
The Journal of the Astronautical Sciences (2026) 73:54
https://doi.org/10.1007/s40295-026-00593-z

RESEARCH

Sparse Approximation Method for Accurate Uncertainty
Propagation through a Nonlinear System

Amit Jain1 · Puneet Singla1 · Roshan Eapen1

Received: 6 April 2025 / Accepted: 13 May 2026 / Published online: 12 June 2026
© The Author(s) 2026

Abstract
A computationally efficient approach is presented to propagate initial condition uncer-
tainty, represented by a probability density function (PDF), through a nonlinear system.
The log-PDF is assumed to be a linear combination of basis functions, and the ampli-
tudes of these functions are computed by requiring the approximation to satisfy the
Fokker-Planck-Kolmogorov equation (FPKE). Sparse approximation tools are uti-
lized to trade off between FPKE error and the sparsity of the log-PDF model. The
approach derives insights from known analytical stationary solutions of FPKE to con-
struct multidimensional basis functions that accurately represent the state PDF. This
judicious construction of basis functions helps alleviate the curse of dimensionality
associatedwith the growth of basis functions inmultidimensional space. Twononlinear
oscillators and a two-body problem are considered to demonstrate the efficacy of the
proposed approach. Simulation results show that this approach effectively propagates
uncertainty through both non-conservative and conservative systems.

Keywords Uncertainty propagation · Fokker-Planck-Kolmogorov equation ·
Hamiltonian systems · Probability density function

1 Introduction

The quantification and propagation of uncertainty in dynamic models are crucial for
ensuring the precision and safety of engineering systems. Uncertainty propagation
(UP) is a process that assesses and understands how uncertainties can affect model
predictions and outcomes, playing a vital role in decision-making processes. The
uncertainties associated with the state vector are typically characterized by statistical
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properties such as probability distributions, moments, and probability density func-
tions (PDFs). The state transition PDF of a nonlinear dynamical system is governed by
a well-known Fokker-Planck-Kolmogorov Equation (FPKE), which is a convection-
diffusion partial differential equation [1]. While closed-form solutions for the FPKE
exist for linear systems under the influence of additive white Gaussian noise, find-
ing exact solutions for a general nonlinear system is not feasible [1–4]. Therefore,
approximate numerical solution procedures have been adopted for solving the FPKE.

Numerical solutions for the FPKE can be broadly categorized into sample-based,
grid-based, and hybrid methods. Sample-based methods, such as the Monte Carlo
(MC) method and deterministic particle-based methods, approximate the PDF by
generating samples in the domain of interest and analyzing their behavior over time.
The MC method involves evaluating the governing equation with a large number of
random realizations of uncertain parameters and deriving statistics from the outputs
[5, 6]. Other sample-based techniques known as quadraturemethods, such as Gaussian
Quadrature, Unscented transform (UT), and Conjugate Unscented Transform (CUT),
have been developed as deterministic alternatives to random sampling schemes [7–11].

Grid-based methods discretize the spatial and temporal domains to solve the
FPKE on a prescribed grid. The finite difference method, finite element method,
finite volume method, and method of weighted residuals (MWR) are commonly
used grid-based techniques. Finite difference methods approximate spatial deriva-
tives of the PDF using explicit or implicit schemes, while finite element methods
handle complex geometries and variable spatial resolutions in theory [12–16]. The
finite volume method divides the problem domain into a grid or mesh, with grid cells
representing volumes used to approximate the PDF evolution [17–19]. The class of
MWR-based techniques encompasses several widely utilized grid-based approaches,
including Galerkin, least-squares, method of moments, subdomain method, and
pseudo-spectral/collocation-based methods [20]. The selection of weights used to sat-
isfy the residual equation differentiates various MWR schemes. In the collocation
method, the weights are chosen as Dirac delta functions, and the problem reduces
to evaluating the residual to zero at the selected collocation points. Due to its ease
of use, the collocation approach is a widely employed technique [21–24]. The main
challenge in the implementation of the grid-based method lies in the discretization of
a higher dimension state space since the number of spatial coordinates is equal to the
state dimension, which is twice the degree of freedom for the system. Furthermore,
the boundary conditions for the FPKE are defined at ±∞, which poses additional
challenges in the discretization.

Hybrid methods combine sample and grid-based methods along with other uncate-
gorized techniques. These include variational methods, path integration, stochastic
averaging, machine learning, tensor decomposition, and Gaussian mixture model
(GMM) techniques. Variational methods formulate the problem as a variational prin-
ciple and find approximate solutions through optimization [25–27]. The path integral
method calculates the probability distribution function of a stochastic process by sum-
ming over all possible paths that the process can take [28–32]. Stochastic averaging
techniques replace the random fluctuations in the original system with their statistical
averages or expectations, resulting in simplified equations that describe the system’s
long-term behavior [25, 33]. In machine learning approaches, researchers apply neu-
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ral networks and deep learning techniques to approximate solutions of FPKE. These
methods leverage the ability of neural networks to learn complex patterns and rela-
tionships from data, enabling them to approximate the solution of the equation without
explicitly solving it analytically [9, 34–37]. Tensor decomposition techniques approx-
imate the solution as a low-rank tensor, thereby reducing computational complexity
and storage requirements [38–40]. Methods based on GMM, such as adaptive-GMM
and adaptive-splitting based GMM [41–46], approximate the state PDF by a finite sum
of Gaussian density functions. Their accuracy depends on optimally determining the
number and position of mixture model components.

Sample-based methods offer several advantages, including ease of implementa-
tion, no requirement for spatial domain discretization, and natural handling of infinite
boundary conditions. However, these methods have significant drawbacks. Monte
Carlo methods suffer from slow convergence rates (typically O(N−1/2) where N is
the number of samples), requiring a large number of samples to achieve acceptable
accuracy, which becomes computationally prohibitive for complex systems [5, 6].
Deterministic sampling methods like quadrature-based approaches can improve con-
vergence [7], but still face challenges in capturing complex, multimodal distributions
efficiently [9].

Thus, hybrid methods combine elements of different numerical techniques to strike
a balance between accuracy and computational efficiency. These methods leverage the
strengths of both grid-based approaches (systematic coverage of the domain, determin-
istic accuracy) and sample-based approaches (flexibility, no grid construction, natural
boundary handling), making them versatile for a wide range of problems. Blended
methods such as the meshless partition of unity finite element method (PUFEM) [47],
tensor decomposition with Chebyshev spectral method [40], Fourier with Chebyshev
spectral methods [48], collocation with finite difference and sparse approximation
method [49] for finding the evolution of PDF often offer significant computational
advantages over traditional methods to solve the FPKE. However, the key limitation
in computing the solution to the FPKE lies in the curse of dimensionality, which stems
from the discretization of the PDF domain and/or the computation ofmultidimensional
projection integrals.

The main contribution of this work is to address the computational challenge in
solving the FPKE.The proposed approach is inspired by the recently developed sparse-
collocationmethod [50–52], which involves expanding the logarithm of the PDF using
polynomial basis functions. The coefficients and order of the expansion are determined
by satisfying the FPKE at specific collocation points. To overcome the combinatorial
growth of multidimensional basis functions, this work proposes a novel method that
leverages the insights from the conditions for the existence of stationary solutions of
the FPKE to construct multidimensional basis functions. By taking advantage of this
structure, the developed method aims to improve both the efficiency and accuracy of
uncertainty propagation.

The structure of the paper is as follows: Sect. 2 introduces the FPKE, while Sect. 3
discusses the conditions for the existence of a stationary solution of the FPKE and
introduces the sparse-collocation approach. Section4 provides the numerical results
corresponding to the solution of FPKE for two nonlinear oscillators and propagating
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burn uncertainty for a spacecraft in an orbit around the Earth. Section5 concludes with
the summary of main results.

2 Problem Statement and FPKE Preliminaries

Let us consider the following nonlinear dynamical system with stochastic excita-
tion:

ẋ = f(x, t) + G�(t) (1)

where x ∈ R
n is the state vector, and f and G are nonlinear functions. �(t) ∈ R

m is a
vector of independent Gaussian white noise processes with zero mean, and the noise
strength is characterized by the covariancematrixQ(t) ∈ R

m×m , i.e.,E[�(t)�T (s)] =
Q(t)δ(t − s) with δ(·) denoting the Dirac delta function [53]. It should be mentioned
that Eq. (1) can be written in terms of following stochastic differential equation:

dx = f(x, t)dt + Gdβ(t) (2)

Here d�(t) is the Brownian motion process and Eq. (2) is valid under the ideal white
noise forcing assumption,�(t) ≈ dβ(t)

dt . Themain objective of thiswork is to propagate
the state PDF over time through the aformentioned dynamical system, the uncertainty
in the systemwill be captured by computing the state PDF.Topropagate the uncertainty
through the aforementionednonlinear system, the initial state of the system is described
by the PDF, p(x, t0), and the state PDF, p(x, tk) needs to be computed. In the presence
of additive white Gaussian noise, the Fokker-Planck-Kolmogorov Equation (FPKE)
governs the propagation of the state PDF through the nonlinear dynamical system.
The FPKE is a second-order, linear parabolic partial differential equation given as:

∂ p(x, t)
∂t

= − ∂ p(x, t)T

∂x
f(x, t) − p(x, t) · Tr

[
∂f(x, t)

∂x

]

+ 1

2
Tr

[
GQ(t)GT ∂2 p(x, t)

∂x∂xT

] (3)

HereQ(t) is the noise strength matrix from Eq. (1). The components in the first-order
partial derivative with respect to the state, commonly referred to as the drift term,
capture the mean of the propagated PDF deviating from the initial PDF. The second-
order partial derivatives with respect to the state variable represent the diffusion term,
which accounts for the spread of the PDF over the state space. Although the underlying
stochastic differential equation Eq. (1) describes individual trajectories that are non-
differentiable (in the Itô or Stratonovich sense), the FPKE Eq. (3) is a deterministic
partial differential equation that governs the smooth evolution of the PDF p(x, t) over
the entire state space [1, 53, 54].

Notice that in the absence of white noise in the system, i.e.,�(t) = 0, the governing
dynamics becomes,

ẋ = f(x, t) (4)
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Thus, the sole source of uncertainty is in the initial state since the diffusion matrix
becomes zero. The resulting reduced FPKE is also known as the Liouville equation,
which describes the time evolution of the PDF (or equivalently phase space density) in
phase space. The Liouville equation can also be expressed in terms of the Hamiltonian
function using the Poisson bracket as [27, 54]:

∂ p

∂t
= −{p,H} (5)

whereH is the Hamiltonian of the dynamical system and {p,H} is the Poisson bracket
ofH and p. This equation states that the rate of change of the PDFwith respect to time
is determined by the Poisson bracket of the Hamiltonian H and p, which is defined
as:

{p,H} =
n̄∑

i=1

(
∂ p

∂qi

∂H
∂ pi

− ∂ p

∂ pi

∂H
∂qi

)
, n̄ = n

2
(6)

where qi is the configuration variable and pi is the corresponding conjugate momenta
of the state variable x, i.e., (x = [q,p]). Thus, the Hamiltonian H(q,p) corresponds
to the total energy of the system and is governed through the Hamilton’s equations of
motion:

dqi
dt

= ∂H
∂ pi

; dpi
dt

= −∂H
∂qi

(7)

Moreover, the characteristic solution of the Liouville equation is given by,

p(xt ) = p(x0) exp
(

−
∫ t

0
∇ · f(x(τ ), τ )dτ

)
(8)

This provides a method for calculating the evolution of a PDF along a specific trajec-
tory.

Although the FPKE (Eq. (3)) is linear in state PDF, it is a formidable equation to
solve due to the following challenges:

1. Non-negativity of the PDF: p(x, t) ≥ 0 ∀x, t
2. Infinite Boundary Conditions: p(±∞, t) = 0
3. Normality of the PDF:

∫
p(x, t)dx = 1

4. Number of spatial coordinates equals the state dimension n

These challenges restrict the applicability of numerical methods for solving the FPKE
in engineering applications, such as the translational motion of a rigid body.

3 ProposedMethodology

In this section, a numerical method is developed while building upon our prior
work [49] in this area. The main idea is to approximate the log-PDF through a linear
combination of basis functions to ensure the non-negativity of the state PDF, i.e.,
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β(x, t) = cT (t)�(x), p(x, t) = eβ(x,t) (9)

where β(x, t) denotes the log-PDF, and c(t) ∈ R
m represents a vector of time-varying

coefficients for the prescribed basis functions �(x). To impose the infinite boundary
conditions, the true PDF is regularized by a weighting function W (x, t, θ) that must
satisfy the following properties:

1. W (x, t, θ) ≥ 0 ∀x, t, θ
2. W (−∞, t, θ) = W (∞, t, θ) = 0 ∀t, θ
Here θ is a parameter vector based on the chosen weighting function chosen. These
two properties lead to the use of a PDF as the regularizing function. Note that the
weight function has a similar form to the true PDF given in Eq. (9).

W (x, t, θ) = eβW (x,t,θ) (10)

The weighting function is used to regularize the true PDF as follows:

pA(x, t) = p(x, t)W (x, t, θ) = eβ(x,t)eβW (x,t,θ) = e(β(x,t)+βW (x,t,θ)) = eβA(x,t,θ)

(11)
where pA(x, t) represents the approximate (regularized) PDF that satisfies the positiv-
ity and boundary conditions through the weighting function. The log-PDF can now be
calculated using Eq. (11), satisfying both positivity and infinite boundary conditions.
To handle the normality constraint, the PDF can be integrated over the domain of
interest to find the normality constant. If the log-PDF is smooth with continuity and
the existence of at least the first two derivatives, then βA(x, t) can be represented as
follows:

βA(x, t) = β(x, t) + βW (x, θ) = cT (t)�(x) + cTW (θ)�(x) (12)

where cW (θ) is a vector of coefficients for the weighting function. A key challenge in
any approximation algorithm lies in choosing appropriate basis functions for accurate
approximation of the state PDF. Although there are infinitely many choices for basis
functions (polynomial functions, B-spline functions, wavelet functions, etc.), poly-
nomial basis functions are most popular for representing the log-PDF [49, 55, 56].
This is because the principle of maximum entropy results in an exponential family
(exponential of a polynomial function), and many known PDFs belong to this expo-
nential family. However, as the state dimension increases, the number of polynomial
basis functions grows rapidly. For instance, while a 1-D system requires only nine
basis functions for eighth-order accuracy, higher dimensional systems require tensor
products of polynomial basis functions to achieve the same accuracy. Figure1 illus-
trates this combinatorial growth of polynomial basis functions (up to eighth-order)
with system dimension. A 5-D system requires 1,287 basis functions, while a 6-D sys-
tem needs 3,003 basis functions. Therefore, it is crucial to control this combinatorial
growth. The following section investigates methods to prevent this explosive growth
of basis functions in n-dimensional systems.
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Fig. 1 Combinatorial growth of polynomial basis functions (up to eighth-order) with dimension

3.1 Selection of Basis Functions Dictionary

This section examines the stationary solution of the FPKE to construct appropriate
basis functions for accurate approximation of the state PDF. To motivate the Hamil-
tonian formulation, both conservative and non-conservative systems are considered.

Consider an n-dimensional conservative system shown in Eq. (4), where the state
variable x is split into a configuration variable q and its corresponding conjugate
momenta p as:

dqi
dt

= fi ; dpi
dt

= fi+n̄; i = 1, · · · , n̄ = n

2
(13)

As mentioned earlier, the system dynamics can also be described by Hamilton’s equa-
tions of motion given in Eq. (7). Substituting the expressions for fi in the FPKE of
Eq. (3) in terms of the Hamiltonian function yields:

∂ p(x, t)
∂t

= −
n̄∑

i=1

∂ (p fi )

∂qi

= −
n̄∑

i=1

∂

∂qi

(
p
dqi
dt

)
+ ∂

∂ pi

(
p
dpi
dt

)

= −
n̄∑

i=1

(
∂

∂qi

(
p

∂H
∂ pi

)
− ∂

∂ pi

(
p
∂H
∂qi

))

= −
n̄∑

i=1

(
∂ p

∂qi

∂H
∂ pi

− ∂ p

∂ pi

∂H
∂qi

+ p
∂2H

∂qi∂ pi
− p

∂2H
∂ pi∂qi

)

(14)

∂ p(x, t)
∂t

= −
n̄∑

i=1

(
∂ p

∂qi

∂H
∂ pi

− ∂ p

∂ pi

∂H
∂qi

)
(15)
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Note that Eq. (15) is equivalent to Eq. (5). When p(x, t) = p (H (q,p)), Eq. (15) can
be written as:

∂ p(x, t)
∂t

= −
n̄∑

i=1

(
∂ p

∂H
∂H
∂qi

∂H
∂ pi

− ∂ p

∂H
∂H
∂ pi

∂H
∂qi

)

∂ p(x, t)
∂t

= 0

(16)

To summarize, for a conservative system (�(t) = 0), any function of H(q,p) can
serve as p(H) provided that it satisfies normality and boundary conditions. Thus, the
noise-free conservative system has infinitely many stationary PDFs, all of the form
p(H).

Next, consider a non-conservative system to demonstrate how the stationary PDF
depends on the Hamiltonian. To illustrate this relationship, consider a nonlinear oscil-
lator for which a stationary solution exists. In particular, the Duffing oscillator will be
used to demonstrate the relationship between the stationary PDF and the Hamiltonian
[57]. The system dynamics are given as follows:

ẍ + ηẋ + αx + βx3 = Q (17)

Notice that this system is a Hamiltonian-kind system, where external damping Q is
present. (17) can be written in a state-space form as:

ẋ1 = x2; ẋ2 = Q − ηx2 − αx1 − βx31 (18)

The equations of motion can be written using the Hamiltonian:

H = x22
2

+ αx21
2

+ βx41
4

dx1
dt

= ∂H
∂x2

; dx2
dt

= − ∂H
∂x1

− η
∂H
∂x2

+ Q
(19)

The FPKE given by Eq. (3) for this system becomes:

− ∂

∂x1

(
p

∂H
∂x2

)
+ ∂

∂x2

(
p

∂H
∂x1

)
+ η

∂

∂x2

(
p

∂H
∂x2

)
+ 1

2
Q

∂2 p

∂x22
= 0 (20)

The first two terms cancel each other out, as shown previously. Additional calculations
using the remaining terms result in:

η
∂

∂x2

(
p

∂H
∂x2

)
+ 1

2
Q

∂2 p

∂x22
= 0

ηp
∂H
∂x2

+ 1

2
Q

∂ p

∂x2
= C (constant)

(21)
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Using p(±∞, t) = 0

ηp
∂H
∂x2

+ 1

2
Q

∂ p

∂x2
= 0

Further simplifications lead to the following:

ηp
∂H
∂x2

+ 1

2
Q

∂ p

∂H
∂H
∂x2

= 0

ηp + 1

2
Q

∂ p

∂H = 0

(22)

p = p0 exp

(
−2ηH

Q

)
(23)

This shows that the stationary PDF of a Duffing oscillator is a function of the Hamilto-
nian. Thus, for a non-conservative system expressed usingHamiltonian kind equations
of motion, the stationary solution can be found. This motivates the inclusion of Hamil-
tonians, along with monomials, in the over-complete dictionary of basis functions.

3.1.1 Physics Informed Basis Functions

As demonstrated in the preceding section, the log-PDF of the non-conservative but
Hamiltonian kind system, such as the Duffing oscillator, is directly proportional to
the Hamiltonian function. This motivates the construction of basis functions based on
the Hamiltonian, which is a multidimensional scalar function. For example, one can
include powers of the Hamiltonian as basis functions, i.e.,


(H) = [H1,H2,H3, . . . ,Hmh ] (24)

However, if the initial uncertainty is assumed to be Gaussian, then monomials in state
variables are necessary to approximate the transient behavior of the log-PDF, while
the Hamiltonian basis functions are necessary to approximate the stationary log-PDF.
The complete basis function dictionary can be written as:

�(x) = [
(x),
(H(x))] = [
(x),
(H)] (25)

where
(x) ∈ R
mx represents the dictionary of basis functions containingmonomials,

while 
(H(x)) ∈ R
mh denotes the dictionary of basis functions containing powers of

the Hamiltonian. Additionally, �(x) ∈ R
m=mx+mh signifies the complete dictionary

of basis functions containing both monomials and powers of the Hamiltonian. Using
Eq. (25), Eq. (12) can be written as:

βA(x, t) = (c(t) + cW (θ))T [
(x),
(H)] (26)

One can solve for unknown coefficients, c(t) in Eq. (26) by substituting the log-PDF
into the FPKE and minimizing the resultant residual equation. Various numeri-
cal methods can be employed to minimize the global residual error when using a
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series approximation for the log-PDF, including regularization techniques [58, 59],
Galerkin-based approaches [60], the least squares method [61], and collocation meth-
ods [62]. The regularizationmethods, such as lasso and Ridge regression, offer distinct
approaches to address this challenge. The lasso method promotes sparsity by penal-
izing the l1-norm of coefficients, while Ridge regression uses the l2-norm to handle
multicollinearity. The Galerkin-based approach involves projecting the residual error
onto a set of basis functions andminimizing the resulting weighted residuals. The least
squares method seeks to minimize the sum of squared residuals between the observed
data and the fittedmodel. Collocation-basedmethods aim tominimize the global resid-
ual error by reducing the problem to function evaluation at specified collocation or
grid points. However, these methods can suffer from the curse of dimensionalitywhen
computing high-dimensional integrals and may even lead to over-fitting the data in
some cases.

Thus, in this work, a sparse regression technique is utilized to solve the FPKE in a
computationally attractivemanner. The proposed approach exploits recent advances in
non-product cubature methods in conjunction with careful selection of basis functions
and sparse approximation tools to alleviate the curse of dimensionality to some extent.
A recently developed quadrature scheme known as Conjugate Unscented Transform
(CUT) provides a minimal set of cubature points. Furthermore, a minimal expansion
for the log-PDF approximation is desired. If all coefficients participate in capturing
the PDF, this can lead to overfitting of the data and consequently result in high testing
errors. Thus, a tradeoff between sparsity and the two-norm error of FPKE is performed
by utilizing sparse approximation techniques. These tools enable the automatic selec-
tion of dominant coefficients from the over-complete dictionary of basis functions,
thereby preventing overfitting of the data.

In the following sections, the sparse regression method is described in detail. This
approach involves a trade-off between FPKE error and sparsity of the log-PDF model
to determine the optimal coefficients.

3.2 Sparse Regression

In this section, the numerical methodology for solving the FPKE using sparse regres-
sion is discussed. As mentioned in the previous section, the non-negativity and infinite
boundary conditions are handled using the log-PDF and a weight function, as shown
in Eq. (11). Substituting Eq. (11) into Eq. (3), the FPKE can be expressed in terms of
the log-PDF as:

β̇A(x, t, θ) + ∂βA(x, t, θ)T

∂θ
θ̇ = −Tr

[
∂f(x, t)

∂x

]
− f(x, t)T

[
∂βA(x, t, θ)

∂x

+ ∂θ

∂x
∂βA(x, t, θ)

∂θ

]
+ 1

2
Tr

[
GQ(t)GT

(
∂2βA(x, t, θ)

∂x∂xT
+ ∂βA(x, t, θ)

∂x
∂βA(x, t, θ)

∂xT

+ 2
∂βA(x, t, θ)

∂x

(
∂θ

∂x
∂βA(x, t, θ)

∂θ

)T

+ ∂2θ

∂x∂xT
∂βA(x, t, θ)

∂θ
+ ∂2βA(x, t, θ)

∂θ∂xT
∂θ

∂x

+
(

∂θ

∂x
∂βA(x, t, θ)

∂θ

) (
∂θ

∂x
∂βA(x, t, θ)

∂θ

)T )]
(27)
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The time derivatives in Eq. (27) can be approximated using finite differences, and the
weighting function is assumed to be a constant Gaussian kernel. Using Eq. (26), the
residual error can be written as:

e(x, t) = �T (x)

(
c
(
tk+1

) − c (tk )

�t

)
+ Tr

[
∂f (tk , x)

∂x

]

+ fT (tk , x)
[

∂�(x)T

∂x

(
c (tk )+cW

)]
− 1

2
Tr

[
G(tk )Q(tk )G(tk )

T
(

(c (tk )+cW )T
∂�(x)

∂x

∂�(x)

∂xT
(c (tk )+cW ) + ∂2

∂x∂xT

[
(c (tk ) + cW )T �(x)

]) ]

(28)

where,
∂�(x)

∂x
=

[∂
(x)
∂x

,
∂
(H)

∂x

]
=

[∂
(x)
∂x

,
∂
(H)

∂H
∂H
∂x

]
. From this point for-

ward, c (tk) will be denoted as ck for notational simplicity. Moreover, Eq. (28) can
be expressed more compactly using the unknown coefficients ck+1 and the known
quantities A, b as:

e(x, t) = Ack+1 − b (29)

where, A j = �T
j (x) /�t

b = �T (x) ck/�t − Tr

(
∂f (tk, x)

∂x

)
+ fT (tk, x)

(
∂�T (x)

∂x
(ck + cW )

)

−1

2
Tr

{
G(tk)Q(tk)GT (tk)

(
(ck + cW )T

∂�(x)
∂x

∂�(x)
∂xT

(ck + cW )

+ ∂2

∂x∂xT

[
(ck + cW )T�(x)

])}
j = 1, 2, . . . ,m

(30)

The aim is to find coefficients ck+1 that minimize the two-norm error over the given
domain. Thus, the cost function can be written as:

J = 1

2

∫
e2(x, t)π(x)dx (31)

where π(x) is the weighting function. To solve Eq. (31), a multidimensional inte-
gral needs to be evaluated. Quadrature methods, a class of numerical integration
techniques, can be employed to approximate this integral. The choice of quadrature
technique depends on various factors, including the dimensionality of the integral and
the desired level of accuracy. Selecting an appropriate quadrature technique is crucial,
as it can significantly impact the accuracy and computational efficiency of the solution.
Therefore, the objective is to find the minimum number of quadrature points needed to
accurately represent the entire domain while avoiding solution infeasibility in higher
dimensions due to the curse of dimensionality.

Conventionally, Monte Carlo (MC) sampling is used to evaluate multi-dimensional
integrals. However, the MC method suffers from a slow convergence rate. An
alternative approach employs deterministic sampling techniques, namely quadrature
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methods. Many methods exist for generating quadrature points, with the simplest
being Gaussian quadrature. Gaussian quadrature methods provide a minimal number
of points to integrate polynomial functions in one-dimensional (1-D) space. However,
one needs to take a tensor product of these 1-D quadrature points to evaluate multidi-
mensional integrals in d-D space. This results in a total of qd quadrature points, where
q is the number of quadrature points in 1-D. Thus, the number of points increases
exponentially as the system’s dimension increases [63, 64].

An efficient numerical sampling method known as the Conjugate Unscented Trans-
formation (CUT) method [65] is chosen to prevent this exponential growth. This
method exploits the structure of the domain by choosing specially defined axes on
which quadrature points are selected. These CUT points are developed using minimal
cubature rules and offer similar orders of accuracy as the Gaussian quadrature method
but with fewer required points. In this method, points are chosen symmetrically at
conjugate axes in addition to the principal axes. In 3-D, the conjugate axes correspond
to face bisectors and principal diagonals of a cube. For an n-D system, 2n points of
weight w1 lie symmetrically on each principal axis at a distance of r1, and 2n points
of weight w2 lie symmetrically on the nth-conjugate axes (Cn) at a distance

√
nr2,

with a central weight placed at the origin. The configuration described above corre-
sponds to the fourth-order accurate CUT (CUT4), where the order refers to the degree
of polynomials that can be integrated exactly. Higher-order schemes such as CUT8
(eighth-order accurate) require additional points but provide improved accuracy for
integrating higher-degree polynomials. Thus, for CUT4, the (N ×n) set of quadrature
points x (N = 2n + 2n + 1) and the corresponding weights are given in Table 1
along with 3-D views for n = 3. More details about the CUT methodology and its
comparison with conventional quadrature rules can be found in Ref. [8, 65–70].

Assuming there are a total of N CUT points, the n-dimensional integral of Eq. (31)
can be approximated as:

J ≈ 1

2

N∑
i=1

wi e
2(xi , t) (32)

where xi and wi are the CUT points and their corresponding weights. By satisfy-
ing the FPKE at these CUT points, the polynomial expansion ensures an accurate
approximation across the domain.

Moreover, to approximate the polynomial coefficients of the log-PDF, the quadra-
ture points must be transformed to a specific range. For example, the quadrature points
can be mapped uniformly into a unit hypercube around the origin or to a domain with
zeromean and identity covariance. This transformation is necessary because optimiza-
tion techniques are extremely sensitive to magnitude and range fluctuations across all
system dimensions, which can cause serious numerical problems if not properly man-
aged. Assuming the global domain is known a priori, a linear transformation can be
used to map the global domain of interest into a local domain within a hypercube as:

y = T0x + B0 (33)

where T0 is a scaling/transformation matrix and B0 is a translation vector that map
the global domain x to the normalized local domain y (e.g., a unit hypercube). The
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resultant system of equations will yield the coefficients of the log-PDF expansion in
the local space, which can be mapped back to the global space using the following
transformation of variables [53]:

p(x, t) = p (y = T0x + B0, t)

∣∣∣∣∂y∂x
∣∣∣∣ (34)

Another important consideration is that during problem initialization, the initial coef-
ficients must be carefully selected to ensure that the initial PDF approximation aligns
with the true initial condition PDF.

3.3 Selection of Optimal Coefficients

The optimal values of basis function amplitudes can be obtained by minimizing the
l2-norm (Euclidean norm) of the FPKE error:

ck+1l2
= min J = 1

2
eTwe = 1

2
‖w(Ack+1 − b)‖2 (35)

Since ck+1l2
tends to utilize all possible coefficients from the dictionary of basis

functions, it is not sparse. This work seeks a minimal polynomial expansion that guar-
antees sparsity for the log-PDF. Therefore, a weighted l1-norm optimization problem
is proposed to select the minimum possible coefficients from an over-complete dic-
tionary of basis functions while specifying a bound on the two-norm error for the cost
function. This approach allows sparse coefficients ck+1s to trade sparsity for approx-
imation error, providing a more flexible option. Thus, the optimization problem can
be stated in terms of the coefficients ck+1s :

min
ck+1

‖Kck+1‖1
subject to:

J = 1

2
eTwe ≤ εs

(36)

where K is the coefficient weight matrix, and εs represents the soft constraint on the
two-norm error.When the dictionary contains a large number of basis functions, the l2-
norm solution tends to utilize all available coefficients to achieve very high numerical
accuracy (e.g., O(10−18)), which often leads to overfitting. The soft constraint εs
provides flexibility in balancing approximation accuracy with sparsity, allowing the
sparse solution to trade some accuracy for computational efficiency. Smaller values of
εs enforce tighter accuracy but yield less sparse solutions, while larger values prioritize
sparsity at the cost of slightly increased residual error. The choice of εs depends on the
problem characteristics and the acceptable trade-off between accuracy and sparsity.

This iterative reweighting approach is inspired by methods in compressed sens-
ing and sparse approximation [49, 71, 72], where iteratively reweighted l1-norm
minimization better approximates the non-convex l0-norm (cardinality) problem by
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progressively driving small coefficients toward zero. Each weighted l1-norm sub-
problem is convex and can be solved efficiently using standard convex optimization
solvers. However, this iterative reweighting approach is designed to approximate the
non-convex l0-norm (cardinality) minimization problem. Large coefficients (impor-
tant basis functions) receive small weights and remain relatively unpenalized, while
small coefficients receive increasingly large weights in subsequent iterations, promot-
ing sparser solutions than standard l1 minimization alone. The initial value of K can
be set to 1 or based on any a priori knowledge, such as penalizing the higher-order
coefficients or using information gained from the l2-norm solution. For subsequent iter-
ations,K can be updated to penalize the non-dominant coefficients using the solution
of the previous iteration c−

k+1 and by introducing a small number ηs to prevent division
by zero as K = 1

(c−
k+1+ηs )

. Algorithm 1 describes the optimal procedure to select the

minimal polynomial expansion of the log-PDF. The user-defined parameter �s rep-
resents the desired difference between the two norms of consecutive coefficients. The
algorithm converges to an optimal solution ck+1s when the difference between the two
norms of consecutive coefficient values, δ, is less than �s , typically requiring 5–10
iterations to reach the termination criterion for the problems considered in Sect. 4.

Algorithm 1 Iterative weighted l1-norm optimization: ck+1s =
OneNormCoefficient(A,b,w, ck+1l2

,�s, εs, ηs)

Input: A, b,w, ck+1l2
,�s , α, εs , ηs

Output: ck+1s
1: Initialization: δ = 1, choose: K0 ∝ O(basis) or K0 = 1

(ck+1l2
+ηs )

or K0 = 1

2: compute c−k+1 = min
ck+1

∥∥Kck+1
∥∥
1

subject to:
∥∥w(Ack+1 − b)

∥∥
2 ≤ εs

3: while δ ≥ �s do
4: Update K = 1

(c−k+1+ηs )
, to find c+k+1 = min

ck+1

∥∥Kck+1
∥∥
1

subject to:
∥∥w(Ack+1 − b)

∥∥
2 ≤ εs

5: Compute δ = ‖c+k+1 − c−k+1‖2
6: c−k+1 = c+k+1
7: end while
8: ck+1s = c−k+1

Algorithm 2 employs three coefficient computation methods at each time step:
TwoNormCoefficient computes an initial l2-norm solution byminimizing theweighted
residual error, OneNormCoefficient (Algorithm 1) iteratively solves a weighted l1-
norm problem to promote sparsity, and RSCoefficient further reduces the solution
to only the dominant coefficients. After obtaining the sparse coefficients ck+1s , one
can separate the dominant coefficients from the non-dominant ones using a user-
defined coefficient threshold δrs . The non-dominant coefficients can be set to zero
for computational efficiency. A new minimal representation of the basis functions
Ars ∈ R

N×mr corresponding to the mr non-zero coefficients can then be constructed.
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Algorithm 2 Sparse-Regression Based Solution Methodology for the Fokker-Planck-
Kolmogorov Equation
Input: f(x),G,m basis functions �(x), initial values of coefficients c (t0), weight function coefficients

cW , discretized time vector t , time step �t , CUT cubature points xi i = 1, 2, . . . , N , weight matrix w,
initial coefficient weight matrixK0, update parameter ηs , sparse two-norm constraint εs , and coefficient
threshold δrs

Output: c(t), β(x, t)
1: for t = 0, t < t f , k = k + 1 do
2: Compute matrix A
3: Compute b using ck
4: ck+1l2

= TwoNormCoefficient(A, b,w)

5: ck+1s = OneNormCoefficient(A, b,w, ck+1l2
, �s , εs , ηs ) (Algorithm 1)

6: ck+1 = RSCoefficient(ck+1s ,A, b, δrs )

7: β
(
x, tk+1

) = (ck+1 + cW )T �(x)
8: end for

The reduced sparse (RS) coefficients, ck+1 ∈ R
mr , can be calculated by minimizing

the l2-norm error using the dominant basis functions:

ck+1 =A†
rsb (37)

whereA†
rs is the pseudo-inverse. This minimal representation ck+1 is used to compute

the state PDF and the marginalized state PDF.
This complete methodology calculates a minimal polynomial expression for the

log-PDF up to the final time t f . The l1-norm minimization problem addressed in
Algorithm 1 is convex and must be solved at each time instant to find the time-varying
state PDF. Various efficient convex optimization solvers, including SeDuMi, SDPT3,
Gurobi, MOSEK, and GLPK, are available in the CVX programming language to find
the optimal solution [72, 73].

4 Numerical Simulations

In this section, numerical examples demonstrate the applicability of the proposed
approach. Two nonlinear oscillators are examined as benchmark problems to evaluate
the precision of the suggested methodology, as analytical solutions to their stationary
FPKEs are known. Additionally, an orbit maneuver problem corresponding to satellite
motion in a low-Earth orbit (LEO) is considered to demonstrate extensibility to higher-
dimensional systems.

4.1 Duffing Oscillator

The first example corresponds to the noise-driven Duffing oscillator. The system
dynamics are given in Table 2, where �(t) is a Brownian motion process with cor-
relation function Qδ(t1 - t2). The Duffing oscillator with a soft spring (αβ < 0) and
positive damping (η > 0) has a bimodal stationary solution to the FPKE. The modes
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Table 2 Duffing Oscillator: Dynamics and Parameters

Dynamics Parameters

ẍ + ηẋ+αx + βx3 = G�(t)

p(x, ∞) ∝ exp

[
−2

η

G2Q
H

]

H =
(

α

2
x2 + β

4
x4 + 1

2
ẋ2

)

Q = 1, G = 1, dt = 0.01s
p(x, t0) = N (0, I), �w = 1

9 I2×2
εs = 1e − 6, ηs = 1e − 4, δrs = 1e − 2

�(x) ∈ [−2, 2], N = 21
Basis(O(15)) −→ m = 151(mx = 136,mH = 15)

case - I η = 10, α = −1, β = 3 , t f = 100s

case - IIη = 10, α = −1, β = 1 , t f = 150s

of these bimodal solutions are concentrated at two stable equilibrium locations, and
the stationary PDF is directly proportional to the exponent of the Hamiltonian,H.

The initial PDF is assumed to be Gaussian with zero mean and identity covari-
ance. The basis function dictionary consists of monomials and Hamiltonians up to
15th order, resulting in a total of m = 151 coefficients (mx = 136 and mH = 15).
Furthermore, 21 CUT8 quadrature points (section 3.2) are generated to sample the
domain accurately. The global domain is assumed to be x ∈ [−2, 2], and the solu-
tion domain is mapped to a hypercube centered at the origin of length 2. In the local
domain, a zero-mean Gaussian weighting function is employed with a covariance of
�w = 1

9 I2×2 to ensure that the ±3σ bounds of the weight function are at the domain
boundaries. Two different cases of the Duffing oscillator are considered by varying β,
as shown in Table 2.

As derived in Eq.23, the analytical stationary solution for the Duffing oscillator is:

log(panalytical) = log(p0) − 2η

Q
H = log(p0) − 20H (38)

where the coefficient −2η/Q = −20 for the parameters η = 0.1 and Q = 0.01 used
in both cases. This analytical form predicts that at steady state, the log-PDF should
be dominated by a single Hamiltonian basis function with coefficient −20, while all
monomial coefficients vanish.

For both cases, the uncertainty is propagated by examining the PDF surfaces at
different time steps. Figure2 shows the computed PDF surfaces at times t = 2, 5, 10
and 100s for the first case. As the initial PDF was assumed to be Gaussian, the PDF
at time t = 2s is nearly Gaussian. As time progresses, the bimodal shape begins to
emerge at time t = 5s. Finally, at time t = 100s, the true bimodal shape of the Duffing
oscillator is achieved. From this plot, the true stationary PDF is assumed to be given
at t = 100s.

The convergence toward the analytical stationary solution can be studied by exam-
ining the evolution of coefficients over time. Figure3 shows the evolution of RS
coefficients for monomials and Hamiltonians in the first and second columns, respec-
tively. From Fig. 3a and b, it can be observed that the transient behavior of the PDF is
dictated mainly bymonomials and a few higher-order Hamiltonians. However, as time
progresses, the first-order Hamiltonian coefficient (H1) gradually becomes active and
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Fig. 2 Duffing oscillator: case I - computed PDF surfaces

Fig. 3 Duffing oscillator: case I - RS coefficients evolution
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Table 3 Quintic Oscillator: Dynamics and Parameters

Dynamics Parameters

ẍ + ηẋ + x
(
ε1 + ε2x

2 + ε3x
4
)

= G�(t)

p(x, ∞) ∝ exp

[
−2

η

G2Q
H

]

H =
(

ε1

2
x2 + ε2

4
x4 + ε3

6
x6 + 1

2
ẋ2

)

η = 10, ε1 = 1, ε2 = −3.065, ε3 = 1.825
Q = 1, G = 1

p(x, t0) = N (0, I), �w = 1

9
I2×2

t f = 150s, dt = 0.01s
ηs = 1e − 3, εs = 1e − 4, and δrs = 1e − 2

�(x) ∈ [±1.25,±0.75], N = 21
Basis(O(15)) −→ m = 151(mx = 136,mH = 15)

finally converges to a stationary value of−20, consistent with the analytical prediction
−2η/(G2Q). This behavior can also be observed in the heatmap of monomials and
Hamiltonians, where the y-axis displays the coefficient order, the x-axis displays time,
and the colormap shows the absolute value of the coefficient. Comparing Fig. 3c and d,
the 4th and 6th order monomial coefficients dominate initially but gradually diminish
as time progresses, approaching zero as predicted by the analytical solution.

A similar comparison can be made for the second case, where β = 1 is assumed.
Figure4 depicts the computed PDF surfaces at times t = 2, 5, 10, 150s, with the true
stationary PDF assumed at time t = 150s. The evolution of RS coefficients is shown
in Fig. 5, where again the Hamiltonian coefficients approach the true stationary value
as time increases. Notably, the solution methodology automatically selects the true
Hamiltonian coefficient participating in the stationary solution from among 151 basis
functions.

Finally, Fig. 6 shows the log-PDF ratio of Hamiltonians and monomials
(β(H)/β(x)) for both cases. This ratio is important as it indicates the relative contribu-
tion of Hamiltonian versus monomial basis functions in approximating the log-PDF.
As time increases, the β(H)/β(x) ratio grows, signifying the increasing dominance
of Hamiltonian basis functions in capturing the log-PDF. The log-PDF ratio eventu-
ally stabilizes after 65s for case-I and 105s for case-II, indicating that the monomial
coefficients are no longer active.

To quantitatively validate the convergence to the analytical solution, the numerical
log-PDF at t = 100s for case-I is:

log(pnumerical) ≈c0 − 0.0994 x1 − 0.0284 x21 + 0.4569 x31

− 0.6027 x51 − 0.0107 x22 − 19.9946H
(39)

The Hamiltonian coefficient (−19.9946) agrees with the analytical value (−20) to
within 0.027% error, while the remaining polynomial coefficients are small in magni-
tude (ranging from 0.01 to 0.6), representing residual transient effects. This confirms
that the numerical solution accurately captures the analytical stationary form.
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Fig. 4 Duffing oscillator: case II - computed PDF surfaces

Fig. 5 Duffing oscillator: case II - RS coefficients evolution
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Fig. 6 Duffing oscillator: log-PDF ratio

4.2 Quintic Oscillator

The proposed methodology is also applied to the noise-driven Quintic oscillator [41].
The stationary PDF of the Quintic oscillator is trimodal, with modes centered at three
equilibrium points. Similar to the Duffing oscillator, the stationary PDF is directly
proportional to the exponent of the Hamiltonian, H.

The global domain is chosen as x ∈ [−2, 2], and the initial PDF is assumed to
be Gaussian with zero mean and identity covariance. The basis function dictionary
consists of monomials and Hamiltonians up to 15th order. Higher-order polynomials
are included to accurately capture the time-varying PDF and ensure a sparse solution.
The system dynamics and parameters are given in Table 3.

As with the Duffing oscillator, the analytical stationary solution for the Quintic
oscillator has the form:

log(panalytical) = log(p0) − 2η

G2Q
H = log(p0) − 20H (40)

where the coefficient is −2η/(G2Q) = −20 for the given parameters, predicting
that the log-PDF should converge to a pure Hamiltonian form with coefficient −20 at
steady state.

Figure7 shows the computed PDF surfaces of the Quintic oscillator at times t =
2, 10, 20 and 150s. Since the initial PDF was assumed to be Gaussian, the PDF at
t = 2s remains nearly Gaussian. As time progresses, the trimodal shape begins to
emerge at t = 10s. Finally, at t = 150s, the PDF converges to its true stationary form.
The convergence toward the analytical stationary solution can be studied further by
examining the evolution of RS coefficients shown in Fig. 8. Similar to the previous
example, the transient behavior of the PDF is governed by monomials (up to O(6))
and a fewHamiltonians. Due to the symmetry of the true PDF, all odd-termmonomials
are absent in the RS coefficient dictionary, as seen in Fig. 10. As time progresses, all
coefficients except the first-order Hamiltonian coefficient (H1) converge to zero. The
first-order Hamiltonian coefficient converges to −20, consistent with the analytical
value −2η/G2Q.

Moreover, Fig. 9 shows the log-PDF ratio of Hamiltonians and monomials
(β(H)/β(x)). As time increases, this ratio grows, signifying the increasing dominance
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Fig. 7 Quintic oscillator: computed PDF surfaces

of Hamiltonian basis functions in capturing the uncertainty. The ratio stabilizes after
135s, indicating that all monomial coefficients have become inactive. This demon-
strates that the sparse-regression scheme successfully captures the stationary log-PDF
of the Quintic oscillator, which is proportional to the Hamiltonian.

To quantitatively validate the convergence, the numerical log-PDF at t = 150s is:

log(pnumerical) ≈ c0 − 0.0824 x21 + 0.1530 x41 + 0.2501 x22 − 20.1251H (41)

The Hamiltonian coefficient (−20.1251) agrees with the analytical value (−20) to
within 0.63% error. Notably, only even-order polynomial terms appear, consistent
with the symmetry prediction. The remaining polynomial coefficients (magnitudes
0.08 to 0.25) represent residual transient effects. This explicit comparison validates
that the proposed method accurately captures the analytical stationary solutions for
both oscillator examples.

4.3 Two-Body Problem

This section examines uncertainty propagation for dynamical systems governed by
two-body equations of motion. Uncertainty in these systems can arise from errors in
initial conditions or maneuvers. The sparse-regression method described above can be
adapted for this type of nonlinear system where dynamics vary only as a function of
state. In this case, the evolution of uncertainty can be found by propagating the initial
state PDF throughordinary differential equations. This allows for an analytical solution
to the state PDF evolution, which can be used directly to propagate the uncertainty.
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Fig. 8 Quintic oscillator: RS coefficients evolution

Fig. 9 Quintic oscillator: log-PDF ratio

For an arbitrary orbital state-space, the system dynamics can be expressed as:

ẋ = f(x, t) (42)

The state xk at time tk can be written as a function of the initial state x0 using the
system flow F:

xk = F(x0, tk) (43)
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Given the initial state PDF p(x0), the state PDF p(xk) at time tk can be computed
using the transformation as:

p(xk) = p
[
x0 = F−1(xk)

] ∣∣∣∣∂F
−1

∂xk

∣∣∣∣ (44)

where the flow F is assumed to be an invertible, continuously differentiable mapping,
with inverse given by x0 = F−1(xk). This enables determination of the true state PDF
from the initial state PDF and systemflow information. For precisely known dynamics,
the above equation can be simplified to:

p(xk) = p
[
x0 = F−1(xk)

]
exp

(
−

∫ tk

0
∇ · f(x(τ ), τ )dτ

)
(45)

This result can be obtained using the Method of Characteristics. The equation is sig-
nificant because it enables determination of the discrete-time probability value p(xk)
from any initial PDF sample. A similar approach can be applied to propagate uncer-
tainty in a two-body problemwith maneuver uncertainties. For numerical solution, the
initial quadrature points corresponding to the post-maneuver mean μx1 and covari-
ance �x1 must be propagated through the dynamics to calculate the corresponding
state PDF. Note that propagating the initial quadrature points automatically tracks the
solution domain of the FPKE.

A solution approach based on Eq. (45) is proposed to compute the numerical
approximation for this system. Due to the high-dimensional input space and to enforce
smoothness constraints, the state PDF is assumed to have the following structure:

p (xk+1, tk+1) = δ p (xk+1, tk+1) p (xk+1, tk) (46)

where p (xk+1, tk+1) is the PDF of state xk+1 at time tk+1, p (xk+1, tk) is the PDF of
state xk+1 at time tk , and δ p (xk+1, tk+1) represents the departure PDF of state xk+1
from time tk to tk+1. The state PDF at the previous time step is used as the weight
function, i.e., pW = p (xk+1, tk), to impose the infinite boundary conditions. Taking
the logarithm of the above equation and assuming a polynomial basis function results
in the following:

β (xk+1, tk+1) =δβ (xk+1, tk+1) + β (xk+1, tk)

ln
[
p (xk+1, tk+1)

] ≈ cTk+1� (xk+1) =δcTk+1� (xk+1) + cTk � (xk+1)
(47)

where ck+1 is a vector of unknown coefficients at time tk+1, δck+1 is a vector of
unknown departure coefficients from time tk to time tk+1, ck represents the coefficients
at time tk , and �(xk+1) is a vector of the chosen basis functions of state xk+1. The
objective here is to first compute the departure coefficients δck+1 that can serve as a
weight function for the previous time PDF and thus enforce the smoothness constraint.
Using equation Eq. (47), the coefficients ck+1 can be found as:

ck+1 = δck+1 + ck (48)
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To find the optimal coefficients δck+1, equation Eq. (47) can be rearranged as:

δcTk+1�
(
x j
k+1

)
= ln

[
p

(
x j
k+1

)]
− cTk �

(
x j
k+1

)
(49)

Further simplifying the above equation results in:

Aδck+1 = b (50)

where:
A j = �T

(
x j
k+1

)
, j = 1, 2, . . . , N

b j = ln
[
p

(
x j
k+1

)]
− �T

(
x j
k+1

)
ck, j = 1, 2, . . . , N

(51)

To solve for the departure coefficients δck+1, we formulate the following optimization
problem:

min
δck+1

‖Kδck+1‖1
subject to:

‖w(Aδck+1 − b)‖2 ≤ εs

Note that the departure from the previous time PDF must be solved by calculating the
departure coefficients, δck+1. The procedure for obtaining the l2-norm, sparse, and RS
coefficients remains the same as illustrated in Algorithm 1. For the two-body problem,
the Hamiltonian that needs to be included in the basis function dictionary is given by:

H = v2

2
− μ

r
(52)

4.3.1 Orbit Transfer Maneuver

This section describes the numerical analysis of a cooperativemaneuvering satellite
as demonstrated in sect. 4.3. The example illustrates an optimal three-burn transfer
orbit from low Earth orbit (LEO) to a final orbit with a specified inclination. For the
analysis, it is assumed that the nominal target maneuvers of the satellite are known. For
the first burn, the PDF is evaluated under assumptions of uncertain initial conditions
and an uncertain burn profile. This procedure can be repeated to calculate the PDF
for subsequent burns. Additionally, the initial system uncertainty is assumed to be
Gaussian, with the mean given by the nominal profile, which is computed in Keplerian
elements (seeTable 4). The initial uncertainty is specified inCartesian coordinateswith
standard deviations of σr = 50 m for position and σv = 0.1 m/s for velocity in each
direction. The resultant PDF evolution after the first burn is shown in Fig. 10. As time
progresses, the uncertainties grow rapidly and the PDFs become notably non-Gaussian
in nature.

For computing the numerical solution of this example, two different test cases are
considered to evaluate the effect of including Hamiltonian coefficients in approx-
imating uncertainty propagation. In case-I, only monomial basis functions up to

123



54 Page 26 of 35 The Journal of the Astronautical Sciences (2026) 73 :54

Table 4 Orbit Transfer Maneuver: Dynamics and Parameters

Dynamics Sparse Parameters

ẋ = f (x, t) + g(u, t) =
[

v
− μr

|r|3

]
+

[
0
Tu

]

u =
⎡
⎣ |�v| sin θ cosψ N̂

|�v| cos θ cosψ T̂
−|�v| sinψŴ

⎤
⎦

εs = 1e − 6, ηs = 1e − 4, �s = 1e − 4
δrs = 1e − 4

case - I Basis(Ox (8)) −→ m = 3003
(mx = 3003,mH = 0)

case - II Basis(O(8)) −→ m = 3011
(mx = 3003,mH = 8)

Transfer Orbit Parameters Burn Parameters

ParameterParking Orbit1st Transfer
a∗(km) 6667.32 22, 835.4

e∗ 0 0.7080
i∗

(◦)
37.40 35.78

ω∗ (◦)
N/A 254.0

Parameter 1st BurnFinal Position∣∣�v∗∣∣ (m/s) 2, 383.5 N/A
θ∗ (◦) −1.36 N/A
ψ∗ (◦)

5.99 N/A
η∗ (◦)

255 121.7
t(s) 0 6, 078.2

Training Data NCUT = 745 Testing Data NMC = 1000

Fig. 10 Orbit transfer maneuver: evolution of PDF

eighth-order are included in the dictionary, resulting in m = 3003 coefficients. In
case-II, both monomials and Hamiltonians up to eighth-order are included, resulting
in a total of m = 3011 coefficients. For this 6-D system, CUT8 collocation points
are used, yielding N = 745 quadrature points. All other parameters are kept constant
between the two cases, as shown in Table 4.

Figure11 illustrates the evolution of RS coefficients in approximating the log-PDF.
The first row displays the coefficient evolution for monomials and Hamiltonians in

123



The Journal of the Astronautical Sciences (2026) 73 :54 Page 27 of 35 54

both cases. For case-II, the coefficient evolution is initially governed by monomials.
However, after t = 2200s, the first-order Hamiltonian coefficient (c(H1)) begins to
participate in approximating the log-PDF. This involvement of c(H1) leads to limited
participation of higher-order monomials (O(6−8)) in the log-PDF approximation. In
contrast, for case-I, the higher-order monomials actively contribute throughout. Addi-
tionally, the magnitude of higher-order coefficients in case-II is two orders lower than
in case-I. The heatmap of RS coefficients in the final row provides further insight - in
case-I, almost all orders of monomials actively participate, while in case-II, participa-
tion is limited to monomials up to sixth order. Including the Hamiltonian dictionary of
basis functions in the log-PDF approximation clearly improves performance by requir-
ing fewer monomial coefficients, allowing uncertainty computation with a smaller
dictionary.

Figure12 shows the enforced sparsity constraint for both cases, displaying the
evolution of non-zero coefficients for the l2-norm and RS coefficients. Non-zero coef-
ficients are defined as those with magnitude greater than 10−5. As mentioned earlier,
case-I and case-II have 3003 and 3011 total coefficients, respectively. For both the
l2-norm and RS coefficients, the departure coefficients initially approach zero in the
first few timesteps. However, as time progresses, non-Gaussian uncertainty enters the
system due to nonlinear dynamics. Subsequently, the non-zero coefficients required
by the l2-norm solution increase exponentially with time before converging to utilize
almost all dictionary coefficients. In contrast, the RS solution requires about 1500
coefficients for case-I and 200 coefficients for case-II at any given time. Including the
Hamiltonian (H1) in the basis function dictionary reduces the required coefficients by
approximately 1300.

Figure13 depicts the normalized two-norm error of the log-PDF using training and
testing data, with 1000MC samples used as testing data. The trend of training and test-
ing errors is similar in each instance, though the testing error grows over time relative
to the training error. Furthermore, Fig. 14 shows the log-PDF ratio of Hamiltonians
and monomials in case-II. As time progresses, this ratio increases, signifying growing
dominance of Hamiltonian basis functions in propagating the uncertainty.

Finally, Fig. 15 depicts marginalized 2-D PDF contour plots for case-II computed
using RS coefficients in the normalized zero mean and identity covariance space at
times t f /2 and t f , where t f represents the time before the second maneuver. The
marginalized 2-D PDFs corresponding to p(x, y), p(x, z), p(ẋ, ẏ), and p(ẋ, ż) are
displayed in rows one through four. For validation, the contour plots are superimposed
with 50,000 MC points shown as blue dots. The color bar represents PDF values at
various contour levels. Due to the highly non-Gaussian nature of the PDF, the contours
appear non-smooth due to marginalization errors. However, compared to MC points,
the proposed method accurately captures the overall PDF shape.

It is important to note that Fig. 15 displays marginalized two-dimensional projec-
tions of the six-dimensional PDF. Themarginalization process integrates the computed
6-DPDFover the remaining four dimensions to obtain each 2-D view. In regionswhere
the 6-D PDF has complex structure, this dimensional reduction can introduce artifacts
in the marginalized projections, particularly at the boundaries where PDF values are
small. The superimposed Monte Carlo points, which represent samples from the true
6-D distribution, are concentrated in the high-probability regions and validate that
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Fig. 11 Orbit transfer maneuver: evolution of RS coefficients using training data (745 CUT points)

Fig. 12 Orbit transfer maneuver: evolution of non-zero coefficients using training data (745 CUT points)

the proposed method accurately captures the dominant structure of the 6-D PDF. The
artifacts visible in some marginalized views (e.g., tri-modal structures in p(ẋ, ẏ) and
p(ẋ, ż) at the boundaries) are a consequence of the marginalization process rather
than inaccuracies in the underlying six-dimensional PDF representation. This is a
well-known challenge when visualizing high-dimensional probability distributions
through low-dimensional projections.

4.4 Discussion and Limitations

While the proposed methodology demonstrates strong performance across the numer-
ical examples presented, it is important to discuss its limitations and cases where
alternative methods may be more suitable.
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Fig. 13 Orbit transfer maneuver: training vs. testing log-PDF error using RS coefficients (745 CUT points
and 1000 MC points)

Fig. 14 Orbit transfer maneuver Case-II: log-PDF ratio using training data (745 CUT points)

Multimodal PDFs and Marginalization at Boundaries: As discussed in Sect. 4.3
with Fig. 15, visualizing high-dimensional PDFs through low-dimensional projections
can introduce marginalization artifacts, particularly at domain boundaries. While the
underlying high-dimensional PDF accurately captures the distribution (as validated by
MonteCarlo points in high-probability regions), the dimensional reduction required for
visualization can produce spurious features in the marginalized views. Enhanced val-
idation techniques such as MC density heatmaps or univariate PDF comparisons with
histograms can help distinguish between genuine multimodal behavior and marginal-
ization artifacts.

Polynomial Basis Limitations: The method relies on polynomial basis functions to
approximate the log-PDF. This works well for smooth, continuous PDFs as demon-
strated in the numerical examples. However, for systems with highly irregular or
discontinuous PDFs (e.g., PDFs with sharp discontinuities or delta functions), poly-
nomial approximations may require prohibitively high orders or may fail to converge.
In such cases, alternative basis functions (wavelets, piecewise polynomials) or hybrid
methods may be more appropriate.

Gaussian Noise Assumption: The methodology assumes Gaussian white noise in
the underlying stochastic differential equation. For systems with non-Gaussian noise
(e.g., Poisson processes, Lévyflights, or colored noise), the FPKE formulation requires
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Fig. 15 Orbit transfer maneuver Case-II: PDF contours computed using RS coefficients (745 CUT points)
and superimposed with 50,000 Monte Carlo points
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modification, and the proposed approach would need adaptation. The performance
degrades when the actual noise significantly deviates from the Gaussian assumption.

Computational Scaling:While the sparse regression approach significantly reduces
the number of coefficients compared to full polynomial expansions, computational
cost still grows with system dimensionality. For very high-dimensional systems (e.g.,
n > 10), even sparse methods face the curse of dimensionality. The CUT quadrature
points scale as O(2n) for CUT4 and more rapidly for higher-order schemes, limiting
practical applicability to moderately dimensional systems.

Parameter Sensitivity: The method involves several user-defined parameters (εs ,
δrs , ηs , �s , domain size, basis function order). While reasonable defaults work well
for the tested examples, optimal parameter selection may require problem-specific
tuning. Systematic sensitivity analysis would provide guidance for practitioners.

Despite these limitations, the proposedmethod offers a powerful tool for uncertainty
propagation in nonlinear systems with moderate dimensionality and well-behaved
PDFs, as demonstrated by the numerical examples.

5 Conclusion

This paper presented a numerical framework to compute the evolution of state prob-
ability density functions (PDFs) for nonlinear dynamical systems. The state PDF
is constrained to satisfy the Fokker-Planck-Kolmogorov Equation (FPKE). Sparse
regression tools, in conjunction with a non-product quadrature scheme known as
the Conjugate Unscented Transformation (CUT), are used to efficiently solve the
FPKE through a recursive convex optimization problem. Furthermore, insights from
the existence of stationary solutions of FPKE are utilized to construct appropriate basis
functions for accurately representing the state PDF.

Several benchmark problems are solved to demonstrate the efficacy of the developed
approach. The approximate solutions are compared with known stationary PDFs, with
promising results obtained for all cases examined. Additionally, the effectiveness of
the developed approach in accurately and efficiently solving the FPKE is demonstrated
for an orbit transfer problem.

While this work demonstrates the method’s effectiveness through several numer-
ical examples, future research directions could further strengthen the framework. A
systematic parameter sensitivity analysis examining the influence of key algorith-
mic parameters (e.g., εs , δrs , basis order) on solution accuracy and computational
cost would provide practitioners with formal guidance for parameter selection across
diverse problem classes. Additionally, comprehensive quantitative comparisons with
alternative uncertainty propagation methods (e.g., Monte Carlo, grid-based PDE
solvers, other sparse collocation schemes) would offer deeper insights into the pro-
posed method’s relative computational efficiency and accuracy advantages across
various problem characteristics. These extensions would complement the valida-
tion approach presented herein and provide a more complete characterization of the
method’s performance envelope.
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