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X-ray computed tomography (CT) reveals the materials’ internal structures non-destructively
from a tilt series of projected images. Filtered back projection (FBP) is a widely-adopted
reconstruction algorithm in CT owing to its small computational cost. Under low-dose or
sparse-view conditions, however, FBP often amplifies noise, severely degrading the recon-
structed images. In this study, we evaluated the performance of a Bayesian CT reconstruction
algorithm based on the Markov random field model under such adverse conditions. Through
simulations, we demonstrated that the proposed algorithm shows higher reconstruction per-
formance than FBP under both low-dose and sparse-view conditions. The hyperparameters
are estimated by minimizing the Bayesian free energy, enabling adaptive reconstruction that
reflects the noise characteristics of the observed projected image. These results suggest that
the proposed algorithm can broaden the applicability of CT to dose-sensitive applications and

time-constrained measurements, where only limited observed projected images are available.

1. Introduction

X-ray computed tomography (CT) is an imaging technique that visualizes the internal
structures of materials non-destructively from a tilt series of projected images. Owing to its
non-destructive nature, X-ray CT is widely used for various applications, including medical

diagnosis, materials characterization, and industrial inspection."? In practical applications,
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however, the number of projections or the exposure time is often limited to reduce radiation
damage, particularly for beam-sensitive materials. Under such low-dose or sparse-view con-
ditions, image reconstruction becomes challenging.*# For image reconstruction in X-ray CT,
filtered back projection (FBP), which reconstructs an image by filtering in the frequency do-
main followed by back projection, has been widely adopted due to its low computational
cost and straightforward implementation"*> (for details, see Appendix). However, since
FBP enhances high-frequency components during reconstruction, it amplifies noise in the
observed projected image, leading to the severe degradation of reconstruction performance
under these constrained conditions.>® Although various frequency filters, such as Ramp,%
Shepp-Logan,” and Hamming® filters, have been proposed to mitigate this issue, their per-
formance strongly depends on experimental conditions and noise characteristics, making it
difficult to guarantee reconstruction performance theoretically.

Under low-dose or sparse-view conditions, it is insufficient to rely solely on the observed
projected image, and the prior knowledge about the underlying structures should be incor-
porated for high-performance reconstruction. One effective approach is to utilize Bayesian
framework, which allows us to introduce an image-generation model as a prior distribution
that captures the underlying structures and to integrate it with the observation process.”!?
Among various prior distributions, the Markov random field (MRF) prior, which captures the
underlying smooth structure by introducing the spatial correlation between the neighboring
pixels, has been widely used for image reconstruction.!"” Furthermore, when the observation
noise is assumed to follow the Gaussian distribution and the MRF prior is introduced, the
posterior distribution and the free energy can be evaluated analytically, which enables fast
image reconstruction. Within this framework, a series of studies by Nakanishi and others
established a method for hyperparameter estimation based on free-energy analysis.!?'¥ Re-
cently, Kusumi et al. applied the Bayesian inference based on the MRF model to scanning
transmission electron microscopy (STEM) image reconstruction, analytically derived the re-
constructed images, and demonstrated its effectiveness through real-time reconstruction.'> 19

In X-ray CT, Shouno and Okada proposed the Bayesian reconstruction algorithm based
on the MRF model, and they demonstrated its high robustness against noise, which had been
a major limitation of the FBP method.'” However, previous studies on CT image reconstruc-
tion have mainly focused on the effects of added noise intensity, while comparisons with
frequency filters used in FBP and evaluations under reduced projection conditions remain
limited. In this study, we integrate the Bayesian CT reconstruction framework of Shouno

and Okada with the hyperparameter estimation method based on the free-energy analysis
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developed by Nakanishi e al., and extend to CT reconstruction the analytical estimation
framework demonstrated by Kusumi et al. This enables a CT image reconstruction method
that maintains high reconstruction performance not only against noise but also under sparse-
projection conditions. Furthermore, through qualitative and quantitative comparisons with
FBP using Ramp, Shepp-Logan, and Hamming filters, we demonstrate that the proposed al-
gorithm achieves superior reconstruction performance over a range of noise intensities and

projection numbers.

2. Theory

In this section, we formulate a CT reconstruction algorithm based on the MRF model. The
formulation follows the previous study on Bayesian CT reconstruction, where the Gaussian
noise is adopted as the noise model and the MRF model is introduced as the prior distribu-
tion.!” Here, we denote the ground truth by &(x,y) and the reconstructed image by f(x,y),
respectively.

The geometry adopted in this study is illustrated in Fig. 1. For each view angle 6, the
detector coordinate s is defined along an axis rotated by 6 with respect to the fixed (x, y) coor-
dinates, and 7 denotes the coordinate along the direction orthogonal to s. The fixed coordinates

(x,y) are related to the rotated coordinates (s, ¢) as

X = scosf —tsinb,
(D

y=ssinf+tcosé.
The projection 7(s, ) is obtained by integrating £(x, y) along the direction 7 at fixed s and 6.
For each 6, the noiseless Radon transform!'® is defined as the line integral of £(x, y) along
the direction ¢ at fixed s. Assuming additive white Gaussian noise, the observed projected

image 7(s, #) is modeled as
7(s,0) = fdtf(s cos@—tsin@, ssind + tcosd) + N(s, 6), 2)

where N(s, ) follows a Gaussian distribution with the mean of 0 and the precision of y.

Accordingly, the likelihood of the observed projected image in Fourier space is given by

p(t| f,y) «<exp (—4ﬂ27fd9fd§ 2). 3

Here, 754 and f; 4 denote the Fourier-space representations of 7(s, 6) and f(x, y), respectively.

%5,6 - fE,H

In this study, we introduce a prior distribution which incorporates the assumption that the

ground truth is smooth and does not contain extreme values. The prior distribution is given
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Fig. 1. Schematic diagram of the Radon transform used in this study. The object &(x, y) is integrated along

lines parallel to 7 to obtain the projection 7(s, 8) on the detector axis s, which forms an angle 6 with the x axis.

by

P(f) o exp [—ﬁ f f dxdy [Vf(x, )P - 4rh f f dxdy If(x,y)lz]. 4

The first term in the exponential function imposes the smoothness between neighboring pix-
els, the second term corresponds to amplitude suppression (L2 regularization), and g and &
are hyperparameters. In the polar representation in the Fourier space, the prior distribution is

given by

p(f | B, h) o< exp (—47r2 f de f ds (85° + h) 151 | frs 2). (5)
By Bayes’ theorem, the posterior distribution of the ground truth is given by

p | f,y)p(f 1B, h)
9 b ,h = . 6
p(fl7,y.8,h) oy B (6)

Thus, the posterior distribution in the Fourier space is given by

p(f | T,v.B,h) e exp [—4”2 fd@de Y |Fs0 — fro ‘4 B5* + W3] |fro 2)]
(7N
oceXp[ —An? fd@fds( fyg ng +)/(1—F)|TY9| )]
where
F; = (B3 + h)I3| + . )
We reconstruct the ground truth by maximum a posteriori (MAP) estimation:
f = argmax p(f | 7., 8. . )
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This optimization can be solved analytically, and the optimal reconstructed image in Fourier

space is given by

ngm. (10)

Equation (10) shows that the proposed algorithm can be interpreted as frequency-domain
filtering of the observed projection data, where the factor y/F; plays the role of a reconstruc-
tion filter. As shown in Eq. (8), since F; (= (83% + h)|3| + y) depends on the hyperparame-
ters 3, h, and vy, the filter shape is adaptively determined from the observed projected image
through hyperparameter estimation. To compute Eq. (10), however, the hyperparameters v,
B, and h need to be tuned in advance. In this study, we optimize these hyperparameters by
maximizing the marginal likelihood (maximum likelihood estimation).'” By the definition of

conditional probability, the likelihood of the hyperparameters p(t | y,, h) is given by
pelyvp) = [ ptfir iyl

p(f.7.y.B8.h)
11
f U= pm (1

- f df p(r | f9p(f | B,

Since the above formulation is defined in continuous Fourier space, we discretize the integrals
into finite sums over sampled frequency points to enable analytical evaluation and numerical

implementation. Specifically, the Fourier space is discretized into Ny points in the angular

direction and Nj; points in the radial-frequency direction, with sampling intervals Ay and Agj,
respectively. Therefore, p(T | v, 8, h) is expressed as follows:
AN NI s
~ 3 2 R0
p(T|v,B,h) « fdfexp[—47r N Z Z (Fg

g
+y(1 - —|I7%
S 120 =0 F? | kl|

= H L ex _47-[2% 1 — l |7-~ |2
. V andoAF; P N, T (12)

8mAgA 0% AVIAYS Y. 2
o l;l Nj y(l - E) exp (—4%2—;:]S y(l - E)|Tkl| )

For numerical stability, we define the negative log-likelihood, i.e., the Bayesian free energy,

Y -
L5
Jii F, &

F(y,B,h| T), and optimize the hyperparameters by minimizing it:

%,B, h = argmin F(y,B, h | %), (13)
v.B:h
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where
F(y,B,h|7T) = —log p(7 | v,B,h)

1 8TAgA 0% 82 ApA, 0%
Y -—(1

=3 4 (log N, - E) |%,;,,|2) + const.

(14)

3. Results

To verify the effectiveness of the proposed algorithm, we compared its reconstruction
performance with FBP reconstruction. In the numerical experiments, we used two types of
ground-truth images: an image generated from the MRF model corresponding to the first
term of Eq. (4) and a Shepp—Logan phantom image."” We selected these two images to eval-
uate the proposed algorithm under both model-matched and more general conditions. The
MRF-based image serves as a reference case in which the ground-truth image is statistically
consistent with the assumed prior, whereas the Shepp—Logan phantom serves as a more gen-
eral ground-truth image containing sharp edges. By varying the noise intensity added to the
observed projected images and the number of projections, we evaluated the noise robustness
of each algorithm and its stability under limited-projection conditions. Figure 2 shows the
ground-truth images used in the experiments, and Fig. 3 illustrates the reconstruction work-
flows for FBP and the proposed algorithm.

In all experiments, the image size and acquisition setting were fixed as follows: N, = Ny, =
N, = 2048, and the projection angles were uniformly sampled over 180° with Ny = 1800 for
the full-projection setting, corresponding to an angular interval of 0.1°. The hyperparame-
ters (y,p, h) in the proposed algorithm were estimated by a grid search of the free energy
F(y,B,h | T). Specifically, the search region in the (y,f, h) space was first divided into a
coarse grid, the free energy was evaluated at each grid point, and the neighborhood yielding
the minimum was further subdivided into a finer grid. By repeating this coarse-to-fine search,
the optimal hyperparameters were determined efficiently.!” In the proposed algorithm, the
MAP estimate [Eq. (10)] is obtained analytically in Fourier space, and the reconstructed im-
age is computed by frequency-domain filtering of the observed projected image followed by
back projection. This computational structure is equivalent to that of FBP, and because the
free energy can also be evaluated analytically, the additional cost for hyperparameter esti-
mation is limited to the number of free-energy evaluations required in the grid search. For
comparison, we used three frequency filters in FBP: Ramp, Shepp-Logan, and Hamming.

In this study, we focused on evaluating the noise-suppression effect of the proposed al-

gorithm and set the experimental conditions as follows. Changes in the noise intensity corre-
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spond to low-dose conditions, whereas a reduction in the number of projections corresponds
to sparse-projection conditions. In particular, in the experiments on projection reduction, we
aimed to evaluate how effectively the proposed algorithm suppresses noise when the number
of projections is reduced under noisy conditions caused by low dose. Specifically, for the eval-
uation of noise intensity, we considered the range o poise = 1.0, 2.0, 4.0. For the projection-
reduction experiments, we fixed o poise = 2.0, for which the influence of noise is pronounced
in FBP, and gradually reduced the number of projections as Ny = 1800, 900, 450. When the
number of projections is reduced substantially, streak artifacts caused by insufficient angular
information are expected to appear. Because such streak artifacts arise from a mechanism
different from noise amplification during reconstruction, in this study we focused on a range

of conditions in which the noise-suppression effect can be evaluated clearly.

Fig. 2. Ground-truth images used in the numerical experiments. (a) Image generated from the MRF model

corresponding to the first term of Eq. (4). (b) Shepp—Logan phantom."?

3.1 Reconstruction of the synthetic image generated by MRF model
3.1.1 Reconstruction performance under various noise intensity

We first evaluate the reconstruction performance by varying the noise intensity with a
fixed number of projections (Ny = 1800). Figure 4(a) shows the reconstructed images by
the FBP and the proposed algorithm, together with magnified views of the regions indicated
by the boxes. The full reconstructed images show that every FBP reconstruction degrades as
O noise INCreases. In particular, at the high-noise condition (07,0i5c = 4.0), granular noise appears
throughout the field in each FBP reconstruction, as clearly observed in the magnified views.
Figure 4(b) shows error images, defined as the reconstructed image minus the ground truth,
for each noise intensity, together with magnified views of the regions indicated by the boxes.

Since the MRF-based image contains no pronounced edge structure, these error images di-
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Fig. 3. (Color online) Reconstruction procedures in the numerical experiments. (a) FBP: from the observed
projected image 7(s, 8), frequency-domain filters (Ramp, Shepp—Logan, and Hamming) are applied, and the
image is reconstructed by back projection. (b) Proposed algorithm: the hyperparameters (y, 3, h) are estimated
by minimizing the Bayesian free energy F(y,B3,h | T) via grid search; the MAP estimate in Eq. (10) is then

evaluated in the frequency domain, followed by back projection.

rectly visualize the noise-induced fluctuations in each reconstruction. As o pise increases, the
FBP reconstructions exhibit increasingly pronounced spatial error fluctuations. In particular,
at ohoise = 4.0, large granular errors spread throughout the field for all three FBP filters.
The magnified views show that these fluctuations are amplified in the FBP reconstructions as
O noise 1INCreases, whereas the proposed algorithm maintains smaller error amplitudes. These
observations demonstrate the robustness of the proposed algorithm against noise.

To quantify the reconstruction performance, we use the peak signal-to-noise ratio
(PSNR). Let MSE denote the mean squared error between the reconstructed image and the

ground truth. PSNR is defined as
2

I
PSNR = 10logy . (15)
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where I,,x 1s the maximum possible pixel value. For each o, the proposed algorithm
achieves higher PSNR than any of the FBP-based reconstructions compared in Fig. 4(a).
Moreover, the rate of PSNR degradation as the noise level increases differs markedly across
the methods. Figure 4(c) shows the FBP-based filters exhibit a pronounced decrease in PSNR
as the noise level increases. Although the Hamming filter mitigates PSNR degradation to
some extent in the high-noise regime, the improvement remains limited compared with the
proposed algorithm. Thus, the proposed algorithm maintains high reconstruction performance

over the entire range of noise intensities examined here.

3.1.2 Reconstruction performance under limited number of projections

Next, we evaluate the reconstruction performance by reducing the number of projections
with the fixed noise intensity (0 pise = 2.0). Figure 5(a) shows the reconstructed images and
the magnified views of the regions indicated by the boxes. The full reconstructed images
show that the reconstruction performance of the FBP-based reconstructions degrades as the
number of projections decreases. Although Gaussian noise with identical variance is added
to each projection, reducing the number of projections lowers the angular sampling density,
making the reconstruction more sensitive to noise. The magnified views show that fluctuations
become more pronounced in the FBP reconstructions as N, decreases, whereas the proposed
algorithm remains more stable.

Figure 5(b) shows error images, defined as the reconstructed image minus the ground
truth, for each projection condition, together with magnified views of the regions indicated
by the boxes. Because the MRF-based image contains no pronounced edge structure, these
error images directly visualize the fluctuations caused by reduced angular sampling. As Ny
decreases, the FBP reconstructions exhibit increasingly pronounced error fluctuations over
the entire field. The magnified views show that these fluctuations are amplified in the FBP
reconstructions, whereas the proposed algorithm maintains smaller error amplitudes. These
observations demonstrate that the proposed algorithm mitigates the degradation caused by
reduced angular sampling more effectively than FBP.

To quantify the effect of projection reduction on reconstruction performance, we compare
the PSNR values for all methods. Comparing the PSNR values in Fig. 5(a), the proposed al-
gorithm yields higher PSNR than all FBP-based filters for each projection-number condition.
Moreover, the extent of PSNR degradation with decreasing Ny differs markedly between the
methods. For all FBP-based filters, PSNR decreases substantially when Ny is reduced from
1800 to 450. By contrast, the proposed algorithm exhibits only a small decrease in PSNR and
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Fig. 4. (Color online) Reconstruction performance obtained by fixing the number of projections at N
1800 and varying the noise intensity. (a) Reconstruction results of the proposed algorithm and FBP for the
representative noise conditions oeise = 1.0 and 4.0, and magnified views of the regions indicated by the boxes.

(b) Error images, defined as the reconstructed image minus the ground truth. The color bars indicate the signed
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maintains high reconstruction performance. Figure 5(c) shows that the proposed algorithm
undergoes only a gradual decrease in PSNR as the number of projections is reduced. These

results indicate that the proposed algorithm is more robust to projection reduction than FBP.

3.2 Reconstruction of Shepp—Logan phantom
3.2.1 Reconstruction performance under various noise intensity

We first evaluate the reconstruction performance by varying the noise intensity with the
fixed number of projections (N, = 1800). Figure 6(a) shows the reconstructed images by the
FBP and the proposed algorithm, together with magnified views of the regions indicated by
the boxes. The reconstructed images show that the reconstruction performance of the FBP-
based methods degrades as o5 increases. Even at o = 1.0, the reconstructions by the
Ramp and the Shepp—Logan filters are degraded by granular noise. In the high-noise condi-
tion (0peise = 4.0), granular noise appears and the smooth structures are degraded in each
FBP reconstruction. This is because filters with fixed frequency responses used in FBP can-
not sufficiently suppress high-frequency noise. The degradation is most pronounced in the
reconstruction by the Ramp filter due to its enhancement of high-frequency components. In
contrast, the proposed algorithm preserves the overall structure even at o pie = 4.0, demon-
strating its robustness to noise.

To further evaluate the reconstruction performance, we examined the line profiles across
the center of the magnified regions in Fig. 6(a). As shown in Fig. 6(b), the profiles in the FBP
reconstructions strongly oscillate as o5 increases, especially around the edge regions indi-
cated by the arrows. In contrast, the proposed algorithm suppresses the profile oscillations,
and the overall intensity shows a good agreement with the ground-truth profile. Filtering
generally involves a trade-off between resolution and noise suppression, but the line profiles
confirm that the noise-suppression effect in the proposed algorithm also works effectively
from a local viewpoint. Therefore, from both the full reconstructed image and the local line
profiles, the proposed algorithm can be regarded as producing reconstruction results in which
the influence of noise is suppressed more effectively than in FBP.

To quantify the reconstruction performance, we calculated PSNR for each reconstruc-
tion. As shown in Fig. 6(a), at every o pise, the proposed algorithm yields the highest PSNR;
moreover, there is a clear difference in PSNR degradation as the noise intensity increases, as
shown in Fig. 6(c). Compared to FBP, the proposed algorithm exhibits only a small reduction
in PSNR as the noise intensity increases, quantitatively demonstrating the high robustness

to noise of the proposed algorithm. The same tendency is confirmed in the reconstruction of
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Fig. 5. (Color online) Reconstruction performance obtained by fixing the noise intensity and varying the
number of projections. (a) Reconstruction results of the proposed algorithm and FBP for the representative
conditions Ny = 1800 and 450, and magnified views of the regions indicated by the boxes. (b) Error images,
defined as the reconstructed image minus the ground truth. The color bars indicate the signed error scale. (c)

PSNR versus the number of projections for the each method.
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local structures. Figure 6(d) shows the RMSE between line profiles of reconstructed image
and ground truth as a function of 0. The profile locations are the same as in Fig. 6(b). In
the reconstruction by FBP, RMSE increases as the noise intensity increases; in particular, the
Ramp filter shows a rapid increase from oise = 1.0 to 4.0. In the reconstruction by the pro-
posed algorithm, on the other hand, the increase in RMSE is much more moderate over the
same interval, quantitatively demonstrating that it preserves local structures more accurately
than FBP.

Figure 6(e) shows the filter shapes in the frequency domain. At the small 07, the filter
shape of the proposed algorithm is close to that of the Ramp filter, whereas stronger attenua-
tion appears in the high-frequency region as the noise intensity increases. This variation in the
filter shape arises because the hyperparameters (y, 8, and h) estimated by free-energy mini-
mization are varied according to the noise intensity. In other words, the proposed algorithm
adaptively changes its frequency response according to the noise intensity, which effectively

reconstructs the overall image contrast while minimizing blurring of fine-scale features.

3.2.2 Reconstruction performance under limited number of projections

Next, we evaluate the reconstruction performance by reducing the number of projections
with the fixed noise intensity (oo = 2.0). Figure 7(a) shows the reconstructed images
obtained by FBP and the proposed algorithm, together with magnified views of the regions
indicated by the boxes. The reconstructed images show that the reconstruction performance of
the FBP-based reconstructions degrades as the number of projections decreases. In particular,
at Ny = 450, granular noise becomes prominent and smooth structures in flat regions are
degraded. As in Sect. 3.1, reducing the number of projections increases the effective noise
component in the reconstructed image. In contrast, even when Ny is reduced to 450, the
proposed algorithm exhibits only a moderate increase in roughness, and structural boundaries
remain largely preserved.

To further evaluate the reconstruction performance, we examined the line profiles across
the center of the magnified regions in Fig. 7(a). As shown in Fig. 7(b), the profiles in the FBP
reconstructions oscillate as the number of projections decreases, especially around the edge
regions indicated by the arrows. In contrast, the proposed algorithm suppresses the profile
oscillations, and the overall intensity shows a good agreement with the ground-truth profile.
Filtering generally involves a trade-off between resolution and noise suppression, but the
line profiles confirm that the noise-suppression effect in the proposed algorithm also works

effectively from a local viewpoint. Therefore, from both the full reconstructed image and the
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Fig. 6. (Color online) Comparison of reconstruction results obtained by fixing the number of projections at
Ny = 1800 and varying the noise intensity o peise as 1.0, 2.0, and 4.0. (a) Reconstruction results of the proposed
algorithm and FBP with different filters under each noise condition, together with magnified views of the regions
indicated by the boxes. (b) Horizontal center line profiles of the magnified regions. In each panel, the profiles
under the different noise conditions and the ground-truth profile of the phantom are shown as indicated in the
legend. (c) PSNR of the reconstructed images as a function of the noise intensity. (d) RMSE of the center line
profile in the magnified region. (e) Frequency characteristics of the reconstruction filters under the different

noise conditions.
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local line profiles, the proposed algorithm can be regarded as yielding reconstructions that
exhibit less degradation than FBP when the number of projections is reduced.

To quantify the reconstruction performance, we calculated PSNR for each reconstruction.
As shown in Fig. 7(a), at every projection setting, the proposed algorithm yields the highest
PSNR; moreover, there is a clear difference in PSNR degradation when the number of pro-
jections is reduced, as shown in Fig. 7(c). For each of the three FBP filters, reducing N, from
1800 to 450 decreases PSNR by approximately 6 dB. For example, the Ramp filter decreases
from 12.74 dB to 6.70dB, and the Shepp—Logan and Hamming filters show similar trends.
In contrast, the proposed algorithm decreases only from 27.46 dB to 26.69 dB, corresponding
to a reduction of about 0.8 dB, which is much smaller than the approximately 6 dB decrease
observed for FBP. Compared to FBP, the proposed algorithm exhibits only a small reduction
in PSNR as the number of projections is reduced, quantitatively demonstrating its robustness
to sparse angular sampling. The same tendency is confirmed in the reconstruction of local
structures. Figure 7(d) shows the RMSE between line profiles of reconstructed image and
ground truth as a function of the number of projections. The profile locations are the same
as in Fig. 7(b). In the reconstruction by FBP, RMSE increases as the number of projections
decreases; for example, the Ramp filter increases by nearly a factor of two, from 1.384 to
2.764. The Shepp—Logan and Hamming filters show similar increases. In the reconstruction
by the proposed algorithm, on the other hand, the increase in RMSE is much more moderate
over the same interval, quantitatively demonstrating its higher robustness to a reduction in the
number of projections than FBP.

It should be mentioned that angular undersampling actually introduces streak artifacts in
the projection-reduction settings examined here. Because the observation noise was fixed at
Onoise = 2.0, the present experiments focused on reconstruction degradation under reduced-
projection conditions with observation noise. Within this condition, the proposed algorithm

suppressed the degradation in both PSNR and local line profiles more effectively than FBP.

4. Conclusion

In this study, we formulated a CT image reconstruction method based on Bayesian infer-
ence by combining an observation model with an MRF-based prior, and estimated the hyper-
parameters by free-energy minimization. Through numerical experiments using two ground-
truth images, an MRF-generated image and a Shepp—Logan phantom, we demonstrated that
the proposed algorithm achieves higher reconstruction performance than filtered back pro-

jection (FBP) under varying noise intensities and numbers of projections. In particular, as
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the noise intensity increased, the proposed algorithm exhibited a much smaller decrease in
PSNR than FBP for both images, indicating that it maintains high reconstruction performance
even under high-noise conditions. This improvement in the robustness to noise is attributed
to the filter shape adaptively determined from the observed projected image through hyperpa-
rameter optimization. Moreover, when the number of projections was reduced, the decrease in
PSNR remained small for both images, unlike in FBP. These results indicate that the proposed
algorithm suppresses the degradation of reconstruction performance under both high-noise
conditions corresponding to low dose and reduced-projection conditions, regardless of im-
age type. Future work includes improving CT reconstruction performance under even fewer
projections by introducing different prior distributions and validating the proposed algorithm

using experimentally measured CT data.

Acknowledgment

This work was supported by JSPS KAKENHI Grant-in-Aid for Scientific Research (A),
Japan (JP23HO00486), Data Creation and Utilization-Type Material Research and Develop-
ment Project, Japan by the Ministry of Education, Culture, Sports, Science, and Technology
(MEXT) (JPMXP1122712807), and JST BOOST (JPMJBS2418).

Appendix: Mathematical Background of Filtered Back Projection
Here, we review the Radon transform, the Fourier slice theorem, and filtered back projec-

tion (FBP), which form the mathematical basis of CT reconstruction.?

The Radon transform'® is defined as the line integral of &(x,y) along the direction ¢ for
each projection angle € under the same coordinate system shown in Fig. 1. Here, &(x,y)

denotes the ground truth. The projected image 7((s, 6) is given by
To(s,0) = fdt &(scos@ —tsinf, ssinf + tcos6). (A-1)

Thus, the reconstruction problem in CT is to recover £(x, y) from the obtained projected image
To(s,6). The inverse Radon transform is based on the Fourier slice theorem. We first define

the two-dimensional Fourier transform of £(x, y) and its inverse transform as

Ex.5) = f f dxdy £(x, y) e ), (A2)

£(x.y) = f f dEdyE(x, 3) &, (A3)

Here, (X, ) denotes the spatial-frequency coordinates. Similarly, the one-dimensional Fourier
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transform of the projected image 7 (s, 8) with respect to s is defined as

70(5,0) = f dsto(s, 0) e 275, (A-4)

By substituting Eq. (A-1) into Eq. (A-4) and transforming the integration variables from (s, 7)

to (x,y), we obtain

70(3,0) = fds fdtf(s cos @ — tsin @, ssinf + t cos ) e 2™

— ffdxdyég(x’ y) e—27ri§(xcose+ysin6’) (AS)

= &(5cos b, §sinb).

Therefore, the one-dimensional Fourier transform of the projected image at angle 6 is equal to
the two-dimensional Fourier transform of £(x, y) on the radial line passing through the origin
at angle 6. If the projected image is obtained over 6 € [0, ), the Fourier components &(%, 7)
can be determined from 7((5, 8). This relation is called the Fourier slice theorem.

FBP is derived by rewriting the two-dimensional inverse Fourier transform (Eq. (A-3))
in polar coordinates. By changing variables as (%,y) = (§cos6, §sin#), we obtain dXdy =
|5] d§ dO; thus,

E(x,y) = f de f d5 |5/ €(5 cos 6, §sin @) " iSxeostrysing) (A-6)
0 —00

Using the Fourier slice theorem (Eq. (A-5)), (5 cos 6, §sin @) can be replaced by the Fourier-

transformed projected image 7(5, 6):

E(riy) = fon 50 f‘x’ 5151 79(5. 0) @2iS(xcos O+ysin ) (A7)
By defining g(s, 6) as _

g(s,0) = f d5151%(3,6) ™, (A-8)
Eq. (A-7) can be given by

E(x,y) = f df g(xcosf + ysinb, 0), (A-9)
0

which indicates that the ground truth is reconstructed by applying the frequency-domain filter
|3] to the projected image and performing back projection. This reconstruction procedure is
called FBP.

Using the convolution theorem, Eq. (A-8) can also be expressed as a convolution in real

space:

g(s,0) = fdu h(u) to(s — u, 6), (A-10)
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where

h(u) = f ds 5| e¥ s, (A-11)

Here, h(u) is the real-space impulse response corresponding to the Ramp filter |5] in the fre-
quency domain. Therefore, in FBP, the design of the filter function A(u), or equivalently its
frequency response, is an important factor to determine the reconstruction performance. Ra-
machandran and Lakshminarayanan proposed the Ramp filter,” and Shepp and Logan further
proposed a modified filter that suppresses high-frequency components.”

In practice, observation noise is superimposed on the projected image, as modeled in the
main text. As shown in Fig. A-1, since the Ramp filter increases linearly with frequency, it
amplifies the high-frequency components of the projected image, which could cause gran-
ular noise in the reconstructed image. This degradation becomes particularly pronounced
under low-dose or sparse-view conditions. The Shepp-Logan and Hamming filters”® mit-
igate the degradation by multiplying the Ramp filter with window functions that attenuate
high-frequency components, as shown in Fig. A-1. However, since their frequency response
is fixed regardless of the noise intensity and experimental conditions, they are not guaran-
teed to be optimal filter under all observation conditions. In contrast, this limitation should
be solved in the proposed method, in which the filter shape is adaptively determined from the

observed projected image and it is optimized for each experimental condition.
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Fig. A-1. Frequency responses of the Ramp, Shepp—Logan, and Hamming filters used in FBP.
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