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Abstract

An asymptotically flat spacetime in D = 4 can be mapped via Couch-Torrence
conformal inversion to the geometry around an extremal non-expanding and non-rotating
horizon. At the linearized level, an infinite tower of conserved Newman-Penrose charges
can be found at null-infinity, while infinitely many Aretakis charges are conserved in
the near-horizon. Couch-Torrence inversion allows one to establish a matching between
the two sets of asymptotic charges. In this work we construct the Newman-Penrose and
Aretakis scalar charges in higher-dimensional geometries of D3-branes in D = 10 and
D3-brane bound states in D = 4 and D = 5 and establish a precise matching between
them through the inversion. By exploiting the residual unbroken supersymmetry of
Type-IIB supergravity, we demonstrate that it is possible to relate scalar (complex
dilaton) charges to spinor and tensor charges. In particular, we determine infinite towers
of conserved asymptotic spinorial charges associated with the dilatino fluctuations, and

determine the map through inversion.
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1 Introduction

As shown long ago by Couch and Torrence (CT) in their seminal paper [1], extremal rotating
and non-rotating black holes (BHs) in D = 4 are known to admit a peculiar symmetry
under conformal inversions. Later on, this symmetry was revived in the context of STU
(non-)rotating BHs [2] in supergravity and superstring theories and in connection to Aretakis
charges [3-6]. More recently, one of the present authors (MB) in collaboration with Giorgio
Di Russo extended the analysis to D3-branes and their bound states as well as to other
branes and BHs in higher dimensions [7,8]. One of the main results was the role of the
light-ring as fixed locus of CT inversions in the non-rotating cases. Moreover a relation was
established between observables such as the deflection angle for hyperbolic-like (open) motion
and infalling angle for elliptic-like (closed) motion with some similarity with the B2B relation
proposed in [9] that however requires an analytic continuation. In the case of rotating STU
BHs, multi-charge rotating BHs in STU supergravity, which can be constructed as bound
states of 4 stacks of wrapped D3-branes, the precise conditions for CT inversion to hold
were identified and hints to a generalized holographic interpretation were given. Further
work on generalized CT inversion exploiting the role of the photon ring or photon shells of
non-extremal BHs in (A)dS has appeared in [10].

More recently, an inspiring investigation of the geometric duality [11] was performed that
allowed to relate Newman-Penrose (NP) charges [12] associated with fields of spin s = 0,1, 2
at null infinity and Aretakis charges [5] at extremal non-expanding (non-) rotating horizons
in D = 4. For extremal (non-)rotating BHs in D = 4, the conservation of Aretakis charges
has been shown to entail linear instability of the horizon [3]. To the best of our knowledge,
non-linear effects that may spoil the conservation of these charges and invalidate the instability
analysis have not been studied in detail. Connection with the emergence of scale and conformal
invariance at extremality has been given support recently [13]. In [14] it was shown that
also non-dilatonic extremal black p-branes in D dimensions suffer from Aretakis instability.
This is associated with the Kaluza-Klein perturbations arising from the compactification
on the SP~P=2 factor in the near-horizon geometry. This result was found using symmetry
arguments [15] rather than by constructing conserved quantities.

In the present investigation we show that generalized CT investigations allow us to relate
Newman-Penrose (NP) charges at null infinity and Aretakis charges at extremal non-expanding
(non-)rotating horizons of D3-branes in D = 10 and their bound states in D =5 and D = 4.
Moreover, we exploit the residual unbroken SUSY to relate scalar (complex dilaton) charges

to spinorial and tensorial charges. To this end we (re)derive the explicit expressions of the



Killing spinors and solve the dilatino field equation in order to identify the spinorial charges
and relate them to the scalar charges. The latter may be related to dynamical multipoles
of the radiative field at null infinity or to multipolar modes at the horizon. We conjecture
that their conservation at the linear level is related to peculiar properties of the Kaluza-Klein
modes of Type-IIB supergravity in AdSsxS®, thus suggesting a holographic origin for the
phenomenon. On the other hand, thanks to the geometric duality between null infinity
and extremal non-expanding (non-)rotating horizons put forward in [11] it is tantalizing to
speculate on a possible holographic interpretation of the conserved NP charges as KK modes
of the dilaton and its superpartners also at null infinity. This observation may give more
than a hint to Carrollian flat-space holography [16,17], possibly in connection with celestial
holography [18] and BMSVB (Bondi-Metzner-Sachs and Van de Burg) super-translations
and super-rotations [19-22]. One should, however, be cautious of the classical nature of this
correspondence. After all, Weyl anomalies could require corrections to the map between the
two sets of asymptotic charges. This treatment goes beyond the scope of our current analysis.

The plan of the present work is as follows. In Section 2 we will describe the general setting
that allows to extend CT conformal inversions to spacetimes with extremal non-expanding
horizons and extra dimensions and branes. For illustrative purposes, we discuss scalar charges
at null infinity (Newman-Penrose) and near-horizon (Aretakis) and relate them and review
how to apply CT inversions to the simple self-dual case of RN BHs. !

We then pass to consider D3-branes and their bound states in Section 3. Starting with a
single D3-brane stack, we find an infinite number of scalar NP charges associated with the
radiative multipoles at null infinity in the transverse six dimensions and thus labelled by a
positive integer multipole number ¢ and its three projections i = (my, ma, mg). The 1/2
BPS nature of the configuration is mentioned but not exploited at this point. A possible
holographic interpretation of the conserved Aretakis charges near-horizon in terms of KK
modes of the complex dilaton on S? is offered that suggests a possible interpretation of the
conserved NP charges in terms of multipolar modes of the complex dilaton at null infinity.

1/4 BPS configurations (preserving 8 supercharges in Type IIB) of two (smeared) inter-
secting stacks of D3-branes are studied in the simple case with N; = Ny and the radiative
and near-horizon scalar charges identified and connected to each other. Configurations of four
intersecting stacks of D3-branes, preserving 4 supercharges i.e. 1/8 BPS in Type IIB, are
studied and related to multi-charge STU BHs. The conditions for CT conformal symmetry

are reviewed and scalar NP and Aretakis charges are identified and connected to each other.

1Self-duality here refers to the conformal invariance of the background under the coordinate inversion, and

should not be confused with electric-magnetic duality.



The crucial role of supersymmetry is investigated in Section 4.1. First, we review the
explicit derivation of the 16 Killing spinors associated to 16 globally preserved supercharges
for D3-branes [23]. We then argue that unbroken SUSY transforms boson and fermion charges
into one another. To support our observation, we explicitly construct 16 infinite towers of
dilatino charges associated to spin 1/2 spherical harmonics on S°. We also sketch how to
extend the analysis to the other components of the Type-IIB supergravity multiplet.

Section 5 contains a summary of our results and a discussion of the implications of our
analysis for flat-space holography, possibly after taking into account non-linear effects, and
some suggestions for future research.

Appendix A contains our conventions, frame notation, Clifford algebras in various dimen-
sions, and other technical details. Appendix B contains a detailed summary of the KK mode

expansion of the supergravity fields on S°.

2 General setting

The aim of this section is to generalize the Couch-Torrence (CT) conformal inversion to
self-dual, higher-dimensional backgrounds, such as D3-brane solutions and bound states
thereof. We begin with a pedagogical introduction to CT inversion using as a prototype the
extremal Reissner-Nordstrom solution, where we derive the conserved charges in both the
near-infinity and near-horizon limits. We then demonstrate how the CT inversion leads to a
direct matching between these two sets of asymptotic charges. Later, we extend this formalism
to higher-dimensional self-dual geometries, including those with compact dimensions. Finally,
we establish the multipole expansions for a scalar field at large and small radius in these
backgrounds, providing the necessary framework to define NP charges and Aretakis charges

in these geometries.

2.1 Extremal Reissner-Nordstrom: a pedagogical case study

Consider the metric of an extremal Reissner-Nordstrom (RN) black hole (BH)
dr?
f(r)
where f(r) = (1 - %)2 is the red-shift factor (for M = |Q|) and dQ3 = d¥? + sin? Idp? is the

metric on S2. The horizon corresponds to ry = M while the photon sphere is at 7, = 2M.

ds® = —f(r)dt* + + r2dQ; (2.1)

Shifting the radial coordinate as

p=r—M, (2.2)



the horizon and the photon sphere are shifted to py = 0 and p. = M. One can then define
the retarded and advanced time u =t — p* and v = t + p*, where p* is the tortoise coordinate,

defined such that
(M + p)?

2
In particular, choosing p* such that p*(p.) = 0, yields

dp* = dp . (2.3)

2

M

In outgoing Eddington-Finkelstein coordinates {u, p, ¥, ¢} the metric reads

2

2 P _
ds3 RUEE — I —du? — 2dudp + (M + p)*dQ> (2.5)

while in ingoing coordinates {v, p, ¥, ¢} it takes the form

2

2 p 2 2 102
dsy, 7(M+p)2dv + 2dvdp + (M + p)<dS2; . (2.6)

The Couch-Torrence (CT) inversion symmetry is a radial inversion, effectively exchanging

the near-horizon region with null infinity, and it is realized in RN BH as the conformal map

M2
u—v p—— (2.7)
p

that relates the retarded and advanced metrics in eqs. (2.5) and (2.6) as 2

2

M
Under this conformal inversion p* — —p* so the photon sphere p* = 0 is a fixed point of this
symmetry and the effective potential for null geodesics or waves is an even function of p*.

Now consider the dynamics of an outgoing massless test scalar field ¢ in the background

geometry of the metric (2.5), by solving the Klein-Gordon equation
070 =0 (2.9)

through the near-infinity asymptotic expansion

oo  +L

D, p.0.6) = Y > Y G (W)Ye(0.6) (2.10)

n+1
— =0 m=—¢

2Note that this form of the metric, although suited for the description of past and future null infinity, is not
the metric on the conformal boundary. Therefore the emergence of Carroll geometry is not yet apparent, while
it is of crucial significance for exploiting CT inversion in the Carrollian perspective on flat-space holography.

We thank Luca Romano for this observation.



where Y}, are the spherical harmonics on S?. Denoting the derivative with respect to u by a

-2

dot and dropping an overall factor (M + p)~* , the Klein-Gordon equation reads

> { > [ —(l+1)+n(n+ 1)}pn1¢§% Y (4 2l

lm n n

+2M S 2+ 1)p "l + 23 np—%ﬂ}nm 0.

Orthogonality of the spherical harmonics implies that each term in the bracket has to separately

vanish, resulting in the equation

[—(£+ 1) + n(n + D]l + 2M2ngl " +2M (20 + 1)l +2(n + )l =0 (2.11)

lm lm

for each coefficient in the 1/p expansion. Noting that the first term in the equation above

vanishes for n = ¢, one can extract the infinite tower of conserved charges [3-6,11]

Nin = 2M200{ )+ 2M (20 + 1)), + 200+ 1)l (2.12)

lm

These charges are conserved in the sense that
OulNem =0, (2.13)

barring non-linear terms arising from self-interactions of the scalar field or back-reaction on
the metric.
Let us now consider the near-horizon expansion of the incoming massless scalar field ® on

the metric (2.6). In this case the field expansion is

(v, p,0,¢) = Zp iZ@ (0)Yem(9, 9) - (2.14)

n=0 =0m=—/

Repeating the same computation, at the end one obtains the conserved Aretakis charges

Agn = 205050 4 2M (20 + 1)@, + 2M* (0 + D)@t 9,41, = 0. (2.15)

lm

Since ERN background has vanishing scalar curvature R = 0, the equation of motion for
the scalar field is conformally invariant. This means that under the map (2.7) the scalar field
transforms as

B(e.p.9.0) = L0 0. 200 216)

and hence

~(n 1 n
B = i - (2.17)



D3 | D3-D3' | D3-D3-D3"-D3"
p+1] 4 2 1
d+1| 6 4 3
d, | 0 4 6

Table 1: Number of longitudinal, transverse, and compactified ND directions for the D3-brane

configurations considered in this work.

Notice that the scaling dimension is, in general, related to n rather than to ¢. Using this
relations one can obtain the matching between Aretakis and Newman-Penrose charges:

1
Aﬁm

m = Nf20+1 Nf,m . (218)

Up to a (rather trivial) mass factor they actually coincide. Since the near-infinity charges are
mapped to the near-horizon charges with the same (¢, m), the conformal inversion preserves

the multipolar structure of charges.

2.2 Generalized Couch-Torrence inversion

In order to generalize the CT inversion for extremal BHs to a single stack of N D3-branes
and to bound states thereof (two-stacks and four-stacks intersections), consider a D =
(p+ 1)+ (d+ 1) + d.-dimensional asymptotically flat spacetime described by coordinates
XM = (a1 y;,z). Here x* = (t,T) with u =0, ..., p, are the longitudinal directions common
to all the stacks of D3-branes, y; denote the d 4 1 transverse directions to all the D3-brane
stacks, while z represents possible additional compactified d, dimensions with mixed boundary
conditions, corresponding to Neumann directions for one (or more) stacks and Dirichlet
directions for the other(s).

The metric describing D3-branes and their bound states takes the general form?
ds® = h(y:) " 'nudatdz” + h(y:)didy'dy’ + dz° | (2.19)

where h(y;) denotes the relevant redshift factor in the D3-brane background or its bound
states, and dz? is the metric associated with the compactified d, coordinates. We adopt the
mostly-plus convention for the Minkowski metric 7,,.

By rotational symmetry in the transverse space, we introduce the radial coordinate

r?2 =¥, y? and angular coordinates ¢, with a = 1,...,d parametrizing the unit d-sphere S%.

3For simplicity we assume that all the stacks consist of the same numbers of D3-branes.



In order to study the near-infinity region, we define the retarded time v = t—r*, where r* is
the tortoise coordinate defined as dr* = h(r)dr. In outgoing coordinates X™ = (u, Z, r, 9%, z),

the metric takes the form
ds2 = h(r) " (—du® + d7?) — 2dudr + h(r)r?ye(9€)dv*dd® + ds? (2.20)

where 7, denotes the metric of S
In the near-horizon geometry we use instead ingoing coordinates XM = (v, r, 94, 7, z),

where v is the advanced time coordinate v =t + r*. The metric is similar to the previous one
ds3, = h(r) " (—dv® + d7®) + 2dvdr + h(r)r*y.,(9°)d9*dd® + ds? . (2.21)

The coordinates z will largely be spectators in the following.

Consider the CT conformal inversion
U — v r— = (2.22)

where 7. is a characteristic length scale, identified with the photon-sphere radius, while the
remaining directions are inert. The D3-brane solution and its bound states are self-dual under
(2.22), i.e. the metric associated to the (p + 1) + (d + 1)-dimensional outgoing coordinates
XM = (u,Z,r,6%) maps to the one associated to the (p + 1) + (d + 1)-dimensional ingoing
coordinates XM = = (v, Z,r,0%), up to a Weyl rescaling. Explicitly:

dsr — ds> — o (ds% — dsi) : a="¢ (2.23)

r

In the following we will exploit this CT symmetry [1], originally found in the context
of extremal BHs and later on extended to multi-charge (non-)rotating BHs [2] and, more
importantly for our present purposes, generalized to (extremal) D3-branes and their bound
states [7,8].

For simplicity we initially focus on identifying the scalar NP charges near null-infinity
and relating them to near-horizon Aretakis charges. We will then exploit unbroken SUSY to

relate the scalar charges to spinorial and tensorial charges.

2.3 Multipolar expansion of a scalar field

The (radiative) multipolar expansion of a scalar field ® for large r reads

O(u,r, 0, 7, 2z) = ZZ 3 n+§g0ggl T,2) Y (9%) (2.24)

n=0 (=0 meM, |



where Y are scalar spherical harmonics, satisfying
Vs =Ll +d—1)Ym , (2.25)

with 7 € M, representing the independent projections (Dynkin labels) of the totally symmetric

traceless tensors labelled by ¢. The large r behaviour is controlled by the parameter
0=d—-1. (2.26)

The near-horizon expansion is instead
&(v,r, 0%, T, 2) Z Z > Gy (v, @, 2)Yoa(97) . (2.27)
n=0 ¢= OmeMg

In the following we suppose that fields do not depend on additional coordinates ¥ and z.
Under the conformal inversion between null infinity and null horizon (2.23), the scalar field

transforms according to
D(v,7,9%) = °D(u— v,r — r2/r,9%) . (2.28)

This mapping ensures that the multipolar structure is preserved, providing a natural way to

relate Aretakis charges to NP charges.

3 Scalar asymptotic charges in D3-brane backgrounds

Let us now discuss how to identify NP and Aretakis charges for D3-branes and their BPS
bound states. Our analysis will rely on generalized CT conformal inversions [7,8] and on the
peculiar properties of D3-branes that involve only the metric and the RR self-dual 4-form,

while the complex dilaton and the complex 2-form are inert/inactive.

3.1 Single D3-brane stack

The metric for a single stack of N D3-branes extended along the (¢, Z) directions reads
4

~2 -1 2 =2 1 2 2 102 L
ds* = H2 (—=dt* + |di]?) + H> (dr* +r2d3) H=1+"7 (3.1)

where L* = 4rg,Na'?, d2% denotes the round metric on the 5-sphere S° and the self-dual
5-form field strength F' is given by

1
F = 5(1 +%)dH ' A da® A dat A da? A da? (3.2)



As already mentioned, the complex dilaton is constant and the two 2-forms vanish. As in
the ERN case, it is convenient to work in outgoing {u,r, Z,9} or incoming coordinates

{v,r,Z 94} and write the near-infinity and near-horizon line elements as
ds2 = —H 3du? — 2dudr + H3r%dQs* + H™2|dz|* (3:3)
ds?, = —H 2dv® + 2dvdr + H2r?dQ% + H7|dz|* . (3.4)

Retarded and advanced time are uy =ty —r* and vy = t5 +r* where A is any boost in D = 4.

The tortoise coordinate is defined by dr* = H'/2dr and turns out to be an elliptic integral

2/L2d€ \/ﬂf() 1 1'3‘ 74
=3l e ( ) ‘L2F1<‘2"4’4"m>)7 (3.5)

where 5 F} is the hypergeometric function. Under generalized CT inversions,
L2
u—v T —, (3.6)
r

implying that r* — —r*, the two metrics are dual (related by a Weyl rescaling):

ds3 — a’ds3, a= f : (3.7)

This means that the spacetime described by a stack of D3-branes is self-dual in the sense

of [11] and hence it is possible to derive Newman-Penrose (NP) and Aretakis charges and

match the ones with the others. As we will see, in order to relate NP and Aretakis charges for

fields with spin higher than zero, it necessary to understand how the full solution transforms

under CT inversion. By looking at (3.2), it can be noticed that the 5-form field strength

changes sign under such inversion. In particular, this result will be crucial for the spinor
analysis in 4.

As in the case of extremal RN (ERN) BHs, let us consider a massless inert scalar field

®, e.g. the complex dilaton for definiteness*. The near-infinity multipolar expansion of the

radiative field is

O (u,r, 7,0 =

”’”‘ZZ > (W)Y em (07 (3.8)

n=0 /(= OmEMg

where the three azymuthal numbers m = (my, ma, m3) € M, correspond to the three indepen-
dent projections of the angular momentum along three 2-planes in the 6 transverse directions

and Y are the spherical harmonics on S® that satisfy

Vi Yim = —L(0+4)Yy 5 . (3.9)

4Note that active scalars and/or other bosonic fields that source a given background mix with each other

and with the metric even at the linearized level.



Solving the Klein-Gordon equation [I7® = 0 in outgoing coordinates, suitable near null

infinity, one finds

1
2aac1>+\/ﬁ 0,(VH?)9,® — \/ﬁr5{r

Expanding the scalar as in (3.8), one then obtains per each spherical harmonic, and each

392, + @(r‘r’(()r)}@ CVHVRLS=0.  (3.10)

plane-wave

2
n k=0

£ 3 [ 4) = b+ )]+ R 4P,

_1
( k?) L [r”44kL4(2n +5)@ T (2n 4 3)@%,,;] (3.11)

n)
my = 0

which implies that each coefficient in the 1/r expansion vanishes. In order to extract an
infinite tower of conserved charges, we require that for each power of r the term in the second
line of the equation above vanishes,

0. (3.12)

n n 2
[0+ 4) = n(n+ D)ol 5+ TPty + PP Ly
For p’ # 0, this imposes a relation among different modes which cannot be satisfied for a
generic fluctuation. On the other hand, setting p = 0 and taking n = ¢, the condition is
automatically satisfied, and as a consequence projecting eq. (3.11) on such modes one obtains
the Newman—Penrose charges

0+1

Z( )Lﬂﬁ(% 1 — 8k) ) e + (20+5 — 8k)pi i 7| (3.13)

Let us emphasise that the conserved charges require a projection onto modes with vanishing
three-momenta. It is possible to compactify the R? directions denoted by #, in order to
discretise the momenta, yet the only solution would remain p" = 0. Alternatively, for a
fixed momentum one can exploit the asymptotic SO(1,3) Lorentz symmetry to boost the
momentum to p' = 0 at the cost of boosting the retarded time w.

We now repeat the same analysis for the near-horizon expansion, which reads

oo o0

O (v, r, Z,9)

r" ‘sz,p V) Yo (ﬂ“)eiﬁ'f. (3.14)
=0/¢=0 meM,
Again, we focus on the case in which p, = 0, and n = £. Substituting the expansion above in
DH&) = (0 and repeating the same analysis, we find the Aretakis charges
LH_TlJ : (¢+1 3—4k)
k — —
Ag = ];O ( k2>L 4 2[L4(2€+5 8k) By o + (20— 1 + 8k) @S bl (3.15)

10



‘75 Yi Yo Y3 Ya T 21 22 23

D3
D3’

Table 2: Table illustrating the positions of the D3 and D3’ stacks.

The relation between the near-horizon and the near-infinity expansion of the field is

- N4
(v, r,0%) = () B(u — v,r — L2/r, 0% (3.16)
T
and hence
(n) 90511 7
~n _ , 1,
Lm,p [, 2n+4 ) (317)

which for = 0 and n = ¢ implies the matching between NP and Aretakis charges:

1
A,

, — WNZ’WL . (318)

3.1.1 Aretakis instability in D3-branes

For completeness we summarize the main results found in [14] concerning the linear Aretakis
instability characterizing non-dilatonic extremal black branes. Using symmetry arguments,
one can derive the late-time behaviour of transverse derivatives of a generic field at the horizon
of D3-branes

APl ~ "8, v — 00 (3.19)

where the scaling dimension is given by

2
A:2(1+ 1+Wifﬁ”>. (3.20)

and meg is the effective mass that appear in the AdS5 wave equation of the field

(Daass —meg)¢ = 0. (3.21)

By looking at (3.19), one can notice that at least |A| or |A] + 1 derivatives are necessary to
see respectively non-decay or power-law blow up in the advanced time v. This signals the

presence of Aretakis instability.

11



3.2 D3-D3' background

Consider two stacks of D3-branes. The first stack is along {¢, x; 21, 22}, the second is along
{t, x; 23, 24}, as illustrated in Table 2. Assuming for simplicity that the number of D3-branes

in each stack is the same N; = Ny = N, the metric depends on a single harmonic function

L2
H=1+—", (3.22)

where L? = 4wg,Na/?/(2mrR)? and r* = 3, 47 is the radial coordinate in the four transverse

directions. The corresponding solution is
ds* = H™'(~dt* + da®) + H (dr* + r?dQ3) + dz” . (3.23)

where dQ2 denotes the line element on a unit S3. In outgoing coordinates, suitable for the

near-infinity analysis, the D3-D3'-brane metric reads

dsj = —H 'du® — 2dudr + r*HdQj} + H 'da® + dz” (3.24)
where u =t — r*, with
L2
—p— = 2
rt=r ’ (3 5)

is the tortoise coordinate, chosen so that r* = 0 for r = L (light-ring).

The Klein-Gordon equation for a massless scalar field, such as the Type-1IB complex
dilaton, or more generally a complex probe scalar, in the near-infinity background geometry
takes the form

[—(ZJF?)@ ~ 20,0, + 8+ 82+—V3+H8§+3§ ®=0. (3.26)

The large r expansion of the field is the following:

92 o (u) o
O(u,r,z,9,0,9,2) = ZZ >y “wa Doy (9, ¢, 00)e"Pre™kiz" 1 (3.27)

k n=0/4=0m,m'=—1¢/2

where p and k are respectively the Kaluza-Klein momentum along the z-direction and the
z-directions. The Dy, v are the spherical harmonics on 53, which are equivalent to Wigner’s

functions:

mm’ (19 ¢ ¢) = dfn,m’ (,ﬁ)eim(b—i-im'd) ) (328)

satisfying
Vs Dy = —L(L+2)Dy, 0 (3.29)
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In order to derive conserved charges, one must choose the momenta along the common
longitudinal direction x to vanish. Similarly, the momenta k along the z directions are also
required to vanish in order to obtain a conservation equation. Substituting the expansion

into the equation of motion we arrive at

A DX [ 2 nta 2D 1 S 20 D
n /¢
PRS0 2D =0
n f

We notice that for n = ¢ the first term vanishes, and repeating the same arguments as in the

previous cases we obtain the NP conserved charges

N = L2(20+ 1)\ + (20 +3)pl (3.30)

£,m,m’ p=0,k=0 m/ ,p=0,k=0 "

The D3 — D3’ spacetime is self-dual under conformal inversion « = v and r = L?/r in the

sense that the six-dimensional metric obtained changes by a Weyl rescaling
ds3 — dz* — o*(ds3; — dz°) , (3.31)
where a = L/r and
ds3, = —H 'dv? + 2dvdr + r* HdQ? + H™'da® + dz* (3.32)
is the near-horizon line element. Now we use the following expansion for the scalar field

(imposing p = 0 and k; = 0):

O(v,r,9,0,1) = ZZ > ") (0) Do, 6,0) (3.33)

n=0¢=0 m,m/’

Repeating the same computation as before, at the end we find the Aretakis charges

Apw = LPQU+3)E, T+ @U+DEY (3.34)

Under conformal transformation, scalar fields transform as
(v,7,9,0,1) = 2P(u — v, 7 — L*/r, 9, ¢, 1)) a=1L/r, (3.35)
so that the near-horizon and near-infinity coefficients are related by

1 (n

and substituting Eq. (3.36) into Eq. (3.34), one finds the relation between NP charges and
Aretakis charges
N (3.37)



U y1 Y2 Ys 21 22 23 Z4 Z5 %6
D3 = . . . - . - . _

DY |— . . . . - . - _

D3 |- . . . _ . . _ . _

D3 [ — . . . . _ _ . . _

Table 3: The positions of the four stacks of D3-branes.

3.3 Four D3-brane stacks and Extreme BHs in STU supergravity

The “large” extremal black hole solution in STU supergravity may be described as the BPS
intersection of four stacks of D3-branes as in Table 3, with each stack carrying charge g;.

The full metric is
ds® = —H'2dt* + H'Y?(dr® 4+ r*dQ%:) + ds, (3.38)
where 72 = Y, y2, the warp factor is
H=T[H H=1+% (3.39)
: r

and 0l32T6 is the metric of the six-dimensional torus spanned by z-coordinates,

HyHy\1/? HH3\'/? HyH3\1/2
d32T6:< & 4> dz%+< - 3) dz%Jr( = 3) dz

H H; HyH, H H,
H1H4 1/2 N H3H4 1/2 ) H1H2 1/2 )
d d dz; . 3.40
+<%HJ %+<mﬂﬁ %+<%H) % (3.40)

We can define outgoing and ingoing coordinates u = t — r* and v = t + r* where
dr*/dr = H'Y2. The near-infinity metric is

ds3 = —H'2du® — 2dudr + H'*r*dQ%, + ds3, (3.41)
while the near-horizon metric is
ds3, = —H2dv* + 2dvdr + HY*r2d0%, + ds?, . (3.42)
Let us consider the CT inversion
u—v r— 6727 Q"' = 102034 - (3.43)
The four-dimensional part of the metric (3.41) transforms as

dsy — dsy, — o(ds}, — ds7,) a=Q/r, (3.44)
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where

ds3, = —H V2dv? + 2dvdr + HY?r2d0%, + dst, (3.45)
and
= Y15 B i Q°
H=1]]H; H—1+— @-:?. (3.46)
1=1 %

3.3.1 Pairwise equal charges

Since we need to redefine charges to obtain the conformal relation between the two metrics,
the inversion is not a conformal symmetry. However, there exist cases in which the map (3.43)
is a conformal symmetry, namely when the four electric charges ¢; are a permutation of the g;.
This happens for instance for pairwise equal charges, for example ¢ = ¢3 = ¢ and ¢ = g4 = §.

In this case the line elements become

dsy = —H 'du® — 2dudr + Hr*dQ% + ds7, (3.47)
dsj, = —H 'dv* + 2dvdr + Hr*dQ%. + ds7, (3.48)

where A
B q q

H = (1 + ) (1 + ) (3.49)
T T

and the compactified metric is

L+q/r 1+gq/r
= (1 +q/r>dzf + (1 +Q/T>dz§ +dz5 + dzj + d22 + dz] (3.50)

Now the map (3.43) is a conformal symmetry between near-horizon and near-infinity space-

2
dsr,

times, with a factor

~

49
= — 3.51
o= (351)

Let us consider a massless scalar field ® with zero momentum along the z-directions. The

large r and small r expansions are the following:

O(u,r, 0, 0) =3 Z nﬂwm W)Y (9, 9) | (3.52)

n=0 (= Om—ff

(v,r,9,0) = > Z rgogm V)Y (0, 0) . (3.53)

n=0 /(=0 m=—4

As usual Yy, are the spherical harmonics on S?%. Substituting (3.52) in O7® = 0 we find

3 [ — {0+ 1) +n(n+ 1)]7’”‘1@%1@.”1 +24 Y- (n+1)r ) Yo

nd,m nl,m

+ 3 g+ D+ 1) o Ve + 2 Y npl Vi =0, (3.54)

n,l,m n,l,m
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from which we can read the NP charges

Negn = 290l + (20 + 1) (g + @l + 206+ 1ot

Analogously, substituting (3.53) in [0 ® = 0, we find the Aretakis charges

Agm = 2q(0+ 1)@ + 20+ 1) (q + )y, + 20550,

Under the CT inversion the scalar field transforms as

&)(U,rﬁ,qﬁ) = @CI)(U — v, r = qq/r, 9, 9) ,
r

and hence 1
~én) - N 2ntl Qpén)
(q4)"
Finally, the matching between charges is
1
AK m = 2011 Nim
(qq)"2

3.3.2 All equal charges

In the particular case in which ¢ = ¢, one finds
Nem = 20°Copi) +24(20 + )iy, + 200+ Dpfit

A = 20°(C+ 1) + 2020+ 1)@, + 2080,
and the matching condition becomes

1
g2t Nen

Aé,m =

(¢+1)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

These are exactly the results that we found in the extremal RN case, and indeed this last

equation is identical to eq. (2.18) observing that ¢ = M in the extremal case.

4 Spinor and tensor asymptotic charges in Type-1IB

supergravity

In this Section we first introduce the fundamental features of Type-IIB supergravity, namely

the BPS projection, which halves the number of independent Killing spinors, and the super-

symmetric transformations relating the bosonic and fermionic fields of the theory. We then
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analyse the NP and Aretakis charges in this supersymmetric setting. Starting form scalar
charges associated with the dilaton fluctuations, it is possible, by means of supersymmetry
transformations, to construct spinorial charges associated with the dilatino fluctuations. A
similar procedure can be employed to construct asymptotic charges for the higher components
of the supergravity multiplet, up to the ones associated to the graviton. This analysis is moti-
vated by an interesting relation between the structure of the on-shell superfield in N' = (2,0)
supersymmetry and the form of what would correspond to NP and Aretakis conserved charges.

To make this proposal more concrete, we explicitly compute the near-infinity and near-
horizon charges associated with the dilatino and verify the matching between them via

Couch-Torrence inversion.

4.1 Supersymmetry and BPS conditions

Consider ten-dimensional Type-IIB supergravity, the low-energy effective description of Type-
IIB superstring theory. Its scalar sector parametrizes the coset manifold SL(2,R)/SO(2) ~
SU(1,1)/U(1), where SL(2,R) ~ SU(1,1) is a non-compact global symmetry of the low
energy theory [24,25]. °
The bosonic field content includes the zehnbein Ej@, two scalars V¥ that parametrize the
coset SU(1,1)/U(1), two 2-forms Bj;y and a self-dual 4-form A}y pq while the fermion field
content includes a complex left-handed gravitino Wj, and a complex right-handed spinor (the
dilatino) A,
MWy =—VUy I'iA =+A, (4.1)

where I'1; is the chirality operator (equivalent of 75 in D = 10) and M = 0,...,9 . Throughout,
we work in the Dirac basis where spinors in ten dimensions are 32-component objects. Appendix
A contains an in-depth summary of notation and conventions used throughout this section,

including spinor notation, and basis of gamma-matrices.

SIncluding higher-derivative perturbative and non-perturbative terms SL(2,R) is expected to be broken to
SL(2,Z).
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Fields U(1)g charge
AX?NPQ 0
B 0
€ 1/2
Y 1/2
Ve +1
BN 0
A 3/2
Py~ @, x 2

Table 4: U(1)g charges of various fields in Type-IIB supergravity.

The supersymmetry transformations are

SV =VeeN, (4.2)
5V = V2N, (4.3)
S A = iPyT™Me | (4.4)
0By = VO ynA + VEET v A + 4V Wy + 4iVEET Wy (4.5)
i
6€\IJM :DME—{—%FFME 5 (46)
S B4y = ielMpy +ie T3, (4.7)
— —% * 3 - a

where Py = e,3V D mV] encodes the kinetic contribution of the complex dilaton (®, y) and
F is the five-form field-strength associated to A* (see (3.2)). We denote with the asterix *
the complex (Majorana) conjugate of a spinor.

As seen before, Type-11B supergravity admits a 1/2 BPS solution representing a stack
of N D3-branes with metric (3.1) and self-dual 5-form (3.2). The complex dilaton (P, x) is
constant, and the gravitino, dilatino and 2-forms vanish. In order to identify the residual
global supersymmetry of the background, the only relevant supersymmetry transformation is

the gravitino’s:

7
Here € is a complex left-handed spinor satisfying I';1e = —e and J' = Fy, ..M where

Fup, ., are the components of the self-dual 5-form F' (3.2). The covariant derivative reads
1 A
Dy = Oy + EQZAV[’FNP : (4.10)
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The spin connection can be expressed in terms of the coordinate-covariant derivative of the
zehn-bein as:

Q N Q
Preservation of supersymmetry requires the gravitino variation (4.9) to vanish. Not without

effort one can show that the Killing spinor is [23]

€pps = H 3¢ (1 F iF0123>60 =0, (4.12)
where ¢, is a constant spinor and the choice of sign in the second expression corresponds to a
choice of D3-brane or D3-brane. Henceforth we will drop the subscript BPS of the Killing
spinor. The projection reduces the number of independent components of the constant spinor.
Physically, this corresponds to the fact that the D3-brane preserves only half of the original
Type-1IB supersymmetries. In other words, out of the 32 supercharges of the theory, only 16
remain unbroken in the presence of a flat D3-brane.

At null infinity one has flat spacetime and the 16 broken supercharges get restored. Near
the horizon one gets AdS;x.S® whereby 16 new superconformal charges appear that generate
the superalgebra/group PSU(2,2|4) together with 15+15 generators of SO(2,4) ~ SU(2,2)
(conformal group to be identified with the isometry of AdS;) and of SO(6) ~ SU(4) (R-
symmetry group to be identified with the isometry of S®). The common subset of generators of
the two should consist of 16 supercharges and 154644 bosonic generators SO(6) ~ SU(4) and
150(1,3) ~ SO(1,3) x Ty C SO(1,4), that may result from an Inénii-Wigner contraction [16].

Computing explicitly (4.9) in outgoing coordinates (3.3)
(1—=95)e=0, (4.13)

where 45 is defined in appendix A. Applying CT inversion (3.6) to the outgoing line element
yields the ingoing line element (3.7). Solving the Killing spinor equation in these coordinates
leads to
(1+75)e=0. (4.14)
This shows that CT conformal inversion flips the eingevalue of 75 acting on the Killing spinor.
Since the sign of this projection determines the orientation of the five-form flux and therefore
the brane charge, this transformation maps a D3-brane configuration into an anti-D3-brane
configuration. The two families of solutions can therefore be labelled by n = 4+1 where n = +1
corresponds to the D3-brane solution while n = —1 to the anti-D3-brane one.
Working in coordinates X™ = (27, 9%) where 2 = (u,¥,7) or 2# = (v, ¥, r), one can in

principle decompose the Killing spinor as [26]

€= Zgn )b (9%) (4.15)
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where £, is the Killing spinor on S° satisfying (B.5). The Killing spinor equations then select
different sectors depending on the choice of coordinates. In outgoing coordinates only the
component with 7 = 41 survives, while in ingoing coordinates only the component with

n = —1 is allowed.

4.2 NP and Aretakis superfield

In Type-IIB supergravity, expanding around the D3-brane solution, one can prove that
in addition to the scalar charges one can find spinorial and tensorial charges that are
preserved at the linearized and are related to the scalar charges by unbroken supersymmetry
transformations.

Recall that N' = (2,0) SUSY admits an on-shell superfield that is chiral and may be used
to build 1/2 BPS terms in the effective action like the famous R* term and SUSY related
terms. It can be written as

~ _ 1 - _
(X, 0) =(X) + 0*A(X) + ge*FLMNe[GLMN(X )+ 0 LDy N (X) (4.16)

+ 0 TR (g Wiinpr(X) + D Fynpr(X))] + ...

where *TMNP§ can be written in the Weyl basis as Haf‘%N Pg8 which is the only Lorentz-
invariant combination of two anticommuting spinors 6% in the 16 of SO(1,9). Note that all
the gauge fields (including the gravitino!) appear only through their field strengths. Moreover
the graviton and 4-form appear with two-derivatives (at least) at the same order in the
expansion. Last but not least with the standard U(1)g charge assignments (see Tab. 4), all
terms have charge +2 if one assigns charge +1/2 to ’s.

Denoting by N? the scalar charges, by N* the dilatino charges, by N® the complex
antisymmetric tensor charges, by NY the gravitino charges, by N4 the (self-dual) 4-form

charges and by N the spin-2 graviton charges one expects to find (schematically):

N®~ &, (4.17)
N* ~ €A, (4.18)
NB ~ &1y ypeGMNT (4.19)
NY ~ eTMNPee*T 3 Dy Vpy (4.20)
N4 ~ @TMNP e TR e Dy Fypgrs) (4.21)
N ~ gpoe TP e TR Wy s (4.22)

20



where Wiy nrs is the Weyl tensor and Gynp = Va+D[MB]C\“,P]. Notice that the NP charges
associated to fields transforming under local symmetries are gauge invariant since they only
involve their field-strengths.

Notice the tantalizing similarity between the various conserved (and gauge invariant)
charges and the components of the on-shell superfield, after the replacement % — €¢*. This is
necessary since # are anticommuting, while € is a commuting spinor. Hence one can define a

super-field progenitor of the NP (and Aretakis) charges
N(X,e)=d(X,0=¢) . (4.23)

The actual NP /Aretakis charges require decomposing ®(X, 0) at each order in 6 ~ ¢/& in
spherical harmonics and combining the terms that can mix. Schematically (see KK reduction
on 5% in B) one finds [26,27):

o ®: One set of modes associated to scalar spherical harmonics A =4 + /¢4

A: Two sets of spinor modes associated to spinor spherical harmonics A = % + ¢4 and
A=-3+1

e B,,: Two sets of anti-symmetric tensor modes associated to scalar spherical harmonics

» B, One set of vector modes associated to vector spherical harmonics A =5 + /5

e Bg: One set of scalar modes associated to anti-symmetric tensor spherical harmonics
A =3+l

» U,: Two set of spin-vector modes associated to spinor spherical harmonics with A = %—l—&
and A = % + 64

o W,: Four set of spinor modes associated to spinor-vector spherical harmonics A = %—&—620,

A= —% + {59 and two to the internal I'-trace with A = % + /{44y and A = 1—21 + 4,

e H,,: One set of symmetric traceless tensor modes associated to scalar spherical har-
monics A =¥, +4

e Hy): One set of scalar md associated to tensor spherical harmonics A = £14 + 6

o H,,£Aueu: Two sets of vector modes associated to vector spherical harmonics A = ¢54-3
and A = £5 + 6
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o H®, + Apeq : Two sets of scalar modes associated to scalar harmonics with A = /;
(04 >2)and A =10 +8

o Aupuw  One set of charges associated to anti-symmetric tensor harmonics with A = £1943

In order to substantiate our claim, let us consider a small fluctuation of the dilaton field,
denoted by 6®. In the asymptotic region near spatial infinity, the fluctuation can be expanded

in multipolar modes as

0P (u,r, 9*) ZZZ

n=0 ¢=0 mecM,

OB ()Y (97) (424)
where we set to zero the momentum along longitudinal spatial directions. The dilaton

fluctuation induces a non-trivial dilatino via supersymmetry transformation:
SN =TM0p60c . (4.25)

In the next subsection, we will consider the equations of motion for the dilatino in the

asymptotic regions and verify their consistency with this expression.

4.3 Asymptotic charges from the dilatino

In this subsection we explicitly identify the dilatino charges. The reader will find a summary of
the notations used throughout here in appendix A. The linearized equation for the fluctuation

mode of the complex dilatino A reads [24]

DA - @175 (4.26)

We begin by working in the outgoing coordinates (3.3). For later use let us quote

1 1 (H H

g = [ pom2s _ 5 pprps67se | 04128 _ 56780] 4.97
im0 8([—[ ’ S [ (4.27)
Note that the angular part of the Dirac operator can be decomposed into the standard
Dirac operator on S°, together with additional contributions originating from the non-trivial
embedding of S® into the six-dimensional warped geometry

1 H
raDaA:H-[ Do + 7r4 SHF“}A (4.28)

where

1 ;.
,QZCI‘E&) (4.29)

Dgs = fy&eg (8a + 1
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with 7 related to the 10-dimensional I'% by I'* = 75 ® 7% in order to anti-commute with the
10-dimensional T* = v# @ 1. One can decompose a general ten-dimensional spinor ¥(X) in

spinorial spherical harmonics Yy 5.,(0) as

‘IJ<X) = Z wgmn yEmn(ﬁa> (430)

{mn==+
where & = (r, 2#) = (r,u, 2') and the action of Pgs produces
D s Vesmg(97) = s (5 + ) Ve (9%) . (4.31)

Choosing a frame in which the spatial momentum along the D3-branes vanishes p; = 0, the

dilatino field admits the following mode expansion

A(u,r,9%) ZZZ 7’”+5 %1 (U)j}z,m,n(ﬁa) (4.32)

n o fm N

where 3, is an n-dependent exponent to be determined momentarily.
Switching from the curved coordinates to flat-frame ones, the dilatino equation (4.26) in

outgoing coordinates reads

!

H
—2H2P,0,A+ D, A + r4lps5A + 27 (1-29)A=0, (4.33)

where ©, = 9, + 2 and Py = 3 (1 + F°F4) are projectors that satisfy
Pivs = P+ - (4.34)
Inserting the expansion (4.32) into (4.33) yields
Hl 2 1 5) 9\ - 1 H (n)£ <5
2.2 { % ("+2) ”(”2)75} MY <1+8B " 275) }Afvm’"y e =0

e Tn+6
(4.35)

where + labels eigenvalues of the operator T, In order to obtain a quantity with U(1)g

charge +2, we contract from the left with the 10-dimensional Killing spinor €*, which can be
decomposed as (4.15). The exponents (3, are fixed by requiring that the terms proportional
to H'/H cancel in each chirality sector. This condition fixes §,—; = 1/8 and §,—_1 = —3/8.
Since we are in working in outgoing coordinates in which €*(1 — 55) = 0, only the n = +1
branch survives.

Expressing spinor spherical harmonics in terms of the scalar ones Yy 5 (see Eq. (B.3)),
projecting onto these, the last term vanishes due to the BPS projector that annihilates half of

the Killing spinor components. At order n = ¢ we remain with

14)

Zé { Z ( >L4k7)+8 Af:rrlln 41;c )+ 4 (n + Z) (1 — 77:)/5>A§7€T)7Li7n:1} =0. (4.36)
+
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The second term also vanishes and we obtain the conservation of the Newman-Penrose charges

associated to the dilatino,

OuNi 1 =0, (4.37)
where we identify
152
Nyt = (k> L (A0 (4.38)
k=0

To find Aretakis charges, we consider (4.26) in the ingoing metric (3.4). Consider the

following expansion for A:

Alv,r,97) = 3 7"AYS L (0) Ve (9 HO (4.39)
n,l,m,£,n
where -1 = —3/8 and o, = 1/8.
We contract (4.26) by € which in these coordinates satisfies € (1 4+ 75) = 0, so only the
n = —1 branch survives. Projecting along Y} 5, we obtain a set of conserved charges in

near-horizon:

O A ye =0, (4.40)
where
N 42 /1 e
kf*
A&fnﬁﬂl:*l = Z (k’) L2 ! flAéern_fl . (441)
k=0

In order to check the matching between NP and Aretakis charges, we consider the conformal

transformation between e A in the near-horizon and A in the near-infinity region
~ IS
A, r,9%) = () ENu — v,r — L*/r,0%) . (4.42)
r

The relation between near-infinity and near-horizon modes is

—x 3 (n 1 —% n
EOAE,%,i,n:—l = [2nts EOAé,n‘)i,:t,n:I (4.43)

and consequently the Aretakis charges are proportional to the NP charges

1
A A
Aé,ﬁz,+m:—1 - WNZ,WL,Jr,nzl . (4.44)

This reflects the fact that CT inversion flips the chirality of 7; and therefore exchanges the
two n branches of dilatino field. Note that the relation is modified in comparison with the
scalar charges as can be seen by comparing this equation with (3.18).

As outlined in the previous subsection, the analysis above can be applied to other fields in

the supergravity multiplet. In particular; as a natural extension of this work, one can study
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the linearized field equations of the doublet Bf;, of 2-form potentials. The expansion in
terms of spherical harmonics is given in subsection 4.2 for the various components of the field.
In particular, from such an expansion one can appreciate that there is no mixing with other
components of the supermultiplet. The gauge invariance of the conserved charges implies
that only the 3-form field strength will appear in the final expressions. A complete in-depth
analysis of the higher component charges is beyond the scope of the current investigation.
That said, we do not expect any major conceptual obstacle in deriving the infinite tower of
conserved asymptotic charges associated to the fluctuations of the doublet of 2-forms, as well
as to the ones of all the other components in the supergravity multiplet, and we hope to

report soon in this direction.

5 Conclusions and outlook

This work exploits Couch-Torrence conformal inversion for (intersecting) D3-brane configura-
tions in Type-1IB supergravity in order to identify the map between Newman-Penrose charges
at null infinity and Aretakis charges in the near-horizon. Both sets of charges are exactly
conserved at the linear level. It is tempting to speculate a holographic interpretation in terms
of protected KK modes of the supergravity fields residing in 1/2 BPS multiplets in the dual
N =4 SYM theory. This may provide hints towards a possible flat Carrollian holographic
interpretation of NP charges at null infinity. Supersymmetry is used to generate asymptotic
charges for the higher components of the Type-IIB supergravity multiplet. In the case of the
dilatino, the asymptotic charges are constructed explicitly and shown to be consistent with
the supersymmetrisation of the scalar charges.

A strong motivation for our work is to find a connection between the flat-space holography
program and the standard AdS/CFT picture. In this light, the investigation presented here
establishes a map between the flat space and the near-horizon, AdSs x S° region of D3-branes,
as well as their bound states. It would be very interesting to combine this bulk perspective
with some of the recent developments employing a similar philosophy on the dual field theory.
For instance, in the context of ABJM theory [28] a recent paper [29] has discussed different
ways of defining Carrollian fermions showing that the flat space limit of the bulk corresponds
to the limit whereby the speed of light ¢ goes to zero in the boundary. The role of BMSvB
has also been emphasized in their analysis.

Let us collect some interesting open questions for the future. A natural extension is to
repeat the analysis of the dilatino equations, presented here for single D3-brane stacks to

the intersecting D3-brane configurations discussed in sections 3.2 and 3.3. Similarly, one can
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determine the asymptotic charges associated to other fields in the supergravity multiplet,
and as already mentioned the natural candidate to start this analysis would be the 2-form
potential in a single D3-brane background. It would also be interesting to go beyond the
linearised level. Non-linear effects may spoil the analysis but the robustness of multiplet
shortening may come to rescue. We plan to study this and related issues in the near future.

More qualitatively, one might ask what are the conditions under which brane solutions in
supergravity theories can possess a CT inversion symmetry. For instance, Dp-brane solutions
for p # 3, do not seem to enjoy this property. Note however, that T-dual solutions to the
two-stack D3-branes discussed in this work, like the M2-M5 intersection in M-theory are
known [30], and may be a natural setting to ask such questions. More importantly, while in
the present investigation we have emphasized the map between null infinity and extremal
non-expanding horizons, as in the original paper [1] and in the recent revival [2,7,8 11], the
role of the photon-sphere as a fixed-point set of generalized CT inversions, first pointed out
in [7,8], was recently elaborated on in [10]. In particular, the special case of a non-extremal
‘lukewarm’ BH with M = |@| in thermal equilibrium with the ambient de Sitter space was
studied in great detail in [10].

The near extremal limit [13,15,31] and the relation between Aretakis charges and conformal
invariance is another natural direction of investigation. Finally, it would be very interesting
to consider strings, or other extended objects, propagating in a background enjoying CT

inversions, and extend the notion of asymptotic charges for extended probes.
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A Frame fields, spin connections and Dirac matrices

Conventions. 10-dimensional curved indices are denoted by upper-case latin alphabet,
while under the decomposition 10=4-+6, lower-case greek (latin) indices denote the 4 (6)
dimensional coordinated respectively: M = (u,7). We use a similar convention for frame
indices, with the addition of a hat over the alphabet: M = (ﬂ, 5) Explicitly, these coordinates
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are expressed by numbers from zero to nine such that i =0,1,2,3 and 7 =4,5,...,9.

Consider the D3-brane metric in Cartesian coordinates
ds? = H_%nw,dx“dx” + H%(Sijdyidyj : (A.1)

where 4

L —
Bl (22)

From this metric one finds the following non-vanishing Christoffel symbols

1 .
—— w0 H ,
AH* (A.3)

) 1 ) ) )
D=7 (9:0% log H + 0}0; log H — 040" log H )

1 i
. = —15’;@- logH, T, =

Define the frame fields

;i —1le ; 14
EM,UZH 4(5MM, E1:H451 (A4)
The non-zero spin connection components are:
12 1 j S
~ 1 ~ o
QFs = 701 log H(5,;6" — 616" (A.6)

A.1 Clifford algebra

The 10d gamma matrices are defined as a set of 32x32 matrices satisfying the Clifford algebra
{PM, PN} = 2GMN (A7)
They can be obtained from the flat space gamma matrices by a linear transformation
implemented by the frame fields
M — pMrM (A.8)
defined analogously by the flat Minkowski metric
0¥ 1N} = 2ptIN (A.9)
We adopt a representation of the ten-dimensional gamma matrices in flat spacetime in which
they factorize as tensor products of the four-dimensional and six-dimensional gamma matrices
M =+'el (A.10)
=y ®7 (A.11)
where 75 = 17°y1+?93. The ten-dimensional chirality matrix can be written as:
T =75%7 = LTl s gl Tl (A.12)
where 75 = i['gI'1I'2I'3 and 77 = —i['y s 7Ty
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A.2 Tortoise coordinates

When discussing the flat space limit of the background near infinity, it is convenient to use the
metric (3.3). The following contains various geometric quantities for this coordinate system
for the reader’s convenience. We decompose coordinates as follow: XM = (z#,r,19%), where
o = (u,z'). The index I = 1,2,3 labels the three longitudinal directions along the brane
worldvolume, while the index a denotes to the angular coordinates on S°

For the (ﬁ, 21) coordinates, frame fields do not take a diagonal form. Expressed as a 1-form

one can choose

E= H idu+ Hidr, E'=Hidr (A.13)
The inverse frame fields are )
E@ = H1 8u,
) ) (A.14)
E,=—-H+0,+H 10,.
The angular components are:

E* = rHiel (A.15)
where @ = 5,...,0 and é* are the vielbein components for S®. The frame fields along the
three longitudinal directions are:

E' = H ida! (A.16)
where I = 1,2,3. The metric (3.3) is obtained via
ds® =y EMEN (A.17)

where 145 is the flat metric in the signature (—, +, ..., +). The 5-form flux in this coordinate
system is )
Fs=H' ﬁdu Adr A dPx —r°dQs (A.18)

In addition to the standard spin connection on S® Qié, the non-vanishing spin connection

components are

Q"= -, = - Wik (A.19)
Q% =-0,% = ﬂ; (A.20)
= -, 4;/2 (A.21)
01 = -0, = —ez;] (A.22)
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In near-horizon geometry, described by (3.4), we choose the following frame fields for the
(0,4) coordinates:
E'=H idv— Hidr ~ E'=—Hidr (A.23)

The inverse frame fields are:
E,=H10, E;=-Hid,—H 19, (A.24)

The angular components are:
E* = —rHie (A.25)
while frame fields along longitudinal directions are unchanged. The non-vanishing components

of the spin connection are

00 = 0 = I (A.26)
AH3/?

00 = b = —f; (A.27)

off = -0t = — 53 5 (A.28)

00 =~ = —eZ;[ . (A.29)

B KK modes of Type IIB on S°

Use XM = (2 9%) with 2# = (2#,7) = (u,z’,r) coordinates on the D3-brane plus radial
direction and 9% coordinates on S°. The analysis is largely borrowed from [26]. One would
naively expect a complication to arise as a result of the mixing of the metric and RR fluxes.
However, neutrality of the graviton and the 5-form under U(1)g leads to a simpler picture at

the linearised level.

B.1 Fermions
B.1.1 Dilatino

We decompose the dilatino as

ZA&M yfu] ) (B-l)

7%

with J)Zi spinor spherical harmonics, such that

Vi =1 (i +2) Veun (B2)
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and n = £1. The relation between spinor spherical harmonics and scalar ones is the following:

Vi = (i) + 0+ 4)Yyk, (B.3)
or alternatively

Voo = B+ 0+ 1)Yiurhy (B.4)

where &, is the Killing spinor on S° satisfying

i
Dok, + N5 Yatin = 0. (B.5)
There are two (complex) branches of modes with
5

in conjugate representations of SU(4) i.e. [1,44,0] and [0, ¢4, 1] and scaling dimension

A, = |M,L+ 21| . (B.7)

B.1.2 Gravitino

The transverse (to the sphere), y-traceless components of gravitino can be decomposed as

Wi, 0) = 3 Cptan(0) Vesn(0) - (B-8)

Lam

Also for the gravitino there are two branches, with
M,L =1 (@ + g - n) , (B.9)
in conjugate representations of SU(4) i.e. [0, 44, 1] and [1, 4, 0] and scaling dimension
A, =|M,L|+2, (B.10)
The longitudinal (to the sphere), y-traceless components of the gravitino are

\Ila(xv 79) = Zwet-n(x)ya,étw(ﬁ) + Z¢édﬂi(x)Day€dﬂ7<19) ) (B'll)

Le,n Lam

where Y, , are spinor-vector spherical harmonics. Mass branches are

5)
Mt,nL =1 (6,5 + 5 — 2> s (B12)
in conjugate representations of SU(4) i.e. 36,140, ... and 36*, 140*, .. and
5
MdmL =" (gt + 5 - 27]) 9 (Blg)

in conjugate representations of SU(4) i.e. [1,44,0] and [0, ¢4, 1]; and scaling dimension

A, = |My,L| +2 . (B.14)
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B.2 Bosons
B.2.1 Dilaton

The dilaton can be expanded as
Z i, (7)Y, (9) (B.15)
with Y, scalar spherical harmonics, such that
VY, = (0 +4)Yy, . (B.16)
There is only one (complex) branch of modes with
M?L? = (,(0; +4) , (B.17)

i.e. A = {y, where we use ¢; to label singlet of SO(5).

B.2.2 Complex 2-form / Kalb-Ramond

The transverse components of the complex 2-form are
= StV (B.18)

with Yy, scalar spherical harmonics. There are two (complex) branches of modes:

M?L* =07 (1 >1, (B.19)
in the [0, ¢4,0] of SU(4) and
M?L* = (6, +4)°  6,>0, (B.20)
in the [0, ¢4, 0].
The vector components are
Bia(,9) be 2)Va s (0 +bel VD, Yy, (9) . (B.21)

The latter term can be gauged away, the former yield two (complex) branches of vector modes
with
M?L? = (U5 +2) ({5 + 4) (B.22)

in the [1, 05, 1] of SU(4).

31



The longitudinal components can be written as

Bap(x,9) = 307 () Vi (0 +Zb5 2) DYy (9) - (B.23)

L10

Also in this case, the latter term can be gauged away, the former yield two (complex) branches
of scalar modes with
M2L2 - (610 + 3)(610 - 1) y <B24)

in the [2, ¢19,0] of SU(4) and
M?L?* = (b1 + T) (€10 +3) , (B.25)

in the [2, 019, 0] of SU(4) and their complex conjugate.

B.2.3 Graviton / RR 4-form and their mixing

The transverse traceless graviton can be expanded as

Hiola,9) = 3 h ()i (6) (B.26)

41

There is one branch of symmetric traceless tensor modes with

M?L? = (,(6; +4) (B.27)
in the [0, ¢4,0] of SU(4).
The vector components are
Hia(z,0) =Y h (2)Vas, (0) + thl )D. Yy, (9) . (B.28)

4y

The latter term can be gauged away, the former mix with the following components of the
RR 4-form:

,uabc x, 79 Za 5abcdeD yz ( ) ) (B29)

and yield two branches of real vector modes with
M?L? = l5(05 + 2) (B.30)

in the [1, /45, 1] of SU(4), and
M?L? = (05 + 4)(¢5 + 6) (B.31)
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in the [1, 05, 1] of SU(4).

The longitudinal (to the sphere) graviton components are:

Hapy(2,9) = > W (2) Viapyer, (U +th5 2) D Viyes +Zh‘1 DDy, (9) . (B.32)

l1g

The last two terms are gauge trivial, the symmetric traceless part yields scalars in the [2, (14, 2]
of SU(4) with mass
M?L? = ({1 +2)(l14 + 6) . (B.33)

Now we consider the mixing between H%, and Agp.q. The former can be expanded as

H(,9) = Y 10 ()Y (9) (B.34)

£y

while the latter is
abcd xZ, 19 Z a €abcd€De}/@1 (19) (B35)

Eliminating H”; produces two sets of scalar modes in the [0, ¢;,0] of SU(4) and masses
M2L2 == 81(61 - 4) y (B36)
with ¢; > 2 or
M?L? = (0, +4) (6, +8) , (B.37)

valid for any /;.
Finally the fields Azzz5 (scalar Y;,) and A,z55 (vector Vi) can be eliminated algebraically
thanks to the self-duality constraint, while

Aapjiv(2,7) Zaelp %13] )+ a ﬁﬂ( )D[ayb]( ) (B.38)
Lo 143
Gauging away the last term produces antisymmetric tensors in the [2, ¢4, 0] and [0, ¢4, 2]
with mass
M2L? = ({3 + 3)? (B.39)
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