophysical objects in the universe.
Intuitively, a black hole can be described as a massive compact object in space
that is so dense that its gravity prevents anything, even light, from escaping.
From a theoretical point of view, black holes are described by general relativity,
Albert Einstein’s theory of gravity. General relativity models gravity as resulting
from the geometry of space and time, or more accurately, of a unified spacetime.
In this theory, the presence of mass and energy curves the spacetime geometry,
whilst curved spacetime affects the motion of matter and radiation as gravity.
How the spacetime geometry behaves is encoded in the Einstein field equations.
Discovering that general relativity generically predicts the existence of black
holes and that they are uniquely described was a process of several decades.

Just a few months after Einstein had developed general relativity in 1915 [1],
Karl Schwarzschild found a solution to the Einstein field equations that describes
the gravitational field generated by a point mass and a spherical static mass [2].
Later, it was found that the solution becomes singular at a specific distance
from the origin called the Schwarzschild radius related to the mass of the object.
The implications of these singularities were not well understood at the time.
These solutions were only considered physically valid for the spacetime region
outside a massive object such as a star, and what happens near the centre of
this vacuum spacetime solution was long considered a mathematical curiosity.
Arthur Eddington showed in 1924 that the singularity could be removed by
applying a coordinate transformation [3] and this implies, as was concluded in
1933 by Georges Lemaître, that the coordinate singularity was non-physical [4].
It was only in 1958 that David Finkelstein identified this as a surface across
which travel is only allowed in one direction [5], therefore called a horizon.
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2 INTRODUCTION

Schwarzschild’s solution to the field equations was quickly extended to describe
the spacetime around a charged point mass with the Reissner-Nordström metric,
which was found independently by several physicists in the subsequent years
[6–9]. However, finding an exact solution for a generically rotating object proved
to be significantly more difficult. It was nearly half a century later, only in 1963,
that Roy Kerr found an exact solution for a rotating black-hole metric [10].
The solution for a black hole that is both rotating and electrically charged was
found two years later by Ezra Newman [11] and provided a common solution
when combining general relativity with Maxwell’s theory of electromagnetism.
Although black holes are regular at the horizon, all these black holes have a
physical singularity at the centre, where the curvature diverges. This was first
suspected to be an artefact from the symmetry conditions imposed when solving
the field equations and it was assumed that a generic solution would avoid these.
However, in 1965 Roger Penrose [12] proved that singularities appear generically
whenever black holes form, due to the presence of a closed trapped surface.
These singularities are not observable outside the black hole, as according to
the cosmic censorship conjecture [13] these are hidden by an event horizon.

From a theoretical perspective, black holes are very special and elegant objects.
What was conjectured and proven under various assumptions by Werner Israel
[14], Brandon Carter [15], David Robinson [16] and others was that the intrinsic
properties of an isolated, stationary black hole (at rest) are fully characterised
by its mass, its angular momentum and any electromagnetic charge it carries.
This is the no-hair theorem (i.e., a black hole retains no other information
“hair” about how it has formed or what fell into it, except for these properties).
Since astrophysical black holes are expected to possess negligible charge, we
will primarily focus on a black hole’s mass and its angular momentum (or spin).
This implies that once these parameters are measured for a specified black hole,
all other intrinsic properties of the black hole can be predicted with fixed values.
As a consequence, precise observations of black-hole properties provide excellent
opportunities to either validate, or search for the limits, of general relativity.

Black holes will by nature not emit any detectable electromagnetic radiation,
hence the evidence for black holes has historically relied on indirect observations.
The first evidence for stellar mass black holes came in 1971 from the spectroscopic
observation of Cygnus X-1, a high-mass x-ray binary, where a blue supergiant
has a companion so compact and massive that it is likely a black hole [17, 18],
and careful observation of binary systems have since yielded more candidates.
Supermassive black holes are expected to be present at the centre of all galaxies.
This was first supported by a redshift measurement of a quasar in 1963 [19, 20]
which implied quasars could be the accretion disks of supermassive black holes.
Radio interferometry by the Event Horizon Telescope of the centre of M87 [21]
and Sagittarius A* [22] confirmed the presence of supermassive black holes.
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The dynamics of black holes can be observed by their gravitational radiation.
Gravitational waves are ripples in the fabric of spacetime created by the presence
of strong dynamical gravitational fields found in some astrophysical phenomena.
The existence of gravitational waves was another prediction of general relativity.
As massive objects move, the geometry of spacetime around them also changes.
When these objects accelerate, it causes ripples in the fabric of spacetime called
gravitational waves, which propagate outwards at the speed of light.

Henri Poincaré had, in 1905, proposed the concept of gravitational radiation,
such that gravitational interactions would propagate at the speed of light [23].
After having published his theory of general relativity, Einstein speculated that
if this radiation exists, it is so weak it would be impossible to detect [24]. At
the time, there was some discussion as to whether this radiation was physical,
since Eddington showed in 1922 that some forms of gravitational radiation
were actually mathematical artefacts from the choice of coordinate system [25].
In 1936, Einstein and Nathan Rosen proved that gravitational waves exist in
general relativity (although originally they were convinced of the opposite) [26].
The ambiguities regarding various possible coordinate choices were resolved by
Felix Pirani in 1957, as he expressed gravitational waves in terms of an invariant
of the curvature tensor, showing that gravitational waves exert tidal forces [27].
The first indirect evidence for gravitational waves came in 1974 through the
observation of a pulsar in a binary system with another neutron star, where the
orbital decay matched the prediction from general relativity [28, 29].

The first direct detection of gravitational waves occurred on 14 September 2015
by the LIGO and Virgo collaborations, when both LIGO observatories were
able to detect gravitational radiation from the merger of two black holes [30].
The observed gravitational-wave signal [31] is consistent with the merger of
two black holes of 30 and 35 solar masses at a distance of around 440 Mpc.
The remnant black hole has a mass of 62 solar masses, meaning that the merger
emitted the equivalent of 3 solar masses in energy through gravitational waves.
The observed signal was still very faint, with a strain of the order of ∼ 10−21,
which highlights the incredible sensitivity needed in gravitational-wave detectors.

We can describe the merger of two black holes in roughly three distinct phases.
As the black holes circle around their common centre of mass they slowly lose
orbital energy and spiral inwards due to the emission of gravitational radiation.
This inspiral is gradual at first when the black holes are relatively far apart, but
as they come closer, the orbital frequency increases and the orbit decays faster.
The merger happens roughly when the event horizons of the two black holes
start to overlap, and they coalesce together into one highly distorted black hole.
Finally, the newly formed black hole relaxes into its stationary state during the
so-called ringdown, as the perturbed spacetime around the black hole oscillates
and perturbations either cross the horizon or propagate as gravitational waves.
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A perturbation in the spacetime around a black hole causes damped oscillations
due to the dissipative nature of the system. The energy of such an oscillation
disappears as it is absorbed at the horizon and as it radiates away to infinity.
Such a perturbation can be described by a superposition of quasinormal modes,
and their dynamics will be represented by the linearised Einstein field equations.
Each quasinormal mode has a specific complex frequency, which describes its
oscillation frequency and damping time, intrinsic to the black-hole spacetime.
Together these frequencies form the quasinormal mode spectrum of a black hole.
Since in general relativity the spacetime solution for an astrophysical black hole
is fully described by its mass and spin, as a consequence of the no-hair theorem,
this will uniquely determine the quasinormal mode spectrum of the black hole.
The idea of black-hole spectroscopy is to study the nature of black holes by
analysing the ringdown signal from the merger of black holes and comparing the
observed spectrum of quasinormal modes to the predictions of general relativity.

Initially, the interest to study the perturbations of scalar, electromagnetic and
gravitational fields on a black-hole spacetime background was to figure out
whether black holes were actually stable and therefore even physically possible.
For a Schwarzschild black hole, Tullio Regge and John Wheeler found in 1957
that it was stable at linear order. They were able to express metric perturbations
with one type of parity symmetry (axial) in terms of one master equation [32].
The master equation that describes metric perturbations with the other type of
parity symmetry (polar) was discovered only later by Frank Zerelli in 1970 [33].
In the same year, it was shown by Vishveshwara that solutions to these master
equations are given by damped oscillations with complex frequencies [34].
Subrahmanyan Chandrasekhar proved in 1974 the very remarkable property that
the Regge-Wheeler and Zerilli equations for axial and polar metric perturbations
have the same quasinormal mode spectrum; the equations are isospectral [35].
Finding a separable master equation to describe gravitational perturbations on
the background of a Kerr black hole was a significant mathematical problem
that Saul Teukolsky was able to resolve in 1972 by describing them not in terms
of the metric perturbations, but as perturbations of curvature invariants [36].

In the subsequent decades, the focus has shifted towards applying black-hole
perturbation theory specifically in the context of binary black-hole mergers.
The modelling of the post-merger ringdown signal and the inverse problem of
identifying quasinormal modes in a ringdown signal received much attention.
Following the first numerical relativity simulation of a black-hole merger [37–39],
it became possible to identify quasinormal modes in simulated signals [40, 41].
GW150914 was, aside from the first gravitational-wave detection and observation
of a black-hole merger, also the first observed ringdown of a black hole [42].
This marked the dawn of observational black-hole spectroscopy [43].
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1.1 Motivation

The direct observation of gravitational waves from the merger of black holes
opened a window to probe the dynamics of strongly curved regions of spacetime.
The signal that follows these mergers allows us to validate the Kerr hypothesis,
which is the prediction from the no-hair theorem that the geometry of any
rotating black hole is given by the Kerr metric. It could enable a distinction
between black holes and potential black hole mimickers. In the light of these
developments, it is of interest to study and identify what the possible signatures
of corrections to general relativity could be within gravitational-wave signals.

There are good reasons to study the theoretical landscape of possible extensions,
modifications or alternatives to general relativity as the theory of gravitation.
The existence of black holes in general relativity leads to a number of puzzling
theoretical questions closely associated with the fundamental nature of gravity.
The diverging curvature at the centre of a black hole, and the loss of information
once it crosses the horizon, hint that the classical description of these objects
in general relativity is insufficient. On a fundamental level, there are strong
arguments that general relativity is incomplete, at least at very high energies,
since it is fully incompatible with our understanding of quantum mechanics.
Although this point provides no specific predictions, and the implied deviations
could be at scales far outside the reach of astrophysical observations, frameworks
to reconcile these theories suggest possible methods to extend general relativity.
As a theory described mathematically by a metric, general relativity satisfies
Einstein’s equivalence principle. However, it is by far not the only possible theory
of gravity to preserve local Lorentz invariance and diffeomorphism invariance.
Studying alternatives to see to which extent they are ruled out or constrained
(if at all) by experiments can further our understanding of the nature of gravity.
Furthermore, to gauge how well an observed gravitational-wave signal matches
the signal waveform predicted by general relativity, or how strongly deviations
(either agnostic or motivated by theory) can be constrained, it is very valuable
to have waveform predictions from theories that extend general relativity.

To extend general relativity it should be possible to describe the modification
following the principle of Effective Field Theory (EFT). When the curvature of
spacetime is small, the theory should effectively yield general relativity, and to
preserve its symmetries we consider corrections from higher-curvature terms as
described by higher-derivative gravity [44]. To construct the EFT extension to
general relativity we add to the Einstein-Hilbert action all the possible terms
compatible with the symmetries of the theory and we group them following an
increasing order of curvatures (in other words, an increasing energy dimension).
The leading effect from these corrections should come from the lowest-order
terms that modify the black-hole solutions and the dynamics of general relativity.



6 INTRODUCTION

There is a abundant literature that explores black-hole solutions in alternative
theories of gravity. We specifically consider four-dimensional solutions that
modify in smooth and parametric manner the black holes of general relativity.
The theories that contain such black-hole solutions have an action constructed
from the Einstein-Hilbert action supplemented with higher-derivative terms,
including possibly additional scalar fields that couple directly to these terms.
This includes, as particular cases, Einstein-dilaton-Gauss-Bonnet (EdGB) and
dynamical Chern-Simons (dCS) gravity, with an additional coupled scalar field
and the general class of higher-derivative gravity, without any additional fields.
The first step was to find a solution for a spherically-symmetric black hole in
such a theory, which will be a modified version of the Schwarzschild metric.
Rotating black-hole solutions are significantly more challenging to find and are
usually in a small coupling or small spin approximation or expressed numerically.
The general leading-order correction to the Kerr solution in the EFT extension of
general relativity with higher-derivative terms, including possible non-minimally
coupled scalars, has been computed as a series in the spin parameter [45].

For non-rotating black holes, which are spherically symmetric, it is possible
to compute the quasinormal mode spectrum from the modified field equations.
This was done in various theories, including EdGB gravity [46, 47], dCS gravity
[48, 49] and theories with quartic [50, 51] and cubic [52] curvature terms, among
other models [53–55], as well as in some theory-agnostic approaches [56, 57].
Calculating the quasinormal mode spectrum for rotating black holes is harder.
This is due to the fact that the solution for rotating black holes is only known
perturbatively or numerically, and that the modifications to general relativity
break the special hidden symmetry of the Kerr black hole utilised by Teukolsky.
The equations describing quasinormal modes are, therefore, no longer separable.
The computation of quasinormal frequencies for a rapidly rotating black hole in
modified theories of gravity remained until recently an open problem.

A complementary approach is to express possible deviations from the Kerr
quasinormal mode spectrum in a parametric manner. This can be done at
several different levels, depending on the theoretical assumptions that are made.
The simplest is to allow arbitrary deviations in frequencies and damping times,
with the Kerr quasinormal modes either predicted from the remnant mass and
spin inferred from the pre-merger signal [58] or inferred from the ringdown [59].
If deviations to the Kerr quasinormal mode spectrum have a clear dependence
on the remnant mass and spin, these can be expressed as deviation coefficients
of an expansion of the frequency and damping time in the spin parameter [60].
Finally, when theoretical corrections appear in the master equation as small
modifications to the effective potential, then the perturbative corrections to the
quasinormal mode frequencies can be written in terms of these deviations [61].
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1.2 Aim

This thesis aims to quantify the possible effect of extensions to general relativity,
such as higher-derivative corrections, on the gravitational-wave signal emitted
during the ringdown of astrophysical black holes, with the purpose to connect
theoretical models to observational analysis. We aspire to demonstrate that
black-hole spectroscopy provides a strong observational framework to study the
nature of black holes, since the features that appear through these corrections
are generally representative for a broad class of deviations from general relativity.

There are three objectives that guided the research into this topic:

1. Study the effect of higher-derivative corrections to general relativity on
the quasinormal modes that describe perturbations of rotating black holes.

To begin, we discuss the case of non-rotating and slowly-rotating black holes,
where we can leverage the advantage of a spherically-symmetric background to
find the general features of such corrections on the quasinormal mode spectrum.
Subsequently, we consider the general case of rotating black holes, where we
study the perturbations with curvature invariants to find a separable equation.
Having the slowly-rotating black hole case as a reference makes it possible to
validate the results of the general case for rotating black holes by comparing the
predicted corrections to the quasinormal mode frequencies in the static limit.
This builds upon the known techniques of black-hole perturbation theory in
general relativity, although the inclusion of higher-derivative gravity breaks the
special symmetries of Kerr black holes, thereby requiring a careful approach to
capture the deviations and reconstruct a master equation for the perturbations.

2. Calculate the leading corrections to the quasinormal mode spectrum of
rotating black holes from parametric deviations in the Teukolsky equations.

We expect a small deviation in the effective potential of the Teukolsky equation
that governs linear perturbations of Kerr black holes to induce a small correction
in the spectrum of quasinormal modes and in the associated separation constants.
We can take advantage of the inherent properties of the Teukolsky equation to
significantly reduce the number of parameters required to model any deviation.
The purpose of this framework is to allow the development of a theory-informed
description of agnostic quasi-normal mode deviations for rotating black holes.
We can validate the method with examples in the literature where the corrections
to the quasinormal mode frequencies are known, and can apply it to compute
shifts in the quasinormal mode spectrum from higher-derivative corrections.
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3. Analyse current gravitational-wave observations of black-hole ringdown
to constrain the scale of potential EFT corrections to general relativity.

The analysis of gravitational-wave signals from the ringdown of black holes is
done with the signal expressed in the time domain in order to avoid spectral
leakage and contamination from the preceding signal of the inspiral and merger.
The results of the previous steps allow for the construction of a signal template
with quasinormal mode frequencies that include higher-derivative corrections.
This can be implemented into a ringdown analysis package called pyRing that
the LIGO-Virgo-KAGRA collaboration uses in the analysis of ringdown signals.
The analysis of gravitational-wave events with a detectable ringdown can be
used to infer a constraint on the scale of EFT corrections to general relativity.

1.3 Structure

This thesis is structured to reflect the research process; some chapters were
written to provide the reader with sufficient background knowledge to understand
the research results, which are presented in subsequent chapters and appendices.
Throughout this thesis, we work in geometric units, setting G and c to one,
although occasionally these constants are reintroduced explicitly to add clarity.
We provide a summary of the equations of general relativity in appendix A.1.

We start with the essentials of black-hole perturbation theory in general relativity,
which was developed throughout the last century. We study metric perturbations
of a Schwarzschild black hole in chapter 2 with tensorial spherical harmonics.
The Regge Wheeler gauge makes it possible to separate metric perturbations by
parity and to arrive at the master equations that govern these perturbations and
we discuss how quasinormal modes are the physical solutions to these equations.

To study perturbations of the rotating Kerr black holes as covered in chapter 3,
we introduce the tetrad framework and Newman-Penrose formalism to describe
curvature invariants called Weyl scalars. Although heavy in notation, this leads
to the derivation of the Teukolsky equation to describe curvature perturbations.
We conclude with a method to calculate the quasinormal mode frequencies.

After the overview of the prerequisites, we consider the first research objective.
In chapter 4, we introduce higher-derivative gravity and explain why it provides
an EFT extension to general relativity. We review the general black-hole solution
with higher-derivative corrections as derived from the modified field equations.
The main result of this chapter is the study of gravitational perturbations of first
static and then slowly-rotating black holes, extending the techniques developed
for the Schwarzschild black hole and calculating its quasinormal mode spectrum.
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The methods that were developed for the Kerr black hole to arrive at the
Teukolsky equation had to be adapted to allow corrections to general relativity.
Through a careful derivation, we arrive at the universal Teukolsky equation,
which we discuss in chapter 5. The ingredients needed to solve this equation
and arrive at a modified Teukolsky equation are a description of the corrected
background geometry in the Newman-Penrose formalism and a reconstructed
metric from the curvature perturbations that solves the Teukolsky equations.
This method can be applied even to reasonably rapidly rotating black holes.

The second research objective comes into focus in chapter 6, as we calculate
the corrections to the quasinormal modes from a modified Teukolsky equation.
We start initially with an arbitrary deviation of the effective potential expressed
as a series in the inverse radius and compute the effect of each term on the
quasinormal mode frequency. Subsequently, we apply this parametrisation to
the modified Teukolsky equation from higher-derivative gravity and calculate
the shifts of quasinormal mode frequencies due to higher-derivative corrections.

For the final research objective we use these results within a ringdown analysis.
We provide a brief overview of the principles behind the Bayesian analysis that
can be considered foundational to the analysis of gravitational-wave observations.
Thereafter, we discuss the reasons for analysing the ringdown in the time domain.
We introduce a general waveform template for ringdown of a Kerr black hole
and touch upon the main assumptions that enter into current ringdown analyses.
This is then adapted to include the effect from higher-derivative corrections, and
we analyse all available gravitational-wave events with a detectable ringdown to
set a constraint on the scale of potential EFT corrections to general relativity.

Finally, we present briefly the general conclusions from this thesis in chapter 8,
and discuss some insights that could provide opportunities for further research
with current and future gravitational-wave observations of black holes.



Chapter 2

Metric perturbations of
Schwarzschild black holes

Black holes formed through the coalescences of two black holes are highly
perturbed after the merger, yet they quickly settle down to a stationary state.
This rapid relaxation, known as the ringdown of a black hole, is characterised
by a set of damped oscillations with specific frequencies and damping times.
These oscillations, called quasinormal modes, describe the motion of linear
perturbations in the spacetime around a black hole and define its spectrum.
The simplest black hole to consider is one that is static and spherically-symmetric.
In general relativity, there is a unique spherically symmetric vacuum solution
given by the Schwarzschild metric. To start our exploration of the ringdown of
black holes, we first study the spectrum of a Schwarzschild black hole.

In this chapter we introduce the methods to calculate the spectrum of metric
perturbations for a static, spherically-symmetric black hole in general relativity.
We start with a brief overview of the properties of a Schwarzschild black hole and
the basics of scalar, vector and tensor spherical harmonics. Metric perturbations
projected onto these spherical harmonics can be classified as perturbations with
either even or odd parity, and a careful gauge choice makes it possible to reduce
the field equations for each class of perturbations to a single master equation.
After applying appropriate boundary conditions, the master equations can be
solved to yield a spectrum of quasinormal modes, which we discuss in detail.
This sets out the groundwork that will be used later to extend the method
beyond general relativity for static and slowly-rotating black holes.

10
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In spherical coordinates, the Schwarzschild metric [2] is given by

ds2 = −f(r) dt2 + (1/f(r) ) dr2 + r2 (dθ2 + sin2(θ) dϕ2) (2.1)

with f(r) = 1 − 2M/r, where M can represent the mass of the black hole.

Birkhoff’s theorem [14] proves that this metric is the unique spherically
symmetric solution of the vacuum field equations. The components of the metric
in these coordinates are independent of time, implying that the spacetime is
stationary. Since there are no time-space cross terms, it is possible to show
that the spacetime is static. More formally, this occurs when a spacetime has a
timelike Killing vector orthogonal to a family of spacelike hypersurfaces.

Notice that at r = 0 and r = 2M components of the metric diverge, and whilst
the origin (r = 0) is a physical singularity where the curvature becomes infinite,
the divergence at Schwarzschild radius (r = 2M) is due to these coordinates
and can be resolved with different coordinates.

We introduce the tortoise coordinate r∗ defined as

dr∗ = dr
f(r) such that ∂

∂r∗
= f(r) ∂

∂r
. (2.2)

If we integrate this expression we can express r∗ (up to constant) as

r∗ = r + 2M log
( r

2M − 1
)
, (2.3)

where r∗ → −∞ at the horizon and r∗ → +∞ towards spatial infinity.

Introduce coordinates that are constant for ingoing and outgoing null geodesics

u = t+ r∗ and v = t− r∗ . (2.4)

We can write the metric in terms of the Eddington-Finkelstein coordinates [12],
so that the metric in terms of the ingoing coordinate becomes

ds2 = −f(r) dv2 + 2 dv dr + r2 (dθ2 + sin2(θ) dϕ2) . (2.5)

Although one metric component still vanishes at r = 2M , the metric remains
regular and invertible at the Schwarzschild radius and is therefore non-singular.

Hence, from the perspective of a local observer there is no reason to suspect
that this surface is special. However, if we consider the trajectory of lightlike or
timelike particles moving radially, a remarkable condition is imposed.
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The condition for radial null curves becomes

For ingoing rays: dv
dr = 0 ,

For outgoing rays: dv
dr = 2/f(r) . (2.6)

The paths of null (or time-like particles) can travel past the Schwarzschild radius.
However, for r < 2M all paths will have a future-direction with decreasing r
(since f(r) will be negative). The surface at the Schwarzschild radius functions
as a point of no return and past this point particles can never escape to infinity.
This defines the event horizon for a Schwarzschild black hole.

A scalar field (on a spherically-symmetric spacetime) can be decomposed in
terms of spherical harmonic, which we define as

Y lm(θ, ϕ) = Nlme
imϕPm

l (cos θ) , (2.7)

where the labels set the degree l and order m of the Legendre polynomial Pm
l

and Nlm is a suitably chosen normalisation factor (depending on convention).

We introduce ΩAB to describe the metric on a unit sphere as

dΩ2
(2) = ΩAB dxA dxB = dθ2 + sin2 θ dϕ2 (2.8)

and let DA be the covariant derivative of this metric. We can then define the
Laplacian operator on a sphere as

D2 = ΩABDADB . (2.9)

Spherical harmonics are eigenfunctions of this Laplacian operator and satisfy

D2Y lm = −l(l + 1)Y lm . (2.10)

To study vector and tensor fields (which come with indices) in a similar manner,
we need to generalise the spherical harmonics to tensor objects with indices [62].
The idea is to find tensors that are eigenfunctions of the Laplacian and satisfy

D2YA1...An
= λYA1...An

, (2.11)

where λ will be the eigenvalue of this tensor related to the Laplacian.

Starting with vector spherical harmonics, which will have one index, we identify
two types: a set with even parity written as Y lm

A and a set with odd parity
written as X lm

A ; where a parity transformation changes θ → π−θ and ϕ → ϕ+π.
We construct these with a covariant derivative of a scalar spherical harmonic as

Y lm
A = DAY

lm and X lm
A = −ϵ B

A DBY
lm (2.12)

with ϵAB the Levi-Civita symbol of the sphere: ϵθϕ = sin θ, and ϵ B
A = ΩBCϵAC .
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These vector harmonics are eigenfunctions of the Laplacian

D2Y lm
A = −(l2 + l − 1)Y lm

A and D2X lm
A = −(l2 + l − 1)X lm

A (2.13)

and they satisfy a number of orthogonality relations:∫
Ȳ A

lmY
l′m′

A dΩ = l(l + 1) δll′δmm′ ,

∫
Ȳ A

lmX
l′m′

A dΩ = 0 ,

∫
X̄A

lmX
l′m′

A dΩ = l(l + 1) δll′δmm′ . (2.14)

Two sets of tensor spherical harmonics have even parity, and one has odd parity.
One even parity tensor harmonic set corresponds to ΩABY

lm, and the other is

Y lm
AB =

[
DADB + 1

2 l(l + 1)ΩAB

]
Y lm , (2.15)

whilst the odd-parity tensor harmonic set can be constructed as

X lm
AB = −1

2
(
ϵ C

A DB + ϵ C
B DA

)
DCY

lm . (2.16)

These are eigenfunctions of the Laplacian on the sphere

D2(ΩABY
lm) = ΩABD

2Y lm = −l(l + 1)ΩABY
lm ,

D2Y lm
AB = −(l2 + l − 4)Y lm

AB , D2X lm
AB = −(l2 + l − 4)X lm

AB , (2.17)

and satisfy the following set of orthogonality relations∫
Ȳ AB

lm Y l′m′

AB dΩ = 1
2(l − 1)l(l + 1)(l + 2) δll′δmm′ ,

∫
X̄AB

lm X l′m′

AB dΩ = 1
2(l − 1)l(l + 1)(l + 2) δll′δmm′ ,

∫
Ȳ AB

lm X l′m′

AB dΩ = 0 and ΩABY lm
AB = ΩABX lm

AB = 0 . (2.18)

We list the components of these tensorial spherical harmonics in Appendix A.2.
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2.1 Metric perturbations

The Einstein field equations (see Appendix A.1) in vacuum are given by:
Gµν = Rµν − 1

2 Rgµν = 0 . (2.19)
To study perturbations due to gravitational interactions, we apply a small
metric perturbation ϵ hµν to the background metric gµν as

gµν → gµν + ϵ hµν for ϵ ≪ 1 and hµν = O(1) . (2.20)
This should satisfy the field equations in vacuum up to linear order in ϵ so that

G(0)
µν + ϵG(1)

µν + O
(
ϵ2
)

= 0 . (2.21)

Since the background metric satisfies the field equations at leading order (G(0)
µν ),

the linearised Einstein tensor with the metric perturbation has to equal zero
G(1)

µν = − 1
2 ∇α∇αĥµν − 1

2gµν∇α∇βĥαβ + ∇α∇(µĥν)α = 0 , (2.22)
where gµν is the background metric, ∇µ its covariant derivative and we introduce
the trace-reversed metric perturbation as ĥµν = hµν − 1

2hαβ g
αβ gµν .

To decompose hµν into spherical harmonics we split the metric into two parts

ds2 = gab dxa dxb + r2ΩAB dxA dxB , (2.23)
where we define the metric on each sub-manifold as

gab dxa dxb = −f(r) dt2 + dr2

f(r) , ΩAB dxA dxB = dθ2 + sin2(θ) dϕ2 . (2.24)

The lower-case Latin indices a, b, c, . . . represent the time and radial coordinate
whilst the upper-case Latin indices A,B,C, ... represent the angular components.
Any coordinates that separate the metric in this manner are a valid choice.

To decompose the metric perturbation we can use the vector and tensor spherical
harmonics defined in the previous section and identify harmonics according to
the lm labels and according to parity as

hµν =
∑
l,m

hlm
(+)µν +

∑
l,m

hlm
(−)µν (2.25)

where the even-parity (+) and odd-parity (−) components can be written as
hlm

(+)ab = H lm
ab Y

lm , hlm
(−)ab = 0 ,

hlm
(+)aB = jlm

a Y lm
B , hlm

(−)aB = hlm
a X lm

B ,

hlm
(+)AB = r2 (KlmΩABY

lm +GlmY lm
AB

)
, hlm

(−)AB = hlm
2 X lm

AB , (2.26)
and the functions {Hab, ja,K,G} and {ha, h2} only depend on t and r.
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Since the physics of a system is independent of the choice of coordinates,
expressions in general relativity are invariant under coordinate transformations.
The perturbed field equations with the linearised Einstein tensor (2.22) are also
invariant under the following gauge transformation for the metric perturbation

h′
µν = hµν + ∇µkν + ∇νkµ . (2.27)

We can use this gauge freedom to reduce metric perturbation components.

To find the effect of such a gauge transformation on the metric (2.23) it suffices
to write out the covariant derivative above in terms of a partial derivative and
the Christoffel symbol (see Appendix A.1) and find all the non-zero components.
A metric perturbation will transform as follows:

h′
ab = hab − ∇̂akb − ∇̂bka ,

h′
aA = haA − ∂Aka − ∂akA + 2

r
(∂ar)kA ,

h′
AB = hAB −DAkB −DBkA − ΩAB r (∂ar)ka , (2.28)

where ∇̂a is the covariant derivative on the (t, r) sub-manifold with gab as metric,
and as before DA is the covariant derivative on the sphere with ΩAB as metric.
Similar to the decomposition of the metric perturbation, we can decompose the
vector kµ of the transformation into spherical harmonics of different parity,

kµ =
∑
l,m

klm
(+)µ +

∑
l,m

klm
(−)µ . (2.29)

The odd-parity components of a gauge transformation are generated by a vector
field kα = (0, kA) that is decomposed as

klm
(−)A = ξlmX lm

A , (2.30)

where ξlm is a function of only the (t, r) coordinates. The odd-parity metric
perturbation h(−)µν (dropping the spherical-harmonic labels) is transformed as

h′
ab = hab , h′

aA = haA −XA (∂aξ − (2/r)(∂ar)) ,

h′
AB = hAB − ξ (DAXB +DBXA) , (2.31)

Since DAXB +DBXA = 2XAB , the transformed metric has the form of (2.26).
and the transformation therefore changes ha and h2 according to

ha → h′
a = ha − ∇aξ + (2/r)(∂ar)ξ ,

h2 → h′
2 = h2 − 2ξ , (2.32)

We use these gauge transformations to simplify the form of the metric
perturbations and set h2 = 0 such that only ha are non-vanishing components.



16 METRIC PERTURBATIONS OF SCHWARZSCHILD BLACK HOLES

The even parity components of a gauge transformations are generated by a
vector field kα = (ka, kA) that is decomposed as

klm
(+)a = ξlm

a Y lm and klm
(+)A = ξlmY lm

A , (2.33)

where the fields ξlm
a and ξlm are again purely functions of the (t, r) coordinates.

This transforms the even parity metric perturbation h(+)µν as

hab → h′
ab = hab − ∇̂aξb − ∇̂bξa , ja → j′

a = ja − ξa − ∇̂aξ + 2
r

(∂ar)ξ ,

K → K ′ = K + l(l + 1)
r2 ξ − 2

r
(∂ar)ξa , G → G′ = G− 2

r2 ξ , (2.34)

where once again we have dropped the spherical-harmonic labels for readability.
We use these gauge transformations to simplify the metric perturbations and
set ja = 0 and G = 0 such that only hab and K are non-vanishing components.
This choice for odd- and even-parity components is the Regge-Wheeler gauge.

Since each part of a decomposed metric perturbation with either even or odd
parity for a specific spherical harmonic satisfies the field equations independently,
metric perturbations of the following form can be studied separately:

hµν = hlm
(±)µν . (2.35)

We choose the Regge-Wheeler gauge, setting some metric components to zero.
With a stationary background spacetime and linear field equations, the time
dependence can be expressed as a factor e−iωt with ω a complex frequency.
As a result of spherical symmetry, the resulting field equations are actually
independent of the choice of m and we therefore set m = 0 in these calculations.

A metric perturbation in the Regge-Wheeler gauge can explicitly be written as

hl0
(+)µν =


f(r)H0(r) H1(r) 0 0
H1(r) H2(r)/f(r) 0 0

0 0 r2K(r) 0
0 0 0 r2K(r) sin2(θ)

 e−iωt Yl0(θ, ϕ) ,

hl0
(−)µν =


0 0 0 h0(r)
0 0 0 h1(r)
0 0 0 0

h0(r) h1(r) 0 0

 e−iωt

(
sin θ ∂

∂θ

)
Yl0(θ, ϕ) . (2.36)

where odd-parity metric perturbations have radial functions h0(r) and h1(r),
and even-parity metric perturbations have H0(r), H1(r), H2(r) and K(r).
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2.2 Master equations

To evaluate the field equations and find solutions, we calculate the linearised
Einstein tensor for a metric perturbation of a specific parity and harmonic.
Applying the properties of spherical harmonics allows us to reduce the equations
to a set of coupled ordinary differential equations for the different functions.
Surprisingly, for both even and odd perturbations the full solution can be written
in terms of one master variable that satisfies a simple differential equation.

We start with the odd-parity perturbations, which leads to a simpler calculation,
as was done by Regge and Wheeler in 1957 [32]. The linearised Einstein tensor
(2.22) with the odd-parity metric perturbation in the Regge-Wheeler gauge
(2.36) has only three independent non-zero components: G(1)

tϕ , G(1)
rϕ and G

(1)
θϕ .

Requiring that last two vanish, yields to two first-order differential equations

ωh0 − if
d
dr (f h1) = 0 ,

−ir4ω
d
dr

(
h0

r2

)
+ h1

(
−f (−2rf ′ + l(l + 1)) + 2f2 + r2ω2) = 0 . (2.37)

The first equation makes it possible to express h0 in terms of h1 as

h0 = i

ω
f

d
dr (f h1) , (2.38)

and the other equation becomes a second-order differential equation for h1.

If we introduce the variable

Ψ− = f h1

r
, (2.39)

this equation can be written as

f
d
dr

(
f

dΨ−

dr

)
+
(
ω2 − V −

lm

)
Ψ− = 0 , (2.40)

where V − = f

(
l(l + 1)
r2 − 3f ′

r

)
. (2.41)

If we change to the tortoise coordinate r∗ we can express this as
d2Ψ−

dr2
∗

+
(
ω2 − V −)Ψ− = 0 . (2.42)

This is the master equation for odd-parity metric perturbations, known as the
Regge-Wheeler equation. A solution for Ψ− will define a specific odd-parity
metric perturbation. There is no l = 0 odd-parity mode and the l = 1 mode is
not radiative (since gravitational-waves are not emitted as dipolar radiation).
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The even-parity perturbations are significantly more difficult to disentangle, and
were first solved in terms of a master variable and equation by Zerelli 1970 [33].
The independent non-vanishing components of the linearised Einstein tensor are
off-diagonal elements G(1)

tr , G(1)
tθ , G(1)

rθ , and diagonal elements G(1)
tt , G(1)

rr , G(1)
θθ .

Similar to the odd-parity perturbations gravitational emission occur when l ≥ 2
as the angular components of the equation are then non-zero, which means that
the radial factors in each term of every component has to vanish.

The G
(1)
θθ component has two terms with different angular dependence and

requiring the ∂2Ylm

/
∂θ2 term to equal zero implies that H0 and H2 are equal.

We therefore introduce H = H0 = H2 to refer to either of the two variables.

The aim is now to use these differential equations to express the first derivative
of each of the remaining variables H, H1 and K in terms of the other variables.
From δG

(1)
tr = 0 we find an expressions for K ′ as

K ′ = 1
2r2

(
2r(r − 3M)

2M − r
K + 2rH + il(l + 1)

ω
H1

)
, (2.43)

and from δG
(1)
tθ = 0 we find an expression for H ′

1 as

H ′
1 = 1

2Mr − r2

(
ir2ωK + ir2ωH + 2MH1

)
. (2.44)

The equation for K ′ can be used with G
(1)
rθ = 0 to find an expression for H ′ as

H ′ = 1
2r2ω(r − 2M)2

(
rω
(
2
(
l2 + l + 2

)
Mr + r2 (−l2 − l + 2r2ω2)− 6M2)K

2r2ω(r − 2M)2 + rω
(
4M2 − 2

(
l2 + l + 1

)
Mr + l(l + 1)r2)H

2r2ω(r − 2M)2 + i(2M − r)
(
l(l + 1)(M − r) + 4r3ω2)H1

)
. (2.45)

Substituting these equations into G(1)
θθ = 0 with λ = 1

2 (l − 1)(l + 2) yields(
2λ+ 6M

r

)
H +

(
2λ− 2M

r
− 2r

(2M − r)

(
M2

r2 + r2ω2
))

K

+
(

2iωr − i
l(l + 1)M

ωr2

)
H1 = 0 , (2.46)

which can be used to express H fully in terms of H1 and K.
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We introduce a new variable H1 = ωS and find two first-order differential
equations dependent on K and S with the following structure

K ′ = (α0 + α2 ω
2)K + (β0 + β2 ω

2)S ,

S′ = (γ0 + γ2 ω
2)K + (δ0 + δ2 ω

2)S , (2.47)

where α, β, γ and δ are functions of r, M and l, not of ω, given by

α0 = (λ− 2)Mr + 6M2

r(r − 2M)(λr + 3M) , α2 = −r3

(r − 2M)(λr + 3M) , (2.48)

β0 = i(λ− 1)(λr + 2M)
r2(λr + 3M) , β2 = ir

(λr + 3M) , (2.49)

γ0 = ir(4(λ− 1)Mr − 2λr2 + 9M2)
(r − 2M)2(λr + 3M) , γ2 = ir5

(r − 2M)2(λr + 3M) , (2.50)

δ0 = M(6M + r(3λ+ 1))
(λr + 3M)(2Mr − r2) , δ2 = −r3

(λr + 3M)(2M − r) , (2.51)

where we introduce λ = 1
2 (l − 1)(l + 2) to simplify the notation.

We define K̂(r∗) and Ŝ(r∗) as functions of the tortoise coordinate r∗ with

K(r) = g(r)K̂(r∗) + Ŝ(r∗) and S(r) = h(r)K̂(r∗) + k(r)Ŝ(r∗) , (2.52)

where g(r), h(r) and k(r) are chosen so that Ŝ and K̂ satisfy the system:

dK̂
dr∗

= Ŝ and dŜ
dr∗

= (V +(r) − ω2)K̂ . (2.53)

We find that the solution is given by

g(r) =λ(λ+ 1)r2 + 3λMr + 6M2

r2(λr + 3M) ,

h(r) =i−λr
2 + 3λMr + 3M2

(r − 2M)(λr + 3M) , and k(r) = −ir2

r − 2M . (2.54)

With this condition V + is given by

V + =
(

1 − 2M
r

)
2λ2(λ+ 1)r3 + 6λ2Mr2 + 18λM2r + 18M3

r3(λr + 3M)2 . (2.55)

We introduce Ψ+ = K̂ as the master variable and we find the master equation

d2Ψ+

dr∗2 +
(
ω2 − V +)Ψ+ = 0 . (2.56)
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2.3 Isospectrality

We have found by analysing the field equations in vacuum at linear order that in
general metric perturbations can be decomposed in terms of spherical harmonics
labelled by the numbers l,m, and in parts with even (+) and odd (−) parity.
For each of these modes the full metric perturbation can be expressed in terms
of a simple master variable Ψ±

lm that satisfies a master equation of the form

d2Ψ±
lm

dr2
∗

+
(
ω2 − V ±

lm

)
Ψ±

lm = 0 , (2.57)

where we reintroduce the labels l,m into the notation.

The quasinormal modes a black hole correspond to the solutions of this simple
differential equation, with the appropriate physical boundary conditions.

The potential V vanishes at the horizon as r∗ → −∞ and therefore in this limit
solutions to the master equation should behave as Ψ ∼ e−iω(t±r∗) in general.
As nothing should leave the black hole horizon, only incoming modes that
correspond to a plus sign should be allowed, hence

Ψ ∼ e−iω(t+r∗) for r∗ → −∞ (at the horizon). (2.58)

This implies that outgoing modes are suppressed near the horizon.

In an asymptomatically flat spacetime the potential vanishes at spatial infinity.
To avoid waves entering spacetime from infinity the boundary condition sets

Ψ ∼ e−iω(t−r∗) for r∗ → +∞ (at infinity)the.. (2.59)

and outgoing waves are allowed to leave the system and dissipate energy.

With these boundary conditions the master equation only has solutions for a
discrete set of complex ω which are called the quasinormal mode frequencies.
For each value of l and the polarisation ±, we will have an infinite set of these
frequencies ω±

l,n labelled by the overtone index n in increasing order of the size
of their imaginary component, starting with n = 0 for the fundamental mode.
All these complex frequencies together form the quasinormal mode spectrum.

Notice that since we expect the absolute amplitude of a mode to decay over time,
a quasinormal mode frequency should have a negative imaginary component.
However, the amplitude towards infinity would then diverge as a consequence.
Regular initial conditions on the background spacetime can therefore not be
represented directly as a superposition of quasinormal modes. Rather, these
modes represent quasistationary states that can not exist forever. These modes
are excited at some precise time and then they decay exponentially. Quasinormal
modes do not form a complete basis of wavefunctions [63].
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A very important result for Schwarzschild black holes is that the spectra of odd
and even perturbations are identical. This is due to the fact that a solution of
the odd master equation with a specific quasinormal mode frequency can be
transformed into a solution of the even master equation with the same frequency.

The effective potential for even and odd metric perturbations can be written as

V ± = W 2 ∓ dW
dr∗

− β2 (2.60)

where

W = 3M(2M − r)
r2 (3M + λr) − β and β = λ(λ+ 1)

3M . (2.61)

A simple substitution with the following transformation changes a solution of
the even master equation to a solution of the odd master equation and back

Ψ± = − 1
β2 + ω2

(
∓W Ψ∓ + dΨ∓

dr∗

)
(2.62)

which confirms that the even and odd perturbations are indeed isospectral [35].



Chapter 3

Newman-Penrose formalism
and Kerr black holes

Astrophysical black holes, from stellar remnants to galactic centres, generally
rotate as the spacetime curvature of these black holes carries angular momentum.
The angular momentum from the formation of the black hole and any subsequent
infalling matter is preserved and the spacetime surrounding the black hole is
warped and dragged along in the direction of rotation. The assumption that the
system is (nearly) spherically symmetric will not hold for rotating black holes
and the method developed in the previous chapter is therefore not applicable.
To find the gravitational quasinormal mode spectrum it is no longer possible to
decompose metric perturbations and express them in terms of a master variable.
Instead we will consider perturbations in terms of the curvature components of
the Weyl tensor, with an adapted form of the Bianchi identity as main equation.

In this chapter we discuss the techniques needed to study rotating black holes and
to calculate their quasinormal mode spectrum for gravitational perturbations.
We start with an introduction of a tetrad frame to describe spacetime and discuss
the Newman-Penrose (NP) formalism. This formalism chooses a special frame
in terms of two real and two complex null (lightlike) vectors and describes the
properties of a spacetime in terms of curvature components and spin coefficients.
We explore the properties of rotating black holes in general relativity, which are
described by the Kerr metric in terms of their mass and angular momentum.
Finally we show how applying this formalism to a Kerr black hole can lead to
the Teukolsky equations, whose solutions define its quasinormal mode spectrum.
Later these methods will be extended to find the quasinormal modes of rotating
black holes when considering small modifications to general relativity.

22
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3.1 Tetrad formalism

When investigating a problem in general relativity, we often consider the field
equations with a choice of local coordinates that is well-suited for the system.
Instead of choosing specific coordinates, an alternative approach is to choose
a frame of four linearly independent vector fields, called a tetrad frame, and
to examine the equations satisfied by projecting tensors onto this tetrad frame.
This is the core idea of the tetrad formalism and the choice of the tetrad frame
should reflect the spacetime symmetries that are key to the problem at hand.
We first present the formalism in general without choosing a specific frame and
derive the relevant properties necessary for our application following [64].

At each point in spacetime we define a frame of four linearly independent vectors.
We label a frame vector by a tetrad index, written as a Latin lower-case letter
in bold upright characters to distinguish it from the tensor index of the vector
written with a Greek lower-case letter (which is used to label its components).
A frame vector is therefore written as

e µ
a (3.1)

with in this case a the frame index and µ the tensor index of the vector.

The tensor index can be lowered and raised with the metric gµν such that

ea µ = gµν e
µ

a (3.2)

whilst we also define the inverse of a frame vector eb
ν to satisfy

e µ
a eb

µ = δb
a , e µ

a ea
ν = δµ

ν . (3.3)

To raise and lower frame indices we introduce ηab and its inverse ηab

ηab = e µ
a eb µ , ηab ηbc = δa

c . (3.4)

where we assume that ηab is a constant and symmetric.

With these definitions we can raise and lower frame indices

ηab e
a

µ = eb µ , ηab ea µ = eb
µ (3.5)

and confirm that

ea µ e
a

ν = gµν . (3.6)
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Any vector or tensor field can be projected onto the tetrad frame

Aa = ea
µ A

µ = ea µ Aµ , Aµ = e µ
a Aa = ea µ Aa (3.7)

and more generally

Tab = e µ
a e ν

b Tµν , Tµν = ea
µ e

b
ν Tab . (3.8)

With the frame vectors e µ
a we can define directional derivatives

∂a = e µ
a ∂µ = e µ

a
∂

∂xµ

, (3.9)

which can be applied on a scalar, vector and tensor fields

∂aφ = e µ
a ∂µφ = e µ

a ∇µφ , (3.10)

∂cVb = e ν
c ∂ν

(
e µ

b Vµ

)
= e ν

c ∇ν

(
e µ

b Vµ

)
= e µ

b e ν
c ∇ν Vµ + Vµ e ν

c ∇ν e
µ

b

= e µ
b e ν

c ∇ν Vµ + V a e µ
a e ν

c ∇ν eb µ . (3.11)

We introduce the spin coefficients as

γabc = e µ
a e ν

c ∇ν eb µ (3.12)

in order to write

∂cVb = e µ
c e ν

b ∇µ Vν + V a γabc . (3.13)

We define the intrinsic derivative of a vector

∇cVb = e µ
c e ν

b ∇µ Vν = ∂cVb − ηad γabc Vd (3.14)

such that we can freely interchange covariant derivatives and intrinsic derivatives.
The definition of intrinsic derivatives of tensor fields follows in a similar manner.
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If we calculate

e µ
b ∇ν ea µ + e µ

a ∇ν eb µ = ∇ν

(
ea µ e

µ
b
)

= ∇νηab = 0 , (3.15)

we find that spin coefficients are antisymmetric in the first indices

γabc = e µ
a e ν

c ∇ν eb µ = −e µ
b e ν

c ∇ν ea ν = −γbac . (3.16)

To find the Riemann tensor we start with the Ricci identity

∇µ∇ν ea σ − ∇ν∇µ ea σ = Rρσµν e
ρ

a , (3.17)

which we can project onto the tetrad frame

Rabcd = Rρσµν e
ρ

a e σ
b e µ

c e ν
d

=
(
∇µ γafg e

f
σ e

g
ν − ∇ν γafg e

f
σ e

g
µ

)
e σ

b e µ
c e ν

d

= ∂cγabd − ∂dγabc − γabf η
fe(γced − γdec

)
+ γafcη

feγebd − γafdη
feγebc , (3.18)

where in the last step the brackets are expanded and covariant derivatives of
the basis vectors are replaced with the respective spin coefficients.

The Bianchi identity (A.12) can also be written with frame indices:

∇[eRab]cd = 0 . (3.19)

Changing the intrinsic derivative to a directional derivative, this becomes

∂[eRab]cd + 2 ηijγai[eRjb]cd

+ 2 ηijγci[eRab]jd = 0 , (3.20)

where terms have been grouped together by careful use of symmetry properties.

The simplest example to consider is that in any (3+1) dimensional spacetime
one can find a set of orthonormal vector fields where one is timelike e µ

0 and
three are spacelike e µ

i such that

e µ
0 e0 µ = −1 and e µ

i ej µ = δij . (3.21)

The metric can then be projected on the tetrad frame

gµνe
µ

a e ν
b = ηab , (3.22)

where ηab is equivalent to the Minkowski metric in Cartesian coordinates which
implies that e µ

a provides a local Lorentz frame at any spacetime point.
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3.1.1 Newman-Penrose formalism

The Newman-Penrose formalism is an application of the tetrad formalism with
a special choice of frame. First proposed by Newman and Penrose in 1962 [65],
it chooses a frame with four null vectors of which two are real, lµ and nµ, whilst
the other two, orthogonal to the first two, are complex conjugates mµ and m̄µ.
This is different to the usual choice of orthonormal vectors for a frame, and was
in part motivated with the aim to capture the light-cone structure of spacetime.
For black-hole solutions in general relativity we will see that this formalism is
indeed effective to capture the inherent symmetries in these spacetimes.

The four null-frame vectors are labelled

e µ
1 = lµ , e µ

2 = nµ , e µ
3 = mµ , e µ

4 = m̄µ . (3.23)

The first pair of (real) null vectors are chosen to satisfy

lµlµ = nµnµ = 0 and lµnµ = −1 (3.24)

and orthogonal spacelike directions are described by two complex null vectors

mµmµ = m̄µm̄µ = 0 and mµm̄µ = 1 (3.25)

where mµ and m̄µ have to be complex conjugates for the metric to be real.
Subsequently we find that

ηab =


0 −1 0 0

−1 0 0 0
0 0 0 +1
0 0 +1 0

 (3.26)

and the metric is constructed by writing

gµν = −lµnν − nµlν +mµm̄ν + m̄µmν . (3.27)

A frame spanned by eµ
a = {lµ, nµ,mµ, m̄µ} is a Newman-Penrose (NP) frame.

Raising the frame index provides the following relations:

e1 µ = η12e µ
2 = −nµ , e2 µ = η21e µ

1 = −lµ ,

e3 µ = η34e µ
4 = m̄µ , e4 µ = η43e µ

3 = mµ . (3.28)
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We mostly follow the convention of [64] for spin coefficients as defined in (3.12):

κ = −mµlν∇ν lµ , σ = −mµmν∇ν lµ , ρ = −mµm̄ν∇ν lµ , τ = −mµnν∇ν lµ ,

κ′ = nµnν∇νm̄µ , σ′ = nµm̄ν∇νm̄µ , ρ′ = nµmν∇νm̄µ , τ ′ = nµlν∇νm̄µ ,

ϵ = − 1
2 (nµlν∇ν lµ +mµlν∇νm̄µ) , β = − 1

2 (nµmν∇ν lµ +mµmν∇νm̄µ) ,

ϵ′ = 1
2 (nµnν∇ν lµ +mµnν∇νm̄µ) , β′ = 1

2 (nµm̄ν∇ν lµ +mµm̄ν∇νm̄µ) (3.29)

where a prime ′ interchanges frame field vectors in the following way

lµ ↔ nµ and mµ ↔ m̄µ (3.30)

and we used the fact that spin coefficients are antisymmetric in the first indices
(see (3.16)) to swap the vectors with tensor index µ in the primed definitions.

To describe spacetime curvature in the Newman-Penrose formalism we first
start with the Weyl tensor, the traceless part of the Riemann tensor (see (A.8)).
Projected onto the Newman-Penrose frame, the various tetrad components of
the Weyl tensor are represented by five complex Weyl scalars:

Ψ0 = Cαβµν l
αmβlµmν , Ψ1 = Cαβµν l

αnβlµmν , Ψ2 = Cαβµν l
αmβm̄µnν ,

Ψ3 = Cαβµν l
αnβm̄µnν , Ψ4 = Cαβµνn

αm̄βnµm̄ν . (3.31)

The tetrad components of the Ricci tensor are typically represented in terms of
three real scalars, three complex scalars and the Ricci scalar:

ϕ00 = 1
2Rµν l

µlν , ϕ22 = 1
2Rµνn

µnν , ϕ11 = 1
4 (Rµν l

µnν +Rµνm
µm̄ν) ,

ϕ01 = 1
2Rµν l

µmν , ϕ12 = 1
2Rµνn

µmν , ϕ02 = 1
2Rµνm

µmν ,

R = −2Rµν l
µnν + 2Rµνm

µm̄ν . (3.32)

It is important to realise that although these scalars are by construction invariant
under diffeomorphisms, they crucially depend on the choice of the tetrad frame.
A local Lorentz transformation at each spacetime point can rotate the tetrad.

The advantage of these local Lorentz transformations is that for some special
classes of metrics, it is possible to apply local Lorentz transformations to obtain
a frame where one or several of the Weyl scalars vanish to simplify expressions.
The classification of four-dimensional spacetime metrics, in terms what can be
achieved with these local rotations, was first described by Petrov in 1954 [66].
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In the NP formalism, these transformations are categorised in three classes:

Rotations of type I keep lµ fixed (a ∈ C):
lµ 7→ lµ, nµ 7→ nµ + a∗mµ + am̄µ + aa∗lµ,

mµ 7→ mµ + alµ, m̄µ 7→ m̄µ + a∗lµ. (3.33)

Rotations of type II keep nµ fixed (b ∈ C):
nµ 7→ nµ, lµ 7→ lµ + b∗mµ + bm̄µ + bb∗nµ,

mµ 7→ mµ + bnµ, m̄µ 7→ m̄µ + b∗nµ. (3.34)

Rotations of type III scale lµ, nµ and rotate mµ in the complex plane (A, θ ∈ R):
lµ 7→ A−1lµ, nµ 7→ Anµ, mµ 7→ eiθmµ, m̄µ 7→ e−iθm̄µ. (3.35)

The transformation rules for the Weyl scalars under each rotation can be found
by evaluating the projections of the Weyl tensor onto a transformed tetrad.

Type I: Ψ0 7→ Ψ0,

Ψ1 7→ Ψ1 + a∗Ψ0,

Ψ2 7→ Ψ2 + 2a∗Ψ1 + (a∗)2Ψ0

Ψ3 7→ Ψ3 + 3a∗Ψ2 + 3(a∗)2Ψ1 + (a∗)3Ψ0,

Ψ4 7→ Ψ4 + 4a∗Ψ3 + 6(a∗)2Ψ2 + 4(a∗)3Ψ1 + (a∗)4Ψ0; (3.36)

Type II: Ψ0 7→ Ψ0 + 4bΨ1 + 6b2Ψ2 + 4b3Ψ3 + b4Ψ4,

Ψ1 7→ Ψ1 + 3bΨ2 + 3b2Ψ3 + b3Ψ4,

Ψ2 7→ Ψ2 + 2bΨ3 + b2Ψ4,

Ψ3 7→ Ψ3 + bΨ4,

Ψ4 7→ Ψ4; (3.37)

Type III: Ψ0 7→ A2e−2iθΨ0, Ψ1 7→ A−1eiθΨ1, Ψ2 7→ Ψ2,

Ψ3 7→ Ae−iθΨ3, Ψ4 7→ A2e−2iθΨ4. (3.38)
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3.1.2 Geroch-Held-Penrose formalism

After choosing a specific frame, there is some advantage to working covariantly
with respect to the subset of local transformations that retain its key properties.
This is the main principle of the Geroch-Held-Penrose (GHP) formalism, which
adapts the NP formalism into a description covariant under type-III rotations.
Every object X within the formalism has specific weights {p, q} given by how it
transforms under a type-III rotation (in terms of A and θ as in (3.35)) such that

X 7→ A−(p+q)/2 eiθ(p−q)/2X , (3.39)

The advantage is that only objects with the same weights can be added together.
The product of objects has the weight of the sum of the weights of its factors.

The weights of the frame fields are

lµ : {1, 1} , nµ : {−1,−1} , mµ : {1,−1} , m̄µ : {−1, 1} . (3.40)

and we note that the weights of X ′ are {−p,−q} and those of X∗ are {q, p}.

The weights of the Weyl scalars come from the tetrad vectors in their definition,

Ψ0 : {4, 0} , Ψ1 : {2, 0} , Ψ2 : {0, 0} , Ψ3 : {−2, 0} , Ψ4 : {−4, 0} . (3.41)

The spin coefficients with definite weight are

κ : {3, 1} , σ : {3,−1} , ρ : {1, 1} , τ : {1,−1} , (3.42)

whilst ϵ, ϵ′, β, β′ are used to construct GHP covariant derivatives

Þ = (lα∇α − pϵ− qϵ∗) , Þ′ = (nα∇α + pϵ′ + qϵ′∗) , (3.43)

ð = (mα∇α − pβ + qβ′∗) , ð′ = (m̄α∇α + pβ′ − qβ∗) , (3.44)

acting on X with weights {p, q}. The weights of Þ are {1, 1} and of ð are {1,−1}.

A subset of the Bianchi identities in vacuum (see (3.20)) will be used:

ÞΨ1 − ð′Ψ0 = −τ ′Ψ0 + 4ρΨ1 − 3κΨ2 , (3.45)

ÞΨ2 − ð′Ψ1 = σ′Ψ0 − 2τ ′Ψ1 + 3ρΨ2 − 2κΨ3 , (3.46)

Þ′Ψ0 − ðΨ1 = ρ′Ψ0 − 4τΨ1 + 3σΨ2 , (3.47)

Þ′Ψ1 − ðΨ2 = −κ′Ψ0 + 2ρ′Ψ1 − 3τΨ2 − 2σΨ3 , (3.48)

whilst a complete set of equations can be found in Appendix B.1.
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3.2 Kerr black hole

Finding the exact solution of the Einstein field equations in vacuum to describe
the metric of a rotating black hole, is significantly more challenging than for a
static black hole, such as the Schwarzschild black hole (see Chapter 2). Since
crucially spherical symmetry is broken, the solution is only stationary and
axisymmetric (symmetric around an axis of rotation). This means that the
solution has an asymptotically timelike Killing vector and an axial Killing vector.
In contrast to spherically symmetric spacetime solutions that were discovered
soon after Einstein had formulated general relativity, the exact solution for a
rotating black hole was found by Kerr in 1963 [10] (nearly half a century later).
The Kerr black hole is the final state after the gravitational collapse of matter
(assuming balanced charges). Astrophysical black holes are thus described by
the Kerr metric, which makes it one of the most important metric solutions.

The Kerr metric in Boyer-Lindquist coordinates [67] is given by:

ds2 = −
(

1 − 2Mr

Σ

)
dt2 − 4Mar sin2(θ)

Σ dtdϕ+ Σ
(

dr2

∆ + dθ2
)

+
(
r2 + a2 + 2Mra2 sin2(θ)

Σ

)
sin2(θ) dϕ2 , (3.49)

where

∆ = r2 − 2Mr + a2 and Σ = r2 + a2 cos2(θ) , (3.50)

and M represents the mass of the black hole and a represents the black hole’s
specific angular momentum, closesly related to its angular momentum J = aM .
We also introduce χ = a/M as the dimensionless spin parameter. Note that the
parameters M and a of the Kerr metric together uniquely identify a solution.
We confirm that this metric has indeed two Killing vectors, given by ∂t and ∂ϕ,
since all components of the metric above are independent of these coordinates.

Time reversal (changing t to −t) changes the direction of rotation of the black
hole which reverses its angular momentum and modifies the cross-term dtdϕ in
the metric. Therefore although the Kerr solution is stationary it is not static,
in contrast to the Schwarzschild solution. The cross-term can be interpreted as
the black hole dragging the exterior spacetime along in the direction of rotation.
This effect is called frame dragging and affects objects near a Kerr black hole.

There is a physical singularity in this metric at Σ = 0 since there are curvature
invariants that diverge at those points. For non-zero values of a, this condition
describes a ring of points and is called the ring singularity of a Kerr black hole.
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In these coordinates, event horizons occur at the values of r where ∆ = 0 and
the dr2 component of the metric diverges

∆ = r2 − 2Mr + a2 = 0 , (3.51)

which occurs for

r± = M ±
√
M2 − a2 , (3.52)

where r = r− sets an inner horizon and r = r+ the event horizon to the exterior.
When |a| exceeds M , the roots r± become complex and the singularity at Σ = 0
is not hidden by a horizon, violating Penrose’s cosmic censorship principle [13].

Since the Kerr metric is not static and only stationary, the event horizons found
at r = r± are not Killing horizons for the asymptotic timelike Killing vector.
The norm of this vector ∂t is given by the tt-component of the inverse metric

gtt = − 1
Σ(∆ − a2 sin2(θ)) , (3.53)

which vanishes on the surface where

∆ − a2 sin2(θ) = 0 (3.54)

called the ergosphere. Inside of this surface the Killing vector becomes spacelike.
The ergosphere is exterior to the event horizon found at r = r+ where ∆ = 0,
and coincides with it when θ = 0 or π (precisely at the north and south pole).
The region between these two surfaces is called the ergoregion. Inside of it
everything has to move along the direction of the rotation of the black hole; there
can be no stationary observer. However, the ergosphere is not an event horizon
and it is possible for light and matter to cross the ergosphere in both directions.
As viewed by an asymptotic observer, since the Killing vector becomes spacelike,
energy acts more like a momentum component and can become locally negative
while remaining globally positive. This makes it possible to extract energy from
a Kerr black hole through, e.g., the Penrose process [68] or superradiance [69].
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The Kerr metric has, maybe unexpectedly, some exceptional properties that we
will touch upon in the following discussion. It is possible to find two orthogonal
preferential null directions (lµ and nµ) to build the Newman-Penrose frame.
These will be the degenerate principal null directions of the Weyl tensor and
we can complete the frame form the Kinnersley tetrad [64]:

lµ = 1
∆
(
r2 + a2,∆, 0, a

)
, mµ = 1√

2ζ∗

(
ia sin(θ), 0, 1, i

sin(θ)

)
,

nµ = 1
2Σ
(
r2 + a2,−∆, 0, a

)
, m̄µ = 1√

2ζ

(
−ia sin(θ), 0, 1, −i

sin(θ)

)
, (3.55)

where we introduce a scaling factor

ζ = r − ia cos(θ) . (3.56)

As a consequence of the tetrad choice and the nature of the Kerr spacetime,
which we will discuss in more detail, the following spin coefficients vanish:

κ = κ′ = σ = σ′ = 0 . (3.57)

The other associated spin coefficients are given by:

ρ = −1
ζ
, ρ′ = ∆

2ζ2ζ̄
, β = cot θ

2
√

2ζ̄
, β′ = cot θ

2
√

2ζ
− ia sin θ√

2ζ2
,

τ = − ia sin θ√
2ζζ̄

, τ ′ = − ia sin θ√
2ζ2

, ϵ = 0 , ϵ′ = ∆
2ζ2ζ̄

− r −M

2ζζ̄
. (3.58)

Since spin coefficients κ, κ′, σ, σ′ are zero, the Goldberg-Sachs theorem [70]
allows us to conclude that the Kerr spacetime is classified as Petrov type D.
This implies that in the chosen basis all except one of Weyl scalars vanish:

Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0 . (3.59)

The only non-vanishing Weyl scalar is Ψ2 which can be found by contracting
the Riemann tensor with the tetrads according to its definition, which yields

Ψ2 = −M

ζ3 . (3.60)

The null frame, spin coefficients and Weyl scalars provide a complete description
in the NP formalism of the Kerr metric, which is of Petrov type D. Finding
that all Weyl scalars except Ψ2 vanish and that specific spin coefficients are
equal to zero illustrates the special nature of this spacetime and makes the NP
formalism very well-suited to describe the physics of Kerr black holes.
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3.3 Teukolsky equation

The aim is now to analyse the linear perturbations of the Kerr black hole by
applying the GHP formalism. This derivation can for example be found in [64].
The property that the Kerr metric is a Petrov type D spacetime and a frame
aligned along the principal null directions of this spacetime ensures that all
Weyl curvature components except for Ψ2 vanish. Similarly, the spin coefficients
κ = σ = κ′ = σ′ = 0 and, in vacuum, all ϕij from the Ricci tensor vanish.

From the definition of the Riemann tensor in tetrad notation written in (3.18)
(see Appendix B.1 for details) the non-vanishing equations are

Þρ = ρ2 , ðτ = τ2 , Þτ = (τ − τ ′∗)ρ , ðρ = (ρ− ρ∗)τ ,

Ψ2 = −Þ′ρ+ ð′τ + ρρ′∗ − |τ |2 , (3.61)

The Bianchi identity reduces to

ÞΨ2 = 3ρΨ2 , ðΨ2 = 3τΨ2 , (3.62)

where this includes the primed and conjugate versions of these equations.

The final ingredient is the commutation relations of the GHP derivatives acting
on an object with weights {p, q} from Section 3.1.2 given by[

Þ,Þ′] = (τ∗ − τ ′)ð + (τ − τ ′∗)ð′ − p(Ψ2 − ττ ′) − q(Ψ∗
2 − τ∗τ ′∗) , (3.63)

[Þ, ð] = ρ∗ð − τ ′∗Þ + qρ∗τ ′∗ , (3.64)[
ð, ð′] = (ρ′∗ − ρ′)Þ + (ρ− ρ∗)Þ′ + p(ρρ′ + Ψ2) − q(ρ∗ρ′∗ + Ψ∗

2) . (3.65)

Consider perturbations of order ϵ around such a background1 and let

Ψi = Ψ̄i + ϵδΨi , γabc = γ̄abc + ϵδγabc . (3.66)

On account of the vacuum Petrov type D assumption for the unperturbed case

ϕ00 = ϕ01 = ϕ02 = ϕ21 = ϕ11 = ϕ22 = R = 0 , (3.67)

Ψ̄0 = Ψ̄1 = Ψ̄3 = Ψ̄4 = 0 and κ̄ = κ̄′ = σ̄ = σ̄′ = 0 (3.68)

We remark that the GHP derivatives will also be perturbed but only their
leading order will play a role so we do not burden our notation even further by
indicating this explicitly.
1 This perturbation parameter ϵ should not be confused with the NP ϵ defined previously.

Here, the latter will only appear implicitly in the GHP-derivatives.
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Consider Þ acting on (3.47). The first contribution, at order ϵ, is given by

ÞÞ′δΨ0 − ÞðδΨ1 = Þ (ρ̄′δΨ0) − 4Þ (τ̄ δΨ1) + 3Þ
(
δσΨ̄2

)
. (3.69)

Similarly, acting with ð on (3.45) yields

ðÞδΨ1 − ðð′δΨ0 = −ð (τ̄ ′δΨ0) + 4ð (ρ̄δΨ1) − 3ð
(
δκΨ̄2

)
. (3.70)

Now commute Þ and ð in (3.69). To leading order with (3.63) we find

ÞÞ′δΨ0 − ðÞδΨ1 − (ρ̄∗ð − τ̄ ′∗Þ) δΨ1 = Þ (ρ̄′δΨ0) − 4Þ (τ̄ δΨ1) + 3Þ
(
δσΨ̄2

)
.

(3.71)

In (3.70) we can replace ðΨ1 by using (3.47). At the same time, within (3.71)
we can replace ÞΨ1 by using (3.45) and also replace the additional ðΨ1 term
from the commutation relation. We find respectively

ðÞδΨ1 − ðð′δΨ0 = −ð (τ̄ ′δΨ0) + 4δΨ1ðρ̄

+ 4ρ̄
(
Þ′δΨ0 − ρ̄′δΨ0 + 4τ̄ δΨ1 − 3δσΨ2

)
− 3ð

(
δκΨ̄2

)
, (3.72)

ÞÞ′δΨ0 − ðÞδΨ1 − ρ̄∗ (Þ′δΨ0 − ρ̄′δΨ0 + 4τ̄ δΨ1 − 3δσΨ̄2
)

= Þ (ρ̄′δΨ0) − 4δΨ1Þτ̄

− (4τ̄ + τ̄ ′∗)
(
ð′δΨ0 − τ̄ ′δΨ0 + 4ρ̄δΨ1 − 3δκΨ̄2

)
+ 3Þ

(
δσΨ̄2

)
. (3.73)

To simplify this, we use (3.62) to replace ðΨ̄2 with 3τ̄Ψ̄2, and ÞΨ̄2 with 3ρ̄Ψ̄2.
We make use of (3.61) to replace Þτ̄ with (τ̄ − τ̄ ′∗)ρ̄ and ðρ̄ with (ρ̄ − ρ̄∗)τ̄ .
Then, with the following relation from the Riemann tensor (3.18) (see also B.1),
we relate ðδκ with Þδσ using δΨ0

ðδκ = −δΨ0 + Þδσ − (ρ̄+ ρ̄∗)δσ + (τ̄+τ̄ ′∗)δκ . (3.74)

After some extra rewriting, the results are

(ðÞ + 4ρ̄∗τ̄ − 20ρ̄τ̄) δΨ1 + 3 (Þ − ρ̄∗ + 3ρ̄) Ψ̄2δσ + 3(4τ̄+τ̄ ′∗)Ψ̄2δκ =(
ðð′ − ðτ̄ ′ − τ̄ ′ð + 4ρ̄

(
Þ′ − ρ̄′)+ 3Ψ̄2

)
δΨ0 , (3.75)

(ðÞ + 4ρ̄∗τ̄ − 20ρ̄τ̄) δΨ1 + 3 (Þ − ρ̄∗ + 3ρ̄) Ψ̄2δσ + 3 (4τ̄ + τ̄ ′∗) Ψ̄2δκ =(
ÞÞ′ − ρ̄∗ (Þ′ − ρ̄′)− Þρ̄′ − ρ̄′Þ + (4τ̄ + τ̄ ′∗)

(
ð′ − τ̄ ′)) δΨ0 . (3.76)

The difference between these equations has only δΨ0 as a perturbed quantity.

We have found the Teukolsky equation for δΨ0

−
[
(Þ − 4ρ̄− ρ̄∗)

(
Þ′ − ρ̄′)− (ð − 4τ̄ − τ̄ ′∗)

(
ð′ − τ̄ ′)− 3Ψ̄2

]
δΨ0 = 0 , (3.77)

and the equation for Ψ4 can be found by application of the prime transformation

−
[(

Þ′ − 4ρ̄′ − ρ̄′∗) (Þ − ρ̄) −
(
ð′ − 4τ̄ ′ − τ̄∗) (ð − τ̄) − 3Ψ̄2

]
δΨ4 = 0 . (3.78)



TEUKOLSKY EQUATION 35

These equations (3.77) and (3.78) provide master equations that fully describe
the first-order dynamics on the background of a Kerr black hole in terms of a
single partial differential equation as first derived by Teukolsky in 1972 [36].
Linear perturbations are either gravitational waves encoded by δΨ0 and δΨ4, or
changes to the mass and spin of the black hole, or coordinate transformations,
which can be non-trivial due to the presence of the asymptotic symmetry group.

If we express these equations back in Boyer-Lindquist coordinates (t, r, θ, ϕ),
the Teukolsky master equation is given by[

(r2 + a2)2

∆ − a2 sin2 θ

]
∂2ψ

∂t2
+ 4Mar

∆
∂2ψ

∂t∂ϕ
+
[
a2

∆ − 1
sin2 θ

]
∂2ψ

∂ϕ2

− ∆−s ∂

∂r

(
∆s+1 ∂ψ

∂r

)
− 1

sin θ
∂

∂θ

(
sin θ∂ψ

∂θ

)
− 2s

[
a(r −M)

∆ + i cos θ
sin2 θ

]
∂ψ

∂ϕ

− 2s
[
M(r2 − a2)

∆ − r − ia cos θ
]
∂ψ

∂t
+ (s2 cot2 θ − s)ψ = 0 , (3.79)

where either ψ = δΨ0 when s = 2, or ψ = ζ4δΨ4 when s = −2.

The Teukolsky master equation is separable and a solution can be written as

ψ(t, r, θ, ϕ) = 1
2π

∫
dω
∑
l,m

Rs
lmω(r)Ss

lmω(cos θ) eimϕ e−iωt (3.80)

The spin-weighted spheroidal harmonics Slmω(cos(θ)) satisfy

d
dx

[
(1 − x2)dSs

dx

]
+
[
(aω)2x2 − 2saωx+Blm − (m+ sx)2

1 − x2

]
Ss = 0 , (3.81)

where x = cos(θ) and Blm is the angular separation constant.

The radial function Rlmω(r) satisfies the radial Teukolsky equation:

∆−s d
dr

[
∆s+1 dRs

dr

]
+
[
K2 − 2si(r −M)K

∆ + 4siωr − λ

]
Rs = 0 (3.82)

where the terms in the potential are

K = (r2 + a2)ω − am , (3.83)

λ = Blm + s+ a2ω2 − 2amω . (3.84)

Together with the right boundary conditions these equations can be solved
simultaneously to find the quasinormal mode spectrum of Kerr black holes.
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3.3.1 Continued fractions for the Teukolsky equation

We present Leaver’s method to compute the frequencies and the separation
constant for a Kerr spacetime. The first step to find a continued fraction
expansion is to assume an ansatz for the wavefunctions. Let us start from the
radial equation, where we make the following ansatz [71]

R(r) = f−iσ−s (r − r−)p−1−2s eqr
N∑

n=0
Rnf

n , (3.85)

where r± are the zeros of ∆,

f = r − r+

r − r−
, (3.86)

and we have defined p = q = iω and

σ = σGR ≡ r+(ω − ωc)
r+ − r−

, ωc = am

r+
, (3.87)

r± = 1
2(1 ± β) , β =

√
1 − 4a2 . (3.88)

With these definitions, the equation (3.82) takes the form

N∑
n=0

Rn

(
αr

n−1
f

+ βr
n + γr

n+1f

)
fn = 0 , (3.89)

where the coefficients are

αr
n = (n+ 1) (n+ 1 − s− 2iσ) , (3.90)

βr
n = 2n(2iσ + p+ qβ − 1) − 2n2 − 1 − s−Bℓm

+ q
(
a2q + β + s

)
− 2iσ(p+ βq + iω − 1)

− p(βq + q + s− 1) , (3.91)

γr
n = (n− p− iω) (n+ s− p− 2iσ + iω) . (3.92)

The equation is satisfied when each term proportional to a power of f vanishes

βr
0R0 + αr

0R1 = 0 , (3.93)

γr
nRn−1 + βr

nRn + αr
nRn+1 = 0 for n ≥ 1 . (3.94)
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The path for the angular equation is similar. We define an ansatz for S(x) such
that it is finite at the regular singular points x = ±1 [71]

S(x) = (1 + x)k1 (1 − x)k2 eaωx
N∑

n=0
Sn(1 + x)n , (3.95)

where k1 = |m− s|/2 and k2 = |m+ s|/2. We can obtain a similar recurrence
relation by inserting this ansatz into equation (3.81), which, with an analogous
reshuffling, reads

βθ
0S0 + αθ

0S1 = 0 , (3.96)

γθ
nSn−1 + βθ

nSn + αθ
nSn+1 = 0 for n ≥ 1 , (3.97)

where the coefficients are

αθ
n = − 2(n+ 1) (n+ 1 + 2k1) , (3.98)

βθ
n =n(n− 1) + 2n(k1 + k2 + 1 − 2aω)

− 2aω(2k1 + s+ 1) + (k1 + k2)(k1 + k2 + 1)

− a2ω2 − s(s+ 1) −Bℓm , (3.99)

γθ
n = 2aω(n+ k1 + k2 + s) . (3.100)

To invert the relation we can define the ladder operators which have the following
property Rn+1 = −Λr

nRn and Sn+1 = −Λθ
nSn as (the superscripts r and θ are

omitted for clarity)
Λn = γn+1

βn+1 − αn+1Λn+1
. (3.101)

By initializing ΛN according to the Nollert expansion (explained in detail in
Appendix B.2), the equations one needs to solve simultaneously to obtain the
eigenfrequency ω and the separation constant Bℓm are

Lr = Λr
1α

r
0 − βr

0 = 0 , (3.102)

Lθ = Λθ
1α

θ
0 − βθ

0 = 0 , (3.103)

which are nothing but (3.93) and (3.96).



Chapter 4

Corrections from
Higher-derivative gravity

Fundamental gravity theory and general effective-field-theory (EFT) arguments
suggest that general relativity (GR) is modified by higher-derivative terms in
the action. As it turns out, the Kerr geometry is typically not a solution of
modified or ‘corrected’ gravity theories. This may give rise to deviations from
GR predictions that might be observable. Since higher-derivative terms modify
gravity at short distances, the most sensitive probes are those that involve
physics in the near-horizon region of a black hole. In particular we study the
ringdown signal, determined by the black hole’s quasinormal modes (QNMs).

We consider a general effective-field-theory (EFT) extension of general relativity,
without introducing extra degrees of freedom. The action we obtain represents
the most general diffeomorphism-invariant purely metric deformation of GR
and is thus of phenomenological interest. The aim of this chapter is to compute
the QNM frequencies of slowly-rotating black holes in this class of theories.

In this chapter, which is based on [72]1, we start in Section 4.1 by reviewing
the EFT under consideration and the slowly rotating black holes in this theory.
We analyse gravitational perturbations of these slowly rotating black holes in
Section 4.2, first describing our general approach and then applying this to
derive master equations for respectively the parity-preserving corrections and
the parity-violating corrections. We then proceed to use these master equations
to compute quasinormal mode frequencies in 4.3 and end with conclusions.
1 Written with P. A. Cano, K. Fransen and T. Hertog.

38
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The corrections to the QNM frequencies of non-rotating black holes have been
obtained in a number of theories, including dynamical Chern-Simons gravity [48,
49], Einstein-dilaton-Gauss-Bonnet gravity [46, 47], and theories with quartic
[50, 51] and cubic [52] curvature terms, among other models [53–55, 73]. In
addition, theory-independent approaches were studied in [51, 56, 57], whilst
eikonal QNMs beyond GR were investigated in [74–76].

The calculation of QNMs of astrophysically more relevant, rotating black holes
is much more involved. Only recently, some progress has been made. In the case
of a test scalar field, ref. [77] gave a way of dealing with the non-separability
of the wave equation, and obtained the QNMs for rotating black holes in a
large class of higher-derivative theories were computed.2 However, when it
comes to gravitational perturbations the situation is more precarious, given the
difficulty to perform fully-fledged perturbation theory for rotating black holes
in modified gravity theories. Nevertheless, this problem can be alleviated by
assuming that the spin is small [78, 79]. Working at linear order in the spin,
the QNM frequencies of slowly-rotating black holes in Einstein-dilaton-Gauss-
Bonnet gravity were recently obtained in [80], and an analogous analysis for
dynamical Chern-Simons theory was done in [81, 82].

Taking an EFT viewpoint, we assume that the effect of the beyond-GR
corrections is small and work perturbatively in the higher-order couplings.
Still, given that a length scale ℓ ≥ 1 km is required for modifications of
gravity to be detectable through gravitational waves generated in processes
involving astrophysical black holes, one may wonder what are the experimental
bounds on the couplings in the theory. In the weak-field limit, the leading
correction to the Newtonian potential is ∼ ℓ4M3/r7. This means that the
relative correction ∆ compared to GR predictions is ∆ ∼ ℓ4M2/r6. If, say,
ℓ ∼ 10 km, then ∆⊙ ∼ 10−31 and ∆⊕ ∼ 10−30 at the surfaces of the sun and
the earth, respectively. Hence the corrections we consider have a completely
negligible effect on solar system physics. On the other hand, for a black hole
of 10 solar masses ∆BH ∼ 10−2 − 10−3, large enough to induce effects that are
potentially observable through gravitational-wave observations.
2 Another strategy consists in performing a general theory-independent parametrisation of

the departure from the GR prediction, as in ref. [60], but this requires the introduction
of a large number of parameters.
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4.1 The EFT of gravity and its black holes

We consider a general EFT extension of GR, that includes only the metric and
no extra fields. To eight derivatives one can expand the action as

S = 1
16πG

∫
d4x

√
|g|
(
R+ ℓ4L(6) + ℓ6L(8) + . . .

)
, (4.1)

where ℓ is a length scale and where L(n) denotes a Lagrangian density with
n derivatives of the metric. Note that the leading corrections appear at the
six-derivative level, since all four-derivative theories have the same vacuum
solutions as GR, and hence can be ignored from the EFT viewpoint we adopt.
In order to derive the most general form of the Lagrangians L(6) and L(8), one
has to take into account that terms with explicit Ricci curvature are either
trivial - in the sense that they do not affect the vacuum solutions of GR - or
that they can be removed via a redefinition of the metric, and hence neglected.
Therefore, one is left with a set of pure Riemann invariants, where the number of
independent operators can be further reduced using a diverse set of identities.3
The resulting six-derivative Lagrangian contains two cubic invariants, one
preserving and the other breaking parity,

L(6) = λevR
ρσ

µν R δγ
ρσ R µν

δγ + λoddR
ρσ

µν R δγ
ρσ R̃ µν

δγ , (4.2)

where
R̃µνρσ = 1

2ϵ
µναβR ρσ

αβ . (4.3)

On the other hand, the eight-derivative Lagrangian can be expressed as the
sum of three quartic Riemann operators,

L(8) = ϵ1C2 + ϵ2C̃2 + ϵ3CC̃ , (4.4)

where

C = RµνρσR
µνρσ , C̃ = RµνρσR̃

µνρσ . (4.5)

In this case, the ϵ1 and ϵ2 interactions preserve parity, whilst ϵ3 violates parity.
The ϵ2 term vanishes for spherically symmetric configurations, as it is the
square of an odd-parity term. The corrections to GR are controlled by only
five dimensionless couplings (λev,odd and ϵ1,2,3) and the overall length scale ℓ,
which can be absorbed in these couplings making them dimensionful.
3 See [45, 83] for a more complete discussion on the construction of this effective theory.
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The Einstein field equations of the theory (4.1) are given by

Eµν = Gµν + ℓ4E(6)
µν + ℓ6E(8)

µν = 0 , (4.6)

where

E(n)
µν = P

(n) ρσγ
(µ Rν)ρσγ − 1

2gµνL(n) + 2∇σ∇ρP
(n)
(µ|σ|ν)ρ , (4.7)

and in each case the tensor P (n)
µνρσ is given by

P (6)
µνρσ = 3λevR

αβ
µρ Rαβρσ

+ 3λodd

2
(
R αβ

µρ R̃αβρσ +R αβ
µρ R̃ρσαβ

)
, (4.8)

P (8)
µνρσ = 4ϵ1CRµνρσ + 2ϵ2C̃

(
R̃µνρσ + R̃ρσµν

)
+ ϵ3

[
2C̃Rµνρσ + C

(
R̃µνρσ + R̃ρσµν

)]
. (4.9)

The (slowly-)rotating black-hole solutions of these theories have been studied in
refs. [45, 50] at different orders in the spin expansion, but here we only work at
first order in the spin, in which case the metric takes a relatively simple form

ds2 = −N2f dt2 + dr2

f
− 2ah sin2 θ dtdϕ+ r2(dθ2 + sin2 θ dϕ2) . (4.10)

Working perturbatively in the higher-order couplings and in the spin a = Mχ,
we present here only a symbolic representation of the functions N , f and h,
with the full expression provided Appendix C.1.

f = 1 − 2M
r

+ λevℓ
4δfev + λoddχℓ

4δfodd + ϵ1ℓ
6δf1 + ϵ3ℓ

6χδf3 + O
(
ℓ8, χ2) ,

N = 1 + λevℓ
4δNev + λoddχℓ

4δNodd + ϵ1ℓ
6δN1 + ϵ3ℓ

6χδN3 + O
(
ℓ8, χ2) ,

h = 1 + λevℓ
4δhev + ϵ1ℓ

6δh1 + ϵ2ℓ
6δh2 + O

(
ℓ8, χ2) . (4.11)

Importantly, due to these corrections, the position of the horizon is modified.
It corresponds to the largest root of f , which yields

r+ = 2M − 5λevℓ
4

8M3 − 5ϵ1ℓ6

4M5 + O(ℓ8, χ2) . (4.12)

Here M represents the mass, whilst the total angular momentum is J = χM2.
Other properties of these black-hole geometries were studied in Refs [45, 50].
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4.2 Perturbations of slowly-rotating black holes

Let us now consider a perturbation gµν = gBH
µν + hµν over the black-hole metric.

The aim of this section is to simplify the corresponding linearised equations
into a reduced set of equations for some master variables.

We have discussed in chapter 2 how to calculate metric perturbations on a
spherically-symmetric background by changing to the Regge-Wheeler gauge,
separating the axial and polar metric perturbations and reducing the equations
to a master equation for each type of metric perturbation.

The higher-derivative corrections do not change this fact and we can always
work in the Regge-Wheeler gauge. Evaluating the linearised equations of motion
projected onto spherical harmonics yields a system of equations for the variables.
These equations can be simplified to yield two equations for two master variables,
which are coupled if there are parity-breaking corrections — see [50] for the
case of the quartic theories and [52] for the parity-preserving cubic one.

In the presence of rotation, the tensor harmonics hlm
(±)µν are not eigenfunctions

of the linearised Einstein equations anymore, but one can always expand the
metric perturbation using these functions since they always form a full basis.
We can therefore write

hµν =
∑
l,m

hlm
(+)µν +

∑
l,m

hlm
(−)µν . (4.13)

Now, in the case of a slowly-rotating black hole, at linear order in the spin, one
can see that the quasinormal modes will necessarily have the following structure

hµν = hlm
µν + χh′

µν + O(χ2) , (4.14)

where h′
µν contains the sum of modes with l′ ̸= l,

h′
µν =

∑
l′ ̸=l

[
hl′m

(+)µν + hl′m
(−)µν

]
. (4.15)

In words, the perturbation is composed of a leading term corresponding to the
result for the spherically-symmetric case, and the additional terms will be of
order χ. At the same time, the linearised equations have the following structure,

Eµν = E(0)
µν + χ E(1)

µν + O(χ2) = 0 . (4.16)

The tensor harmonics are eigenfunctions of E(0)
µν but not of E(1)

µν . Each of these
equations contains a contribution from Einstein’s field equations as well as
contributions from the higher-derivative terms.
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When we evaluate the equations with the hµν defined in (4.14), we find

E(0)
µν (hlm) + χ

[
E(1)

µν (hlm) + E(0)
µν (h′)

]
+ O(χ2) = 0 .

Then we can project this on the tensor harmonics with index l, and this
projection deletes all the terms E(0)

µν (h′), since h′ only contains modes with l′ ≠ l.
Therefore, we obtain equations involving only hlm and these can be written as

Pa =
∫

dΩ X̄B,lmEaB(hlm) = 0 , (4.17)

P2 =
∫

dΩ X̄AB,lmEAB(hlm) = 0 , (4.18)

and

Qab =
∫

dΩ Ȳ lmEab(hlm) = 0 , (4.19)

Qa =
∫

dΩ Ȳ B,lmEaB(hlm) = 0 , (4.20)

Q2 =
∫

dΩ Ȳ AB,lmEAB(hlm) = 0 , (4.21)

Q3 =
∫

dΩ Ȳ lmΩABEAB(hlm) = 0 . (4.22)

This is the set of consistent equations from which we will find a master equations
and subsequently the quasinormal mode frequencies.

In addition, we will make use of the Regge-Wheeler gauge, which can be
applied to the slowly-rotating case as well. To show this, consider first a gauge
transformation with parameter ξµ that would put the hlm

µν term in (4.14) in the
Regge-Wheeler form had we set χ = 0. However, in the presence of rotation,
this transformation will fail to achieve the Regge-Wheeler gauge by O(χ) terms:

hµν + 2∇(µξν) = hlm,RW
µν + χh′

µν + χδhµν + O(χ2) . (4.23)

However, δhµν can be decomposed into spherical harmonics, so that

hµν + 2∇(µξν) =
(
hlm,RW

µν + χδhlm
µν

)
+ χ

(
h′

µν + δh′
µν

)
+ O(χ2) . (4.24)

Now, it is clear that a new gauge transformation of order χ can be made in
order to put the term χδhlm

µν into the Regge-Wheeler gauge up to O(χ2) terms.
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Likewise, O(χ) transformations can be used to put all the terms in h′
µν in the

Regge-Wheeler form, although this will not be relevant for our calculations.
Thus, we can reduce the number of variables by imposing this right away.

In order to make further progress, it is useful to make a distinction between the
higher-derivative corrections that preserve parity and those that do not.

4.2.1 Parity-preserving corrections

For the parity-preserving corrections, the operator E(1)
µν (hlm) does not mix

between the perturbations hlm
(+) and hlm

(−), so we considered these separately.

Decoupled equations for odd perturbations

We start discussing the resolution of the odd-parity equations for parity-
preserving corrections, which are simpler as they only involve two variables in the
Regge-Wheeler gauge, h0 and h1. We have three equations4 Pt = Pr = P2 = 0,
but there is a relation among them implied by the Bianchi identity of the
gravitational tensor, and hence it is enough to keep only Pr and P2, which are
of first order in the case of Einstein gravity.

The aim is to solve these equations perturbatively in χ and in the higher-order
couplings, that we denote collectively by λ, keeping all the terms of order λχ.
To achieve this, we first solve the equations with λ = 0. This is easily done
since in that case both equations are of first order and they give us h0 as a
function of h1 and h′

1, as well as a second-order equation for h1.

We then consider the equations with λ ̸= 0, which contain higher derivatives
of these variables. However, since we are only interested in the perturbative
solution in λ, we can use the zeroth-order solution in all the terms proportional
to λ, and this allows us to express those terms as functions of h1 and h′

1 only.
We can solve the equations Pr = P2 = 0, to give a solution of the form

h0 = a(r)h1 + b(r)h′
1 , h′′

1 + c(r)h1 + d(r)h′
1 = 0 , (4.25)

for certain functions a(r), b(r), c(r), d(r). Finally, we can introduce a rescaled
master variable

Ψ− = A(r)r2

r − r+
h1 , (4.26)

where A(r) is a factor that can be chosen so that Ψ− satisfies a Schrödinger-type
equation in terms of a preferred radial variable.

4 The even-parity sector of the equations vanishes: Qab = Qa = Q2 = Q3 = 0.
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For instance, to facilitate numerical computations, we find it useful to write the
master equation in terms of the “pseudo-tortoise coordinate” r∗ defined as

r∗ = r + 2M log
(
r

r+
− 1
)
. (4.27)

This has the property that r∗ → −∞ at the event horizon. In the case of the
Schwarzschild black hole, a Schrödinger-type equation for Ψ− in terms of r∗
is found for A(r) = 1. Thus, in order to take into account the effect of the
spin and of the higher-derivative corrections, we must choose A(r) = 1 + δA(r).
With an appropriate choice of δA(r), which is unique up to a constant term,
we find the following equation for Ψ−,

d2Ψ−

dr2
∗

+
(
ω2 − V −

lm

)
Ψ− = 0 . (4.28)

The potential V −
lm has a GR part plus a specific contribution from each of the

higher-derivative terms,

V −
lm = V −GR

lm + ℓ4λevV
−(ev)

lm + ℓ6
(
ϵ1V

−(1)
lm + ϵ2V

−(2)
lm

)
, (4.29)

At the same time, each of these contributions contains a term of zeroth order
and another one of first order in the spin. For the GR part we have

V −GR
lm =

(
1 − 2M

r

)(
l(l + 1)
r2 − 6M

r3

)

+mχ

(
4M2ω

r3 + 24M2(3r − 7M)(r − 2M)
l(l + 1)r7ω

)
, (4.30)

which corresponds to the Regge-Wheeler potential [32] plus a spin correction.
The expressions for the other potentials are shown in the appendix of [72].

Decoupled equations for even perturbations

The case of even perturbations is more intricate, as it involves four variables,
H0, H1, H2 and K, in the Regge-Wheeler gauge. The odd-parity sector of the
equations is trivially satisfied, Pa = P2 = 0. To solve the remaining equations
we proceed iteratively, solving first the system with λ = 0, then substituting
that result in the terms proportional to λ and solving the equations again.

When λ = 0, the equations Q2 = Qrr = 0 allow us to obtain H1 and H2 in terms
of H0, K and their derivatives. Then, working at first order in χ, the rest of the
equations can be solved to obtain a relation of the form H0 = ã(r)K+ b̃(r)K ′, as
well as a second-order differential equation for K. In this way, all the variables
and their derivatives can be expressed as linear combinations of K and K ′.
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Now, coming back to λ ̸= 0, since we are only interested in the linear corrections,
we can substitute the zeroth-order solutions in the terms proportional to λ. By
doing so, we rewrite all those terms as linear combinations of K and K ′. Then
we can solve the system of equations in an analogous way to the λ = 0 case.
Thus, we get a master second-order equation for K and the rest of variables
are linear combinations of K and K ′. Finally, instead of working with K, it is
customary to introduce the Zerilli function Ψ+ as

Ψ+ = 2rÃ(r)
l(l + 1)

[
K + 2f

Λ (H2 − rK ′)
]
, (4.31)

where Λ = (l − 1)(l + 2) + 6M/r, and Ã(r) is a normalisation factor. In
the case of the Schwarzschild black hole in GR, this definition matches the
original one by Zerilli when Ã(r) = 1. However, that factor has been introduced
so that Ψ+ satisfies a Schrödinger-type equation once rotation and higher-
derivative corrections are taken into account, so that in general we will have
Ã(r) = 1+δÃ(r). Again, by choosing δÃ(r) suitably, where the choice is unique
up to a constant term, we find that Ψ+ satisfies the equation

d2Ψ+

dr2
∗

+
(
ω2 − V +

lm

)
Ψ+ = 0 , (4.32)

where r∗ is the pseudo-tortoise coordinate defined in (4.27) and V +
lm is the

effective potential for even-parity perturbations. As before, the potential has
contributions from the different terms in the gravitational action

V +
lm = V +GR

lm + ℓ4λevV
+(ev)

lm + ℓ6
(
ϵ1V

+(1)
lm + ϵ2V

+(2)
lm

)
, (4.33)

and for instance, the GR part reads

V +GR
lm = 1

Λ2

(
1 − 2M

r

)[
µ2
(
µ+ 2
r2 + 6M

r3

)
+ 36M2

r4

(
µ+ 2M

r

)]

+ 4mM2χω

(µ+ 2)r6Λ3

(
72(µ+ 6)M3 + 36µ(µ+ 8)M2r

+ 6µ2(3µ+ 16)Mr2 + µ2 (µ2 + 2µ− 12
)
r3) , (4.34)

with µ = (l − 1)(l + 2). Note that for χ = 0 this reduces to the well-known
Zerilli potential for the Schwarzschild black hole [33, 84]. The expressions for
the other contributions are given in the appendix of [72].
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4.2.2 Parity-breaking corrections

The higher-derivative terms controlled by λodd and ϵ3 violate parity, and hence
their effect is somewhat different. Instead of modifying the equations of odd
and even perturbations independently, there is a coupling between these modes.
Proceeding along the same lines as in the previous subsection, we find the
following coupled equations for the variables5 Ψ±:

d2Ψ+

dr2
∗

+
(
ω2 − V +GR

lm

)
Ψ+ = U+

lmΨ− +W+
lm

dΨ−

dr∗
, (4.35)

dΨ−

dr∗
+
(
ω2 − V −GR

lm

)
Ψ− = U−

lmΨ+ +W−
lm

dΨ+

dr∗
. (4.36)

Here V ±GR
lm are the GR potentials, whilst the coefficients U±

lm and W±
lm are

controlled by the higher-derivative terms and hence they have two contributions,

U±
lm = λoddℓ

4U
±(odd)
lm + ϵ3ℓ

6U
±(3)
lm , (4.37)

W±
lm = λoddℓ

4W
±(odd)
lm + ϵ3ℓ

6W
±(3)
lm . (4.38)

Notice that, in the presence of parity-breaking corrections, the radius of the
horizon is not modified at leading order, r+ = 2M . Hence, r∗ is the standard
Schwarzschild tortoise coordinate, r∗ = r + 2M log

(
r

2M − 1
)
, so that

d
dr∗ =

(
1 − 2M

r

)
d
dr . (4.39)

We perform a Chandrasekhar transformation of one variable, say Ψ+ → Ψ̃+,
such that the zeroth-order equation d2Ψ+

dr2
∗

+
(
ω2 − V +GR

lm

)
Ψ+ is transformed

into d2Ψ̃+

dr2
∗

+
(
ω2 − V −GR

lm

)
Ψ̃+. This is possible even at first order in the spin

since V +GR
lm and V −GR

lm are isospectral at that order, and we show the explicit
transformation in Appendix C.3. Of course, the functions U±

lm, W±
lm are also

affected by this change of variables, but expressed in this form we can devise a
way to study the system of equations by solving only uncoupled equations. The
idea is to decompose the corrections in contributions that are symmetric and
antisymmetric under the exchange of Ψ±, since for each of these contributions
the equations can be decoupled. The effect of each correction can then be added
up in an appropriate way to obtain, e.g., the total shift in the QNM frequencies,
that we study next. We explore this method in more detail in Appendix C.5.
5 These are defined as in eqs. (4.26) and (4.31), but in the case of Ψ+ we set f = 1 − 2M/r

in (4.31) instead of using the actual value of the metric function given in (4.11).
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4.3 Slowly-rotating black holes quasinormal modes

Once we have set up the master equations that govern the perturbations of
slowly-rotating black holes in our theory (4.1), our goal is to compute the
corrections to the quasinormal modes of the Kerr black hole. Recall that these
correspond to solutions in which the variables Ψ± behave as outgoing waves
both at infinity and at the horizon and that this is only possible for a discrete
set of complex frequencies. We are mostly interested in the shifts in the Kerr
QNM frequencies induced by the higher-derivative corrections:

ω = ωKerr + δω . (4.40)

We recall that, in the case of Kerr, the spectrum of odd and even perturbations
is identical. In order to show explicitly that for our GR potentials, to linear
order in spin, this is still true, we present in Appendix C.3 an extension to
the Chandrasekhar transformation which relates the Regge-Wheeler and Zerilli
potentials. Now, for the higher-derivative corrections that preserve parity, the
shifts in the QNM frequencies of odd and even modes are typically different,
and hence one loses isospectrality. Thus, we have two families of frequencies.

ω± = ωKerr + δω± . (4.41)

If several parity-preserving interactions appear in the Lagrangian at the same
time, one may obtain the total shifts δω± by simply adding up each of the
individual contributions.

In the case of the corrections that violate parity, modes of even and odd parity
couple and this actually produces a linear shift in the QNM frequencies [51].

The reason for this is that both GR potentials V ±GR are isospectral, and in that
case, the problem (4.35)-(4.36) is analogous to performing quantum-mechanical
perturbation theory with a degenerate Hamiltonian. In this situation, contrarily
to the result with non-degenerate Hamiltonians, off-diagonal components in the
Hamiltonian perturbation do introduce a linear correction into the energy states

— the QNM frequencies in our case. In fact, one can see that, when there are
only parity-breaking corrections, the shifts in the frequencies are opposite for
the two families of modes

ω± = ωKerr ± δωbreak , (4.42)

for some δωbreak. Note that in this case the labels ± are unrelated to the parity
of the perturbations. In addition to the frequency, since the QNMs in the
presence of parity-violating interactions contain both the even- and odd-parity
sectors, it is important to determine the relative normalisation of both modes.
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Thus, we introduce the quantity,

γ = lim
r→∞

Ψ+

Ψ− , (4.43)

which has to be determined as well (note that the two families of modes ± have
relative normalisations ±γ). 6

Now, if there are several independent parity-violating operators in the action, the
total value of δωbreak cannot be easily obtained by adding up the contributions
of each term. However, one can easily combine them if one knows separately
the ‘symmetric’ ωs and ‘antisymmetric’ ωa contributions to the frequency
with respect to interchange of Ψ+ and Ψ−. Roughly, by considering these
contributions individually in equations (4.35)-(4.36), they can be decoupled,
and for these decoupled equations the different contributions add linearly as
usual. There are two caveats, though. The first is that one cannot actually use
(4.35)-(4.36) as one should make a transformation to ensure the uncorrected
(isospectral) potentials are identical, i.e. use the transformation given in
Appendix C.3, as we mentioned earlier. Secondly, one must be able to recombine
these ‘symmetric’ and ‘antisymmetric’ contributions. The procedure is analogous
to what is used to combine the even-parity and odd-parity contributions
discussed next, but for convenience it is made explicit in Appendix C.5. The
final, full correction due to parity-breaking interactions can be written as
δωbreak =

√
(
∑

i ω
(i)
s )2 + (

∑
i ω

(i)
a )2. Equivalently, in order not to work with

these auxiliary frequencies, one can note that the ratio ω(i)
a /ω

(i)
s will characterise

the mixing, so in principle one can combine the different odd-parity corrections
if in addition to δω(i)break one is given the mixing coefficients γ(i).

Once the contributions to the QNM frequencies from parity-preserving and
parity-violating terms have been independently determined, we would like to
obtain the total shift in these frequencies in the case in which all the higher-
derivative operators appear simultaneously in the action. To obtain that result,
one can note that the problem of obtaining the corrected QNMs is formally
equivalent to the problem of obtaining the eigenvectors and eigenvalues of a
perturbed Hamiltonian. Thus, the usual formulas from quantum-mechanical
perturbation theory can be applied — see Appendix C.4 and references [51, 63,
85, 86]. Therefore, one can derive the total shift from the eigenvalue equation∣∣∣∣δω+ − δω δωbreak

δωbreak δω− − δω

∣∣∣∣ = 0 , (4.44)

coming from the perturbation of a degenerate 2 × 2 Hamiltonian.
6 Let us remark that the variables Ψ± are defined according to (4.26) and (4.31), and that

their normalisation factors satisfy A = Ã = 1 at r → ∞.
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Figure 4.1: Fundamental QNM frequencies l = m = 2 relative to the Kerr values
as we increase the cubic coupling λev. Top: Ratio between the real parts of the
corrected QNM frequency and of the Kerr one. Bottom: ratio of the imaginary
parts. The lines represent a quadratic fit, whilst the points are numerical data.
We observe that “ + ” and “ − ” modes are no longer isospectral and that the
effect of the spin on the corrections is not negligible.

This yields the result

δω
(±)
tot = 1

2
(
δω+ + δω−)±

√
1
4 (δω+ − δω−)2 + (δωbreak)2

. (4.45)

Note that we keep the ± labels, but one should bear in mind that these no
longer represent defined-parity modes whenever δωbreak ̸= 0. Finally, the
relative normalisation between the even- and odd-parity master variables can be
determined by applying again formulas from a 2 × 2 matrix eigenvalue problem.

γ±
total = γbreak (δω± − δω+)

/
δωbreak . (4.46)

We compute the coefficients δω±,break and γbreak for each of the terms in (4.1).

4.3.1 Cubic corrections

In the cubic Lagrangian there is one parity-preserving correction and one
parity-violating one. Thus, we have

δω± = λev
ℓ4

M5 δω
±
ev , (4.47)

δωbreak = λodd
ℓ4

M5 δω
break
odd , (4.48)

where the factors of M have been introduced so that the coefficients δωi on the
right-hand side are dimensionless.
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In addition, at first order in the spin one can see that the dependence of these
modes on the magnetic number m is always through the combination m · χ.
Therefore, we can write

δω±
ev = δω±

ev,0 +mχδω±
ev,1 + O(χ2) , (4.49)

δωbreak
odd = δωbreak

odd,0 +mχδωbreak
odd,1 + O(χ2) , (4.50)

and we only have to determine the δω0,1 coefficients numerically for several
values of l. As a check, we will also use our numeric results to obtain the Kerr
QNM frequencies, that we express as

ωKerr = ω0 +mχω1 + O(χ2) . (4.51)

On the other hand, the relative normalisation factor γodd for the parity-breaking
corrections is mildly dependent on the value of λodd. However, as a first
approximation, we only need to consider its value in the limit λodd → 0, as
the running of this parameter is sensitive to the presence of additional higher-
derivative corrections. This value is a function of the spin and therefore we also
expand it as

γodd = γodd,0 +mχγodd,1 + O(χ2) . (4.52)

In order to compute all of these coefficients, we have performed a numerical
integration of Eqs. (4.32), (4.28) and (4.35)-(4.36). This allows us to obtain the
fundamental QNM frequencies for a range of values of χ and the corresponding
coupling, λev or λodd. By fitting the resulting values to a quadratic polynomial
in χ and λev,odd, we are able to extract the Schwarzschild value together with the
linear shifts in the spin and in the coupling, as well as the coefficient of λev,odd ·χ.
In table C.1 (in Appendix C.2) we show the best-fit coefficients associated with
the λev correction, whilst in table C.2 we show the corresponding values for the
λodd one, including in that case the value for γodd. Also, in Fig. 4.1 we show
the data points for the corrected QNM frequencies relative to the Kerr ones
together with a quadratic fit in the case of λev corrections, and in Fig. 4.2 we
show an analogous plot for the parity-breaking corrections λodd.

As a test of our results, we observe that the Kerr QNM frequencies obtained
from these fits are in good agreement with the known values.7 In addition, we
have compared our results for non-rotating black holes with those in [52] for the
λev correction, and we have found that they agree within ∼ 1% − 5% accuracy.8
7 There is only some discrepancy in the imaginary part of ω1 as it is relatively small and

therefore harder to capture.
8 For the comparison we take into account that the λev correction is related to the

paramater d9 in [52] according to d9 = M2λevℓ4

16πG
, where M is an energy scale used in

that reference.
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Figure 4.2: Fundamental QNM frequencies l = m = 2 relative to the Kerr values
as we increase the cubic coupling λodd. Top: Ratio between the real parts of the
corrected QNM frequency and of the Kerr one. Bottom: ratio of the imaginary
parts. The lines represent a quadratic fit. We use “ + ” and “ − ” to label the
different branches but these no longer represent defined-parity modes.

Finally, using the results in both tables together with (4.45) we can derive the
total shift in the frequencies. For instance, for the l = 2 modes we get, explicitly,

δω± = ℓ4

M5

[
λev (0.0533 + 0.0255i+mχ(0.0812 − 0.0489i))

±
(

(0.0152 − 0.0556i−mχ(0.155 + 0.0249i))λ2
ev

+ (0.0139 − 0.0580i−mχ(0.152 + 0.0086i))λ2
odd

)1/2
]
. (4.53)

4.3.2 Quartic corrections

At quartic order, we have two parity-preserving terms and one parity-breaking
one, and the shifts in the QNM frequencies accordingly take the form

δω± = ℓ6

M7

(
ϵ1δω

±
1 + ϵ2δω

±
2
)
, (4.54)

δωbreak = ϵ3
ℓ6

M7 δω
break
3 , (4.55)

where the coefficients δω on the right-hand side are dimensionless.
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Again, at linear order in the spin, these coefficients can be expanded as

δω±
1 = δω±

1,0 +mχδω±
1,1 + O(χ2) , (4.56)

δω±
2 = δω±

2,0 +mχδω±
2,1 + O(χ2) , (4.57)

δωbreak
3 = δωbreak

3,0 +mχδωbreak
3,1 + O(χ2) . (4.58)

Similarly, we express the relative normalisation between the Ψ+ and Ψ− variables
in the presence of ϵ3 corrections as

γ3 = γ3,0 +mχγ3,1 + O(χ2) . (4.59)

The values of these coefficients obtained by a quadratic fit of numerical data
are shown in tables C.3, C.4 and C.5 (in Appendix C.2) for the ϵ1, ϵ2 and ϵ3
corrections, respectively. As a first consistency check, we observe that we recover
the Kerr QNM frequencies quite accurately from these fits. In addition, we have
checked that our results for the corrections to the QNMs of non-rotating black
holes are in good agreement with those in Refs [50] and [51] for the ϵ1,2 and ϵ3
corrections, respectively — the discrepancies we get are of the order of 1% − 6%
depending on the case.9 Finally, a puzzling observation is that in the case of
ϵ3 corrections the value for the relative normalisation factor γ3 is essentially
coincident with the one for the cubic λodd corrections. Clearly, this cannot be a
coincidence and indicates that there is more to be understood on the structure
of QNMs with parity-breaking interactions. This will be explored elsewhere.

4.3.3 Concluding remarks

We have presented a complete calculation of the QNMs of black holes in a
general effective theory extension of GR, taking into account the rotation at
leading order. The next step is to predict the corrections to the QNM spectrum
of fully rotating black holes, and to search for these deviations from GR.

Higher-derivative corrections to GR yield a rich phenomenology for the modified
Kerr QNM spectrum. First, we observe that the isospectrality of the even- and
odd-parity modes is broken. Furthermore, in the presence of parity-breaking
corrections, even - and odd modes get coupled, so that QNMs are composed by
a certain linear combination of both types of perturbations. Interestingly, the
parity-breaking corrections also introduce a linear shift in the QNM frequencies
due to the isospectrality of the Kerr QNMs.

9 For the comparison, we have to take into account that the ϵi parameters of reference
[50] compare to our own ϵi according to (ϵ1, ϵ2, ϵ3)

∣∣
there

= −ℓ6/M6(ϵ1, ϵ2/4, ϵ3/2)
∣∣
here



Chapter 5

Setting up a modified
Teukolsky equation

We construct a set of universal Teukolsky equations, in the spirit of [87, 88].
That is, we formulate in full generality the specific combination of Bianchi
identities that reduce to the usual Teukolsky equations when the background is
a Ricci-flat Petrov type D spacetime. The universal Teukolsky equations apply
to any background geometry and to any theory, since the theory-dependence
only enters through the presence of an effective stress-energy tensor on the
right-hand side of the Einstein equation. Next we describe in detail how to
evaluate these equations for fluctuations around rotating black-hole solutions
that deviate perturbatively from Kerr. Following the approach of [77], we show
how to effectively separate these equations into a set of radial equations.

This chapter, which is based on [89]1, is structured as follows (see figure 5.1).
In Section 5.1 we derive the universal Teukolsky equations and outline how to
evaluate these perturbatively around a Kerr black hole, similarly to [87, 88].
In Sections 5.2 and 5.3 we provide the ingredients to evaluate these equations.
In Section 5.4 we explain how the equations can effectively be separated, and
in Section 5.5 how these equations can be reduced to a set of radial equations.
In Section 5.6 we obtain these equations for the six-derivative EFT extension of
general relativity, introduced in the previous chapter, to apply this technique.
We solve these numerically in two different ways and obtain explicit results for
the shifts in the QNM frequencies that pass several consistency tests.

1 Written with P. A. Cano, K. Fransen and T. Hertog.
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Figure 5.1: Schematic overview of the approach we develop in this chapter to
compute the spectrum of quasinormal modes of black holes with significant
spin beyond Kerr black holes in general relativity. Dashed lines indicate an
approximate or perturbative relation.
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5.1 The universal Teukolsky equation

In this section, we derive what we call the “universal Teukolsky equations”. This
should simply be taken to mean that we write down in full generality a particular
combination of Bianchi identities that reduce to the Teukolsky equations for
perturbations around a Petrov type D spacetime. This approach was used for
higher-order perturbations of rotating black holes in general relativity [90].

5.1.1 Derivation

The schematic form of the Teukolsky equation is as follows

D̂[ea
µ, γabc]

(
∇[γRαβ]σρ

)
= 0 , (5.1)

with D̂[ea
µ, γabc] a linear, first-order differential operator depending on the

choice of a null-frame tetrad ea
µ and the related spin connection γabc.

We shall follow the Newman-Penrose (NP) and Geroch-Held-Penrose (GHP)
approaches to (5.1), as seen in Section 3.3 but without making any assumptions
on the spacetime or NP-frame along the way.

In this notation, the Bianchi identities that we will use are

Þ′Ψ0 − ðΨ1 − ðϕ01 + Þϕ02 = ρ′Ψ0 − 4τΨ1 + 3σΨ2 + σ′∗ϕ00

− 2τ ′∗ϕ01 − 2κϕ∗
21 + 2σϕ11 + ρ∗ϕ02 , (5.2)

ÞΨ4 − ð′Ψ3 − ð′ϕ21 + Þ′ϕ02
∗ = ρΨ4 − 4τ ′Ψ3 + 3σ′Ψ2 + σ∗ϕ22

− 2τ∗ϕ21 − 2κ′ϕ∗
01 + 2σ′ϕ11 + ρ′∗ϕ∗

02 , (5.3)

Þ′Ψ3 − ðΨ4 − Þ′ϕ21 + ð′ϕ22 = −τΨ4 + 4ρ′Ψ3 − 3κ′Ψ2 + τ∗ϕ22

− 2ρ′∗ϕ21 − 2σ′ϕ∗
21 + 2κ′ϕ11 + κ′∗ϕ02

∗ , (5.4)

ÞΨ1 − ð′Ψ0 − Þϕ01 + ðϕ00 = −τ ′Ψ0 + 4ρΨ1 − 3κΨ2 + τ ′∗ϕ00

− 2ρ∗ϕ01 − 2σϕ∗
01 + 2κϕ11 + κ∗ϕ02 . (5.5)

These expressions (and the additional identities) can be found, for instance,
as (4.12.36)-(4.12.41) in [91]. We remark that this reference uses a “mostly
minus” metric convention. In addition, the curvature tensor Rµ

ναβ is defined
with opposite sign. Consequently, our definitions for the spin coefficients have
the opposite signs compared to (4.5.22) of [91], as do the curvature scalars,
compared to (4.11.10). On the other hand, (3.31) are the same as (4.11.9) of [91].
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The result of these choices is that the Bianchi identities in our GHP notation
agree with [91]. Nevertheless, as a check, we have independently derived them.

Now, applying Þ and ð the Bianchi equations (5.2) and (5.5), respectively, one
finds, upon summing, the result

O(0)
2 (Ψ0) + O(1)

2 (Ψ1) + O(2)
2 (Ψ0) = 8π

(
T (0)

2 + T (1)
2 + T (2)

2

)
, (5.6)

with

O(0)
2 = 2

[
(Þ − 4ρ− ρ∗)(Þ′ − ρ′) − (ð − 4τ − τ ′∗)(ð′ − τ ′) − 3Ψ2

]
, (5.7a)

O(1)
2 = 4

[
2κ
(
Þ′ − ρ′∗)− 2σ

(
ð′ − τ∗)+ 2

(
Þ′κ
)

− 2
(
ð′σ
)

+ 5Ψ1
]
, (5.7b)

O(2)
2 = 6 [κκ′ − σσ′] , (5.7c)

T (0)
2 = (ð − τ ′∗ − 4τ)[(Þ − 2ρ∗)Tlm − (ð − τ ′∗)Tll]

+ (Þ − 4ρ− ρ∗)[(ð − 2τ ′∗)Tlm − (Þ − ρ∗)Tmm] , (5.7d)

T (1)
2 = 1

2 [σÞ − κð]T −
[
3σ
(
Þ′ − ρ′∗)− σ′∗ (Þ − 4ρ− ρ∗) − Þ (σ′∗)

]
Tll

− 2 [σ (ð − τ − τ ′∗) + ð (σ)]Tlm̄ +
[
3σ
(
ð′ − 2τ∗)+ 3κ

(
Þ′ − 2ρ′∗)]Tlm

−
[
3κ
(
ð′ − τ∗)− κ∗ (ð − 4τ − τ ′∗) − ð (κ∗)

]
Tmm

+ [κð + σ (Þ − 2ρ− 2ρ∗) + 2Þ (σ) − Ψ0] (Tln + Tmm̄)

− 2 [κ (Þ − ρ− ρ∗) + Þ (κ)]Tnm , (5.7e)

T (2)
2 = 3 [κκ′∗Tll + σσ∗Tmm] , (5.7f)

and2

8πTll = 2ϕ00 , 8πTlm = 2ϕ01 , 8πTmm = 2ϕ02 , 8πTnm̄ = 2ϕ21 ,(5.7g)

8πT = −R , 8π (Tln + Tmm̄) = 4ϕ11 . (5.7h)
2 Naturally, Tll, Tlm, etc., are the components of the stress-energy tensor in the basis (3.23).

This enters in the Einstein equations as Gµν = 8πTµν . In the case of the higher-derivative
corrections we have the equations (4.6) and hence we must use 8πTµν = ℓ4E(6)

µν .
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Here, (5.2) and (5.5) were additionally used to replace ðΨ2 and ÞΨ1. Moreover,
several other relations between the spin coefficients and curvature scalars were
used along the way. Additional relevant identities and details can be found in
Appendix B.1. Similarly, applying Þ′ and ð′ to two of the the Bianchi equations,
(5.3) and (5.4) respectively, one finds, upon summing, the result

O(0)
−2 (Ψ4) + O(1)

−2 (Ψ3) + O(2)
−2 (Ψ4) = 8π

(
T (0)

−2 + T (1)
−2 + T (2)

−2

)
, (5.8)

with

O(0)
−2 = 2

[
(Þ′ − 4ρ′ − ρ′∗)(Þ − ρ) − (ð′ − 4τ ′ − τ∗)(ð − τ) − 3Ψ2

]
, (5.9a)

O(1)
−2 = 4 [2κ′ (Þ − ρ∗) − 2σ′ (ð − τ ′∗) + 2 (Þκ′) − 2 (ðσ′) + 5Ψ3] , (5.9b)

O(2)
−2 = 6 [κκ′ − σσ′] , (5.9c)

T (0)
−2 = (ð′ − τ∗ − 4τ ′)[(Þ′ − 2ρ′∗)Tnm̄ − (ð′ − τ∗)Tnn]

+ (Þ′ − 4ρ′ − ρ′∗)[(ð′ − 2τ∗)Tnm̄ − (Þ′ − ρ′∗)Tm̄m̄] , (5.9d)

T (1)
−2 = 1

2
[
σ′Þ′ − κ′ð′]T −

[
3σ′ (Þ − ρ∗) − σ∗ (Þ′ − 4ρ′ − ρ′∗)− Þ′ (σ∗)

]
Tnn

− 2
[
σ′ (ð′ − τ ′ − τ∗)+ ð′ (σ′)

]
Tnm + [3σ′ (ð − 2τ ′∗) + 3κ′ (Þ − 2ρ∗)]Tnm̄

−
[
3κ′ (ð − τ ′∗) − κ′∗ (ð′ − 4τ ′ − τ∗)− ð′ (κ′∗)

]
Tm̄m̄

+
[
κ′ð′ + σ′ (Þ′ − 2ρ′ − 2ρ′∗)+ 2Þ′ (σ′) − Ψ4

]
(Tln + Tmm̄)

− 2
[
κ′ (Þ′ − ρ′ − ρ′∗)+ Þ′ (κ′)

]
Tlm̄ , (5.9e)

T (2)
−2 = 3 [κ′κ∗Tnn + σ′σ′∗Tm̄m̄] , (5.9f)

and

8πTnn = 2ϕ22 , 8πTlm = 2ϕ01 , 8πTm̄m̄ = 2ϕ∗
02 , 8πTnm̄ = 2ϕ21 , (5.10a)

8πT = −R , 8π (Tln + Tmm̄) = 4ϕ11 . (5.10b)

More details can be found in Appendix B.1. Aside from the key observations
that were made long ago for the case of rotating black holes [36, 65, 92–95], the
derivation of these expressions is an exercise in translation and algebra.
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Yet it is important to emphasise that no assumptions are made on the spacetime
or NP-frame to derive (5.6) and (5.8). Nevertheless, we have suggestively
grouped together terms based on quantities that would vanish in a Petrov D
spacetime in an aligned frame.

5.1.2 Linearisation

Contrary to the Teukolsky equations, the equations derived in the previous
section apply for any four-dimensional spacetime and any choice of NP-frame.
In contrast to the Teukolsky equations, they are in fact also totally impractical.
Our goal is now to find a suitable regime, where we are close enough to the
Teukolsky equations to use their nice properties whilst still being very general
in terms of applicability. The key assumption going into this is the perturbative
nature of the corrections. All observations so far indicate that this is likely a
good assumption [96] but it should be stressed that non-perturbative corrections
to the spectrum are also of interest [97–99]. These will not be captured here.
Moreover, in light of the pseudospectral instability of these quasinormal modes
such corrections could imply an entirely different spectrum of modes [100–102].
However, the time-domain response relevant for observations is more robust
[103]. Therefore, we would still expect the perturbative corrections we compute
to be relevant for the observed ringdown.

In general, although there are of course other relations between these variables,
equations (5.6) and (5.8) involve the frame ea, spin connection γabc, the (Ricci)
curvatures3 ϕab, and Weyl scalars Ψi, so they take the form

E±2(ea, γabc, ϕij ,Ψi) = E±2(Φ,Ψi) = 0 , (5.11)

where we will denote the variables excluding Ψi collectively as Φ. Consider a
perturbation of a solution, so that we make ea → ēa +δea, γabc → γ̄abc +δγabc,
ϕij → ϕ̄ij + δϕij (so in general Φ → Φ̄ + δΦ), and Ψi → Ψ̄i + δΨi, where the
bar on top of a given quantity denotes that it is evaluated on the background.
The equations above then yield two linear equations for the perturbations

EδΨ,±2 (δΨi) + EδΦ,±2 (δΦ) = 0 , (5.12)

where EδΨ,±2 (·) and EδΦ,±2 (·) are linear differential operators.

3 Note however that the Ricci curvature will be replaced by the effective stress-energy
tensor by imposing the Einstein equations. For higher-derivative theories, such as in (4.6),
the effective stress-energy tensor is a function of the frame, spin connection and Weyl
curvature, since at leading order in a perturbative expansion we only need to evaluate it
on a solution of the vacuum Einstein equations (i.e. on a Ricci-flat spacetime).



60 SETTING UP A MODIFIED TEUKOLSKY EQUATION

In principle, these equations involve all perturbed variables. However, a
simplification occurs if the background geometry corresponds to a corrected
vacuum (Ricci flat) Petrov-D solution. By this we mean that the solution only
departs perturbatively from the vacuum Petrov type D. In particular, this is the
case for rotating black holes in the theory with higher-derivative corrections.

As a bookkeeping parameter, we introduce λ to keep track of the departure
from vacuum Petrov type D (e.g., in the case of higher-derivative corrections
this could be ℓ4 or ℓ6 in (4.1)). We will work at linear order in λ, since we are
only interested in the leading corrections. The background geometry will have

Ψ̄i = Ψ̄(0)
i + λΨ̄(1)

i , Φ̄i = Φ̄(0)
i + λΦ̄(1)

i , (5.13)

with, in particular

Ψ̄(0)
0 = Ψ̄(0)

1 = Ψ̄(0)
3 = Ψ̄(0)

4 = 0 , (5.14)

ϕ̄
(0)
00 = ϕ̄

(0)
01 = ϕ̄

(0)
02 = ϕ̄

(0)
21 = ϕ̄

(0)
11 = ϕ̄

(0)
22 = 0 , (5.15)

κ̄(0) = κ̄′(0) = σ̄(0) = σ̄′(0) = 0 , (5.16)

on the assumption that the uncorrected background is of Petrov type D and
that the frame is chosen to be aligned to the principal null directions. The
corrections to these quantities will nevertheless be non-vanishing in general.

When we evaluate the linearised equation (5.12) on this type of background, we
can see that the operators EδΦ,±2 become of order λ, a fact which we denote by

EδΦ,±2 (δΦ) = λE(1)
δΦ,±2 (δΦ) . (5.17)

On the other hand,

EδΨ,+2 (δΨi) = D(0)
2 (δΨ0) + λE(1)

δΨ,+2 (δΨi) ,

EδΨ,−2 (δΨi) = D(0)
−2 (δΨ4) + λE(1)

δΨ,−2 (δΨi) ,
(5.18)

where D(0)
±2 are the Teukolsky operators for δΨ0,4 on the Kerr background:

D(0)
+2 = 2

[
(Þ − 4ρ− ρ∗)(Þ′ − ρ′) − (ð − 4τ − τ ′∗)(ð′ − τ ′) − 3Ψ2

] ∣∣
Kerr ,

D(0)
−2 = 2

[
(Þ′ − 4ρ′ − ρ′∗)(Þ − ρ) − (ð′ − 4τ ′ − τ∗)(ð − τ) − 3Ψ2

] ∣∣
Kerr .

(5.19)

Then, to first order in λ, the equations become

D(0)
+2 (δΨ0) + λ

[
E(1)

δΨ,+2 (δΨi) + E(1)
δΦ,+2 (δΦ)

]
= 0 ,

D(0)
−2 (δΨ4) + λ

[
E(1)

δΨ,−2 (δΨi) + E(1)
δΦ,−2 (δΦ)

]
= 0 .

(5.20)
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Now, the value of every perturbed quantity will be the one for the Kerr
background plus a linear correction,

δΦ = δΦ(0) + λδΦ(1) . (5.21)

Thus, at first order in λ, the previous equations are equivalent to

D(0)
+2 (δΨ0) + λ

[
E(1)

δΨ,+2

(
δΨ(0)

i

)
+ E(1)

δΦ,+2

(
δΦ(0)

)]
= 0 ,

D(0)
−2 (δΨ4) + λ

[
E(1)

δΨ,−2

(
δΨ(0)

i

)
+ E(1)

δΦ,−2

(
δΦ(0)

)]
= 0 .

(5.22)

Note that we intentionally do not split δΨ0,4 = δΨ(0)
0,4 + λδΨ(1)

0,4, as we will write
an equation for the complete variables δΨ0,4.

In fact, every zeroth-order perturbed quantity can be determined in terms of
the Teukolsky variables δΨ(0)

0 and δΨ(0)
4 :

δΦ(0) = δΦ(0)(δΨ(0)
0 , δΨ(0)

4 ) = δΦ(0)(δΨ0, δΨ4) + O(λ) . (5.23)

Therefore, at the end of the day we should be able to write the equations
explicitly as

D(0)
+2 (δΨ0) + λ

[
E(1)

δΨ0,+2 (δΨ0) + E(1)
δΨ4,+2 (δΨ4)

]
= 0 ,

D(0)
−2 (δΨ4) + λ

[
E(1)

δΨ0,−2 (δΨ0) + E(1)
δΨ4,−2 (δΨ4)

]
= 0 .

(5.24)

These are two coupled equations for the two variables δΨ0,4. In order to
obtain these equations, we first need to obtain explicitly the relations (5.23).
We will achieve this by finding the leading-order (general relativistic) metric
perturbations associated to solutions to the Teukolsky equations in a procedure
known as metric reconstruction.
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5.1.3 Implementation

In practice, to obtain the equations (5.24) we proceed as follows. For every
quantity Φ = {Ψi, ea, γabc}, we must find its explicit expression as

Φ = Φ̄ + δΦ(δΨ0, δΨ4) , (5.25)

where Φ̄ is the background value of the corresponding quantity, consisting of its
Einstein-gravity value plus a correction,

Φ̄ = Φ̄(0) + λΦ̄(1) , (5.26)

and δΦ(δΨ0, δΨ4) is the solution of the perturbed quantity in the Kerr
background expressed in terms of δΨ0 and δΨ4. We remark that the term
δΦ(δΨ0, δΨ4) involves no higher-derivative corrections; it is the perturbed
quantity as obtained in Einstein gravity.

We then insert (5.25) into (5.6) and (5.8) keeping the terms linear in the
fluctuations δΦ to first order in λ. In this process we can also reduce the
number of derivatives in the terms proportional to λ by making use of the
zeroth-order Teukolsky equations D(0)

±2 (δΨ0,4) = 0. The result is then the two
equations (5.24). In order to carry out this computation we need two ingredients:

(1) the Newman-Penrose description of the background geometry (with the
higher-derivative corrections),

(2) the solution for every perturbed quantity in the Einstein-gravity case
(without corrections) expressed in terms of δΨ0 and δΨ4.

We address these points in the next section.

There is a last observation that must be made. In general, it will be convenient
to work with complex metric perturbations. However, this comes at the price
that complex conjugates in the NP formalism are not actual complex conjugates.
Instead, these “conjugate” variables become independent and satisfy their own
equations. We need to consider in particular the equations for δΨ∗

0 and δΨ∗
4.

Thus, together with (5.6) and (5.8), we also need to consider their “conjugate”
versions, which yield two equations for δΨ∗

0 and δΨ∗
4 analogous to (5.24).

Therefore, at the end we will obtain altogether four coupled linear equations
for δΨ0, δΨ4, δΨ∗

0 and δΨ∗
4.
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5.2 Newman-Penrose description of the background
geometry

The solutions of (4.1), perturbatively in the higher-derivative couplings, take
the form

ḡµν = ḡ(0)
µν + λḡ(1)

µν , (5.27)

where ḡ(0)
µν is a solution of the vacuum Einstein equations (i.e., a Ricci flat metric)

and ḡ(1)
µν is the correction at linear order in the higher-derivative couplings which,

as in the previous section, we keep track of through the bookkeeping parameter
λ. In the case of the rotating black-hole solutions, we use the following ansatz
to capture the deviations with respect to Kerr [45],

ds̄2 = −
(

1 − 2Mr

Σ − λH1

)
dt2 − (1 + λH2) 4Mar(1 − x2)

Σ dtdϕ

+ (1 + λH3) Σ
(

dr2

∆ + dx2

1 − x2

)

+ (1 + λH4)
(
r2 + a2 + 2Mra2(1 − x2)

Σ

)
(1 − x2) dϕ2 ,

(5.28)

where
Σ = r2 + a2x2 , ∆ = r2 − 2Mr + a2 , (5.29)

and x = cos θ.4 The metric ḡ(0)
µν is in this case the Kerr metric in Boyer-Lindquist

coordinates, whilst ḡ(1)
µν is parametrised by the four functions Hi(x, r),

ḡ(1)
µν dxµ dxν =H1 dt2 −H2

4Mar(1 − x2)
Σ dtdϕ+H3Σ

(
dr2

∆ + dx2

1 − x2

)

+H4

(
r2 + a2 + 2Mra2(1 − x2)

Σ

)
(1 − x2) dϕ2 . (5.30)

The solution depends on the two constants M and a, which represent the
total mass and specific angular momentum as long as the Hi functions satisfy
appropriate boundary conditions [45], which we assume. We also introduce
the dimensionless spin parameter χ = a/M . Here we consider solutions with
|χ| < 1, as the extremal limit |χ| ∼ 1 poses additional difficulties.
4 We remark that it is computationally faster to use the algebraic x variable as opposed to

the trigonometric θ variable.
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For |χ| < 1, the solutions for the Hi functions can be expressed as a convergent
power series in χ, and they take the form5

Hi =
∞∑

n=0
χn

n∑
p=0

qmax(n,p)∑
q=0

H
(n,p,q)
i xpr−q , (5.31)

for certain coefficients H(n,p,q)
i that one can compute. We have computed these

solutions to order O(χ30), which we believe would suffice for most purposes up
to spins χ ∼ 0.9. For smaller spins, many fewer terms are required to obtain
high accuracy. The availability of this high-order solution will not yet be fully
exploited here, since we will only make use of a O(χ6) expansion in Section 5.6,
but it is important for future applications. The solution could otherwise be
obtained numerically by solving the system of linear partial differential equations
satisfied by the Hi functions, but we find this less practical.

Let us also take note that the event horizon of the metric (5.28) is located at

r+ = M +
√
M2 − a2 , (5.32)

and this is not modified by the higher-derivative corrections. This is because
we are making a coordinate choice in (5.28) that guarantees that the horizon is
always located at (5.32).

Let us now provide the Newman-Penrose description of this spacetime. We
again consider a null tetrad e µ

a that we denote by

e µ
1 = lµ , e µ

2 = nµ , e µ
3 = mµ , e µ

4 = m̄µ , (5.33)

and that satisfies
ḡµν = −2l(µnν) + 2m(µm̄ν) . (5.34)

Similar to the metric, the tetrad vectors equal their Kerr value plus a correction,

e µ
a = e µ

(0)a + λe µ
(1)a . (5.35)

5 In order to determine the convergence of the spin expansion one can perform standard
convergence tests, like the root test, with a high-order expansion of the solution — in
our case, we used the solution to order χ30. These tests indicate that the power series
is indeed convergent in the exterior of the black hole, with a radius of convergence
|χmax| ∼ 1. Furthermore, in the case of certain observables the convergence of the spin
expansion can be verified as the series can be summed up analytically [104, 105].
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For the tetrad in the uncorrected Kerr geometry, we use the Kinnersley tetrad

lµ(0) =
(
r2 + a2

∆ , 1 , 0 , a∆

)
,

nµ
(0) =

(
r2 + a2 ,−∆ , 0 , a

) 1
Σ ,

mµ
(0) =

(
ia
√

1 − x2 , 0 ,−
√

1 − x2 ,
i√

1 − x2

)
1√
2ζ∗

,

m̄µ
(0) =

(
−ia

√
1 − x2 , 0 ,−

√
1 − x2 ,− i√

1 − x2

)
1√
2ζ
,

(5.36)

where
ζ = r − iax . (5.37)

As is well-known, this frame has the property that it is aligned with the principal
null directions of the Kerr metric. Therefore, in this frame, one in particular
has (5.14) and (5.16)

Ψ̄(0)
0 = Ψ̄(0)

1 = Ψ̄(0)
3 = Ψ̄(0)

4 = 0 , (5.38)

κ̄(0) = κ̄′(0) = σ̄(0) = σ̄′(0) = 0 , (5.39)

as used in the previous section. The correction to the tetrad can then be found
from the correction to the metric ḡ(1)

µν in (5.30) as

e µ
(1)a = −1

2 ḡ
(1)
αβ ḡ

(0)µα e β
(0)a . (5.40)

There is additional gauge freedom in the choice of e µ
(1)a , corresponding to

infinitesimal Lorentz transformations of the uncorrected frame. One may use
this freedom to set to zero some of the components of the spin connection or
some of the Weyl scalars (in particular, Ψ1 and Ψ3). However, this makes the
form of the tetrad much more complicated, so in practice it seems more efficient
to work with the simple choice given by (5.40). This will be the background
tetrad we use throughout.

Once the tetrad is determined, obtaining the coefficients of the spin connection
as well as the Weyl scalars, that we need for our computations,6 is just a
straightforward task that we carry out with the help of software.
6 The Ricci curvature, although non-vanishing, is not needed.
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5.3 Metric reconstruction of Kerr perturbations

In order to find the master equations (5.24) we also need to express every
perturbed quantity on the Kerr background in terms of the Teukolsky variables.
The most efficient way to accomplish this is by reconstructing the metric
perturbation. From the metric perturbation, the remaining perturbed quantities
can be straightforwardly computed.

Following [106], one can reconstruct the metric perturbation on the Kerr
background as follows

M∂thµν = −1
3∇β

[
ζ4∇αC α β

(µ ν)

]
− 1

3∇β

[
(ζ∗)4∇αC̄ α β

(µ ν)

]
, (5.41)

where

Cµανβ = 4
(
ψ0n[µm̄α]n[νm̄β] + ψ4l[µmα]l[νmβ]

)
, (5.42)

C̄µανβ = 4
(
ψ∗

0n[µmα]n[νmβ] + ψ∗
4 l[µm̄α]l[νm̄β]

)
. (5.43)

The variables ψ0,4 and ψ∗
0,4 satisfy the Teukolsky equations, but they are

in general different from the Weyl scalars δΨ0,4, δΨ∗
0,4. They are, however,

proportional to them, as we show below. Let us also note that we will be working
with a complex metric perturbation. This implies that conjugate quantities in
the NP formalism are not complex conjugates anymore, but actually independent
quantities. Therefore, ψ0,4 and ψ∗

0,4 have to be treated as independent variables.

Since these variables satisfy Teukolsky equations, they can be separated as

ψ0 = e−iωt+imϕR2(r)S2(x) ,

ψ∗
0 = e−iωt+imϕR∗

2(r)S−2(x) ,

ψ4 = e−iωt+imϕζ−4R−2(r)S−2(x) ,

ψ∗
4 = e−iωt+imϕ(ζ∗)−4R∗

−2(r)S2(x) ,

(5.44)

where Ss(x), Rs(r) and R∗
s(r) satisfy the angular and radial Teukolsky equations

d
dx

[
(1 − x2)dSs

dx

]
+
[
(aω)2x2 − 2saωx+Blm − (m+ sx)2

1 − x2

]
Ss = 0 , (5.45)

D2
sRs = ∆−s+1 d

dr

[
∆s+1 dRs

dr

]
+ V Rs = 0 , (5.46)

D2
sR

∗
s = ∆−s+1 d

dr

[
∆s+1 dR∗

s

dr

]
+ V R∗

s = 0 , (5.47)
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with

V = (am)2 + ω2 (a2 + r2)2 − 4amMrω + is
(
2am(r −M) − 2Mω

(
r2 − a2))

+ ∆
(
−a2ω2 + s−Blm + 2irsω

)
, (5.48)

and angular separation constants Blm.7 Note that the conjugate variables R∗
s

satisfy the same equations as Rs. Now, since the time dependence is separated
as e−iωt, we can express the metric perturbation explicitly as

hµν = − i

3Mω
∇β

[
ζ4∇αC α β

(µ ν)

]
− i

3Mω
∇β

[
(ζ∗)4∇αC̄ α β

(µ ν)

]
, (5.49)

We have checked by direct computation that this metric perturbation indeed
satisfies the linearised Einstein equations Rµν = 0.

From hµν we can obtain the perturbation of the NP frame,

δe µ
a = −1

2hαβ ḡ
(0)µαē β

(0)a , (5.50)

where g
(0)
µα is the Kerr metric and ē β

(0)a is the frame (5.36). It is then
straightforward (but computationally heavy) to obtain the perturbation of
the spin connection δγabc and of the Weyl scalars δΨi, δΨ∗

i which are the
quantities we need to evaluate the universal Teukolsky equations (5.6), (5.8)
and their conjugates.

The missing crucial step is to establish the link between the metric variables ψi

and the Teukolsky variables. To this end, it is important to observe the following
relations between the four radial variables Rs and R∗

s . First of all, since Rs and
the “conjugates” R∗

s satisfy the same equation (and, in the case of QNMs, the
same boundary conditions), it follows that they must be proportional,

R∗
+2(r) = q+2R+2(r) ,

R∗
−2(r) = q−2R−2(r) ,

(5.51)

for certain constants q±2. We will refer to these constants as polarisation
parameters, since they determine the polarisation of the perturbations. This
will become clear in Section 5.6.
7 These are related to the more conventional definition of angular separation constants

in the literature, denoted sAlm, by Blm = sAlm + s. However, the advantage of using
Blm is that they are the same for s = +2 and s = −2 and hence we do not need to
distinguish between the two cases.
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On the other hand, R+2 and R−2 can be related by means of Starobinsky-
Teukolsky (ST) identities, which we review in the Appendix D.1. These read

R−2 = C+2∆2 (D0)4 (∆2R+2
)
,

R+2 = C−2

(
D†

0

)4
R−2 ,

(5.52)

where D0 and D†
0 are the operators

D0 = ∂r +
i
(
ω(r2 + a2) −ma

)
∆ ,

D†
0 = ∂r −

i
(
ω(r2 + a2) −ma

)
∆ .

(5.53)

The two proportionality constants C±2 are not independent but related by

C+2C−2 = 1
K2 , (5.54)

where
K2 = D2

2 + 144M2ω2 , (5.55)
and D2 is the ST constant for the angular functions, given by (D.4). Thus, in
sum, the relations (5.51) and (5.52) imply that the full metric perturbation is
determined once we know one of the Rs or R∗

s and the constants qs and Cs.

When we use all of these relations, together with the ST identities for the
angular functions — see Appendix D.1 — we find that the Weyl scalars equal
the metric variables up to proportionality constants,

δΨ2−s = Psψ2−s , δΨ∗
2−s = P ∗

s ψ
∗
2−s , s = ±2 . (5.56)

The constants Ps, P ∗
s depend on the polarisation parameters qs and ST constants

Cs and are given by

P+2 = 1
2 + iD2q+2

24Mω
− iC+2q−2K2

6Mω
,

P−2 = 1
2 − iD2q−2

24Mω
+ iC−2q+2K2

96Mω
,

P ∗
+2 = 1

2 + iD2

24Mωq+2
− iC+2K2

6Mωq+2
,

P ∗
−2 = 1

2 − iD2

24Mωq−2
+ iC−2K2

96Mωq−2
.

(5.57)
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Note that there are two choices for qs and Cs for which Ps = P ∗
s = 1,

corresponding to q+2 = q−2 = ±1 with

C+2 = 1
4(D2 − q+212iMω) , C−2 = 4

D2 − q+212iMω
. (5.58)

However, we will not restrict ourselves to this choice of constants. On the one
hand, the choices q+2 = q−2 = ±1 correspond to modes of definite parity, and
this is not suitable for theories that violate parity, in whose case modes of
odd and even parity become mixed. On the other hand, by allowing the ST
constants to be general we will be able to perform a strong consistency check
on our results in Section 5.6.

5.4 Separation of Teukolsky equations

Let us assume that we are performing perturbation theory on the background
of a rotating black hole in the theory (4.1) — although most of the discussion
in this section can be applied in generality to any other theory. Our starting
point is the two perturbed Weyl scalars δΨ0,4 and their conjugates δΨ∗

0,4. We
can always separate the dependence in the t and ϕ coordinates since these are
isometric coordinates. Without loss of generality, we can additionally decompose
the Weyl scalars in spin-weighted spheroidal harmonics, since these are a basis
of functions, and write

δΨ0 = e−iωt+imϕ
∑

l

P lm
2 Rlm

2 (r)Slm
2 (x) ,

δΨ4 = e−iωt+imϕ
∑

l

ζ−4P lm
−2R

lm
−2(r)Slm

−2(x) ,

δΨ∗
0 = e−iωt+imϕ

∑
l

P ∗lm
2 R∗lm

2 (r)Slm
−2(x) ,

δΨ∗
4 = e−iωt+imϕ

∑
l

(ζ∗)−4P ∗lm
−2 R∗lm

−2 (r)Slm
+2(x) .

(5.59)

This decomposition depends on the four sets of radial functions Rlm
s (r), R∗lm

s (r).
Also, here we are including the constants P lm

s and P ∗lm
s that we found in (5.56).

There is no loss of generality in doing this, as we can reabsorb these constants
into the radial variables. However, the computation is clearer in this way.
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Now, the logic to find the radial Teukolsky equations goes as follows. We start
with a Weyl tensor that we have decomposed as (5.59). In order to obtain
the equations (5.24) from (5.6) and (5.8) we need the metric that produced
this Weyl tensor. Of course, we do not know the answer for higher-derivative
gravities. However, we know the answer for Einstein gravity: every mode in
(5.59) comes from a metric perturbation given by (5.49). Therefore, in the case
of perturbative higher-derivative corrections, the metric perturbation associated
to the Weyl tensor (5.59) will correspond to (5.49) plus O(λ) terms. But these
are irrelevant in order to obtain (5.24), since all the terms coming from the
metric reconstruction are already of order λ. Hence, we simply use (5.49).

Using the expansion (5.59), the metric reconstruction (5.49) and the background
solution (5.28) in (5.6) and (5.8), and expanding to linear order in the
fluctuations and in the higher-derivative corrections, yields equations

ζs−2

∆Σ
∑

l

[
− Slm

s P lm
s D2

sR
lm
s

+ λ

(
f lm

s,0,0R
lm
s Slm

s + f lm
s,1,0

dRlm
s

dr Slm
s + f lm

s,0,1R
lm
s

dSlm
s

dx + f lm
s,1,1

dRlm
s

dr
dSlm

s

dx

)

+ λ

(
hlm

s,0,0R
∗lm
s Slm

−s + hlm
s,1,0

dR∗lm
s

dr Slm
−s + hlm

s,0,1R
∗lm
s

dSlm
−s

dx + hlm
s,1,1

dR∗lm
s

dr
dSlm

−s

dx

)

+ λ

(
glm

s,0,0R
lm
−sS

lm
−s + glm

s,1,0
dRlm

−s

dr Slm
−s + glm

s,0,1R
lm
−s

dSlm
−s

dx + glm
s,1,1

dRlm
−s

dr
dSlm

−s

dx

)

+ λ

(
jlm

s,0,0R
∗lm
−s S

lm
s + jlm

s,1,0
dR∗lm

−s

dr Slm
s + jlm

s,0,1R
∗lm
−s

dSlm
s

dx + jlm
s,1,1

dR∗lm
−s

dr
dSlm

s

dx

)]
= 0 ,

(5.60)
for s = ±2, plus another two conjugate equations. Here D2

s is the radial
Teukolsky operator defined in (5.47) and f lm

s,i,j , hlm
s,i,j , glm

s,i,j and jlm
s,i,j are functions

of r and x as well as the black-hole spin a, the angular separation constants
Blm and the frequency ω. These functions additionally depend on the Hi

functions of the corrected Kerr metric (5.28). They are given by very lengthy
and uninformative expressions that we obtained explicitly for the six-derivative
theories. Note that in the terms proportional to λ only first derivatives appear,
as we have used the zeroth-order radial and angular Teukolsky equations to
reduce the derivatives of higher order. For this reason, the functions f lm

s,i,j , hlm
s,i,j ,

glm
s,i,j and jlm

s,i,j depend on the angular separation constants Blm.
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Let us now make the following two observations. First, the spin-weighted
spheroidal harmonics satisfy the orthogonality relations8

2π
∫ 1

−1
dxSlm

s (x; aω)Sl′m
s (x; aω) = δll′ , (5.61)

which hold even for complex ω. We can thus project the equations (5.60) into
Sl′m

s and obtain an infinite system of radial equations labelled by the number l′,

−P l′m
s D2

sR
l′m
s +

∑
l

λ

(
f l′lm

s,0 Rlm
s + f l′lm

s,1
dRlm

s

dr + hl′lm
s,0 R∗lm

s + hl′lm
s,1

dR∗lm
s

dr

+gl′lm
s,0 Rlm

−s + gl′lm
s,1

dRlm
−s

dr + jl′lm
s,0 R∗lm

−s + jl′lm
s,1

dR∗lm
−s

dr

)
= 0 ,

(5.62)
where

f l′lm
s,i = 2π

∫ 1

−1
dxSl′m

s

(
f lm

s,i,0S
lm
s + f lm

s,i,1
dSlm

s

dx

)
,

hl′lm
s,i = 2π

∫ 1

−1
dxSl′m

s

(
hlm

s,i,0S
lm
−s + hlm

s,i,1
dSlm

−s

dx

)
,

gl′lm
s,i = 2π

∫ 1

−1
dxSl′m

s

(
glm

s,i,0S
lm
−s + glm

s,i,1
dSlm

−s

dx

)
,

jl′lm
s,i = 2π

∫ 1

−1
dxSl′m

s

(
jlm

s,i,0S
lm
s + jlm

s,i,1
dSlm

s

dx

)
.

(5.63)

These are functions of r only.

Second, as the quasinormal modes of the Kerr black hole consist of a single
term with a fixed l and m, in the corrected QNMs the sum in (5.59) will contain
a leading term whilst the rest of the terms will be of order λ. That is, for the
QNM that we would label with the numbers l0 and m, we will have Rl0m

s = O(1)
and Rlm

s = O(λ) for l ̸= l0.
8 We remark that, addition to orthogonality, this relation defines our convention for their

normalisation.
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Therefore, at first order in λ, equation (5.62) becomes

−P l′m
s D2

sR
l′m
s + λ

(
f l′l0m

s,0 Rl0m
s + f l′l0m

s,1
dRl0m

s

dr + hl′l0m
s,0 R∗l0m

s + hl′l0m
s,1

dR∗l0m
s

dr

+gl′l0m
s,0 Rl0m

−s + gl′l0m
s,1

dRl0m
−s

dr + jl′l0m
s,0 R∗l0m

−s + jl′l0m
s,1

dR∗l0m
−s

dr

)
= 0 ,

(5.64)
and similarly for the conjugate equations. For l′ = l0 these are in total four
equations that only involve the variables Rl0m

s , R∗l0m
s . Dropping the labels for

clarity, we find the master radial equations

−P+2D
2
+2R+2 + λ

(
f+2,0R+2 + f+2,1

dR+2

dr + h+2,0R
∗
+2 + h+2,1

dR∗
+2

dr

+g+2,0R−2 + g+2,1
dR−2

dr + j+2,0R
∗
−2 + j+2,1

dR∗
−2

dr

)
= 0 ,

−P−2D
2
−2R−2 + λ

(
f−2,0R−2 + f−2,1

dR−2

dr + h−2,0R
∗
−2 + h−2,1

dR∗
−2

dr

+g−2,0R+2 + g−2,1
dR+2

dr + j−2,0R
∗
+2 + j−2,1

dR∗
+2

dr

)
= 0 ,

(5.65)
together with their conjugate counterparts.

We still need to compute the integrals in (5.63) in order to determine the
functions f llm

s,i , hllm
s,i , gllm

s,i , and jllm
s,i . This could be achieved numerically if a

numerical solution for the corrected background is known. However, a possibility
to obtain an analytic result consists in performing an expansion in the black-hole
spin χ = a/M . On the one hand, we know analytically the χn expansion of the
functions Hi determining the background black-hole metric. On the other hand,
the spin-weighted spheroidal harmonics Slm

s (x; aω) and the angular separation
constants Blm have analytic expansions for small γ = aω [107].9

9 Strictly speaking, one should perform a double series expansion both in χ and in γ, but
for simplicity here we perform an overall expansion in χ using that γ = Mωχ. This
could be problematic only if ω is large, so that |γ| >> 1, because in that case one may
need to include more terms in the γ expansion. However, the result should converge
anyways if enough terms are included in the overall χ expansion. Besides, for the most
relevant QNMs, corresponding to the fundamental modes and a few overtones of the first
few harmonics l = 2, 3, ..., we actually have |γ| < χ.
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When we expand the integrand of (5.63) in powers of χ, we find that every
term can indeed be integrated analytically. Thus we are able to obtain explicit
expressions for the functions

f llm
s,i (r; a, ω) , hllm

s,i (r; a, ω) , gllm
s,i (r; a, ω) , jllm

s,i (r; a, ω) (5.66)

as series expansions in a. By including enough terms in these expansions, one
should be able to obtain an accurate result, even for moderate or large spins.

5.5 Radial master equations

So far we have been able to reduce the problem of studying black-hole
perturbations to a system of four coupled radial equations (5.65) (and their
conjugate versions) for the variables Rs and R∗

s . This problem can already be
tackled with different methods in order to find the quasinormal modes [51],
but it is still much more involved than the case of a decoupled equation. To
decouple these equations, the idea is to use the Starobinsky-Teukolsky identities
(5.52) as well as the relations with the conjugate variables (5.51). In fact, those
relations are already implicitly assumed in (5.65) through the constants Ps.

We note that, upon using the zeroth-order Teukolsky equations, the ST
relationships (5.52) can be expressed in the form of a first order operator,

R−2 = C+2

(
A+2R+2 +B+2

dR+2

dr

)
,

R+2 = C−2

(
A−2R−2 +B−2

dR−2

dr

)
,

(5.67)

for given functions A±2, B±2. Taking a derivative in these expressions and using
again the Teukolsky equations we obtain similar relations for the derivatives
dR±2/dr. Combining these relations with (5.51), we can always express any of
the Rs or R∗

s in terms of any of the other variables.

All of these relations hold at zeroth order in λ because the radial variables
satisfy the zeroth-order Teukolsky equations. Therefore, we are allowed to
assume those relations in the terms proportional to λ in (5.65). The result is
four decoupled equations of the form (for s = ±2)

−PsD
2
sRs + λ

[
fs,0Rs + fs,1

dRs

dr

]
= 0 ,

−P ∗
s D

2
sR

∗
s + λ

[
f∗

s,0R
∗
s + f∗

s,1
dR∗

s

dr

]
= 0 ,

(5.68)
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The price to pay for the decoupling is that the functions fs,i, f∗
s,i now depend

on the polarisation parameters qs and the ST constants Cs. Let us take note
that the dependence on these parameters is of the form

fs,i = fs,i,1 + qsfs,i,2 + Csfs,i,3 + Csq−sfs,i,3 , (5.69)

f∗
s,i = f∗

s,i,1 + q−1
s f∗

s,i,2 + Csq
−1
s f∗

s,i,3 + Csq−sq
−1
s f∗

s,i,3 , (5.70)

where each of the fs,i,j and f∗
s,i,j are functions or r. We recall that the coefficients

Ps and P ∗
s (5.57) also depend on these constants.

Now, besides the two polarisation parameters qs and one of the Cs, there is
a fourth undetermined constant in the problem: the frequency ω. In order to
obtain the QNMs, we must proceed as follows. We can solve each equation in
(5.68) independently to find the shift in Kerr’s QNM frequency,

ωs = ωKerr + λδωs ω∗
s = ωKerr + λδω∗

s , (5.71)

where ωs and ω∗
s denote the frequency obtained from the corresponding equation.

The shifts δωs and δω∗
s are functions of the various parameters and we can see

that their dependence on them is of the form

δωs = 1
Ps

[δωs,1 + qsδωs,2 + Csδωs,3 + Csq−sδωs,4] ,

δω∗
s = 1

qsP ∗
s

[
qsδω

∗
s,1 + δω∗

s,2 + Csδω
∗
s,3 + Csq−sδω

∗
s,4
]
,

(5.72)

where δωs,i and δω∗
s,i are coefficients that we have to determine numerically.

Now, for a QNM, the same frequency must be a solution of all the equations.
Therefore, the following must hold in a QNM solution

δω+2(qs, Cs) = δω−2(qs, Cs) = δω∗
+2(qs, Cs) = δω∗

−2(qs, Cs) . (5.73)

These equations fix the value of the polarisation parameters qs, allowing us
to obtain the QNM frequencies. On the other hand, as we show explicitly in
the next section, the values of the ST constants Cs remain arbitrary because
the frequencies are actually independent of these constants. This is a highly
non-trivial fact that cannot be easily concluded from the form of the equations.
Nevertheless, our numeric results confirm this, as will be discussed in the next
section. This is a strong self-consistency test of our method: it tells us that the
choice of ST constants represents a choice of gauge to reconstruct the metric
perturbation from the Teukolsky variables. The same behaviour is found in
general relativity, where one can reconstruct the metric perturbation in the
ingoing or outgoing radiation gauges, or more generally, as a linear combination
of both [64, 106].
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5.6 Quasinormal modes in six-derivative gravity

As an application of our method, we compute the (l,m) = (2, 2) and (3, 3)
fundamental QNM frequencies of the six-derivative theory to linear order in the
higher-derivative couplings. By following the procedure outlined in the previous
sections we have obtained the radial equations (5.68) for those modes at order a6

and a4, respectively. One last technical obstacle arises in the computation: we
observe that the corrections to the Teukolsky equations in (5.68) have a singular
character at the horizon because fs,i and f∗

s,i behave as fs,0 ∼ (r − r+)−1 and
fs,1 ∼ (r − r+)0. This behaviour, which arises due to the fact that we have
reduced the order of the equations of motion by imposing the zeroth-order
equations, is problematic for the following reason. Observe that we want our
variables to behave as Rs ∼ (r − r+)γ , near the horizon, for a certain γ. In
that case we have D2

sRs ∼ (r − r+)γ , but due to the behaviour of the fs,i

functions, the terms proportional to λ in (5.68) behave in turn as (r − r+)γ−1.
This indicates that the variables Rs, R∗

s are not appropriate in the presence of
corrections. In fact, we can redefine the variables as10

Rs = R̂s + λ

(
αsR̂s + βs

dR̂s

dr

)
,

R∗
s = R̂∗

s + λ

(
α∗

sR̂
∗
s + β∗

s

dR̂∗
s

dr

)
,

(5.74)

for radial-dependent coefficients αs, βs, α∗
s , β∗

s . The equation for the new
variables R̂s, R̂∗

s can again be rewritten — after making use of the zeroth-order
Teukolsky equation in the terms proportional to λ — in the form of (5.68), with
new functions f̂s,i, f̂∗

s,i that depend on the αs, βs, α∗
s , β∗

s functions. It suffices
to choose these functions as

αs(r) = as

r − r+
, βs(r) = bs , (5.75)

for constants as, bs, and analogously for α∗
s and β∗

s . By choosing the coefficients
as, bs appropriately, we can remove the divergences and obtain well-behaved
equations for the variables R̂s, with the functions f̂s,i satisfying f̂s,0 ∼ (r−r+)0,
f̂s,1 ∼ (r − r+) for r → r+.
10 We suspect the origin of these singularities lies in the choice of corrected NP frame

(5.40), which is probably singular at the horizon. A redefinition of the radial variables is
therefore equivalent to choosing a different NP frame.
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In fact, with this choice we find that these functions take a polynomial form

f̂s,0(r) = M2
N∑

n=0

( r

M

)4−n

f̂s,0,n , f̂s,1(r) = M(r − r+)
N∑

n=0

( r

M

)3−n

f̂s,1,n

(5.76)
where f̂s,i,n are coefficients and N increases with the order of the a-expansion.
Thus, the resulting equations

−PsD
2
sR̂s + λ

[
f̂s,0R̂s + fs,1

dR̂s

dr

]
= 0 ,

−P ∗
s D

2
sR̂

∗
s + λ

[
f̂∗

s,0R̂
∗
s + f̂∗

s,1
dR̂∗

s

dr

]
= 0 ,

(5.77)

now have the same behaviour as the zeroth-order Teukolsky equation for r → r+
and for r → ∞, and we can impose the usual boundary conditions for QNMs.
At r = r+ the solution must behave as

Rs ∼
(
r

r+
− 1
)γs

, γs = −s− i

r2
+ − a2 [2ωMr+ −ma] + λδγs , (5.78)

where the exponent corresponds to modes falling toward the black-hole horizon.
The exponent takes the Kerr value plus a theory-dependent correction δγs. At
infinity r → ∞ we look for solutions corresponding to outgoing radiation, and
hence Rs behaves as

Rs ∼ r−1−2se−iω(1+λδ)r , (5.79)

where again δ is a theory-dependent coefficient.

In order to find the QNM frequencies we have applied two different numerical
approaches. The first one consists in performing a direct numerical integration
of (5.77) with the boundary conditions (5.78), (5.79), implementing a shooting-
method strategy in order to find ω. The second one is based on the approach of
[85, 86, 88], in the spirit of computing spectral shifts of a perturbed Hermitian
operator. The results we report below were obtained from the first method, but
we checked that the relative difference between the two methods for the shift in
the QNM frequencies is smaller than 2% for |χ| ≤ 0.12 and remains this small
on average for the complete range of values of the dimensionless spin we study.
Let us discuss the cases of the even- and odd-parity theories independently.
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5.6.1 Even-parity corrections

We consider Einstein gravity supplemented with the even-parity six-derivative
operator. This will introduce corrections to the Kerr QNM frequencies that we
can express as

ω = ωKerr + ℓ4λev

M5 δω , (5.80)

so that δω is a dimensionless coefficient that depends on the dimensionless spin
χ. Our goal is to determine this coefficient.

In the case of parity-preserving corrections, perturbations can be naturally
decoupled into modes of odd and even parity. For the background metric (5.28),
a natural parity transformation corresponds to

(x, ϕ) → (−x, ϕ+ π) . (5.81)

One can see that on the NP frame this has the effect (mµ, m̄µ) → −(m̄µ,mµ).
In addition, the spheroidal harmonics verify Ss(−x) = ±S−s(x). Therefore, up
to a global sign, the parity transformation (5.81) is equivalent to Rs ↔ R∗

s at
the level of the metric perturbation (5.49). Hence, we conclude that the modes
of definite parity are those with

Rs = ±R∗
s , (5.82)

or in other words, this fixes the polarisation parameters qs to be q+2 = q−2 = ±1.
The + sign corresponds to polar perturbations whilst the − sign to axial ones.
When qs = ±1, we check that, indeed, the conjugate equations in (5.77) are
identical to the non-conjugate ones. Thus, we only need to consider the equations
for R̂+2 and R̂−2, and only the ST constants Cs remain unspecified. By solving
these equations and taking into account (5.72) and (5.57), we obtain that the
shifts in the QNM frequencies for each polarisation ± take the form

δω±
s = σ±

s

1 + γ±
s Cs

1 + ρ±
s Cs

, (5.83)

for coefficients σ±
s , γ±

s , ρ±
s that depend on the dimensionless spin χ and that

we determine numerically. Then one may think that the ST constants are
determined by the condition that the two shifts are the same (because all the
equations should give the same QNM frequency), so that we would have the
equation δω+2 = δω−2 for the ST constants. However, the numerical results
indicate strongly that

γ±
s = ρ±

s , (5.84)
meaning that the QNM frequencies are, in fact, independent of these constants,
which can be chosen arbitrarily. Furthermore, and even more importantly, the
numerical results also indicate that δω±

+2 = δω±
−2.
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Figure 5.2: Shifts in the polar (top row) and axial (bottom row) QNMs
frequencies with (l,m) = (2, 2) due to the even-parity six-derivative correction.

To illustrate this, we compute the shifts δωs for Cs = 0 and Cs → ∞. Let us
first study the case of the (l,m) = (2, 2) modes. In Fig. 5.2 we show the four
different results,

δω+2
∣∣
C+2=0 , δω+2

∣∣
C+2=∞ , δω−2

∣∣
C−2=0 , δω−2

∣∣
C−2=∞ , (5.85)

for each polarisation obtained from a numerical integration of (5.77) expanded
at order χ6. We observe that all the frequencies are in fact almost identical for
all the values of χ we are plotting. Especially, the two estimations for δω−2
are indistinguishable in these plots, indicating that they are independent of
C−2. These two values remain very close to each other even for larger values
of the spin, up to |χ| ∼ 0.4. On the other hand, we observe that the two
estimations for δω+2 differ slightly from each other and from δω−2 already at
|χ| ∼ 0.2. These small discrepancies can be explained by the truncation of the
spin expansion and differences between the s = +2 and s = −2 equations.

In fact, we expect the equations to yield the same QNM frequencies only when
the complete series in χ is included, but when the series in truncated at a given
order we can only expect the results to agree for small enough χ.
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In order to perform a quantitative comparison, we can fit the numerical results
to a polynomial in χ. Performing a quadratic fit in the interval −0.1 ≤ χ ≤ 0.1
we obtain the following result for the polar modes

δω+
+2
∣∣
C+2=0 = (−0.144 + 0.162i) + (0.586 + 0.375i)χ+ (1.290 − 0.909i)χ2 ,

δω+
+2
∣∣
C+2=∞ = (−0.144 + 0.162i) + (0.586 + 0.375i)χ+ (1.290 − 0.909i)χ2 ,

δω+
−2
∣∣
C−2=0 = (−0.144 + 0.162i) + (0.586 + 0.375i)χ+ (1.294 − 0.911i)χ2 ,

δω+
−2
∣∣
C−2=∞ = (−0.144 + 0.162i) + (0.586 + 0.375i)χ+ (1.294 − 0.911i)χ2 ,

(5.86)
whilst for the axial ones we get

δω−
+2
∣∣
C+2=0 = (0.246 − 0.132i) − (0.289 + 0.560i)χ− (1.360 − 0.337i)χ2 ,

δω−
+2
∣∣
C+2=∞ = (0.246 − 0.132i) − (0.289 + 0.560i)χ− (1.360 − 0.337i)χ2 ,

δω−
−2
∣∣
C−2=0 = (0.246 − 0.132i) − (0.289 + 0.559i)χ− (1.358 − 0.338i)χ2 ,

δω−
−2
∣∣
C−2=∞ = (0.246 − 0.132i) − (0.289 + 0.559i)χ− (1.359 − 0.338i)χ2 .

(5.87)
These results pass several consistency tests. First, the agreement of the O(χ0)
and O(χ1) coefficients is essentially perfect. In addition, those coefficients match
with good accuracy the results obtained in Chapter 4 following a direct metric
perturbation approach. In fact, in that case we got

δω+ = −0.137 + 0.161i+ (0.612 + 0.376i)χ+ O(χ2) ,

δω− = 0.244 − 0.130i− (0.288 + 572i)χ+ O(χ2) .
(5.88)

which coincide with the results above with an accuracy better than 5% for
δω+11 and around 1% for δω−.

Finally, the agreement among the O(χ2) coefficients is also excellent. The small
discrepancies can be easily attributed to the numerical precision and to the
different behaviour of the equations for a finite truncation of the spin series.
11 We suspect that most of this error comes from the results in Chapter 4, since the

result in (5.86), obtained in four different ways, seems to be very robust. Additionally,
we can quote the results of [52] for static black holes, which in our conventions yield
δω+ ≈ −0.144 + 0.163i and δω− ≈ 0.246 − 0.133i, matching our results here with an
error less than 1%.
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As a further test, we have also computed the (l,m) = (3, 3) modes. The
convergence in the spin expansion seems to be faster than for l = 2 and in fact,
we obtain a similar accuracy using an expansion of order χ4 instead of χ6. The
four different estimations for the frequencies are shown in Fig. 5.3, where we
again observe that all of them remain very close to each other.

Fitting these results to a quadratic polynomial in the range −0.1 ≤ χ ≤ 0.1
yields

δω+
+2
∣∣
C+2=0 = (−0.265 + 0.150i) + (0.575 + 0.418i)χ+ (1.405 − 0.473i)χ2 ,

δω+
+2
∣∣
C+2=∞ = (−0.265 + 0.150i) + (0.576 + 0.418i)χ+ (1.411 − 0.473i)χ2 ,

δω+
−2
∣∣
C−2=0 = (−0.265 + 0.150i) + (0.573 + 0.418i)χ+ (1.398 − 0.463i)χ2 ,

δω+
−2
∣∣
C−2=∞ = (−0.265 + 0.150i) + (0.573 + 0.418i)χ+ (1.401 − 0.463i)χ2 ,

(5.89)
and

δω−
+2
∣∣
C+2=0 = (0.343 − 0.134i) − (0.373 + 0.444i)χ− (1.295 − 0.319i)χ2 ,

δω−
+2
∣∣
C+2=∞ = (0.343 − 0.134i) − (0.374 + 0.445i)χ− (1.301 − 0.318i)χ2 ,

δω−
−2
∣∣
C−2=0 = (0.343 − 0.134i) − (0.372 + 0.445i)χ− (1.291 − 0.316i)χ2 ,

δω−
−2
∣∣
C−2=∞ = (0.343 − 0.134i) − (0.372 + 0.445i)χ− (1.294 − 0.315i)χ2 .

(5.90)
We observe excellent agreement among all the coefficients, including those of
χ2, and again the results to linear order reproduce the ones previously obtained
in Chapter 4, which we rewrite here for convenience

δω+ = −0.258 + 0.151i+ (0.597 + 0.426i)χ+ O(χ2) ,

δω− = 0.340 − 0.132i− (0.369 + 0.447i)χ+ O(χ2) .
(5.91)

These results make us confident that the frequencies are indeed independent of
the choice of ST constants and that both equations s = 2 and s = −2 yield the
same frequencies. These highly non-trivial properties, together with the fact
that we reproduce the results at linear order in the spin of Chapter 4, provide a
strong test of the validity of our approach and computations.
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Figure 5.3: Shifts in the polar (top row) and axial (bottom row) QNMs
frequencies with (l,m) = (3, 3) due to the even-parity six-derivative correction.

5.6.2 Odd-parity corrections

Let us now consider the parity-breaking cubic interaction, and write the
corresponding shift in the QNM frequencies as

ω = ωKerr + ℓ4λodd

M5 δω . (5.92)

Since this theory does not preserve parity, we can no longer decouple polar and
axial modes, and these are unavoidably mixed. The polarisation parameters qs

have to be determined at the same time as the frequencies by solving (5.73).
Now, based on our experience with the parity-preserving corrections, we expect
the frequencies to be independent of the choice of ST constants, since these
represent, essentially, a redundancy in our description of perturbations. To test
this, we solve the equations (5.73) again in the limits Cs → 0 and Cs → ∞, in
which case the s = 2 and s = −2 equations decouple. For instance, if we set
C+2 = 0, then the condition δω+2 = δω∗

+2 gives us an equation for q+2 which
has two solutions. Naturally these correspond to the two possible polarisations
for QNMs, and in this case q+2 ̸= ±1, indicating that these modes do not have
a definite parity. If instead we set C+2 → ∞ then the condition δω+2 = δω∗

+2
gives us an equation for q−2 which again has two solutions. A similar discussion
applies for the case of δω−2 = δω∗

−2 for C−2 = 0 and C−2 → ∞.
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Proceeding in this way, we obtain four independent estimations for the shifts in
the QNM frequencies. If everything is consistent, the four results should agree.
As a first check, we observe that the two different polarisations δω± obtained
in each case satisfy

δω+ = −δω− . (5.93)

This is expected for parity-breaking corrections since they couple odd- and
even-parity modes [51, 72]. Thus, we show only the shifts with Re(δω) > 0, as
the other polarisation simply has a shift −δω. In Fig. 5.4 we show these shifts
for the (l,m) = (2, 2) modes whilst in Fig. 5.5 we show the (l,m) = (3, 3) ones.

We observe that the four different estimations of the QNM frequencies match
with very high accuracy.

Performing a quadratic fit in the interval −0.1 < χ < 0.1 for the (l,m) = (2, 2)
modes yields

δω+2
∣∣
C+2=0 = (0.197 − 0.151i) − (0.447 + 0.506i)χ− (1.371 − 0.291i)χ2 ,

δω+2
∣∣
C+2=∞ = (0.197 − 0.151i) − (0.447 + 0.506i)χ− (1.373 − 0.289i)χ2 ,

δω−2
∣∣
C−2=0 = (0.197 − 0.151i) − (0.445 + 0.506i)χ− (1.356 − 0.293i)χ2 ,

δω−2
∣∣
C−2=∞ = (0.197 − 0.151i) − (0.445 + 0.505i)χ− (1.354 − 0.296i)χ2 ,

(5.94)
and in the case of the (l,m) = (3, 3) modes we obtain

δω+2
∣∣
C+2=0 = (0.304 − 0.143i) − (0.475 + 0.432i)χ− (1.354 − 0.396i)χ2 ,

δω+2
∣∣
C+2=∞ = (0.304 − 0.143i) − (0.475 + 0.433i)χ− (1.359 − 0.395i)χ2 ,

δω−2
∣∣
C−2=0 = (0.304 − 0.143i) − (0.473 + 0.433i)χ− (1.348 − 0.389i)χ2 ,

δω−2
∣∣
C−2=∞ = (0.304 − 0.143i) − (0.473 + 0.433i)χ− (1.347 − 0.388i)χ2 ,

(5.95)
finding excellent agreement in all the coefficients. Finally, these results compare
well with those in Chapter 4, which we reproduce here for convenience:12

δω2,2 = 0.192 − 0.151i− (0.466 + 0.414i)χ+ O(χ2) ,

δω3,3 = 0.304 − 0.144i− (0.493 + 0.438i)χ+ O(χ2) .
(5.96)

12 As already observed in Footnote 11, we suspect that our results here are more accurate
than those in Chapter 4 and hence the small discrepancies can likely be attributed to it.
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Figure 5.4: Shift in the (l,m) = (2, 2) QNM frequency due to the odd-parity
six-derivative correction.
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Figure 5.5: Shift in the (l,m) = (3, 3) QNM frequency due to the odd-parity
six-derivative correction.
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5.7 Conclusions

We have put forward a general framework to analyse linearised excitations of
rotating black holes that depart perturbatively from a Kerr spacetime. These
rotating black holes arise, for instance, in theories of gravity beyond general
relativity. Our approach, schematically summarised in Figure 5.1, has enabled us
to reduce the study of such gravitational waves propagating on the background
of these black holes to a system of four radial equations that stem from the
effective separation of the universal Teukolsky equations.

The underlying perturbation theory philosophy, to exploit the vicinity of the
algebraically special Kerr black hole, is in many ways evident and has been
developed previously to various degrees of generality [77, 87, 88, 108]. Yet, to
put this into practice has proven a technical challenge, which lay at the heart
of this work. We have provided a detailed end-to-end strategy to implement
the computation and we have presented the first results that emerge from this.

This entire computation is the synthesis of much previous work on the subject.
On the one hand, the corrected Kerr background must be known, for which
we used the results of [45] that expresses the corrections to the Kerr metric
analytically as a series in the black-hole spin. On the other hand, it is necessary
to reconstruct the metric perturbation (on the uncorrected Kerr background)
from the Weyl scalars. By using the results of [106] we provided an explicit map
between metric variables and the Teukolsky variables δΨs — see Section 5.3.
Finally, we showed how one can effectively separate and decouple the Teukolsky
equation by projecting it onto the spin-weighted spheroidal harmonics, as
successfully applied by [77] for scalar perturbations. The series expansion
in the black-hole spin is not strictly necessary, yet it turns out to be very
important in practice. The reason is that, contrary to the Kerr metric in general
relativity, rotating black-hole backgrounds are typically not known exactly.
Nevertheless, a high-order expansion in spin allows us to obtain fully analytic
radial equations, postponing the use of numerical methods until the very last
step — the resolution of these equations.

We applied the approach just outlined explicitly to the case of the six-derivative
EFT, in order to obtain the corrections to the QNMs. As we discussed, the
QNMs are determined by the frequency ω, by the polarisation parameters
q±2, and by the Starobinsky-Teukolsky (ST) constants C±2. In the case of
even-parity higher-derivative corrections, one can decouple perturbations of odd
and even parity, which fixes the polarisation parameters to be q+2 = q−2 = ±1.
Given this choice, one should be able to obtain the QNM frequency by solving
any of the radial Teukolsky equations. Therefore, in order for the result to be
consistent, the two equations (for s = ±2) should yield the same frequencies.
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On the other hand, parity-violating higher-derivative corrections mix modes
of odd and even parity and one has to determine the QNM frequencies
simultaneously with the polarisation parameters qs by imposing that all radial
equations for a given polarisation have the same frequencies. In both cases, the
ST constants should be irrelevant. They represent a choice of gauge in which
one reconstructs the metric perturbation. Thus, the QNM frequencies should
actually be independent of the ST constants. This is highly non-trivial and
provides a self-consistent check of our results.

The results in Section 5.6 pass three consistency checks with very high accuracy:

1. The s = +2 and s = −2 equations give the same QNM frequencies.

2. The shifts in the QNM frequencies are independent of the choice of
Starobinsky-Teukolsky constants.

3. We reproduce the results of Chapter 4 for static and slowly-rotating black
holes at linear order in the spin obtained from a metric perturbation
approach.

Any one of these tests is, taken on its own, an impressive consistency check,
when one considers the extensive calculations, expansions, transformations and
the various numerical methods involved in obtaining the results. Given that
they are all satisfied to a good approximation, we are confident that we have
achieved a successful method to compute spectral shifts of QNMs of rotating
black holes beyond general relativity.

We note that two of the above tests are based on redundancies in choices
associated e.g. to gauge freedom. In addition to consistency checks, such
redundancies allow some internal estimate of the precision we achieve. Moreover,
the choices turn out to be not equally amenable to the combination of expansions
and numerics that are used. For example, we observed that the s = 2 equation
is quite sensitive to the order of the spin expansion, making it less precise. The
s = −2 equation is much more stable. Indeed, the frequencies computed from
the s = −2 equation pass the second test above with high precision even for
high values of the black-hole spin.

It is rather straightforward to apply the computational strategy given here more
generally in order to compute perturbative corrections to the QNM spectrum
of Kerr black holes. Natural extensions include going further in the EFT of
gravity, e.g., by including eight-derivative terms in the effective action, as well
as going to higher values of the black-hole spin. For the latter, one simply needs
to include enough terms in the dimensionless spin expansion so as to get an
accurate result [109], a process that is now entirely algorithmic.



Chapter 6

Quasinormal-mode spectra of
black holes beyond Kerr

The necessity of having reliable quasinormal mode (QNM) frequencies at high
spins and the fact that observations seem to narrow down the size of deviations
from general relativity (GR), make the modified Teukolsky framework preferable
for the study of QNMs beyond GR. We develop a general formalism for the
quick computation of QNMs in theories which have a perturbative departure
from GR. The advantage of this formalism is that it can be used also for the
inverse problem, i.e. if a modification to GR is detected, one wants to be able
to reconstruct the potential, the metric, or even the action from which the
deviation originated [61, 110, 111]. In general, this framework opens the path to
the development of a theory-informed description of QNM agnostic deviations.

This chapter, which is based on [112] and [113]1, starts with a comprehensive
overview of the modified Teukolsky equation and the formalism in Section 6.1.
We then show how to numerically compute the coefficients with a generalisation
of the continued-fraction method and discuss its regime of validity in Section 6.2.
This formalism is applied to higher-derivative corrections to GR in Section 6.3,
and we compute corrections to the spectrum of quasinormal modes in Section 6.4.
We give our conclusions on the formalism and the computation in Section 6.5.
Throughout this chapter we scale the background metric such that the metric
without corrections is a Kerr black hole with mass M = 1/2 and spin a, and
due to this rescaling the spin parameter a ranges between 0 and 1/2.
1 Written with P. A. Cano, L. Capuano, N. Franchini and S. H. Völkel.
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6.1 Parametrised formalism

6.1.1 The linear coefficients

Let us start from the radial Teukolsky equation for a spin s field as [94]

1
∆sR(r)

d
dr
[
∆s+1R′(r)

]
+ V (r) = 0 , (6.1)

where the effective potential reads

V (r) = 2isdK
dr − λℓm + 1

∆

(
K2 − isK

d∆
dr

)
, (6.2)

and we defined

∆ = r2 − r + a2 , K = (r2 + a2)ω − am , (6.3)

λℓm = Bℓm + a2ω2 − 2amω . (6.4)

It is worth mentioning that the zeros of the function ∆ determine the location
of the BH inner and outer horizons, given by

r± = 1 ±
√

1 − 4a2

2 . (6.5)

On the other hand, the angular equation reads [94] (with x = cos θ)

1
S(x)

d
dx
[
(1 − x2)S′(x)

]
+ a2ω2x2 − 2saωx+Bℓm + s− (m+ sx)2

1 − x2 = 0 . (6.6)

We now assume that for a modified theory of gravity whose modifications are
small with respect to GR the equation governing radial perturbations is the
Teukolsky radial equation plus a correction to the potential linear in the coupling

1
∆sR(r)

d
dr
[
∆s+1R′(r)

]
+ V (r) + δV (r) = 0 , (6.7)

and we assume that the modification is expanded in powers of r

δV (r) = 1
∆

4∑
k=−K

α(k)
(
r

r+

)k

, (6.8)

where K is the most negative coefficient of the power series and α(k) are
dimensionful coefficients we assume to be small.
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This assumption is justified by the recent developments in obtaining modified
Teukolsky equations by assuming small-coupling corrections to GR [87–89].

On the other hand, we can also assume that the angular equation remains
unchanged. This is due to the fact that the spheroidal harmonics are a complete
basis of the 2-sphere angular variables, and it can be shown that if one forces an
angular expansion of the Weyl scalars in spin-weighted spheroidal harmonics, all
the mixing terms would enter at second order in the coupling constants [89, 108].
Nevertheless, a modification on the QNM frequencies will induce a modification
to the separation constant Bℓm; hence, we also need to include equation (6.6)
in our analysis.

If we assume the couplings to be small,2 we are allowed to perform a Taylor
expansion of QNMs and separation constants around their GR values [51, 57].
Hence, we can write

ωnℓm ≃ ω0
nℓm +

∑
k

d
(k)
ω,nℓmα

(k) ,

Bℓm(aω) ≃ B0
ℓm(aω) +

∑
k

d
(k)
B,ℓmα

(k) .

(6.9)

In the following steps, we omit the indices s, n, ℓ,m, a, ω for clarity. The linear
coefficients dω and dB can be identified as the derivatives of ω and B with
respect to the single coupling α. To compute them, we perform the following
steps. In the GR limit, one finds ω and Bℓm as simultaneous roots of two
functions constructed from the radial and the angular equation

Lr [ω,Bℓm] = 0 , Lθ [ω,Bℓm] = 0 . (6.10)

The exact form of these functions depends on the chosen numerical method. For
non-zero modifications, we can perform a Taylor expansion of the two functions
around α = 0

Lj |GR + α
dLj

dα

∣∣∣∣
GR

+ O
(
α2) = 0 , (6.11)

where j = [r, θ] and we evaluate the derivative around their GR value ω = ω0,
B = B0, α = 0.
2 We will provide a more quantitative comment about this assumption in Sec. 6.2.3.

For now just consider these dimensionless parameters to be small enough to allow a
linearisation of the eigenvalues ωnℓm and Bℓm.



PARAMETRISED FORMALISM 89

By requiring that equations (6.11) is satisfied at each order in α, and expanding
the derivative by the chain rule, we obtain

∂Lr

∂α
+ ∂Lr

∂ω
dω + ∂Lr

∂B
dB

∣∣∣∣
GR

= 0 ,

∂Lθ

∂ω
dω + ∂Lθ

∂B
dB

∣∣∣∣
GR

= 0 ,

(6.12)

where we identified dω and dB from their definition in equation (6.9). By solving
the conditions above for dω and dB , we get

dω = −∂Lr

∂α

∂Lθ

∂B

(
∂Lr

∂ω

∂Lθ

∂B
− ∂Lr

∂B

∂Lθ

∂ω

)−1
∣∣∣∣∣

GR

,

dB = ∂Lr

∂α

∂Lθ

∂ω

(
∂Lr

∂ω

∂Lθ

∂B
− ∂Lr

∂B

∂Lθ

∂ω

)−1
∣∣∣∣∣

GR

.

(6.13)

In Section 6.2 we show how to numerically define the functions Lj with Leaver’s
continued fraction method.

6.1.2 Maximum number of independent coefficients

In reference [114], Kimura realised that in the case of spherically-symmetric
perturbations, there is always an ambiguity in defining the modified potential,
because the field can be freely reparametrised. The same reasoning can
be applied to the Teukolsky equation as well. If we perform the following
transformation in equation (6.7)

R(r) → [1 + εX(r)]R(r) + ε∆Y (r)R′(r) , (6.14)

assuming that ε ≪ 1, then the equation that R(r) solves is

1
∆sR

d
dr
[
∆s+1R′]+ V + δV + δV + δW

R′

R
= 0 . (6.15)

By imposing δW = 0 we uniquely obtain the free function X(r) as

X(r) = c+ s

2∆′Y − 1
2∆Y ′ , (6.16)



90 QUASINORMAL-MODE SPECTRA OF BLACK HOLES BEYOND KERR

which yields the "ambiguous" potential in the form

δV = ε∆
[
Y ′

((
s2 − 1

)
(∆′)2

2∆ + 2s− 2V − 1
)

+ Y

(
s(s+ 1)∆′

∆ − V ′ − V∆′

∆

)

− 1
2∆Y (3) − 3∆′Y ′′

2

]
.

(6.17)

Now, after suitable choice of the function Y , we can express δV in the r basis.
It turns out that the ansatz Y = Yj = yj(r+/r)j yields

δV = εyj

∆

5∑
k=−3

rk
+A

(k)
j

(
r

r+

)k−j

, (6.18)

which implies that j ≥ 1 since the maximum power of r in V is r4, and the
full expression of A(k)

j can be found in Appendix E.1. In general, one can take
a linear combination of the free functions Yj and still get a potential that is
equivalent to the starting one. Each term of this linear combination contains
the free parameter yj , which can be used to set to 0 one of the terms α(k) in
equation (6.8). This reasoning allows us to fix the negative limit in the power
expansion to be K = 3.

It is possible that by choosing a different ansatz for Y one could further reduce
the number of coefficients in the equation. In fact, for higher-derivative gravity,
which we will study in 6.3, the number of independent coefficients reduces to
four (being k = [−2, 0, 1, 2]) — see also [115]. Although we could not prove
this is a general feature of arbitrary modifications of the Teukolsky equation,
we suspect that it was possible in that case due to the expansion in the spin
assumed for every coefficient. Indeed, we believe that the ansatz for Y that
would reduce the potential to the lowest number of terms could be a rational
function involving powers of a and r. To date, we could not find such reduction.
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6.2 Computation of the coefficients

6.2.1 Continued fraction beyond Teukolsky

We turn our attention to the modified Teukolsky equation. It is always possible
to bring equation (6.8) into the following form3

δV (r) = A(0)

∆ + A(1)

r+(r − r−) + 1
r2

+

2∑
k=0

α̃(k)
(
r

r+

)k

+ 1
∆

K∑
k=1

α(−k)
(r+

r

)k

,

(6.19)

where A(0), A(1) and α̃(k) are constants that can be obtained from the constants
α(k) appearing in equation (6.8), as explained in Appendix E.3. First of all, we
note that the terms multiplied by 1/∆ modify the behaviour of the equation at
the horizon. In order to take into account of these additional terms, we need to
modify the definition of the exponent σ in the ansatz (3.85). To ensure that
the solution is regular at the horizon, we must replace the value of σ by

σ = is

2 +

√√√√(σGR − is

2

)2
+ 1
β2

4∑
k=−K

α(k) , (6.20)

where we took the positive sign of the square root in order to obtain the correct
GR limit. On the other hand, the terms α̃(1) and α̃(2) modify the behaviour at
infinity of the equation. This changes the values of p and q into

q = ±

√
− α̃(2)

r4
+

− ω2 , (6.21)

p = −
r+α̃

(1) + α̃(2) − 2r4
+
(
qs− isω − ω2)

2qr4
+

, (6.22)

where the sign of q is chosen such that Re(q) > 0. See Appendix E.2 for the
derivation of the appropriate boundary conditions for the beyond-Teukolsky
case. This asymptotic behaviour is the reason why we truncate the series in
equation (6.8) at k = 4.
3 In Section 6.1.2 we showed that K = 3, but the following analysis works, in principle,

for any value of K, hence we keep it unspecified.
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By repeating the steps done for the GR case, we obtain a modified version of
equation (3.89)

N∑
n=0

Rn

[
αbg

n−1
f

+ βbg
n + γbg

n+1f

+ 1
β2

(1 − f)2

f

K∑
k=1

α(−k)
(

1 − f

1 − ηf

)k
]
fn = 0 ,

(6.23)

where η = r−/r+ and

αbg
n =αr

n − 1
β2

K∑
k=1

α(−k) , (6.24)

βbg
n =βr

n − 2 (σGR − σ) (σGR + σ − ω) ,

− 2A
(0)

β2 + A(1)

r+β
+ α̃(0)

r2
+

(6.25)

γbg
n = γr

n + 2i (σGR − σ) (s+ iω)

− 1
β2

K∑
k=1

α(−k) − A(1)

r+β
, (6.26)

and we used the fact that

∆ = β2 f

(1 − f)2 , r − r− = β

1 − f
. (6.27)

If we fix a single modification k, we can get rid of the rational behaviour in f
by multiplying the equation by (1 − ηf)k, obtaining the following expression

N∑
n=0

Rn

[(
αbg

n−1
f

+ βbg
n + γbg

n+1f

)
(1 − ηf)k

+ α(−k)

β2
(1 − f)k+2

f

]
fn = 0 .

(6.28)

We can figure out the coefficient relation (equivalent to that of equation (3.94)),
which at a given n takes the form

k+1∑
j=−1

(
γ̃n,j−1 + β̃n,j + α̃n,j+1

)
Rn−j = 0 . (6.29)
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The coefficients appearing in the relation are given by

α̃n,j = (−η)j

(
k

j

)
αbg

n−j + (−1)j

(
k + 2
j

)
α(−k)

β2 , (6.30)

β̃n,j = (−η)j

(
k

j

)
βbg

n−j , (6.31)

γ̃n,j = (−η)j

(
k

j

)
γbg

n−j . (6.32)

We notice that, from the definition of the binomial, α̃n,j is non-vanishing
for 0 ≤ j ≤ k + 2, whilst β̃n,j and γ̃n,j are non-zero for 0 ≤ j ≤ k. Now
that we have a (k + 3)-terms relation, we can perform a Gaussian elimination
to reduce it to a three-terms relation (details can be found in the appendix
of [61]). Once the three-terms relation is found, one can re-initialise the ladder
operator Λr

n and obtain the modified frequency and separation constant from
equations (3.102)–(3.103).

6.2.2 Numerical computation of the coefficients

In the previous two sections we explained how to obtain the functions Lr (ω,B, α)
and Lθ (ω,B). To compute the coefficients dω and dB as given in equation (6.13),
we evaluate the derivatives numerically with a 4-point centred stencil. For each
pair of coefficients, we initialise the ladder operators ΛN to some arbitrary low
integer N , and then increase it by one until the simultaneous relative change
in dω and dB is smaller than a given tolerance, which we chose to be 10−7

(the same accuracy has been required for the computation of the frequencies).
We computed numerically all the coefficients for the following values s = −2,
n = [0, 2], ℓ = [2, 4], m = [−ℓ, ℓ], k = [−3, 4] in a uniform grid in a = [0, 0.495]
with spacing δa = 0.005. The full list of computed coefficients is available in a
public git repository [116].

In figure 6.1 we show the results from this computation for the real and imaginary
parts of the d(k)

ω coefficients for s = −2, n = 0, ℓ = 2, m = [−2, 2]. Specifically,
we consider values of k = [−3, 4] and of the spin a between 0 and 0.45, as well
as the real and the imaginary part of d(k)

B for the same n, ℓ,m and k = [−1, 2].

To directly apply our formalism to further studies, e.g., of ringdown analysis of
non-linear computations or data analysis, we also provide some Python code
and a Jupyter notebook with some examples [116]. It allows one to compute the
QNMs and the separation constants as function of n, ℓ,m, a and α(k) and can
thus, in principle, be efficiently integrated in commonly used code infrastructure.
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The code also allows one to access some of the earlier results for the parametrised
QNM framework for modifications to the Regge-Wheeler and Zerilli potentials,
for which coefficients beyond the fundamental mode have been computed in
reference [61]. The GR values for the QNMs have been taken from reference [117,
118]. For more details about how the code is structured and how it can be used,
we refer to the provided tutorial [116].

In principle, one should be able to compare the coefficients for a = 0 with
those computed in [57, 61]. However, we stress that for a = 0, equation (6.7)
reduces to the non-spinning limit of the Bardeen-Press equation [93], whereas
the formalism of [57, 61] was developed for the Regge-Wheeler and the Zerilli
equation. The transformation between the Bardeen-Press potential and the
Regge-Wheeler/Zerilli potentials was obtained by Chandrasekhar [35], but
generalizing this to the case of the modified potential with generic α(k) couplings
is non-trivial.

6.2.3 Linearised regime of validity

The framework we developed is motivated by the assumption that any
modification of gravity produces only slight deviations from GR in astrophysical
observables. In this section, we expand on the regime of validity of the formalism,
by providing a quantitative assessment of the accuracy of this approach. It is
worth noting that we can only assess the discrepancy from restricting to linear
corrections to the frequencies, as defined in equation (6.9), and not taking into
account higher-order corrections to the potential, which are beyond the scope
of this chapter.

First of all, we give a heuristic motivation on the maximum size of the coefficients,
by requesting that the perturbation equation is not strongly modified at the
boundaries of our domain and that ω ≃ O(1). At r → ∞, we have seen from
equations (6.21) and (6.22) that the only coefficients modifying the asymptotic
structure of the potential are α(3) and α(4). From this we can infer that

α(3) ≲ 1 , α(4) ≲ 1 . (6.33)

On the other hand, the modifications in the potential affect the near-horizon
expansion as in equation (6.20). The condition is such that the sum of coefficients
must behave as ∑

k

α(k) ≲

∣∣∣∣2β2σGR

(
σGR − is

2

)∣∣∣∣ . (6.34)

It is worth noting that when the superradiant condition ω = ωc is activated,
one has σGR = 0, and we expect that the formalism is valid only if the sum of
the α(k) is approximately 0.
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Figure 6.1: In the top panel we show the real and the imaginary part of dω

for n = 0, ℓ = 2, m = [−2, 2], k = [−3, 4] and values of the spin from a = 0
to a = 0.45, and each point is on a step of δa = 0.005. The inset focuses on
the coefficients with k = [−3, 0]. In the bottom panel we show the real and the
imaginary part of dB for n = 0, ℓ = 2, m = [−2, 2], k = [−1, 2] and same values
of the spin. The inset focuses on the coefficients with m ≤ 0 and k = [−1, 0].
In both plots the black dot indicates the coefficient value for a = 0.
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Figure 6.2: We plot the threshold values α(k)
∗ against the spin for different

values of k. With α
(k)
∗ , we identify the limit value of a coupling at which a

discrepancy of 1% between the linear and non-linear approximation is obtained.
The plot uses as non-linear estimates the full continued fraction results. The
discrepancy is evaluated for the n = 0, ℓ = m = 2 mode and different values of
k and of the spin a. The black dashed lines correspond to the estimate (6.34)

In general, however, each power of k affects the effective potential in a different
way. In order to have a more quantitative estimate of the allowed regime
of validity, we perform two separate analyses. First, we compare the QNM
frequencies computed with the linear approximation against those obtained with
a full continued-fraction method discussed above. We express the discrepancy
between the frequencies as

∆ω ≡

√(
∆ωR

ωR

)2
+
(

∆ωI

ωI

)2
, (6.35)

where ωR,I are the real and imaginary parts of the QNM, respectively. We
computed the discrepancy for several real positive and negative values of the
couplings α(k) and extracted the threshold values α(k)

∗ at which ∆ω reaches 1%.
The results are represented in figure 6.2 for the mode n = 0, ℓ = m = 2, for
selected values of the spins between a = 0 and a = 0.45 and for k = [−2, 4].

It can be seen in figure 6.2 that there is a complicated dependence of the
thresholds on the type of modification we introduce in the potential. However,
a main qualitative feature can be read off, i.e. that, for any modification, the
threshold tends to get smaller for higher spins. The physical interpretation is
that, for a given beyond-GR effect in the modified Teukolsky equation, rotation
tends to exacerbate the deviation of the linear approximation with respect to
the true values of the QNMs.
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Since the computation of QNMs with the continued-fraction method is not
immediate nor straightforward to implement, we want to provide a quick estimate
for the uncertainty of the single-k contributions. In this respect, we compute
the diagonal quadratic corrections, as explained in Appendix E.4. We checked
the estimate α(k)

∗ by computing ∆ω, assuming that the non-linear frequencies
are obtained including quadratic coefficients. By a qualitative comparison, the
quadratic estimate works well to capture the uncertainty except for k = 3,
and partially for k = 4. Even though it is not as precise as the full non-linear
comparison, the quadratic coefficients can be used as a quick way to understand
what threshold value to take for the couplings.

Lastly, we want to stress that the thresholds that we provided in this section
are referred to the contribution of a single modification. Hence, it could be that,
depending on the values of the coefficients, the combination of multiple k would
need larger or smaller threshold values. This means that for a theory-specific
case, the bounds on α(k) might differ from what we inferred in this section, and
need to be addressed case-by-case.

6.3 The modified Teukolsky equations

6.3.1 Radial Teukolsky equations

As a result of the computations in Chapter 5, Section 5.5, we get four equations
for the radial variables (5.68). Removing the lm labels for clarity, they read:

D2
sRs − α

[
fsRs + gs∆dRs

dr

]
=0 ,

D2
sR

∗
s − α

[
f∗

sR
∗
s + g∗

s∆dR∗
s

dr

]
=0 ,

(6.36)

where s = ±2, and

D2
s = ∆−s+1 d

dr

[
∆s+1 d

dr

]
+ Vs (6.37)

is the Teukolsky operator with a potential Vs given by

Vs = (am)2 + ω2 (a2 + r2)2 − 4amMrω + is
(
2am(r −M) − 2Mω

(
r2 − a2))

+ ∆
(
−a2ω2 + s−Blm + 2irsω

)
,

(6.38)
and Blm are the usual angular separation constants.
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In addition, fs and gs are functions of r which, in the context of the spin
expansion we are performing, take the form

fs(r) = r4
nmax∑
n=0

χn

kmax(n)∑
k=0

fs,n,k

rk
,

gs(r) = r3
nmax∑
n=0

χn

kmax(n)∑
k=0

gs,n,k

rk
,

(6.39)

for certain coefficients fs,n,k, gs,n,k that we determine analytically. Analogous
expressions hold for f∗

s , g∗
s , and we remark that in general f∗

s ≠ fs, g∗
s ≠ gs and

that the star ∗ does not represent complex conjugation.

These coefficients depend on the frequency ω and on a number of parameters
that relate the different radial functions when α = 0 and that we use to fully
decouple the corrected equations. In the Kerr case, the radial variables with
s = +2 and s = −2 are related by the Starobinsky-Teukolsky (ST) identities
[36, 119–121], that depend on two constants C±2 whose product is fixed —
see Section 5.3. Thus, one of these constants is arbitrary, and it turns out to
correspond to a gauge choice for the metric reconstruction. Physics should
therefore be independent of this choice and we will come back to this later. This
is a manifestation of the fact that the s = +2 and s = −2 variables contain
the same information [122]. On the other hand, when α = 0, the Rs variable
and its NP conjugate R∗

s satisfy the same equation and boundary conditions,
so that it follows that these variables must be proportional:

R∗
s = qsRs . (6.40)

Contrary to the Starobinsky-Teukolsky constants, the qs parameters are physical
as they determine the polarisation of the perturbation. The reason why they
do not show up in the study of Kerr perturbations has to do with isospectrality.
But in theories beyond GR isospectrality is typically broken, and hence the
corrections to the Teukolsky equations depend on the polarisation — see [123]
for a study of isospectrality breaking in the Newman-Penrose formalism. We find
that the correction to the Teukolsky equation, captured by the functions (6.39),
depends explicitly on the ST constants Cs and the polarisation parameters qs.

In order to simplify (6.36) we can perform a change of variables of the form

Rs → Rs + α

(
AsRs +Bs∆dRs

dr

)
, (6.41)

where the functions As and Bs are linear in the higher-derivative couplings.
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At first order in α, this has the following effect on the corrected Teukolsky
equation (6.36): fs → f̃s, gs → g̃s, where

f̃s = fs − ∆ (∆A′′
s + (s+ 1)A′

s∆′ − 2VsB
′
s −BsV

′
s ) , (6.42)

g̃s = gs − ∆ (2A′
s + ∆B′′

s − (s− 1)B′
s∆′ − 2sBs) . (6.43)

Then we can choose the functions As and Bs so that the corrected equation
takes a simple form. In particular, we can fix g̃s = 0, and determine As from
this condition. With this choice, we rewrite equation (6.36) as

∆−s+1 d
dr

[
∆s+1 dRs

dr

]
+ (Vs + αδVs)Rs =0 , (6.44)

where the correction to the potential, δVs, reads

δVs = − fs + 1
2∆g′

s + sgs∆′ +Bs∆ (−V ′
s + s(1 + s)∆′)

+ 1
2∆B′

s

(
−4Vs + 2(2s− 1)∆ +

(
s2 − 1

)
∆′2)

− 3
2∆2∆′B′′

s − 1
2∆3B(3)

s .

(6.45)

We still have a functional freedom in the form of the potential δVs, corresponding
to the choice of Bs(r). The quasinormal mode frequencies and other physical
properties are nevertheless independent of this choice, as long as the function
Bs(r) is well behaved (e.g., it must decay fast enough at infinity and be regular
at the horizon). For convenience, let us from now on focus on the case of s = −2,
although the discussion for the s = 2 is analogous.

In the context of the spin expansion and taking into account the expressions
(6.39), it is also natural to assume a function B−2 of the form

B−2 =
nmax∑
n=0

kmax∑
k=−1

χn

rk
bn,k . (6.46)

Observe that we start the sum over k at k = −1, corresponding to a linear term
in r. This is the highest power of r that preserves the asymptotic structure
of the potential (which goes as r4). Moreover, this function is clearly regular
at the horizon. With this choice, the potential (6.45) also takes the form of a
simultaneous expansion in χ and in 1/r.

δV−2 =
nmax∑
n=0

k̃max∑
k=−4

χn

rk
vn,k (6.47)



100 QUASINORMAL-MODE SPECTRA OF BLACK HOLES BEYOND KERR

However, by tuning the coefficients bn,k, we find that it is possible to remove
almost all of the terms in this potential. All of the powers 1/rk with k > 2
can be removed. That is, we can set vn,k = 0 ∀k ≥ 3, n ≥ 0. Interestingly,
the term with 1/r2 cannot be removed. The remaining freedom in the bn,k

coefficients can be used to impose additional constraints on the terms with
k = −1, 0, 1, 2, 3, 4. We can for instance choose vn,1 = 0, so that there is no 1/r
term, and we can also set vn,−4 = 0, so that the corrections to the potential are
subleading at infinity. Interestingly, this choice also leads to vn,−3 = 0. Once
we have set these conditions, we find that there is no additional freedom and
the potential is uniquely reduced to the simple form

δV−2 = A−2

r2 +A0 +A1r +A2r
2 , (6.48)

Thus, it is determined by the four coefficients Ak, which are expressed as a
power expansion in the spin

Ak =
nmax∑
n=0

χnAk,n . (6.49)

We have checked that for all the theories considered and all the different l,m
modes one can always write the potential as in (6.48). In addition, since the
potential can always be brought to this form at any order in the spin expansion,
we expect that (6.48) may be applicable even without expanding in the spin.

We have analytically computed the coefficients Ak at order nmax = 18 for the
l = 2, 3, −l ≤ m ≤ l modes and at order nmax = 14 for l = 4, −l ≤ m ≤ l, for
all the theories in (4.1). These expressions are too lengthy to be displayed in
the text, but we provide them in a public git repository [124].

6.3.2 Properties of the potentials

As we mentioned earlier, corrections to the Teukolsky equation depend on the
Starobinsky-Teukolsky constants Cs, representing a gauge choice in the metric
reconstruction, and on the polarisation parameters qs. The dependence of the
correction to the potential δVs (and of the functions fs , gs we started with) on
these parameters is of the form

δVs = 1
Ps

[
δV (1)

s + qsδV
(2)

s + CsδV
(3)

s + Csq−sδV
(4)

s

]
,

δV ∗
s = 1

qsP ∗
s

[
δV ∗(1)

s + qsδV
∗(2)

s + CsδV
∗(3)

s + q−sCsδV
∗(4)

s

]
,

(6.50)
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where Ps and P ∗
s are given by

Ps = 1
2 + is

48Mω

(
D2qs − 2sq−sCsK2) ,

P ∗
s = 1

2 + is

48qsMω

(
D2 − 2sCsK2) , (6.51)

D2 is the Starobinsky-Teukolsky constant of the angular functions (D.4) and
K2 = D2

2 + 144M2ω2. The origin of these Ps, P ∗
s is explained in Section 5.3.

After removing the gauge freedom in the corrected Teukolsky equation by
reducing the potential to its simplest form (6.48), this now manifestly exhibits
certain important properties.

Parity-preserving corrections

First of all, the quasinormal mode frequencies should not depend on the ST
constants, and at least in the case of parity-preserving corrections we can check
this analytically. For those theories, the QNMs have definite parity and hence
they are given by the polarisation q+2 = q−2 = ±1. When we use those values of
q±2 in (6.48), with the coefficients Ak computed for each theory, we observe that
the dependence on Cs drops off, leaving us with two different potentials δV ±

−2 —
one for each polarisation — that only depend on M , a and ω. Thus, the result
is manifestly independent of the gauge choice for the metric reconstruction.
Furthermore, the conjugate potential becomes identical δV ∗±

−2 = δV ±
−2, so that

the full equations for R−2 and R∗
−2 are identical and have the same solutions.

This ensures the consistency of the construction. On the other hand, the
potentials for s = +2, that is, δV ±

+2, also become independent of Cs and they
take a different form from δV ±

−2. However, they give rise to the same QNM
frequencies, as checked in Chapter 5.

Parity-breaking corrections

In the case of parity-breaking corrections we also expect the result to be
independent of the choice of the Cs constants, although in that case the equations
have a more involved structure [115]. The key aspect about parity-breaking
corrections is that one has to determine the polarisation q±2 by solving the
different radial equations simultaneously. Since here we are only considering
the s = −2 equations, we set C−2 = 0, which has the effect of decoupling these
from the s = +2 ones.
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Then we have to solve the s = −2 equation and its Newman-Penrose conjugate,
which have different corrections to the potential, δV−2 and δV ∗

−2. Remarkably,
we find that these are given by4

δV−2 = 2
1 − iq−2K

δVbreak ,

δV ∗
−2 = − 2

1 − iK/q−2
δVbreak ,

(6.52)

for the same δVbreak that is independent of q−2, and where

K = D2

12Mω
. (6.53)

Now, since we are interested in finding quasinormal mode solutions, the equations
for R−2 and R∗

−2 must be satisfied at the same time for the same QNM frequency.
Clearly, this will only happen if

2
1 − iq−2K

= − 2
1 − iK/q−2

, (6.54)

so that the potentials become identical δV−2 = δV ∗
−2. This leads to the following

solution for the polarisation parameter

q±
−2 = iK

1 ±
√
K2 + 1

, (6.55)

which, remarkably, is independent of the specific theory. We also obtain the
associated potentials for each of the polarisations

δV ±
−2 = δV ∗±

−2 = ± 2√
1 +K2

δVbreak . (6.56)

Thus, the polarisations + and − have opposite corrections to the QNM
frequencies. This is a known property of parity-breaking higher-derivative
corrections [51, 72, 115], and the fact that we can check it analytically provides
a very strong test on the validity of our results.

4 The denominators are (up to a factor) the P−2 and P ∗
−2 constants (6.51).
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6.3.3 Convergence of the expansion

In order to determine the radius of convergence of the spin expansion of the Ak

coefficients in (6.49) we must study how the coefficients Ak,n behave for large
n. Although we do not have a formula for Ak,n for arbitrary n, our explicit
results up to nmax = 18 provide a good intuition. First, let us note that these
coefficients depend on the frequency, so in order to obtain some numerical values
we can set ω to be close to the frequency of the QNM in which we are interested.
Our results show clearly that the coefficients Ak,n grow exponentially with n, as

Ak,n ∼ ckΛn
1 , (6.57)

for some complex number Λ1 which depends on the frequency. Generically, we
find that |Λ1| > 1, and hence the radius of convergence is χmax = |Λ1|−1 < 1.
This, however, is just a problem of the series expansion, as we expect the full
coefficients Ak(χ) to remain finite for every χ. Indeed, what (6.57) suggests is
that the full expression of Ak can be written in the form

Ak(χ) = Ãk(χ)
1 − Λ1χ

. (6.58)

Here, the series expansion of the denominator precisely gives rise to the behaviour
(6.57), but it does not introduce any divergence since Λ1 is complex and χ is
real. On the other hand, the series expansion of the numerator Ãk(χ) should
now have a much better convergence than the original Ak(χ), because we have
absorbed in the denominator the terms that spoiled the convergence.

Now, the way to do this in practice is to transform our series expansion (6.49)
into a Padé approximant with a denominator of order 1

A
Padé(1)
k = 1

1 − Λ̃1χ

nmax−1∑
n=0

χnÃ
(1)
k,n . (6.59)

Remarkably, the value of Λ̃1 obtained from the Padé approximant coincides
very well with the value of Λ1 estimated from the asymptotic behaviour of the
coefficients. Thus, the Padé approximant is very powerful in identifying the
complex pole in (6.58). The new series expansion in the numerator of (6.59)
always has a better convergence than the original series (6.49), and there are
two possibilities. If the coefficients A(1)

k,n remain bounded or grow slowly enough
for n → ∞, then the Padé approximant (6.59) has a radius of convergence
of χmax = 1, and therefore it is convergent for all subextremal values of the
spin. Thus, taking nmax to be large enough, we should be able to consider
arbitrarily high spins. The second possibility is that the new coefficients still
grow exponentially, A(1)

k,n ∼ Λn
2 , with 1 < |Λ2| < |Λ1|.
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In that case, the Padé approximant has a bigger radius of convergence than the
original series, but it still diverges for high enough spin χmax = |Λ2|−1. Thus,
to improve the convergence, we proceed in the same way and apply a Padé
approximant with order 1 denominator to the numerator of (6.59). Then we
end up with an order-2 Padé approximant,

A
Padé(2)
k = 1(

1 − Λ̃1χ
) (

1 − Λ̃2χ
) nmax−2∑

n=0
χnÃ

(2)
k,n , (6.60)

where Λ̃2 ≈ Λ2 is again complex and hence the full expression is finite. We can
then analyse the convergence of the new series expansion with coefficients Ã(2)

k,n

and proceed in the same way. If the new series converges for all values then we
are done, otherwise we consider a Padé approximant of one more order.

In general, we get a Padé approximant with an order-N denominator

A
Padé(N)
k =

∑nmax−N
n=0 χnÃ

(N)
k,n∏N

n=1
(
1 − Λ̃nχ

) , (6.61)

and we consider the minimum value of N for which the numerator behaves
as a convergent series ∀|χ| < 1. The Λ̃n are always complex and hence this
expression is regular for real values of χ. We note that increasing the value of
N beyond the minimum value required to achieve convergence does not always
result in a faster convergence, and it could in turn introduce spurious poles.

We have explored this strategy explicitly for the theories (4.1) using an expansion
of order nmax = 18 for the l = 2, 3 modes and of order nmax = 14 and for the
l = 4 ones. We have found that the order of the denominator of the Padé
approximant that we should use typically increases with the magnitude of the
angular numbers l and |m|. In practice, we used N = 0 for the l = 2, 3, m = 0
modes, N = 1 for l = 2, m ̸= 0, and N = 2 for l = 3, m ̸= 0 and all the
l = 4 modes. Presumably, one needs to keep increasing the value of N as l and
|m| grow, but we do not have conclusive evidence of this. We illustrate the
convergence of the Padé approximant in Fig. 6.3, where we show the coefficients
A−2,n and Ã

(1)
−2,n of the l = m = 2, qs = −1 mode of the quartic theory C2.

Although these results are only based on numerical evidence, they strongly
indicate that the Padé approximant yields a convergent result. Therefore, this
method allows us to study black holes of arbitrary spins as long as we include
enough terms in the spin expansion.
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Figure 6.3: Absolute value of the coefficients A−2,n of the series expansion
(6.49) and Ã−2,n of the Padé approximant (6.59) as a function of n. We show
the values corresponding to the l = m = 2 mode with qs = −1 of the quartic
Lagrangian C2 and we set M = 1 and ω = 0.533 − 0.081, corresponding to
the (2, 2, 0) QNM frequency of Kerr black holes with χ = 0.7. A fit reveals
that the coefficients of the series expansion grow exponentially as in (6.57)
with |Λ1| ∼ 2.1547. Thus, the radius of convergence is χmax = |Λ1|−1 ∼ 0.46.
On the other hand, the coefficients of the Padé approximant are bounded,
indicating that the series in (6.59) converges for all values of the spin |χ| < 1.
The numerator of the Padé approximant gives Λ̃1 = 0.2969 + 2.134i, whose
absolute agrees perfectly with |Λ1|.

6.4 Quasinormal modes in higher-derivative gravity

Summarizing the results of the previous section, in order to study the
quasinormal modes of the rotating black holes in the theory (4.1), it suffices
to consider the equation (6.44) with either s = +2 or s = −2, since both are
equivalent. We focus on the s = −2 case, so we have to solve the equation

∆3 d
dr

[
∆−1 dR−2

dr

]
+ (V−2 + α δV−2) R−2 =0 , (6.62)

where δV−2 is given by the simple expression (6.48). This equation belongs to
the class of parametrised modified Teukolsky equations analysed in the previous
sections, which obtains the corrections to the QNM frequencies using a continued
fraction method. Thus, the results of that work are directly applicable to study
the QNMs of (6.62) and we refer back to Chapter 5 for the details.

In the previous section we considered potentials of the form (6.48) with free
coefficients Ak (allowing for more values of k), but in our case these coefficients
are not free but determined by the theory. Furthermore, they depend on
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the frequency ω that one is trying to determine. However, at first order in
the higher-derivative couplings, it suffices to evaluate those coefficients on the
corresponding Kerr QNM frequency whose corrections we want to obtain. Thus,
for each value of harmonic numbers (l,m), overtone index n, polarisation ±
and angular momentum χ, each of the higher-derivative theories provides a
numerical value for the coefficients Ak. Combining those values with the shift in
the QNM frequencies associated to each individual Ak, computed previously, we
obtain the full shift in the QNM frequencies due to higher-derivative corrections.

The magnitude of higher-curvature corrections depends on the curvature scale
of the spacetime. In the case of a black hole, the curvature scale around the
horizon is set by the black-hole mass M , and it is thus useful to introduce the
dimensionless couplings

αev = ℓ4λev

M4 , αodd = ℓ4λodd

M4 , αi = ℓ6ϵi
M6 , (6.63)

which characterise the magnitude of the relative corrections to GR. In order to
be within the regime of validity of the EFT, we require that these couplings be
small |αq| ≪ 1, where q ∈ {ev, odd, 1, 2, 3}.

For each of the higher-derivative corrections, with couplings αq defined in (6.63),
we write

ω±
lmn = ωKerr

lmn + αq

M
δωq,±

lmn + O(α2
q) . (6.64)

Thus, we define δωq to be the coefficients of the linear-order corrections to the
QNM frequencies. We note that these quantities are defined in a way such
that they are dimensionless and they only depend on the dimensionless spin,
δωq = δωq(χ). Our perturbative analysis of higher-derivative terms only allows
us to compute these linear coefficients, but it is also interesting to look at the
non-linear terms in (6.64) in order to determine the regime of validity of the
linear corrections. We come back to this later.

We note that for these frequencies, similar to those of a Kerr black hole,
considering negative values of χ is equivalent to the exchange m → −m:

δωq,±
lmn(−χ) = δωq,±

l−mn(χ) . (6.65)

By using the results of the previous sections, we have obtained δωq,±
lmn numerically

for all the higher-derivative theories in (4.1), for l = 2, 3, 4, m ∈ [−l, l], n = 0, 1, 2
and 0 ≤ χ ≤ 0.95 in the case of l = 2, 3 and 0 ≤ χ ≤ 0.75 for l = 4. We observe
that the convergence of the spin expansions depends a great deal on the value
of m. Typically, the m = l modes have the slowest convergence, and we get
reliable results up to χ ∼ 0.7 − 0.8. For smaller values of m, including negative
values, the convergence is much faster, and for some modes we get an accurate
result up to the maximum value of the spin that we computed, χ ∼ 0.95.
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In Figure 6.4 we offer, as an example, a visualisation of the δωq coefficients of
the (l,m, n) = (2,m, 0) modes of the even-parity cubic theory.

As a test of our results, we have compared them with those of [115] for the
(l,m, n) = (2, 2, 0), (3, 3, 0) modes, which were obtained using an eigenvalue
perturbation approach to solve the modified Teukolsky equation [85, 88]. We
find that the two results agree quite well, with a relative difference in δωq

that increases approximately linearly with χ, and which is smaller than 9%
for χ < 0.7. However, we found that the eigenvalue perturbation method that
was employed in [115] was incomplete, as it did not take into account the
variation in the angular separation constants Blm due to the correction to the
frequency. This explains the small difference between our results here and those
in [115]. In fact, we have repeated the eigenvalue perturbation computation
of δωq including this effect, finding that the relative difference between that
method and Leaver’s method for |χ| ≤ 0.4 is ≲ 10−6 if l = 2 and ≲ 10−5 if
l = 3. We have checked that this is the case as well for overtones, which were
not computed in [115]. This impressive agreement serves as a consistency test
of our methods and results.

6.4.1 Polynomial fits

Although we provided numerical results for the shifts in the QNM frequencies,
it is most useful to express those results in terms of a fitting function that
captures the dependence on the angular momentum. Here we follow a strategy
similar to that of [115] and write our results in terms of polynomial functions
using a weighted fit.

We consider the data set {(χi, δωi), i = 1, . . . , imax}, where δωi are the
numerically computed values of δωq,±

lmn (we are dropping the labels for clarity) for
χ = χi, and we include both positive and negative values of χi ∈ [−χmax, χmax],
with χmax = 0.95 for l = 2, 3, and χmax = 0.75 for l = 4. We perform
independent fitting procedures for the real and imaginary parts of the frequency,
but in order to avoid introducing more notation let δωi denote either the real
or the imaginary part of the frequency shift.

The data points δωi have two sources of uncertainty. On the one hand, there
is a coming from the tolerance of the numerical method employed for the
computation of QNM frequencies, which is around εnum ∼ 10−7. On the other
hand, there is an uncertainty due to the convergence of the spin expansion, and
we estimate it as the difference of the results using spin expansions of order nmax
and of order nmax − 1, as we mentioned above. Let us denote this uncertainty
by εspin,i, which indeed depends on the spin and is different for each data point.
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Figure 6.4: Shifts in the QNM frequencies of the l = 2 fundamental modes due
to the even-parity cubic curvature corrections. The dots represent data points
and the uncertainties are estimated from the convergence of the spin expansion
(based on the difference with the frequency shift obtained with one less order).
The lines and shaded regions correspond to the fitting polynomials of order
N0 − 1, N0 and N0 + 1, where N0 is the optimum order.

We only include data points for which εspin,i is less than 10% of the maximum
value of |δωi| ∀i. Thus, the total uncertainty is

εtotal,i = εnum + εspin,i . (6.66)

For small χ the spin expansion is very accurate and we have εspin,i ≪ εnum,
so the uncertainty from the numerical method dominates. For large spins, the
uncertainty from the spin expansion dominates, with the transition happening
at some critical value χc which grows as we increase the order of the expansion.

Then we wish to fit our data points to an Nth-degree polynomial

δωN
fit(χ) =

N∑
j=0

cjχ
j . (6.67)
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In order to take the different accuracy of each data point into account, the fits
are obtained by minimising the weighted sum of squared residuals

ΣN =
imax∑
i=1

1
ε2

total,i

∣∣δωi − δωN
fit(χi)

∣∣2 , (6.68)

where each weight is the inverse of the estimated variance of the data point.

In order to determine the optimum degree of the fitting polynomial, we compute
the two-step ratios of the minimised squared residuals functions

dN =
Σmin

N+1
Σmin

N−1
, (6.69)

with N = 1, 2, . . .. For the first few values of N , we typically have dN ≪ 1,
indicating that increasing the degree of the polynomial results in a large increase
of the goodness of the fit. For large enough N , we find that dN saturates and
approaches one, so increasing N does not significantly improve the fit. Thus, in
order to avoid overfitting the data, we choose a value of N such that dN is about
to saturate. This is the maximum degree of the polynomial that guarantees
that the fit is reliable and that we do not introduce spurious behaviour due
to overfitting. For definiteness, we defined this optimum degree N0 to be the
lowest value of N ≥ 2 for which dN0 > 0.2.

We find that N0 varies a lot: depending on the mode and the theory, we can
have 6 ≤ N0 ≤ 18. The reason for this is not only the different accuracy of
the results in each case, but it also has to do with the variability of δω as a
function of the spin. For some modes, δω(χ) has a mild dependence on χ and a
low-order polynomial can fit it with very high accuracy. For others, it has a
great variability (e.g., it grows very fast, or shows several maxima and minima),
so that a higher-degree polynomial is needed. We remark in particular that the
order of the polynomial need not coincide with the order of the spin expansion,
since the fitting polynomials are not the same as a Taylor expansion.

We expect that these fitting polynomials provide a reliable estimation for δω
even beyond the fitting range of χ. We show a test of this in Fig. 6.4. Along
with the numerical data points, this figure shows the corresponding polynomial
fits of degree N0 and N0 ± 1. The shaded regions represent the area spanned by
these three different polynomials, and they serve as a measure of the uncertainty
in their prediction. We see that, even for the most problematic, l = m = 2
modes, the three fits agree very well, even beyond the fitting range. Thus, it is
conceivable that the prediction from these fits is relatively accurate for spins as
high as χ ∼ 0.9. For the other modes, where we have a better convergence of
the spin expansion, the result is even more robust.
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In the fitting region, all these polynomials are virtually indistinguishable from
the data points, except when the uncertainties become large. In some cases, the
fit departs from those data points, but this is the way in which the fit tells us
that those points are not credible.

6.4.2 Overtones

Our results include, for the first time, the corrections to the overtones of rotating
black holes. Thus, we take the opportunity to discuss some of the properties of
these overtones.

As noticed long ago [100, 125], and recently revived by [102, 126], the spectrum
of quasinormal modes of a black hole is unstable under small changes of the
non-hermitian operator that defines the problem. The overtones are especially
sensitive to this instability, and even a small deformation of the equations
governing black-hole perturbations can lead to a total disruption of the spectrum
of overtones. Thus, the corrections to the overtones are expected to be much
larger than the corrections to the fundamental modes.5 This effect has already
been observed in some specific cases — see [61, 128–130].

In the case of higher-derivative corrections, there is yet another mechanism that
will cause the corrections to the overtones to grow: the breakdown of the EFT
at large frequencies. Indeed, for overtones of Schwarzschild and Kerr black holes,
the nth-overtone frequency ωn grows linearly with n in the imaginary direction
[117]. Now, when |ω| → ∞, the potential Vs in the Teukolsky equation grows
as Vs ∼ ω2, but the correction to the potential δVs can typically grow with
a higher power of ω, hence producing larger corrections for higher overtones
[130]. However, a direct comparison of δVs with Vs is subtle (especially in the
rotating case) since the powers of ω appear multiplying different powers of r.
By exploring a few cases, we have found that the relative correction |δVs|/|Vs|
indeed tends to grow for large enough n, although it does not necessarily show a
monotonic behaviour for the first few values of n, since the growth of |ωn| with
n is relatively slow. We illustrate this in Fig. 6.5, where we see that for the first
few values of n the correction to the potential actually decreases, although it
eventually grows again. The growth appears to be faster in the quartic theory
than in the cubic theory. On the other hand, the maximum of |δVs|/|Vs| tends
to be closer to the horizon for higher overtones, although this behaviour does
not seem to be universal.
5 Here we are excluding “artificial” modifications of the perturbation equations, such as

those involving adding an extra small bump to the potential at a large radius [127],
which are known to disrupt the full spectrum of QNMs. The modifications due to
higher-derivative corrections preserve the qualitative form of the potential and hence do
not cause such a dramatic effect on the QNMs.
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Figure 6.5: Relative correction to the potential for the first few overtones of
modes with l = m = 2 and “+” polarisation for a black hole of spin χ = 0.3.
The left plot corresponds to the even-parity cubic theory, and the right plot to
the quartic theory labelled by the parameter ϵ1.
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Figure 6.6: Corrections to the fundamental QNM frequency and to the first
three overtones of l = m = 2 modes in the even-parity cubic curvature theory.
The top and bottom row correspond to + and − polarisation, respectively. The
first column shows the relative corrections to the real part of the frequency,
the middle column the relative corrections to the imaginary part, and the last
column, the absolute value of the relative correction.

Let us then show the corrections to the QNM frequencies. For definiteness we
discuss the case of the even-parity cubic theory, but our full results are available
in [113]. Fig. 6.6 shows the relative corrections to the QNM frequencies of the
fundamental mode and three first overtones with l = m = 2 and for each of the
two polarisations. The third column in that figure shows the relative correction
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in absolute value, and it reveals that, quite consistently, higher overtones receive
larger corrections. We recall from Fig. 6.5 that the corrections to the potential
for these low overtones are not necessarily bigger than the correction to the
potential of the fundamental mode. Thus, this growth is probably related to
the unstable nature of the overtone spectrum. Although we have not computed
higher overtones, we expect that these receive even larger corrections. The left
and middle columns Fig. 6.6 also offer interesting information: the corrections
to the real and imaginary parts of overtones vary a lot depending on the angular
momentum of the black hole, with the curves becoming more nonlinear as we
increase the overtone index. It would be interesting to understand how these
overtones behave for angular momentum close to extremality, but a rigorous
analysis of this limit is not possible with our current methods. In fact, we observe
that the spin expansion converges more slowly as we increase the overtone index.
The analysis of highly damped modes of rotating black holes thus requires a
separate study. Our results with n = 1, 2 are nevertheless still accurate in the
vicinity of χ ∼ 0.7 and beyond, depending on the case.

6.4.3 Regime of validity of the linear approximation

As we mentioned earlier, our analysis of the higher-derivative corrections is
limited to first order in the coupling constants, which remains valid as long as
these couplings are small enough. However, it is important to estimate exactly
how small these couplings need to be. On the one hand, the modified Teukolsky
equation receives corrections with higher powers of the αq couplings, but these
are out of reach for now. On the other hand, even if we just consider the linearly
modified Teukolsky equation, the QNM frequencies are in general non-linearly
corrected. Here we explore these non-linear corrections to the QNM frequencies
in order to estimate the regime of validity of the linear expansion, although
we remark that this analysis is incomplete as we are missing the non-linear
corrections to the Teukolsky equation.

In Section 6.2.3, we assessed the reliability of the linear approximation for single
Ak modifications in the potential of the Teukolsky equation. Here we perform
a similar analysis for the specific case of higher-derivative gravity, namely
considering the potential modification of Eq. (6.48). We want to compare the
prediction obtained with the linearised framework with the one from the full
continued-fraction method. We define the measure of uncertainty as follows,

∆δω ≡
∣∣∣∣ ωnl − ωlin

ωlin − ωKerr

∣∣∣∣ , (6.70)

where ωlin is the frequency (6.64) truncated at first order in αq and ωnl represents
the exact non-linear result obtained from the continued-fraction method.
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This definition can be viewed as a relative uncertainty on the correction δω
to the GR quasinormal frequencies. We remark that this is different from the
relative uncertainty on the full frequency, as δω is itself small. Thus, the linear
approximation remains valid as long as ∆δω ≪ 1.

Figure 6.7: The relative uncertainty on the linear frequency correction versus
dimensionless coupling in the cubic even theory for the 220 (upper panel),
330 (middle panel) and 221 (lower panel) modes at different spin parameters.
The circles correspond to plus polarisation and the squares correspond to minus
polarisation. The threshold at which the uncertainty reaches 1% and 100%
values are indicated with dashed lines.



114 QUASINORMAL-MODE SPECTRA OF BLACK HOLES BEYOND KERR

Figure 6.8: Threshold value of α∗
ev, for which the discrepancy between linear and

non-linear approximations becomes larger than 5% in function of the spin. We
report α∗

ev for the (2, 2, 0), (2, 2, 1) and (3, 3, 0) modes (respectively circle, square
and diamonds) for the "+" (solid lines) and "−" (dashed lines) polarisations of
the even-parity cubic curvature theory.

In Fig. 6.7 we show the results for the 220, 330 and 221 modes of the even-parity
cubic theory at different values of the spin parameter for a range of dimensionless
couplings αev = ℓ4λev/M

4. As we naturally expect, these plots show that the
uncertainty of the linear approximation grows as the value of coupling increases.
In Fig. 6.8 we report the value of the coupling α∗

ev for which ∆δω = 5% for a given
mode at a given spin. We see that for 220 this happens for αev ∼ 0.1 − 1, which
are actually very large values of the coupling. For reference, at αev ∼ 0.1 the
Kerr QNM frequencies receive corrections of the order of 20%, and realistically
we do not expect the EFT corrections to be valid beyond that. Thus, the linear
approximation seems to perform better than expected. For the first overtone
221 the breakdown of the linear approximation occurs for somewhat smaller
(but still fairly large) couplings, which is consistent with the fact that overtones
receive larger corrections and with the observations of [130].

On the other hand, we observe that for the 330 modes, the linear approximation
breaks down at much smaller couplings, especially for small spin. In this case we
suspect that this is an artefact of the missing non-linear terms in the Teukolsky
equation. Let us explain why. In the modified Teukolsky equation (6.62), the
correction to the potential is only defined up to terms that do not modify the
frequencies at linear order in the coupling. Let us denote such a term by δVtrivial.
Thus, if one makes δV → δV + CδVtrivial, where C is a constant, this has no
effect at linear level in the coupling. However, δVtrivial will in general affect the
frequencies non-linearly in the coupling, and this effect can be arbitrarily large
if we take C to be large. This is what seems to be happening for the 330 modes.
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We observe that for these modes the Ak coefficients in the Teukolsky equation
are two orders of magnitude larger than for the 220 and 221 modes, but the
linear correction to the frequency is of the same order of magnitude for all these
cases. Thus, the potential for the 330 mode likely contains a large “trivial” piece
δVtrivial, which was probably introduced by all the manipulations we did to
rewrite the potential in the form (6.48). This ambiguous term can only be fixed
by computing the corrections to the Teukolsky equation at higher orders in the
coupling. The conclusion is that our results should only be taken as an initial
exploration, since the missing terms in the Teukolsky equation are crucial.

In any case, our results do confirm that a linear correction to the Teukolsky
equation does imply a linear correction to the frequencies within a reasonable
range of couplings. Another interesting observation that follows from Fig. 6.8 is
that, contrary to what one could naively expect, increasing the rotation does
not seem to imply an earlier breakdown of the linear regime.

6.5 Conclusions

In this chapter we have shown how to connect small deviations parametrised by
powers of the radial coordinate r in the Teukolsky equation with small deviations
in the eigenfrequencies and in the separation constants of modified Kerr BHs.
We proved that for each value of n, ℓ,m there are up to nine independent
coefficients in the radial parametrisation, but for specific cases they could be
less. We presented a robust method to compute the coefficients that control the
linear corrections to the QNM frequencies and separation constants through a
generalisation of Leaver’s continued fractions, and used it to compute them for
n = [0, 2], ℓ = [2, 4], m = [−ℓ, ℓ] and k = [−3, 4] for spins between 0 and 0.495.6

These coefficients will be particularly useful for the computation of QNMs of
rotating BHs in alternative theories of gravity for which a modified Teukolsky
equation is obtained, in the spirit of the method developed in [87–89]. So
far, this method has been successfully applied to higher-derivative gravity,
but theories like scalar-Gauss-Bonnet gravity and dynamical-Chern-Simons
gravity (see [131]) are good candidates for this computation. The advantage
of the parametrised method for the computation of QNMs of rotating BHs in
alternative theories of gravity is that, in principle, one is not restricted to any
mode, due to the flexibility of the continued-fraction method. We calculated the
coefficients for a certain range of n, ℓ and m, but in principle one can compute
them for each number and spin.
6 We recall that in this chapter extremality corresponds to a = 1/2
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The modified Teukolsky approach of [87–89] is currently limited by the fact
that metric reconstruction is only available for GR, meaning that it is not yet
possible to extend the method beyond first order in the coupling. For this
reason, we did not explore further the quadratic coefficients as it was done in
the non-rotating case [51, 61], and we limited the computation of the diagonal
ones just to have a quick estimate of the uncertainty of the method itself.

The most intriguing open problem from our analysis is whether one can find a
better way to exploit the potential ambiguity, as done in Section 6.1.2. We were
able to reduce the number of independent coefficients α(k) to 8. For the case of
higher-derivative gravity we have been able to numerically reduce the number of
free coefficients to just 4. One may wonder whether higher-derivative gravity has
a special structure of the equations, or if there is a fundamental transformation
of the potential that could diminish the number of free parameters. Such
discussion is relevant especially if one wants to use this formalism in a theory-
agnostic setup, e.g., to perform ringdown tests of GR or the inverse problem.
Since the coefficients d(k) have a spin dependence, it would be interesting to
map them to ParSpec [60]. Another useful mapping would be with the WKB
deviation coefficients, as done in [110].

We have provided the most complete calculation up to date of the corrections to
the QNMs of Kerr black holes in a general EFT extension of GR. All our results
can be found in the repository [124] that contains the analytically computed
corrections to the potential (6.48), the numerical values of the shift in the
QNM frequencies as defined in (6.64), and the coefficients of the polynomial
fits (6.67). We computed these shifts for all the modes (l,m, n) with l = 2, 3, 4,
−l ≤ m ≤ l, n = 0, 1, 2 of both polarisations ± for all the theories in (4.1) and
for a large range of the black hole spin χ. The maximum spin that we can
accurately capture depends on the mode, and it ranges between χmax ∼ 0.7 and
χmax ∼ 0.95. We also performed a preliminary analysis of non-linear corrections
to the QNM frequencies, finding that the first-order correction is accurate within
a reasonable range of coupling constant values. Thus, these results should allow
us to perform complete black-hole spectroscopy tests of higher-derivative gravity
with ringdown observations.

Although our results capture the modes and black-hole solutions that are
most relevant for astrophysical observations, there are still many unanswered
questions about the QNM spectrum of rotating black holes beyond GR. For
instance, our analysis does not yet include highly-damped modes or eikonal
modes, since they require a separate treatment. Eikonal modes are especially
interesting due to their connection with unstable null geodesics in GR [132,
133], which must have a generalisation for higher-derivative gravity [76, 134].
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More importantly, the QNMs of highly rotating (i.e., near-extremal) black holes
cannot be accessed with our current methods based on a series expansion in
the spin. The case of near-extremal black holes is particularly interesting since
new phenomena appear close to extremality [135] and a possible amplification
of higher-derivative effects could take place [136–138]. New methods will be
required to study the QNM spectrum of these black holes. The analysis of
perturbations in the near-horizon region recently reported by [139] may provide
a promising starting point.



Chapter 7

Observational constraints

In the last decade we have been extremely fortunate to witness the direct
detection of gravitational waves from compact binary mergers. The first observed
gravitational-wave signal GW150914, already had a clear ringdown signature.
In this and subsequent observed events, it was possible to clearly identify
the fundamental mode of a quadrupole perturbation (l = 2, m = 2, n = 0).
Ringdown measurements with the current generation of detectors, however, are
limited as a black-hole ringdown is a relatively short signal dominated by noise.
Although higher modes are still to be confidently detected, specific-data analysis
techniques have been developed to start observational black-hole spectroscopy.

In this chapter, which is based on [140]1, we introduce the analysis, based on
the principles of Bayesian inference, of current ringdown signal observations.
We discuss some of the subtleties that are unique for this type of analysis
compared the usual analysis of gravitational-wave signals from binary mergers.
A consequence of the unique features of the ringdown signal is that the inference
is preformed in the time domain (instead of the customary frequency domain).
We discuss the general implementation of the Kerr ringdown model in pyRing,
a specialised software package for ringdown analysis, and highlight some results.
The higher-derivative corrections to the quasinormal-mode spectrum calculated
previously were implemented in pyRing by adapting the Kerr ringdown model.
We present and discuss the results of the analysis, which set an upper bound
on the length scale of higher-derivative corrections to general relativity (GR).

1 Written with G. Carullo, P. A. Cano, A. Liu, V. Cardoso, T. Hertog and T. G. F. Li.
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The aim of a ringdown analysis is to fit a template based on a theoretical model
from perturbation theory to the post-merger segment of a gravitational-wave
signal from a binary black-hole coalescence. For a clean signal with little noise,
as from a numerical relativity simulation, isolating the ringdown for a fit is done
by discarding all data points before a specified starting time of the template.
The ringdown analysis of actual detector measurements is more complicated as
the template needs to be fitted to data with noise in a way that is independent of
the preceding signal and takes into account the noise properties of the detector.
Since the signal is buried deep in the detector noise, noise characterisation and
signal modelling are required to apply Bayesian inference and find a probability
distribution that quantifies the estimated signal parameters that fit the data.
The noise in gravitational-wave detectors is frequency dependent (this is called
coloured noise) and we assume that it is Gaussian and stationary within the
observation window of an event (over longer time periods the noise slowly drifts).
As a consequence, the noise is correlated in time and this makes it much harder
to isolate a specific section of the signal in order to fit a ringdown model.

7.1 Bayesian inference

To describe an observed gravitational-wave signal with a specific signal model
it is necessary to infer accurate estimates for the parameters within the model.
This parameter estimation is done through the application of Bayesian inference.
We start with some known information I (for example data treatment and
detector noise properties) and signal model H dependent on parameters λ to
provide a description for the observed data d (based on some signal template).
The aim is to find the probability distribution of the parameters λ based on
the available information: the observed data d, the model H and information I.
This probability is given by p(λ | d, H, I), which is the posterior distribution.
Applying Bayes’ theorem we find that

p(λ | d, H, I) = p(d | λ,H, I) p(λ | H, I)
p(d | H, I) , (7.1)

where we identify p(d | λ,H, I) as the likelihood, p(λ | H, I) as the prior and
p(d | H, I) as the model evidence, also known as the marginalised likelihood.
The prior p(λ | H, I) represents prior knowledge of the parameters λ before the
data are analysed; for example a range of values expected for each parameter.
The evidence p(d | H, I) does not depend on specific model parameters and is
found by marginalising the likelihood over the parameters weighted by the prior

p(d | H, I) =
∫
p(d | λ,H, I) p(λ | H, I) dλ . (7.2)
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Estimating parameters relies on selecting an appropriate model for the signal. If,
however, the underlying model is not known, different models can be compared
against each other. This is known as hypothesis testing or model comparison.
Two models H1 and H2 can be compared by computing the odds ratio

OH1
H2

= p(H1 | d, I)
p(H2 | d, I) = p(d | H1, I) p(H1 | I)

p(d | H2, I) p(H2 | I) , (7.3)

which is defined as the ratio between the posterior probabilities for the models.
The first ratio p(H1 | I)/p(H2 | I) forms the prior odds. This reflects any initial
relative preference for a hypothesis and without prior preference is set to one.
The other factor is the ratio of evidences, and better known as the Bayes factor

BH1
H2

= p(d | H1, I)
p(d | H2, I) . (7.4)

The evidence for a model is thus essential to compare models with each other.

In parameter estimation the data d only enter through the likelihood function
p(d|λ,H, I), which depends on our understanding of the measurement process.
We consider measurements made over a period T at intervals of ∆t such that
we have a uniform sampling time array ti = t0 + i∆t with N = T/∆t elements.
A gravitational-wave signal h(t) as a function of time can therefore be written as
a time series h = (h0, . . . , hN−1) where hi = h(ti). The detector noise present
for each measurement can also be written as a time series n = (n0, . . . , nN−1).
Assuming the noise is additive we write the detector output as

d = n + h , (7.5)

where in the time series d an element di represents the measurement at time ti.
For a signal template h(λ), the residual is therefore equal to r(λ) = d − h(λ).
If the model is correct, the residuals for the true parameters (when h = h(λ))
should be drawn from the detector noise distribution. We therefore express the
likelihood p(d | λ,H, I) = p(n = r(λ) | I) since the noise is model independent.

In the analysis of gravitational-wave observations we assume that, in the absence
of a signal, the detector produces stochastic Gaussian noise that has zero mean.
The probability-density function describing the noise samples n is therefore
expressed as an N-dimensional multivariate normal distribution [141]:

p(n | I) = 1
det(2πC)1/2 exp

[
−1

2 n⊺ C−1 n

]
, (7.6)

where C = E [nn⊺] is the covariance matrix of the noise n from the detector.
We assume C is known based on the instrument’s properties such that I contains
the values of C together with the assumption of Gaussian and additive noise.
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Assuming the noise of the detector is wide-sense stationary, which is true for
current detectors, the covariance matrix is only a function of time differences.
We introduce the autocovariance function (ACF) ρ in terms of a time difference
between sampling times so ρk = ρ(k∆t). The covariance matrix then equals

Cij = ρ|i−j| (7.7)

and is consequently a symmetric Toeplitz matrix, meaning Cij = Cji = Ci−1,j−1
for i, j > 0 and the matrix is therefore fully defined by its first column or row.

Imposing periodic boundary conditions where ρk = ρN−k, will make C circulant.
Circulant matrices are diagonalised by applying a discrete Fourier transformation.
The discrete Fourier transformation of the covariance matrix then yields

C̃ij = E[ñ⊺i ñ
⊺
j ] = T

2 S(|fj |) δij , (7.8)

where S(|fi|) is the one-sided power spectral density (PSD) and fj = j∆f = j/T .
The PSD is then related to the cyclic ACF through the transformation

S(|fj |) = 2∆t
N−1∑
k=0

ρk e
−2πi(jk/N) , (7.9)

conversely the ACF is related to the PSD with the inverse transformation

ρk = 1
2T

N−1∑
j=0

S(|fj |) e+2πi(jk/N) , (7.10)

which will be cyclic to satisfy the imposed periodic boundary conditions.

We can therefore write the likelihood in the frequency domain as

p(d | λ,H, I) =
[ N−1

2 ]∏
i=1

(π TS(fi)/2)−1 exp
[

− 2
T

∣∣d̃i − h̃i(λ)
∣∣2

S(fi)

]
, (7.11)

where we would like to emphasise the fact that the residual in frequency domain
will generally be complex. However, the time series r is real, so r̃k = r̃∗

N−k and
r̃0 and r̃N/2 (for even N) are real. The residual has no zero-frequency component
(any offset is removed) and the residual at the Nyquist frequency will be filtered.
The bounds of the product can therefore be written from 1 to [(N − 1)/2] and
we adjust the normalisation factor in front of the exponential accordingly [142].

It is more common to compute the log-likelihood, which is proportional to

log(p(d | λ,H, I)) ∝ − 2
T

[ N−1
2 ]∑

i=1

∣∣d̃i − h̃i(λ)
∣∣2

S(fi)
(7.12)

and represents a simple noise-weighted inner product in the frequency domain.
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7.2 Time-domain likelihood

There were three assumptions regarding the noise properties that were required
in order to arrive at (7.12) for signal analysis. The detector noise had to be
Gaussian, wide-sense stationary and should satisfy periodic boundary conditions.
In the analysis of the ringdown, where the aim is to isolate only the ringdown
section of the signal, this last requirement is not enforceable whilst avoiding
spectral leakage and not losing part of the signal.

In the regular analyses of gravitational-wave signals from compact binary
coalescences, the time-series of detector data can selected to ensure that the
signal is far enough from the segment edges, so that these can be tapered
smoothly to prevent leakage when applying a Fourier transformation [141].
Although this removes information located close to the beginning or end of the
observed data, this does not matter as long as there is no relevant signal content
near the edges, or if the segment can be extended until this is satisfied.

Specifically, for the analysis of the ringdown this is not an option since most of
the signal’s power lies just at the start of the time series, right after the black
holes have merged. Any smooth window function would therefore destroy a
significant portion of the signal. Alternatively, keeping a short interval of data
before the ringdown is also not valid, because the noise-weighted sum in the
frequency domain couples points before and after the start of the ringdown,
thereby modifying the actual frequency content of the observed ringdown signal.
Finally, a simple Fourier transformation of the observed data beginning right at
the start of the ringdown without a smooth window function will cause spectral
leakage and inevitably correlate the beginning of the segment to its end.

These problems are avoided by analysing the signal fully in the time domain.
We compute the likelihood directly based on the noise modelling of (7.6) as

p(d | λ,H, I) = 1
det(2πC)1/2 exp

[
−1

2 (d − h(λ))⊺ C−1 (d − h(λ))
]

(7.13)

and the log-likelihood to satisfy the following proportionality [143, 144]

log(p(d | λ,H, I)) ∝ −1
2 (d − h(λ))⊺ C−1 (d − h(λ)) . (7.14)

Given a specific analysis starting time, the only subtle points in the analysis are
constructing the covariance matrix and any data conditioning that is applied.
Typically for gravitational-wave observations the data conditioning includes
downsampling, filtering and line-cleaning, all of which could impact the analysis.
The duration of the data segment and its sampling rate are also crucial factors
that can affect the results of a ringdown analysis (see [145] for a detailed study).
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Assuming stationary noise, the matrix C only needs an estimate of the ACF.
This can be obtained from noise-only observations by either computing the
empirical autocorrelation of the noise or through (7.10) with an inverse Fourier
transformation of an estimated PSD, for example from Welch’s method. The
ACF estimate has to be truncated to destroy the circularity that results from the
Fourier transformation. The analysis segment for which the ACF is computed
should be shorter than the segment length of noise-only data used in the
empirical autocorrelation computation or the estimation of the PSD [143, 144].

The covariance matrix is by definition symmetric, real and positive semidefinite.
It is therefore possible to apply a Cholesky decomposition on the matrix such
that C = LL⊺ where L is lower triangular. The inverse of L provides us with
a way to define a whitened (or decorrelated) version of a time series array

x̄ = L−1x , (7.15)

as each component of n̄ will independently be drawn from a normal distribution.
If the parameters λ reflect the true parameters, the same should be true of r̄(λ).
This makes it possible to apply standard statistical tests to validate a model.

Looking back at equation (7.14), we can similarly use the covariance matrix to
define a noise-weighted inner product in the time domain, where

⟨x|y⟩ = x⊺C−1y = x̄⊺ȳ , (7.16)

for any time-series arrays x and y of length N (equivalently, of duration T ).

With this definition, we can introduce a notion of signal-to-noise ratio (SNR)
for a limited time interval, as the normalised inner product over a time interval.
We can write the matched-filter SNR at a given detector as

SNRmatch = ⟨d|h⟩√
⟨h|h⟩

. (7.17)

whilst the theoretical sensitivity of a detector for a signal can be estimated by

SNRopt =
√

⟨h|h⟩ , (7.18)

which is known as the optimal SNR (for a given PSD or ACF of the detector).
This represents the expected value of the SNR (averaging over noise realisations)
and is not per se the highest possible SNR, since any realisation of the noise
could of course in practice have a higher or lower SNR value.

This time-domain definition of the SNR is better suited for ringdown analyses
than usual definition in the frequency domain [144]. Although for a periodic
ACF, C will be circulant and (7.16) becomes equivalent to the frequency-domain
inner product used in (7.12) and the SNR definitions also become equivalent for
an analysis segment that is extended to cover more than the full signal [144].
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7.3 Kerr ringdown model

To analyse the ringdown we need to a construct waveform model that describes
the gravitational-wave signal that is emitted after the merger of two black holes.
As the newly formed remnant black hole gradually relaxes to its stationary state,
the perturbed spacetime causes gravitational waves formed by a superposition of
characteristic quasinormal modes (QNMs). For a Kerr black hole the frequency
and damping time of QNMs solely depend on the black hole’s mass and spin.
Each mode that is excited (identified with labels l,m, n)2 produces a signal

Almn S
γ
lm(ι, φ) e i t ωlmn , (7.19)

where Almn is the complex amplitude for the mode fitted freely to the data.
Sγ

lm(ι, φ) is the spin-weighted spheroidal harmonic with oblateness γ = aωlmn

with ι the inclination angle of the rotation axis with respect to the line of sight,
and φ the azimuthal angle of the line of sight viewed in the black hole’s frame.
The complex QNM frequency ωlmn can be interpreted as

ωlmn = σlmn + i/τlmn , (7.20)

where the imaginary part sets the inverse damping time of the mode τlmn > 0
and the real part determines the oscillation frequency σlmn = 2πflmn.

An important point is that the QNM solutions for Kerr black holes come in pairs,
since for a given (l,m, n) and value of a, the solutions ωlmn = ±σlmn + i/τlmn

are mirrored across the imaginary axis. For a correct template of the ringdown
the two damped exponentials have to be present for each mode [118, 146].

We write the ringdown waveform starting at time t as the superposition

h+ − ih× = M

r

∑
lmn

[
hP

lmn + hN
lmn

]
θ(t− ts) , (7.21)

where we use P and N for the positive and negative frequency contributions

hP
lmn = AP

lmn S
γ
lm(ι, φ) e+i (t−ts) ωlmn ,

hN
lmn = AN

lmn S
γ̄
lm(ι, φ) e−i (t−ts) ω∗

lmn , (7.22)

with γ̄ = −γ∗ = −aω∗ and by symmetry Sγ̄
lm(ι, φ) = (−1)lSγ

l−m(π− ι, φ)∗ [147].
Furthermore, if the progenitors’ spins were aligned with the orbital rotation,
reflection symmetry will relate the two amplitudes AN

lmn = (−1)l (AP
lmn)∗ [148].

We identify prograde modes for m > 0 that co-rotate with the black-hole spin
and retrograde modes for m < 0 that counter-rotate.
2 To follow convention we regretfully change from e−iωt in the previous chapter to e+iωt.
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In the literature there is an alternative mode identification, where modes are
classified as prograde sgn(m) = sgn(flmn) and retrograde sgn(m) = − sgn(flmn).
For m ̸= 0 the complex frequencies are related by ωl−mn = −ω∗

lmn in a class.
The reason for this choice is that retrograde modes are expected to be suppressed,
and can thus be neglected in the analysis simplifying the expression to one sum.
This is equivalent to requiring m ≥ 0 in our classification of the modes.

The waveform written in (7.21) is expressed in the rest frame of the black hole.
As a consequence of the expansion of the universe, all dimensionful quantities
that are observed M , flmn and τlmn will be redshifted in the detector frame.
Since the frequency and damping time scale with the black-hole mass, it suffices
to replace the black-hole mass M with the observed mass Mobs = (1 + z)M and
the distance r with the luminosity distance DL to account for the redshift [118].

The detector measures a signal projected by antenna patterns F+ and F×

h = h+F+(θ, ϕ, ψ) + h×F×(θ, ϕ, ψ) , (7.23)

which depend on the polarisation of the gravitational wave ψ and the direction
of the source relative to the orientation of the detector θ and ϕ, where

F+(θ, ϕ, ψ) = 1
2 (1 + cos2 θ) cos 2ϕ cos 2ψ − cos θ sin 2ϕ sin 2ψ ,

F×(θ, ϕ, ψ) = 1
2 (1 + cos2 θ) cos 2ϕ sin 2ψ + cos θ sin 2ϕ cos 2ψ , (7.24)

for a detector whose arms are at 90◦ from each other [141].

We briefly summarise how the Kerr model is implemented in pyRing [149] for
the analysis of ringdown signals observed by the LVK collaborations [96, 150].
The l = m = 2 harmonic is the dominant mode in the ringdown [40, 151, 152],
and only limited evidence exists for higher harmonics [153]. The first signal
template we consider, called Kerr220, consists of only the fundamental mode of
this harmonic (l = 2,m = 0, n = 0) and models the signal once overtones, which
have shorter damping times, become negligible (at roughly 10GMobs/c

3 after
merger) and the linearised ringdown description dominates the signal [59, 154].
The second signal template, called Kerr221, consists of the same fundamental
mode and its first overtone (l = 2,m = 2, n = 1). This allows us to start
the ringdown analysis right at the estimated reference merger time [143, 155],
disregarding higher overtones should not affect current observations [156, 157].

For the pyRing analysis the remnant mass and spin are assigned uniform priors,
and the amplitude and phase are treated as free parameters with uniform priors.
The reference time t0 is computed from an estimate of the peak of the strain
(h2

+ + h2
×) from the full IMR analyses (with approximant IMRPhenomXPHM).

The sky location is fixed to coincide with the maximum likelihood value inferred
from the full IMR analysis, whilst the polarisation receives a uniform prior.
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7.4 EFT Analysis

A general EFT extension of GR constructed purely from Riemann tensor
contractions that preserves parity to eight derivatives is given by the action

S =
∫

d4x

√
|g|

16π

[
R+ ℓ4λevR3 + ℓ6 (λ1C2 + λ2C̃2) ] . (7.25)

This includes the higher-derivative curvature scalars R3 = R ρσ
µν R δγ

ρσ R µν
δγ

with C = RµνρσR
µνρσ and C̃ = RµνρσR̃

µνρσ, where R̃µνρσ = 1
2ϵµναβR

αβ
ρσ is

the dual Riemann tensor. There is a new length scale ℓ related to the cut-off
of the EFT, ℓ ∼ 1/Λcutoff , whilst the coefficients λev, 1, 2 are dimensionless.
With the physical scale of the system set by a black hole of mass M , we can
introduce the dimensionless couplings:

αev = ℓ4λev

M4 , α1 = ℓ6λ1

M6 , α2 = ℓ6λ2

M6 . (7.26)

These characterise the size of the relative corrections to GR, which thus will
become larger for smaller black holes. We assume |αx| ≪ 1 throughout the
analysis, where x ∈ {ev, 1, 2} so that we are well within the EFT regime and
can apply an expansion in these couplings. We do not impose any further
constraints in the present analysis.

The QNM frequencies with linear corrections to the Kerr values ω(0) are

ω±
x,lmn = ω

(0)
lmn + αx δω

±
x,lmn , (7.27)

where the label ± refers to the polarisation and isospectrality is generally broken.

We use a polynomial fit as a function of the dimensionless spin χ to model the
corrections to the QNM frequencies for each polarisation and theory,

δω±
x,lmn =

K∑
k=0

c
(k)±
x,lmn χ

k , (7.28)

where the coefficients for the dominant fundamental modes and their overtones
were calculated in the previous chapter and we truncate the sum at K = 12.

To construct the waveform template used to analyse the data, we rely on
the pyRing python package, which is tailored to model and analyse ringdown
signals [149, 158]. Although a diverse set of GR and beyond-GR models are
implemented in pyRing, we found it better to introduce a new parametrisation
for the effect of the higher-derivative corrections on the ringdown waveform.
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We start from the Kerr model and separate the metric polarisations as these
are no longer isospectral

h+ − ih× = Mobs

DL

∑
lmn

∑
q=±

(
hP,q

lmn + hN,q
lmn

)
,

hP,q
lmn = AP,q

lmn Sγ
lm(ι, φ) e+i (t−ts) ωq

lmn θ(t− ts) ,

hN,q
lmn = AN,q

lmn S γ̄
lm(ι, φ) e−i (t−ts) ωq∗

lmn θ(t− ts) , (7.29)

where ωq
lmn is the modified QNM frequency, expressed as a function of the

redshifted mass of the remnant black hole as observed in the detector frame
Mobs, and its spin a. The angle ι denotes the inclination of the rotation axis of
the final black hole relative to the observer’s line of sight and φ the azimuthal
angle of the line of sight in the black hole’s frame. Here Slmn are spin-weighted
spheroidal harmonics, and ts = t0 is the start time of the template.

Each QNM labelled by the indices lmn has two complex frequencies ω±
lmn and a

priori also two unknown complex amplitudes AP/N,±
lmn , where the contributions

with a positive and negative real part of the frequency for each QNM are labelled
with P and N respectively. Assuming the spins of the binary progenitors
were aligned with the orbital angular momentum, reflection symmetry implies
AN,±

lmn = (−1)l (AP,±
lmn)∗, which halves the number of free parameters per mode.

For theories that preserve parity symmetry, as the ones considered in the
analysis, this is a very good approximation for the current dataset for the
purpose of searching for new physics. Here, m < 0 contributions represent
counter-rotating modes [118, 146, 159], which are only significantly excited
in systems with large progenitors spins anti-aligned with the orbital angular
momentum, hence negligible for the current dataset.

To model the modified complex QNM frequency ωlmn for a specific higher-
derivative correction, we use (7.27) and (7.28). The theory-dependent
coefficients c(j)±

x,lmn are made available within pyRing [158]. In what follows
we remove the theory index x to ease the notation.

Assuming that we have a single correction in the action (7.25), we can reabsorb
the corresponding coupling λ into the length scale of the EFT ℓ, so we can
always set λ = ±1. From (7.26), we express α as

α = λ

(
ℓ

M

)p

= sign(ℓ)
(

|ℓ| · (1 + z)
Mobs

)p

, (7.30)

where p is the power of the scaling of the coupling, equal to 4 for λ = λev and 6
for λ = λ1,2, and we allow ℓ to be negative to account for the sign of λ.
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Figure 7.1: Parameter space of effective-field-theory corrections to the general
relativistic quasinormal modes spectrum, as a function of coupling constant and
black-hole rotational rate. Regions where the fundamental and first overtone
(l,m, n) = (2, 2, 0), (2, 2, 1) modes appear to grow exponentially (Im[ω] < 0)
(dotted lines), or grow faster than Im[ω] < −0.1 (solid lines), are highlighted
for cubic even corrections.

Since the length scale modifying the black-hole dynamics is related to the source
dynamics, the mass scale of the black hole in the rest frame M needs to be
scaled with the redshift factor compared to the mass observed in the detector
Mobs = M (1 + z). This signals a breaking of GR scale invariance. If any EFT
modification would be detected and consequently a specific value of ℓ inferred,
it would then be possible to measure the source-frame mass M with subsequent
observations. This would allow us to perform measurements of the redshift,
hence the cosmological evolution, entirely using gravitational-wave signals from
black-hole binaries.

A limitation of only knowing the QNM spectrum to linear order in the coupling
is that it is still possible, even with α < 1, to have exponentially growing modes
for certain intervals of χ, depending on the polarisation and theory. These
limitations, which are expected to be removed when including higher-order
corrections, signal a breaking of the linear approximation. Hence, in our analysis,
apart from limiting the correction factor to |α| < 1, we also exclude regions of
the parameter-space with modes that grow exponentially.
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The reason to exclude these regions a priori, is that this behaviour also causes
numerical issues when calculating the likelihood when modes grow quickly
(Im[ω] < −0.1). Regions of the parameter space with exponentially growing
modes would anyhow be excluded, given the damped morphology of the
gravitational-wave signal. Fig. 7.1 illustrates the location of these effects,
with the constraint on the parameter space added as a function of α and χ.

The spin of the final remnant black hole was limited to χ ≤ 0.93 in the analysis,
since the uncertainty on the polynomial fit increases rapidly near extremal spin,
whilst the magnitude of the linear corrections to most of the QNM frequencies
seem to grow significantly. This limit does not affect the obtained constraints,
since no near-extremal remnant spins have yet been observed.

Finally, in the analysis we searched for the dominant lmn = 220 fundamental
mode and also its first overtone lmn = 221. Although adding overtones with
constant amplitudes near the waveform peak [143, 155] does not correspond to
physical black-hole vibrational spectra [160] (see also [161, 162] for wave packets
scattering), their phenomenological usage significantly boosts the recovered
signal-to-noise ratio, even beyond-GR [163]. We do not include other modes,
since no higher angular mode has so far been confidently detected [96, 153, 164].

We now analyse the observed gravitational-wave events from the black-hole
mergers contained in the GWTC-3 catalogue [165–167] that present detectable
ringdown signatures. For this we make use of the ringdown analysis python
code pyRing [149, 158], specifically written for the analysis of the post-merger
phase signals with a time-domain likelihood formulation. Such a framework
has been used within all ringdown-only spectroscopic analyses from the LVK
collaboration in the GWTC-2 [168–170] and GWTC-3 [96] catalogues, and is
thus extensively tested. We use the same event-selection criteria, and identical
settings to the latter analyses also with regard to the data conditioning, the
sampling and the likelihood parameters. We do not include in our dataset
the event GW191109_010717 because of data-quality issues [96]. To increase
slightly the amount of signal-to-noise ratio (SNR) captured [145, 171–173], at
the expense of an increase in computational cost compared to the LVK analyses,
we increase the analysis segment to 0.2 s. We isolate the gravitational-wave
signal portion that follows the peak of the reconstructed h2

+ + h2
× and fix tstart

to this peak. Following standard practice in spectroscopic analyses, we assume
the maximum likelihood sky position extracted from a full signal template
to propagate this estimate to multiple detectors [144, 166]. This is allowed
since gravitational-wave propagation is not modified in our setup. We apply
uniform priors on all the sampled parameters: the remnant black hole’s observed
mass Mobs ∈ [10, 500]M⊙, remnant spin χ ∈ [0.00, 0.93], the QNM amplitudes
Almn ∈ [0, 50], phases ϕlmn ∈ [0, 2π] and EFT scale ℓ ∈ [−740,+740] km
(including sign(λ)).
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Figure 7.2: Posterior probability distributions of the length scale of new physics,
ℓ, appearing in the effective-field-theory action (cubic even case). Constraints
are derived from the time-domain spectroscopic analysis with pyRing of post-
merger signals from binary black-hole coalescences, contained in the GWTC-3
catalogue from the LVK collaboration.

To avoid prior effects having a sizeable impact on the ℓ estimate, the luminosity
distance is also sampled under a uniform prior, and constrained within the 95%
bound obtained from GWTC-3 analyses. We repeat the analysis both when
assuming QNM complex frequencies to be dictated by GR (in which case we
fix ℓ = 0 km), and by the EFT corrections under consideration, allowing us to
construct an estimate of the Bayesian evidence for the presence of any deviations
in the Einstein-Hilbert action. For all the events analysed, we verified that the
range of ℓ (in km) supported by its marginalised posterior was at a clearly lower
scale than the range of M supported by its marginalised posterior (converted
from M⊙ to km in geometric units and taking into account the redshift). A
significant overlap between these posteriors would break the EFT assumption.
There is one event, GW190708_232457, where the black-hole mass posterior is
so broad that the ℓ range becomes comparable to the EFT cutoff, hence the
results do not satisfy the EFT assumption (see e.g. Sec.IV.D of [174]). This
event was therefore excluded from further analysis.

We report the marginalised posterior distributions of the ℓ parameter in Fig. 7.2,
for the cubic even corrections and in Fig. 7.3 for the quartic corrections.
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Posterior distributions for all events are centred around zero, with various
degree of spread due to the difference in SNR among different events, together
with a roughly corresponding degree of noisy features. Since ℓ is fixed by a
universal fundamental constant that is common to all events, combining the
single-event constraints into a unique posterior probability distribution can
be achieved simply by first constructing a standard kernel-density estimation,
and then multiplying the likelihood functions (under our assumption of a flat
prior) [175]. The result of this is shown in Fig. 7.2 (solid black line). As
expected, the combined result is less sensitive to noise-induced features of single
events (light-blue lines). These constraints are robust even if individual events
are removed, although the shape of the combined result is sensitive to changes.

Posterior distributions of remnant black-hole parameters and complex ampli-
tudes are consistent between the GR and EFT analyses, with an expected
broadening in the EFT case due to the increase in the number of parameters.
We include in the supplemental material a comparison between the posterior
distributions of the final observed mass and final spin for the ringdown analysis in
GR and the analysis including EFT corrections for GW150914. The agreement
of these two sets of posteriors, together with the large support for ℓ = 0 shown
in Fig. 7.2, indicates that no sign for violations of GR is present in the dataset.
This result is made quantitative in Table 7.1, reporting the ratio of the global
Bayesian evidences comparing the GR and EFT hypotheses, namely the Bayes
Factors. We find no statistically significant evidence for a violation of GR.

We obtain these constraints with a method different from Ref. [174], which used
a pSEOBNR waveform model that modified the ringdown to include corrections
to the dominant QNM frequency and damping time linear in the spin. We do
not use the pre-merger signal in our analysis and infer all parameters such as
the final mass and spin, as well as the amplitudes and phases of each QNM
from the ringdown. We also model isospectrality breaking and include the
full non-linear dependence on spin of QNM corrections. As is evident from
the previous chapters, the non-linear nature of these corrections is significant,
implying their necessity for robust constraints on EFT corrections.

Theory sign(λ) · ℓ in km ln(BEFT/BGR)
Cubic even [−32.2, +34.3] [−2.0, +1.0]
Quartic 1 [−24.9, +35.0] [−2.1, +1.4]
Quartic 2 [−27.0, +38.7] [−1.7, +0.9]

Table 7.1: Summary of the constraints obtained at a 95 % level for each EFT
correction, by combining posterior distributions of single events from GWTC-3,
and the range of Bayes factors obtained from all events when comparing models.
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Figure 7.3: Posterior distributions of ℓ for quartic 1 and 2 corrections obtained
from the analysis of the GWTC-3 catalogue.
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7.5 Conclusions

We have presented the first time-domain spectroscopic search valid up to
high black-hole rotation rates in a symmetry-preserving EFT extension of
GR, constructed under minimal assumptions. Our study focused on the post-
merger phase of binary black-hole mergers and relied crucially on the recent
accurate predictions of the QNM frequency shifts in these theories. We find no
evidence for new physics signatures in the quasinormal modes of the observed
gravitational waves from the black-hole mergers in the GWTC-3 catalogue.
The logarithm of the Bayes factor [ln(BEFT/BGR)] of each EFT model with
respect to GR was less than 1.5 for all events and negative for most events,
compatible with statistical fluctuations [170]. Combining the information from
all events we obtain a constraint on the length scale associated with each of the
EFT corrections. These constraints are ℓ < 34.3 km for the cubic correction,
ℓ < 35.0 km for quartic 1, and ℓ < 38.7 km for quartic 2.

Our analysis can readily be extended to EFTs with parity-violating terms. We
leave such extension to future study, except to note that the assumption of
symmetry that couples the amplitudes of modes would no longer be correct,
implying a doubling of the number of free amplitude parameters and hence an
increased computational cost. For other theory-specific corrections, including
Einstein dilaton Gauss-Bonnet and dynamical Chern-Simons gravity, a similar
analysis should be possible if leading corrections to the fundamental modes and
the first overtones of QNM frequencies are known at higher spins (see [176]).

The next-generation ground-based gravitational-wave detectors such as the
Einstein Telescope and Cosmic Explorer [177, 178] will enable the detection
of black-hole mergers with much larger SNR. Moreover, given their improved
sensitivity at higher frequencies, they will make it possible to observe the
ringdown for smaller black holes. Since these have horizon regions with larger
spacetime curvature, this will dramatically boost our capability to search for
higher-derivative corrections to GR. The expected sensitivity of these detectors
to theory-specific corrections to the ringdown signal was studied in Ref. [179],
and it would be interesting to repeat a similar analysis in our setup. One
way to improve the constraints might be by modelling the amplitudes of the
QNMs for rotating black holes in these theories, either using numerical relativity
simulations or from pre-merger predictions from parametrised-post-Newtonian
or parametrised-post-Einsteinian frameworks. This method would allow one to
extract significantly more information from the ringdown waveform, enabling
even higher sensitivity. Overall, theory-specific predictions of QNM spectra for
rotating black holes are essential to exploit the full potential of next-generation
gravitational-wave detectors in searching for new physics in the high-curvature
regime of gravity. Our results constitute a stepping-stone in this direction.
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Conclusion

Motivated by the idea that the direct measurement of gravitational waves from
the merger of black holes could reveal the dynamics of gravity in spacetime
regions with strong curvature, we studied the ringdown of black holes following
such a merger that is characterised by a superposition of quasinormal modes.
General relativity predicts that the frequencies and damping times of these
modes are fully determined by the mass and spin of the remnant black hole.
As we demonstrated, the spectrum of these quasinormal modes is sensitive to
the black-hole geometry and the spacetime dynamics from the theory of gravity.
The idea of black-hole spectroscopy is to use theoretical predictions to infer the
properties of black holes from the gravitational waves emitted by the ringdown.
We have strived in this thesis to connect the theoretical study of gravity to the
analysis of ringdown observations through the explicit calculation of the impact
of higher-derivative corrections on the ringdown signal of rotating black holes.

We have specifically studied the effect of higher-derivative corrections on the
quasinormal modes spectrum of rotating black holes. The framework that was
developed allows us to examine linear perturbations on a rotating black hole
with small deviations from the Kerr geometry and the Einstein field equations.
As this method allows an expansion in the spin parameter to very high orders,
it is also applicable to rapidly rotating black holes. This is significant as
astrophysical black holes can spin quite rapidly, and predictions from methods
that do not fully capture the complex effects of rotation would be inaccurate.
The isospectrality present in general relativity is broken by these corrections
and some quasinormal mode shifts are significantly enhanced at higher spin.
The validity of our implementation of the method was confirmed by matching
the results in the slow-rotation limit and satisfying several consistency checks.
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Since higher-derivative corrections lead to deviations in the effective potential of
the modified Teukolsky equation, we studied a general parametrisation of such
deviations, any of which can be captured by a limited number of coefficients.
We calculated the linear corrections to the quasinormal mode frequencies related
to each coefficient with a generalisation of Leaver’s continued-fraction method.
This allows for the fast computation of corrections to the quasinormal modes of
rotating black holes in any theory that yields a modified Teukolsky equation.
Another point of interest is the potential to connect a description for deviations
in the quasinormal mode spectrum to modifications of the Teukolsky equation.
We applied this method to calculate the corrections to the quasinormal modes
from higher-derivative corrections for the modes of the most dominant harmonics,
up to the second overtone and for nearly the full range of the black-hole spins.
A preliminary analysis of non-linear corrections showed that the first-order
correction seems accurate within a reasonable range of coupling-constant values.
These results, therefore, are sufficiently robust to be used in a ringdown analysis.

We have provided an overview of the essentials for ringdown analysis, including a
time-domain formulation of the likelihood and a waveform template, to describe
the observed gravitational-wave signal from the ringdown of Kerr black holes.
Together with the theoretical calculations of quasinormal mode frequencies with
higher-derivative corrections, we constructed a template to model a ringdown
waveform that included these corrections and allowed for isospectrality breaking.
This waveform model was implemented in pyRing (a ringdown analysis package)
to perform the first time-domain spectroscopic search for EFT corrections with
accurate theoretical modelling of corrections for rapidly rotating black holes.
We found no evidence for new physics signatures in the quasinormal modes of
the observed black-hole mergers in the GWTC-3 catalogues and were able to
set a constraint on the length scale associated with each type of EFT correction.
We see these results as a first step in the development of theory-inspired searches
for signs of deviations from general relativity with black-hole spectroscopy.

Gravitational-wave observations from the ringdown of black holes represent a
unique opportunity to examine the fundamental nature of gravity in this regime.
This requires that the full range of possible spins of astrophysical black holes be
accounted for when modelling the ringdown, including during the calculation
of their quasinormal mode frequencies. The framework and analysis we have
developed should be applicable for other types of theoretical corrections to
general relativity that have rotating black holes that deviate slightly from Kerr.
With our research, we strive to contribute to further development of the field of
black-hole spectroscopy in preparation for future gravitational-wave observations.
We look forward to new discoveries in the study of the ringdown of black holes.
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Appendix to Chapter 2

A.1 Equations from General Relativity

We provide a brief summary of some standard equations in general relativity.
Numerous textbooks and notes (for example [180–182]) exist as references.

To denote the spacetime index of an object in the 4 dim. manifold of spacetime,
we use lower-case Greek letters with value 0, 1, 2 or 3. An event in spacetime is
given by

xµ = (t,x) (A.1)

where t is the time coordinate and x is a 3 dim. vector with spatial coordinates.
We use the mostly-plus signature convention (−,+,+,+) for the metric and, as
mentioned in the introduction, use geometric units c = 1 and G = 1.

The invariant line element can be written as

ds2 = gµν (x) dxµ dxν (A.2)

where gµν is the metric tensor, a symmetric with ten independent components.
Indices can be raised and lowered with the metric gµν and inverse metric gµν .

In a flat Minkowski spacetime with (t, x, y, z) coordinates the metric equals

gflat
µν = ηµν = diag (−1, 1, 1, 1) . (A.3)

where diag represents the diagonal components of the metric tensor.
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We write partial derivatives and covariant derivatives as

∂µV
ν =∂V ν

∂xµ
∇µV

ν =∂µV
ν + Γν

λµV
λ (A.4)

with the Christoffel symbol for a torsion-free and metric-compatible connection:

Γσ
µν = 1

2g
σλ
(
∂µgνλ + ∂ν gµλ − ∂λgµν

)
. (A.5)

From the Christoffel symbols we can construct the Riemann tensor:

Rµ
νστ = ∂σ Γµ

ντ − ∂τ Γµ
νσ + Γλ

ντ Γµ
λσ − Γλ

νσΓµ
λτ . (A.6)

The Ricci tensor and the Ricci scalar are contractions of the Riemann tensor

Rµν = Rλ
µλν and R = Rλ

λ (A.7)

and the traceless part of the Riemann tensor is given by the Weyl tensor

Cµνρσ = Rµνρσ − gµ[ρRσ]ν + gν[ρRσ]µ + 1
3Rgµ[ρgσ]ν . (A.8)

The action of general relativity in the presence of matter fields equals

S =
∫ √

|g|
(

1
16πR+ Lm

)
(A.9)

where g is the determinant of the metric, R is the Ricci scalar, which represents
the Einstein-Hilbert term of the action, and Lm describes the matter fields.

The resulting energy momentum tensor is defined as

Tµν = − 2√
|g|

δSm

δgµν
= −2 ∂Lm

∂gµν
+ gµν Lm (A.10)

where Sm is the part of the action without the Einstein-Hilbert term. A variation
of the action with respect to the inverse metric yields the Einstein field equations

Gµν = Rµν − 1
2Rgµν = 8πTµν (A.11)

where Gµν is the Einstein tensor defined in terms of the Ricci scalar and tensor.
The Einstein field equations form a set of ten coupled differential equations.

The second Bianchi identity imposes that

∇λRαβµν + ∇νRαβλµ + ∇µRαβνλ = 0. (A.12)

This implies that ∇µG
µν = 0 and as result of the Einstein equations above

∇µT
µν = 0, and energy and momentum are locally conserved quantities.
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A.2 Vector and tensor spherical harmonics

We list the components of the vector and tensor spherical harmonics from [62].

For the vector spherical harmonics from (2.12) we find

Y lm
θ = ∂

∂θ
Y lm, X lm

θ = − 1
sin θ

∂

∂ϕ
Y lm, (A.13)

Y lm
ϕ = ∂

∂ϕ
Y lm. X lm

ϕ = sin θ ∂
∂θ
Y lm. (A.14)

For the tensor spherical harmonics from (2.15) we find

Y lm
θθ =

[
∂2

∂θ2 + 1
2 l(l + 1)

]
Y lm,

Y lm
θϕ =

[
∂2

∂θ∂ϕ
− cos θ

sin θ
∂

∂ϕ

]
Y lm,

Y lm
ϕϕ =

[
∂2

∂ϕ2 + sin θ cos θ ∂
∂θ

+ 1
2 l(l + 1) sin2 θ

]
Y lm. (A.15)

and from (2.16)

X lm
θθ = − 1

sin θ

(
∂2

∂θ∂ϕ
− cos θ

sin θ
∂

∂ϕ

)
Y lm,

X lm
θϕ = 1

2

(
sin θ ∂

2

∂θ2 − 1
sin θ

∂2

∂ϕ2 − cos θ ∂
∂θ

)
Y lm,

X lm
ϕϕ =

(
sin θ ∂2

∂θ∂ϕ
− cos θ ∂

∂ϕ

)
Y lm. (A.16)



Appendix B

Appendix to Chapter 3

B.1 (Newman/Geroch-Held)-Penrose

Here we gather our conventions and useful identities of the Newman-Penrose
(NP) and Geroch-Held-Penrose (GHP) formalism and is possible we follow [64].

The key starting point to derive the (universal) Teukolsky equations in Section
3.3 are the Bianchi identities. However, before presenting these, note the
relations between spin coefficients and curvatures in GHP form

ϕ00 = Þρ− ð′κ− ρ2 + τ ′κ+ τκ∗ − |σ|2 , (B.1a)

Ψ0 = Þσ − ðκ− (ρ+ ρ∗)σ + (τ+τ ′∗)κ , (B.1b)

ϕ01 + Ψ1 = −Þ′κ+ Þτ − (τ − τ ′∗)ρ− (τ∗ − τ ′)σ , (B.1c)

ϕ01 − Ψ1 = −ð′σ + ðρ− (ρ− ρ∗)τ + (ρ′ − ρ′∗)κ , (B.1d)

ϕ02 = −Þ′σ + ðτ − τ2 − κκ′∗ + ρ′σ + ρσ′∗ , (B.1e)

Ψ2 + 1
12R = −Þ′ρ+ ð′τ + ρρ′∗ + σσ′ − |τ |2 − κκ′ . (B.1f)

These are simply a translation into the GHP language from (3.18)

Rabcd = ∂cγabd − ∂dγabc − γabf η
fe(γced − γdec

)
+ γafcη

feγebd − γafdη
feγebc (B.2)
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Note that (B.1) is (Eq. 4.12.32) of [91] despite the different choices for the
metric signature and Riemann curvature.1 On the other hand it is (2.37) in
[184] for a vacuum spacetime as well as (43) of [64] for a vacuum Petrov D
spacetime (with an appropriately aligned tetrad). Similarly translating (3.20)

∂[eRab]cd + 2 ηijγai[eRjb]cd

+ 2 ηijγci[eRab]jd = 0 (B.3)

one finds

ÞΨ1 − ð′Ψ0 − Þϕ01 + ðϕ00 = − τ ′Ψ0 + 4ρΨ1 − 3κΨ2 + τ ′∗ϕ00

− 2ρ∗ϕ01 − 2σϕ∗
01 + 2κϕ11 + κ∗ϕ02 ,

(B.4a)

ÞΨ2 − ð′Ψ1 − ð′ϕ01 + Þ′ϕ00 + 1
12ÞR = σ′Ψ0 − 2τ ′Ψ1 + 3ρΨ2 − 2κΨ3

+ ρ′∗ϕ00 − 2τ∗ϕ01 − 2τϕ∗
01 + 2ρϕ11 + σ∗ϕ02 ,

(B.4b)
Þ′Ψ0 − ðΨ1 − ðϕ01 + Þϕ02 =ρ′Ψ0 − 4τΨ1 + 3σΨ2 + σ′∗ϕ00

− 2τ ′∗ϕ01 − 2κϕ∗
21 + 2σϕ11 + ρ∗ϕ02 ,

(B.4c)

Þ′Ψ1 − ðΨ2 − Þ′ϕ01 + ð′ϕ02 − 1
12ðR = −κ′Ψ0 + 2ρ′Ψ1 − 3τΨ2 − 2σΨ3

+ κ′∗ϕ00 − 2ρ′∗ϕ01 − 2ρϕ∗
21 + 2τϕ11 + τ∗ϕ02 ,

(B.4d)

Þϕ11 + Þ′ϕ00 − ðϕ∗
01 − ð′ϕ01 + 1

8ÞR = (ρ′ + ρ′∗)ϕ00 + 2(ρ+ ρ∗)ϕ11 − (τ ′ + 2τ∗)ϕ01

− (2τ + τ ′∗)ϕ∗
01 − κ∗ϕ∗

21 − κϕ21 + σϕ∗
02 + σ∗ϕ02 ,

(B.5a)
Þϕ∗

21 + Þ′ϕ01 − ðϕ11 − ð′ϕ02 + 1
8ðR = (ρ′ + 2ρ′∗)ϕ01 + (2ρ+ ρ∗)ϕ∗

21 − (τ ′ + τ∗)ϕ02

− 2(τ + τ ′∗)ϕ11 − κ′∗ϕ00 − κϕ22 + σϕ21 + σ′∗ϕ∗
01 .

(B.5b)
Importantly, these include (2.2) and (2.3) in [94], but they were also presented
in full as (4.12.36)-(4.12.41) of [91] as well as in special cases in (2.39) of [184],
and (44) of [64]. They are, in short, well known in the literature but several
1 It differs from [183] by oppositely defined spin coefficients. Their appendix also contains

a useful discussion on sign conventions.
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conventions are in circulation. The GHP formalism has a natural symmetry
exchanging l ↔ n and m ↔ m̄. The associated equations are implicit in B.4 as
what is known in this language as the “primed” versions of these equations. We
will not present all of them explicitly but as a relevant example note that

ÞΨ1 − ð′Ψ0 − Þϕ01 + ðϕ00 = − τ ′Ψ0 + 4ρΨ1 − 3κΨ2 + τ ′∗ϕ00

− 2ρ∗ϕ01 − 2σϕ∗
01 + 2κϕ11 + κ∗ϕ02 ,

(B.6)

is related to

Þ′Ψ3 − ðΨ4 − Þ′ϕ21 + ð′ϕ22 = − τΨ4 + 4ρ′Ψ3 − 3κ′Ψ2 + τ∗ϕ22

− 2ρ′∗ϕ21 − 2σ′ϕ∗
21 + 2κ′ϕ11 + κ′∗ϕ02

∗ .
(B.7)

A last GHP-ingredient that is useful for our derivations are the GHP-
commutation relations is[

Þ,Þ′] = (τ∗ − τ ′)ð + (τ − τ ′∗)ð′ + (p+ q)FB12 + (p− q)FΩ12 ,

[Þ, ð] = ρ∗ð + σð′ − τ ′∗Þ − κÞ′ + (p+ q)FB13 + (p− q)FΩ13 ,[
ð, ð′] = (ρ′∗ − ρ′)Þ + (ρ− ρ∗)Þ′ + (p+ q)FB34 + (p− q)FΩ34 .

(B.8)
when acting on an object of weight {p, q}. Here, we have used a notation
associated to the more standard form of a covariant derivative

Ðµ = −nµÞ − lµÞ′ + m̄µð +mµð′ , (B.9)

written in terms of the connections Bµ and Ωµ

Ðµ = ∇µ + (p+ q)Bµ + (p− q)Ωµ , (B.10)

and defining the associated curvatures as

[Ðµ,Ðν ]V = ((p+ q)FBµν + (p− q)FΩµν)V , (B.11)

where V has weight {p, q}. In terms of the gauge fields this becomes

FBµν = ∇µBν − ∇νBµ , FΩµν = ∇µΩν − ∇νΩµ . (B.12)
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Spelled out explicitly, the commutation relations are[
Þ,Þ′] = (τ∗ − τ ′)ð + (τ − τ ′∗)ð′ − p(κκ′ − ττ ′ + Ψ2 + ϕ11 − 1

24R)

− q(κ∗κ′∗ − τ∗τ ′∗ + Ψ∗
2 + ϕ11 − 1

24R) ,

[Þ, ð] = ρ∗ð + σð′ − τ ′∗Þ − κÞ′ − p(ρ′κ− τ ′σ + Ψ1)

− q(σ′∗κ∗ − ρ∗τ ′∗ + ϕ01) ,

[
ð, ð′] = (ρ′∗ − ρ′)Þ + (ρ− ρ∗)Þ′ + p(ρρ′ − σσ′ + Ψ2 − ϕ11 − 1

24R)

− q(ρ∗ρ′∗ − σ∗σ′∗ + Ψ∗
2 − ϕ11 − 1

24R) ,

(B.13)

as can again be compared against (4.12.33)-(4.12.35) in [91].

B.2 Nollert’s improvements of continued fraction

The procedure to numerically solve Teukolsky equation through Leaver’s method
requires in practice an initialisation for the radial ladder operator Λr

n. Such
quantity can be expanded for large initialisation number N as

Λr
N =

J∑
j=0

CjN
−j/2 + O (N)−(J+1)/2

. (B.14)

One can initialise the ladder operator just retaining the first term C0 = −1.
However, this approximation requires in general a very high initial value for
N (which means long computational time) and appears to be insufficient for
frequencies with large imaginary part (namely higher overtones). In [185], it was
shown that adding further corrections to the initial Λr

N improves the accuracy
of the method, also allowing to capture higher overtones. The (k + 3)-terms
recurrence relation of equation (3.89) for n = N can be expressed as

k+1∑
j=−1

MN,j RN−j = 0 , (B.15)

where we defined
MN,j ≡ γ̃N,j−1 + β̃N,j + α̃N,j+1 . (B.16)
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Dividing it by RN−k−1 and making use of the definition of ladder operator
Λr

N = −aN+1/aN one obtains the equation

k+1∑
j=−1

(−1)j MN,j

k+2∏
i=j+1

Λr
N−i = 0 . (B.17)

Plugging the definition (B.14) into the above formula, one can solve for the
coefficients order by order. By the definition of γ̃N,j , β̃N,j and α̃N,j , they scale
with N as

α̃N,j = N2 + α̃1N + α̃0 (B.18)

β̃N,j = −2N2 + β̃1N + β̃0 (B.19)

γ̃N,j = N2 + γ̃1N + γ̃0 (B.20)

If we fix C0 = −1, then the other coefficients up to J = 5 can be written as

C1 = ±
√

−α̃1 − β̃1 − γ̃1 , (B.21)

C2 = α̃1 + β̃1

2 − 1
4 , (B.22)

C3 = C2
2

2C1
− C2

4C1
− α̃0 + β̃0 + γ̃0

2C1
− 1 + 2α̃1

4 C1 , (B.23)

C4 = α̃0 − 4α̃1 − 8β̃0 + 1
16 − 1 + 4α̃1

4 C2 − C3

2C1
, (B.24)

C5 = 2α̃1 + 3
4C1

C2
2 − 8α̃0 + 4α̃1 + 3

16 C1 − C2
3

2C1

− 4α̃1 + 3
16C1

C2 + C3

(
C2

2C2
1

− α̃1 − 1
)

+
(
C2

C1
− 3

4C1

)
C4 , (B.25)

and the sign of C1 is chosen such that Re (C1) > 0.

We can do the same expansion for the angular part, by expanding

Λθ
N =

J∑
j=0

DjN
−j/2 + O (N)−(J+1)/2

. (B.26)
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From equations (3.98)–(3.100) we can schematically say that

αθ
N = −2N2 + α1N + α0 (B.27)

βθ
N = N2 + β1N + β0 (B.28)

γθ
N = γ1N + γ0 (B.29)

By solving perturbatively in 1/N the relation (3.101), we obtain the following
expression for the coefficients Dj up to J = 4

D0 = 0 (B.30)

D1 = γ1 (B.31)

D2 = γ0 − γ1 (1 + β1 + 2γ1) (B.32)

D3 = γ2
1(α1 − 2) − γ1(1 + β0 + β1)

−D2(β1 + 4γ1 + 2) (B.33)

D4 =α0γ
2
1 + 2D2

2 (β1 + 3γ1 + 2)
γ1

+D2 (β0 + β1 + 2γ1 + 1)

+D3

(
2D2

γ1
− β1 − 4γ1 − 2

)
(B.34)
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Appendix to Chapter 4

C.1 Slowly-rotating metric

f = 1 − 2M
r

+ 24λevℓ
4M2

(
9
r6 − 49M

3r7

)
+ 1152ϵ1ℓ6M3

(
4
r9 − 67M

9r10

)

− λoddℓ
4χ cos θ27(2M − r)

14M2r8

(
704M5 − 80M4r − 32M3r2 − 12M2r3 − 4Mr4 − r5)

− ϵ3ℓ
6χ cos θ3(2M − r)

20M4r11

(
139008M8 − 13312M7r − 5824M6r2 − 2496M5r3

− 1040M4r4 − 416M3r5 − 156M2r6 − 52Mr7 − 13r8)+ O
(
ℓ8, χ2) . (C.1)

N = 1 − 108λevℓ
4M2

r6 − 1792ϵ1ℓ6M
3

r9

+ λoddℓ
4χ

9 cos θ
14M2r7

(
−1152M5 + 80M4r + 32M3r2 + 12M2r3 + 4Mr4 + r5)

+ ϵ3ℓ
6χ

cos θ
20M4r10

(
− 177408M8 + 13312M7r + 5824M6r2 + 2496M5r3

+ 1040M4r4 + 416M3r5 + 156M2r6 + 52Mr7 + 13r8)+ O
(
ℓ8, χ2) , (C.2)

h = M

r
− 20λevℓ

4M3

r7 − 64ϵ1ℓ6M3

11r10 (108r − 121M) − 6912ϵ2ℓ6 M
3

11r9 + O
(
ℓ8, χ

)
.

(C.3)
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C.2 Numerical results

In the tables below we show the Kerr QNM frequencies as well as the shifts
associated to each type of higher-derivative correction obtained from fits to
numerical data. By applying different numerical approaches, we estimate that
the error in the shifts is of the order of 1% − 5% depending on the case, which
is also in line with the comparison of these numbers with those in refs. [50–52]
for non-rotating black holes. Thus, one should probably keep only the first two
significant digits for the δω±break

i coefficients.

l 2 3 4 5

ω+
0 0.37367 − 0.08896i 0.59943 − 0.09270i 0.80917 − 0.09417i 1.01228 − 0.09487i

ω+
1 0.0635 + 0.0012i 0.0678 + 0.00089i 0.0701 + 0.00054i 0.0715 + 0.00036i

δω+
ev,0 −0.137 + 0.161i −0.258 + 0.151i −0.357 + 0.149i −0.452 + 0.148i

δω+
ev,1 0.306 + 0.188i 0.199 + 0.142i 0.178 + 0.103i 0.172 + 0.080i

ω−
0 0.37367 − 0.08896i 0.59944 − 0.09270i 0.80917 − 0.09416i 1.01229 − 0.09487i

ω−
1 0.0630 + 0.0011i 0.0677 + 0.00078i 0.0702 + 0.00048i 0.0715 + 0.00033i

δω−
ev,0 0.244 − 0.130i 0.340 − 0.132i 0.440 − 0.132i 0.540 − 0.133i

δω−
ev,1 −0.144 − 0.286i −0.123 − 0.149i −0.123 − 0.0992i −0.125 − 0.0746i

Table C.1: Best-fit coefficients for the fundamental quasinormal frequencies with
λev corrections. In the upper half of the table we show the results for the Kerr
QNM frequencies and for the corresponding shifts in the case of even-parity
perturbations, and in the lower half we show the results for odd-parity ones.

l 2 3

ω+
0 0.37366 − 0.08893i 0.59944 − 0.09270i

ω+
1 0.0631 + 0.0011i 0.0673 + 0.00067i

δωbreak
odd,0 0.192 − 0.151i 0.304 − 0.144i

δωbreak
odd,1 −0.233 − 0.207i −0.164 − 0.146i

γodd,0 2.21 − 4.97i 0.705 − 3.253i

γodd,1 −0.15 + 0.77i −0.075 + 0.345i

Table C.2: Best-fit coefficients for the fundamental quasinormal frequencies as
well as for the relative normalisation factor γ with λodd corrections.
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l 2 3 4 5

ω+
0 0.37367 − 0.08896i 0.59944 − 0.09270i 0.80918 − 0.09416i 1.01229 − 0.09487i

ω+
1 0.0632 + 0.0012i 0.0677 + 0.00074i 0.0702 + 0.00039i 0.0716 + 0.00022i

δω+
1,0 −0.172 − 0.245i −0.653 − 0.594i −1.45 − 1.07i −2.71 − 1.65i

δω+
1,1 −0.358 − 0.205i −0.608 − 0.205i −0.947 − 0.268i −1.35 − 0.332i

ω−
0 0.37367 − 0.08896i 0.59944 − 0.09270i 0.80917 − 0.09417i 1.01229 − 0.09487i

ω−
1 0.0630 + 0.0013i 0.0676 + 0.00078i 0.0701 + 0.00043i 0.0715 + 0.00026i

δω−
1,0 −0.079 − 0.054i 0.0059 − 0.038i 0.040 − 0.017i 0.057 − 0.0018i

δω−
1,1 −0.096 + 0.171i −0.041 + 0.048i −0.0082 + 0.020i 0.0077 + 0.013i

Table C.3: Best-fit coefficients for the fundamental quasinormal frequencies with
ϵ1 corrections. In the upper half of the table we show the results for the Kerr
QNM frequencies and for the corresponding shifts in the case of even-parity
perturbations, and in the lower half we show the results for odd-parity ones.

l 2 3 4 5

ω+
0 0.37367 − 0.08896i 0.59944 − 0.09270i 0.80918 − 0.09416i 1.01229 − 0.09487i

ω+
1 0.0629 + 0.0010i 0.0674 + 0.00065i 0.0698 + 0.00033i 0.0712 + 0.00019i

δω+
2,0 0 0 0 0

δω+
2,1 −0.040 + 0.205i −0.079 + 0.059i −0.057 + 0.018i −0.041 + 0.0047i

ω−
0 0.37367 − 0.08896i 0.59944 − 0.09270i 0.80917 − 0.09416i 1.01229 − 0.09486i

ω−
1 0.0630 + 0.0012i 0.0677 + 0.00074i 0.0702 + 0.00039i 0.0717 + 0.00021i

δω−
2,0 −0.207 − 0.354i −0.648 − 0.707i −1.45 − 1.16i −2.72 − 1.73i

δω−
2,1 −0.273 − 0.416i −0.586 − 0.313i −0.943 − 0.332i −1.37 − 0.368i

Table C.4: Best-fit coefficients for the fundamental quasinormal frequencies with
ϵ2 corrections. In the upper half of the table we show the results for the Kerr
QNM frequencies and for the corresponding shifts in the case of even-parity
perturbations, and in the lower half we show the results for odd-parity ones.
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l 2 3

ω+
0 0.37368 − 0.08896i 0.59945 − 0.09269i

ω+
1 0.0630 + 0.0010i 0.0676 + 0.00071i

δωbreak
3,0 0.0755 + 0.132i 0.332 − 0.304i

δωbreak
3,1 0.117 + 0.235i 0.255 + 0.130i

γ3,0 2.21 − 4.97i 0.705 − 3.25i

γ3,1 −0.15 + 0.76i −0.035 + 0.336i

Table C.5: Best-fit coefficients for the fundamental quasinormal frequencies as
well as for the relative normalisation factor γ with ϵ3 corrections.
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C.3 Chandrasekhar transformation linear in spin

The Regge-Wheeler and Zerilli equations are isospectral and this can be made
explicit by performing a Darboux transformation, known in this context as
the Chandrasekhar transformation, that relates them [186]. We extend this
transformation here to linear order in spin in order to connect V −GR

lm and V +GR
lm

in (4.30) and (4.34), respectively. Explicitly, we wish to transform

d2Ψ̃+

dx2 − V +GR
lm Ψ̃+ = 0 , (C.4)

into
d2Ψ+

dx2 − V −GR
lm Ψ+ = 0 . (C.5)

For a static black hole this can be done in a canonical way by

Ψ+ = dΨ̃+

dx − f∗Ψ̃+ , (C.6)

with
f∗ = iω∗ + 3M(r − 2M)

r2(µr/2 + 3M) , ω∗ = −iµ(µ/2 + 1)
6M . (C.7)

In order to invert this transformation, note that

V −GR + df∗

dx − f2
∗ = (−ω2 + ω2

∗) , (C.8)
so

Ψ̃+ = 1
(−ω2 + ω2

∗) (dΨ+

dx + f∗Ψ+) . (C.9)

To include spin, a slightly more general type of transformation is needed making
the procedure more arbitrary [186]. Nevertheless, an example that works to
linear order in spin is given by

Ψ+ = (1 +mχβ)dΨ̃+

dx − (f∗ +mχf
(1)
∗ )Ψ̃+ , (C.10)

with

β = M
24M2 + 6(l + 2)(l − 1)Mr + l(−2 − l + 2l2 + l3)r2

l(l + 1)r3(6M + (l + 2)(l − 1)r)ω , (C.11)

f
(1)
∗ = −

(
− 864M5 − 216(−4 + l + l2)rM4 − l(1 + l)(l + 2)3(l − 1)3r7ω2

+ 36(l + 2)(l − 1)M3r2(−3 + 2r2ω2)(l + 1)(l + 2)2(l − 1)2Mr4(1 + 4r2ω2)

− 6(l + 2)(l − 1)M2r3(2l3 + l4 + 6r2ω2 − 2l(1 + 3r2ω2) − l2(1 + 6r2ω2))
)

/
(
3l(1 + l)r5(6 + (l + 2)(l − 1)r)2ω

)
. (C.12)
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C.4 QM-like perturbation theory

We will define a symmetric bilinear form with respect to which the zeroth order
wave equations are self-adjoint in the following sense

⟨g|H0f⟩ = ⟨H0g|f⟩ . (C.13)

Up to boundary terms, this would hold for

⟨g|ψ⟩ =
∫

C

dr∗ g(r)ψ(r) =
∫

C

dr (1 + 2M
r − r+

)g(r)ψ(r) . (C.14)

This needs to be made well-defined on functions satisfying the QNM boundary
conditions ∼ e−iωr∗ as r → rH and ∼ eiωr∗ as r → ∞ . In particular, given that
the imaginary part of ω is negative, this means they diverge for both r∗ → ±∞
which prohibits the otherwise natural choice r ∈]r+,∞[. Instead, one can take
the contour C from r → r+ + ϵ + i∞ down around the branchcut at rh and
back up along r → r+ − ϵ+ i∞ [63, 86]. Given two coupled equations, we can
instead choose

⟨g|ψ⟩ =
∫

C

dr (1 + 2M
r − r+

)
(
g+(r) g−(r)

)(ψ+(r)
ψ−(r)

)

=
∫

C

dr (1 + 2M
r − r+

)(g+(r)ψ+(r) + g−(r)ψ−(r)) , (C.15)

with respect to which the zeroth order uncoupled H0 clearly satisfies (C.13).
Now consider(

d2

dr2
∗

− (ω2 − V +GR − δV +) δU+ + δW+ d
dr∗

δU− + δW− d
dr∗

d2

dr2
∗

− (ω2 − V −GR − δV −)

)(
Ψ+(r)
Ψ−(r)

)
≡ (H0 + δH+ + δH− + δHbreak) |ψ⟩ = 0 . (C.16)

Expand both |ψ⟩ =
∣∣ψ(0)〉+

∣∣ψ(1)〉 and ω = ω(0) + ω(1)as a zeroth order piece
and a small correction

H0

∣∣∣ψ(0)
〉

= 0 ,
∣∣∣ψ(0)

〉
= c+ |+⟩ + c− |−⟩ , (C.17)

with
|+⟩ =

(
Ψ+GR(r)

0

)
, |−⟩ =

(
0

Ψ−GR(r)

)
. (C.18)

The first order equation is given by

H0

∣∣∣ψ(1)
〉

− 2ω(0)ω(1)
∣∣∣ψ(0)

〉
+ (δH+ + δH− + δHbreak)

∣∣∣ψ(0)
〉

= 0 , (C.19)
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which, when acted on by respectively ⟨+|, ⟨−| implies

−2ω(0)ω(1)c+ ⟨+|+⟩ + c+ ⟨+|δH++⟩ + c− ⟨+|δHbreak−⟩ = 0 ,

−2ω(0)ω(1)c− ⟨−|−⟩ + c− ⟨−|δH−−⟩ + c+ ⟨−|δHbreak+⟩ = 0 . (C.20)

In order for this system to have a nontrivial solution, the following must hold∣∣∣∣∣
⟨+|δH++⟩
2ω(0)⟨+|+⟩ − ω(1) ⟨+|δHbreak−⟩

2ω(0)⟨+|+⟩
⟨−|δHbreak+⟩

2ω(0)⟨−|−⟩
⟨−|δH−−⟩
2ω(0)⟨−|−⟩ − ω(1)

∣∣∣∣∣ = 0 . (C.21)

From the individual corrections we identify

δω+ = ⟨+|δH++⟩
2ω(0) ⟨+|+⟩

, δω− = ⟨−|δH−−⟩
2ω(0) ⟨−|−⟩

, (C.22)

(δωbreak)2 = ⟨−|δHbreak+⟩
2ω(0) ⟨−|−⟩

⟨+|δHbreak−⟩
2ω(0) ⟨+|+⟩

. (C.23)

To conclude, we find (4.44)

(δω+ − ω(1))(δω− − ω(1)) − (δωbreak)2 = 0 . (C.24)

In deriving this results, we have assumed the frequency dependence in H0 comes
only from ω2. This is incorrect when including spin to linear order. However,
this is easily corrected by simply replacing 2ω(0) by (∂(ω2−V ±GR)

∂ω )ω=ω(0) in
the normalisations of (C.23). The associated eigenvectors can similarly be
determined and, using

(γbreak)2 = ⟨−|δHbreak+⟩
⟨+|δHbreak−⟩

(C.25)

they are found to lead to (4.46)

γ±
total = γbreak δω

± − δω+

δωbreak . (C.26)

when we write the eigenstate as

c+ |+⟩ + c− |−⟩ ∝ γ±
total |+⟩ + |−⟩ , (C.27)

which corresponds to the definition if asymptotically Ψ(+)GR ∼ Ψ(−)GR.
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C.5 Solving the coupled equations using uncoupled
equations

Consider the following set of coupled differential equations

d2Ψ−

dx2 − V −Ψ− + λ(C−+Ψ+ +D−+
dΨ+

dx ) = 0 , (C.28)

d2Ψ+

dx2 − V −Ψ+ + λ(C+−Ψ− +D+−
dΨ−

dx ) = 0 , (C.29)

with λ a small parameter. Note the appearance of V − in the second equation: we
can be bring the equations (4.35)-(4.36) into this form using the transformation
described in Appendix C.3 (we are including the term ω2 in V − to shorten
the formulas). Suppose we can independently consider the symmetric and
antisymmetric parts of the perturbation, this is

d2Ψ−

dx2 − V −Ψ− + λs(C̄Ψ+ + D̄
dΨ+

dx ) + λa(δCΨ+ + δD
dΨ+

dx ) = 0 , (C.30)

d2Ψ+

dx2 − V −Ψ+ + λs(C̄Ψ− + D̄
dΨ−

dx ) − λa(δCΨ− + δD
dΨ−

dx ) = 0 , (C.31)

where for any quantity X we are defining

X̄ = 1
2(X−+ +X+−) , δX = 1

2(X−+ −X+−) . (C.32)

Here λs and λa are bookkeeping parameters, and we will eventually set them
to 1, hence recovering the original equation. Now we can study the effect of
each term in these equations. The λs coupled equations can be separated by
Ψs = Ψ− ± Ψ+ into an equation of the type

d2Ψs

dx2 − V −Ψs ± λs(C̄Ψs + D̄
dΨs

dx ) = 0 . (C.33)

On the other hand, the antisymmetric part can be separated by Ψa = Ψ− ± iΨ+

into an equation of the type

d2Ψa

dx2 − V −Ψa ∓ iλa(δCΨa + δD
dΨa

dx ) . (C.34)

Keeping both, one can observe that diagonalizing either the symmetric or the
antisymmetric part always makes the other completely off-diagonal and it is
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therefore generically not possible to diagnolise both at the same time. One
possible resolution to nevertheless consider both together, as is the original
problem, is to define projections onto the leading radial wavefunctions and to
use standard perturbation theory from quantum mechanics [51]. However, this
is somewhat subtle as the QNMs are not square integrable [86] – see Appendix
C.4. We will not take this approach but simply use it to argue for the form of
the final equation in terms of solutions to (C.33) and (C.34). In particular, we
can write (C.30) and (C.31) suggestively as

(H0 + λH ′) ≡ (H0 + λHs + λHa) |Ψ⟩ . (C.35)

We know from degenerate perturbation theory, as a special case of (4.44), that
the correction due to an off-diagonal H ′ is given by

ω1 = ±
√

⟨Ψ− |H ′| Ψ+⟩ ⟨Ψ+ |H ′| Ψ−⟩ = ±
√
ω2

s + ω2
a , (C.36)

where in the second equality we wrote it in terms of the results from Hs and
Ha separately. The value of ωs can now be determined by the first order
correction in (C.33), ω ≈ ω0 + λsωs, whilst ωa is similarly found from (C.34)
and ω ≈ ω0 + λaωa. The cross-terms had to cancel due to the symmetry under
exchange Ψ+ ↔ Ψ−.

To find the normalisation coefficient, we can similarly use an analysis analogous
to the one leading up to (4.46) to conclude that

(γbreak)2 = ⟨Ψ− |H ′| Ψ+⟩
⟨Ψ+ |H ′| Ψ−⟩

=
1 + ( ωa

ωs
)2

(1 − iωa

ωs
)2 . (C.37)

This again assumes asymptotically Ψ(+)GR ∼ Ψ(−)GR. However, to compare
with the results from the main text we actually need to translate to the original
master variables Ψ̃(+)GR, Ψ̃(−)GR. Asymptotically, we can read of from the
transformation (C.10)

Ψ̃(+)GR

Ψ̃(−)GR
= 1
i(ωGR − ω∗)

Ψ(+)GR

Ψ(−)GR , (C.38)

so finally, for the original master variables

(γbreak) = ± 1
i(ωGR − ω∗)

√
1 + ( ωa

ωs
)2

(1 − iωa

ωs
)2 . (C.39)
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Appendix to Chapter 5

D.1 Starobinsky-Teukolsky identities

The Starobinsky-Teukolsky (ST) identities provide a relation between the
Teukolsky equations of spins ±s [36, 119, 120] — see also [121] for a modern
view on these identities.

Let us start by reviewing the ST identities for the angular functions1 Ss(x).
Given two spin-weighted harmonic functions S+2 and S−2 that satisfy the
equation (5.45) and that are normalised according to

2π
∫ 1

−1
dxSs(x)2 = 1 , (D.1)

these are related by
S−2 = 1

D2
L−1L0L1L2S+2 ,

S+2 = 1
D2

L†
−1L

†
0L

†
1L

†
2S−2 ,

(D.2)

where Ln and L†
n are the operators

Ln = m+ nx√
1 − x2

− aω
√

1 − x2 −
√

1 − x2 ∂

∂x
,

L†
n = −m+ nx√

1 − x2
+ aω

√
1 − x2 −

√
1 − x2 ∂

∂x
.

(D.3)

1 In this section we omit the lm labels for the sake of clarity.
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The constant D2 is in fact the same in the two identities on account of the
normalisation of the functions, and it is given by

D2 =
[ (

8 + 6Blm +B2
lm

)2 − 8
(
−8 +B2

lm(4 +Blm)
)
mγ + 4

(
8 − 2Blm −B2

lm +B3
lm

+2(−2 +Blm)(4 + 3Blm)m2) γ2 − 8m
(
8 − 12Blm + 3B2

lm + 4(−2 +Blm)m2) γ3

+ 2
(
42 − 22Blm + 3B2

lm + 8(−11 + 3Blm)m2 + 8m4) γ4

− 8m
(
3Blm + 4

(
−4 +m2)) γ5 + 4

(
−7 +Blm + 6m2) γ6 − 8mγ7 + γ8

]1/2
,

(D.4)
where γ = aω.

Consider now the radial ST identities. Suppose that we have two variables R±2
satisfying the corresponding radial Teukolsky equations (without corrections)

D2
+2R+2 = 0 , D2

−2R−2 = 0 . (D.5)

Then, let us define two auxiliary variables as follows

R̃−2 = ∆2 (D0)4 (∆2R+2
)
,

R̃+2 =
(

D†
0

)4
R−2 ,

(D.6)

where D0 and D†
0 are the operators

D0 = ∂r +
i
(
ω(r2 + a2) −ma

)
∆ ,

D†
0 = ∂r −

i
(
ω(r2 + a2) −ma

)
∆ .

(D.7)

Then, it follows by direct computation that the variables R̃±2 also satisfy the
corresponding Teukolsky equation D2

±2R̃±2 = 0. Furthermore, when studying
black-hole perturbations, we are interested in solutions that satisfy outgoing
boundary conditions at infinity and at the black-hole horizon. The map (D.6)
preserves these conditions, meaning that if the original variables R±2 satisfy
them, so do the transformed variables R̃±2. Due to the unicity of solutions of a
second order ODE with fixed boundary conditions, it follows that, in fact, the
transformed variables must be proportional to the original ones, R̃±2 ∝ R±2.
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Therefore, there must exist two constants C±2 such that

R−2 = C+2∆2 (D0)4 (∆2R+2
)
,

R+2 = C−2

(
D†

0

)4
R−2 ,

(D.8)

The two constants are not independent due to the identity obtained by applying
the map twice,

R−2 = C+2C−2∆2 (D0)4
(

∆2
(

D†
0

)4
R−2

)
. (D.9)

This allows one to conclude that

C+2C−2 = 1
K2 , (D.10)

where the constant K2 reads

K2 = D2
2 + 144M2ω2 . (D.11)
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Appendix to Chapter 6

E.1 Ambiguity of the potential modifications

Here we list the explicit form of the coefficients of equation (6.18) when one
transforms the radial Teukolsky function as (6.14). These values hold for s = −2:

A
(−3)
j = a6

2 j(j + 1)(j + 2) , A
(−2)
j = −3a4

2 j(j + 1)2 , (E.1)

A
(−1)
j = a4

2 j
[
3j(j + 1) − 4B + 4m2 − 8iω + 10

]
+ 4ia3jm+ 3

2a
2j
(
j2 + j − 1

)
,

(E.2)

A
(0)
j = a3(2j − 1) [aω(ω − 4i) − 2m(ω + 2i)] − 4iajm− 1

2j
(
j2 − 4

)
− a2 [3j3 − j

(
4B − 2m2 + 4iω − 1

)
+B + 2

]
, (E.3)

A
(1)
j = 2a4(j − 1)ω2 + 1

2a
2
[
3j2(j − 1) + 4B + 2ω(ω − 16i) + 8

+ j
(
−8B + 4m2 − 4ω(ω − 8i) + 2

) ]
+ 2am [2j(ω + 3i) − ω − 2i]

+ 1
2j [3(j − 1)j − 4B − 11] +B + 2 , (E.4)
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A
(2)
j = a2ω [ω − 16i(j − 1)] − 2a(2j − 1)m(ω + 2i)

+ 1
2j(−3(j − 2)j + 8B − 24iω + 13) − 3(B − 4iω + 2) , (E.5)

A
(3)
j = 2a2(2j − 3)ω2 + 1

2(j − 1) [(j − 2)j − 4(B + 2)] + 4i(5j − 6)ω , (E.6)

A
(4)
j = 2ω [2(ω + 3i) − j(ω + 4i)] , A

(5)
j = 2(j − 2)ω2 . (E.7)

E.2 Derivation of the boundary conditions

The correct implementation of the continued fraction method requires that the
ansatz that one assumes properly encodes the behavior of the solution close to
the singular points of the equation. We will now show how such ansätze are
properly derived in the beyond-Teukolsky case.

Following the discussion in [94], it is convenient to introduce the new master
field

Y (r) = ∆ s
2
(
r2 + a2) 1

2 R(r) , (E.8)
and the tortoise coordinate r∗ defined by

dr∗

dr = r2 + a2

∆ , (E.9)

Note that this tortoise coordinate has the asymptotic behavior

r∗
r→∞−−−→ r ,

r∗
r→r+−−−−→ r+

β
ln(r − r+) .

(E.10)

This choice allows to rewrite the modified Teukolsky equation in a form in which
the first derivative of the master variable does not appear. For r → ∞ it reads

d2

dr2
∗
Y+

[(
ω2 + α̃(2)

r4
+

)
+

+
(

2isω + α̃(1)

r3
+

− α̃(2)

r4
+

)
r−1
]
Y = 0 .

(E.11)

According with the boundary conditions for quasi-normal modes, we choose
the solution that is purely outgoing, which reads Y ∼ rp−seqr∗ , where the
parameter p and q are the ones introduced in Eq. (6.21) and (6.22).
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On the other hand, as r → r+, the modified Teukolsky equation reads

d2

dr2
∗
Y + r−2

+

[(
K+ − is

β

2

)2
+

4∑
k=−K

α(k)

]
Y = 0 , (E.12)

where K+ = r+ω− am = βσGR. In this case, we want the solution to be purely
ingoing, so we have

Y ∼ exp


− ir∗

r+

√√√√(K+ − is
β

2

)2
+

4∑
k=−K

α(k)


∼ (r − r+)−iσ− s

2 ,

(E.13)

where σ is defined in Eq. (6.20). Considering the factor relating the master
fields Y and R, we obtain

R
r→∞−−−→ eiqrrp−2s−1 ,

R
r→r+−−−−→ (r − r+)−iσ−s .

(E.14)

One can then easily verify that the ansatz of Eq. (3.85), with the generalised
definitions of σ, p and q, correctly encodes the behavior of the solution R(r) at
the boundaries.

E.3 Splitting of the potential

In this section of the appendix we show how to transform the potential (6.8)
into the potential (6.19). We start by splitting equation (6.8) into

δV (r) = 1
∆

4∑
k=−K

α(k)
(
r

r+

)k

= 1
∆

4∑
k=0

α(k)
(
r

r+

)k

+ 1
∆

K∑
k=1

α(−k)
(r+

r

)k

(E.15)

For k ≥ 1, the first generic term in k of the sum can be rewritten as

α(k)

∆

(
r

r+

)k

= α(k)

∆

(
rk − rk

+
rk

+
+ 1
)

= α(k)

 1
∆ + 1

r+(r − r−)

k−1∑
j=0

(
r

r+

)j
 (E.16)
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For k ≥ 2 we can further simplify this term as

α(k)

∆

(
r

r+

)k

= α(k)

 1
∆ + 1

r+(r − r−)

k−1∑
j=0

rj − rj
− + rj

−

rj
+



= α(k)

 1
∆ + 1

r+(r − r−)

k−1∑
j=0

(
r−

r+

)j

+ 1
r−r+

k−1∑
j=1

(
r−

r+

)j j−1∑
n=0

(
r

r−

)n


= α(k)

 1
∆ + 1

r+(r − r−)

k−1∑
j=0

(
r−

r+

)j

+ 1
r2

+

k−2∑
j=0

(
r

r−

)j k−2∑
n=j

(
r−

r+

)n


(E.17)

where we obtained the last line by expanding the series and collecting the terms
in r to the same power. Summing over all the non-negative values of k yields

1
δ

4∑
k=0

α(k)
(
r

r+

)k

= 1
δ

4∑
k=0

α(k) + 1
r+(r − r−)

4∑
k=1

α(k)
k−1∑
j=0

(
r−

r+

)j

+ 1
r2

+

2∑
k=0

(
r

r+

)k 2∑
j=k

α(j+2)
j∑

n=0

(
r−

r+

)n

(E.18)

Now, we can perform a mapping between the coefficients α(k) of equation (6.8)
and the coefficients A(0), A(1) and α̃(k) introduced in equations (6.19). From a
direct comparison we have

A(0) =
4∑

k=0
α(k) (E.19)

A(1) =
4∑

k=1
α(k)

k−1∑
j=0

(
r−

r+

)j

(E.20)

α̃(k) =
2∑

j=k

α(j+2)
j∑

n=0

(
r−

r+

)n

(E.21)
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E.4 Diagonal quadratic coefficients

We show here how to compute the quadratic diagonal coefficients, defined from
the next-to-leading-order expansion

ω ≃ ω0 +
∑

k

d(k)
ω α(k) + 1

2e
(k)
ω α(k)2

,

B ≃ B0 +
∑

k

d
(k)
B α(k) + 1

2e
(k)
B α(k)2

.

(E.22)

By extending the Taylor expansion (6.11) to the second order in α, we obtain

Lj |GR + α
dLj

dα

∣∣∣∣
GR

+ α2

2
d2Lj

dα2

∣∣∣∣
GR

+ O
(
α3) = 0 . (E.23)

By expanding with the chain rule the total derivative d2Lj/dα2|GR, one can
read off the quadratic coefficients as

eω =
(
∂Lr

∂B

∂Lθ

∂ω
− ∂Lr

∂ω

∂Lθ

∂B

)−1
[
∂2Lr

∂α2
∂Lθ

∂B
+ 2dω

∂2Lr

∂α∂ω

∂Lθ

∂B
+ 2dB

∂2Lr

∂α∂B

∂Lθ

∂B

− d2
ω

(
∂2Lθ

∂ω2
∂Lr

∂B
− ∂2Lr

∂ω2
∂Lθ

∂B

)
− d2

B

(
∂2Lθ

∂B2
∂Lr

∂B
− ∂2Lr

∂B2
∂Lθ

∂B

)

+ 2dω dB

(
∂2Lr

∂ω∂B

∂Lθ

∂B
− ∂2Lθ

∂ω∂B

∂Lr

∂B

)]
,

eB = −
(
∂Lr

∂B

∂Lθ

∂ω
− ∂Lr

∂ω

∂Lθ

∂B

)−1
[
∂2Lr

∂α2
∂Lθ

∂ω
+ 2dω

∂2Lr

∂α∂ω

∂Lθ

∂ω
+ 2dB

∂2Lr

∂α∂B

∂Lθ

∂ω

− d2
ω

(
∂2Lr

∂ω2
∂Lθ

∂ω
− ∂2Lθ

∂ω2
∂Lr

∂ω

)
− d2

B

(
∂2Lr

∂B2
∂Lθ

∂ω
− ∂2Lθ

∂B2
∂Lr

∂ω

)

+ 2dω dB

(
∂2Lr

∂ω∂B

∂Lθ

∂ω
− ∂2Lθ

∂ω∂B

∂Lr

∂ω

)]
,

(E.24)
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F.1 Excluded regions for quartic corrections

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

χ

−1.0

−0.5

0.0

0.5

1.0

α

Excluded regions for quartic 1 corrections

Im(ω220) = 0.0

Im(ω221) = 0.0

GR null-reference

Im(ω220) = −0.1

Im(ω221) = −0.1

Im(ω) < 0.0

Im(ω) < −0.1

Figure F.1: Regions where (2, 2, 0) and (2, 2, 1) modes appear to grow
exponentially Im[ω] < 0 (dotted lines) for quartic 1 corrections, and grow
faster than Im[ω] < −0.1 (solid lines).
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Figure F.2: Regions where (2, 2, 0) and (2, 2, 1) modes appear to grow
exponentially Im[ω] < 0 (dotted lines) for quartic 2 corrections, and grow
faster than Im[ω] < −0.1 (solid lines).
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