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Abstract: The structural analysis of plates
is an important topic in civil engineering,
as it allows us to understand how these
structures deform and how internal stresses
are distributed when subjected to different
loads. However, in many cases, analytical
solutions become complex or even unfea-
sible, especially when considering different
geometries and boundary conditions. In
this context, numerical methods become
fundamental tools for solving these pro-
blems. This work presents the development
and implementation of a computational
routine for the analysis of displacements
and bending moments in plates using the
Finite Difference Method (FDM). The
method basically consists of dividing the
plate into a mesh of nodes and, based on
this discretization, transforming the diffe-
rential equations of the problem into a sys-
tem of algebraic equations that can be sol-
ved numerically. From the displacements
obtained, it is possible to calculate the ben-
ding moments in the principal directions
of the plate. To verify the reliability of the
developed algorithm, seven plate examples
with different support conditions, dimen-
sions, and loading types were analyzed.
The numerical results were compared with
analytical solutions available in the classical
literature and with results obtained using
structural analysis software. In general,
good agreement was observed between the
results, with relatively small errors that are
acceptable for engineering applications. It
was also observed that the accuracy of the
results is directly related to the refinement
of the mesh used: the smaller the discretiza-
tion step, the greater the accuracy, although
this implies longer processing time. Never-
theless, the algorithm demonstrated good
performance and the ability to analyze di-
flerent geometric configurations of plates.

DOI https://doi.org/10.22533/at.ed.13176226240211

Thus, it is concluded that the developed
computational routine proves to be an ef-
ficient tool for the numerical analysis of
plates, contributing both to practical appli-
cations and to the learning and unders-
tanding of numerical methods applied to
structural engineering.

Keywords: Finite Difference Method; pla-
te analysis; numerical methods; structural
analysis; displacements; bending moments.

INTRODUCTION

Structural analysis is a fundamental
step in the design and sizing of structural
systems, responsible for determining dis-
placements, internal forces, and support
reactions resulting from the action of ex-
ternal loads. With advances in construction
techniques and the increasing complexity
of modern structures, classical analytical
methods become limited when applied to
systems with a large number of elements
and degrees of freedom. In this context,
numerical methods have come to play a
central role in contemporary structural
engineering.

Framed structures (or skeletal struc-
tures) are composed of straight-axis mem-
bers connected by structural nodes and
can be analyzed from the perspective of
continuous or discrete systems (ALVES FI-
LHO, 2000). While continuous modeling
() considers an infinite number of differen-
tial elements and leads to exact analytical
solutions, its practical application is limited
in complex structural problems. On the
other hand, the discrete approach allows
the structure to be represented by a finite
set of interconnected elements, resulting in
approximate solutions with high computa-

tional efficiency (ALVES FILHO, 2000).
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Among truss structures, planar and
spatial trusses stand out. Planar trusses are
two-dimensional structures composed of
straight members connected by labeled no-
des, in which loads act exclusively on the
nodes and lie in the same plane as the struc-
ture. In their ideal form, the members are
subjected only to axial tensile or compres-
sive forces (KASSIMALL, 2011). Any loads
applied along the members can be replaced
by statically equivalent nodal forces (AL-
VES FILHO, 2000). This structural type is
widely used in roof systems and bridges, as
discussed by Hibbeler (2012).

Spatial trusses, in turn, have a thre-
e-dimensional configuration, consisting of
members connected in such a way as to en-
sure spatial stability. Their fundamental geo-
metric unit is the tetrahedron, composed of
six members and four nodes (HIBBELER,
2012). This three-dimensional arrangement
provides high structural stiffness with low
self-weight, making it widely used in long-s-
pan structures.

The mathematical formulation of
structural analysis must satisfy three funda-
mental relationships: the equilibrium equa-
tions, the constitutive relationships, and
the compatibility conditions (MARTHA,
2010). The equilibrium equations ensu-
re that the structure remains in global and
local static equilibrium (ALVES FILHO,
2000). The constitutive relations describe
the stress-strain behavior of the material,
with Hooke’s Law typically adopted for
materials exhibiting linear-elastic behavior
(KASSIMALLI, 2011). Compatibility condi-
tions, on the other hand, ensure geometric
continuity between elements after deforma-
tion, preventing the occurrence of physical

discontinuities (MARTHA, 2010).
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In the field of numerical analysis, the
Finite Element Method (FEM) has esta-
blished itself as one of the primary compu-
tational tools for solving structural problems
(HUTTON, 2003). The method is based
on the discretization of the structure into
interconnected finite elements, transfor-
ming the continuous problem into a matrix
algebraic system. According to Belytschko
and Fish (2007), the FEM involves funda-
mental stages of preprocessing, formulation
of element equations, assembly of the global
matrix, application of boundary conditions,
and postprocessing of results.

For truss structures, the beam element
constitutes the basic unit of discretization.
The element stiffness matrix relates nodal
forces and displacements, initially formula-
ted in a local coordinate system (BELYTS-
CHKO; FISH, 2007). In two-dimensional
and three-dimensional structures, it is ne-
cessary to transform this matrix to the glo-
bal system using rotation matrices based on
principal cosines (LOGAN, 2006; KASSI-
MALL 2011). The universality of the stif-
fness matrix and the assembly procedure
using the direct stiffness method reinforce
the versatility of the FEM in complex struc-
tural problems (BELYTSCHKO; FISH,
2007).

Although commercial structural analy-
sis software is widely available, the develo-
pment of custom routines holds significant
academic and technical relevance. The di-
rect implementation of the Stiffness Me-
thod allows for a better understanding of
the mathematical fundamentals involved,
control over the assumptions adopted, and
the possibility of future expansion to non-
linear analyses or more complex problems
(LOGAN, 2006). Furthermore, the integra-

tion between geometric and structural mo-
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deling in a CAD environment and numeric
al analysis represents an important advance
in the automation of the calculation process.

In this context, this work presents the
development and implementation of a com-
putational algorithm for the linear analysis
of planar and spatial trusses using the Finite
Element Method. The routine was develo-
ped in Python, utilizing libraries for matrix
manipulation, graphical visualization, and
reading files in DXF format, allowing for
the direct import of structural models de-
signed in a CAD environment. The imple-
mented system automatically assembles the
global stiffness matrix, applies the boundary
conditions, and provides the nodal displa-
cements in both numerical and graphical
form.

The results obtained are validated by
comparison with classic examples from the
literature and with established structural
analysis software, ensuring the consistency
and reliability of the proposed methodo-
logy. The main contribution of this work
lies in the development of an integrated
computational tool that combines rigorous
theoretical foundations, automated matrix
implementation, and an accessible graphical
interface, serving as a basis for future exten-
sions involving nonlinear analyses and more
complex structural applications.

METHODOLOGY

The methodology for solving the
proposed problems followed a flowchart
composed of nine main modules or core
components, which served as the organiza-
tional structure. The planning and design
of the flowchart enabled the implemented
algorithm to possess characteristics of easy
understanding and rapid configuration for
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subsequent plates, as shown in Figure 1.
There were also minor reformulations of
some steps to accommodate, for example,
the variability of length and width dimen-
sions, as well as some additional repetition
loops for the purpose of constructing the
matrix of variables.

After completing Module 3, we proce-
ed to Module 4, which has a unique feature
regarding the initial process of converting
linear equations into a matrix format. A
specific function from the SymPy library is
used, which resulted in significant proces-
sing time when higher precision was requi-
red by reducing the value of the step size A.

The results are then presented. A map
and a color bar were used to provide an easy-
-to-understand visualization. The algorithm
displays the maximum and minimum values
of the displacements and bending moments,
which are located in #he z-component of the
coordinate matrix.

Calculation Methods - Analytical

To validate the presented results, the
work of Stephen Timoshenko and S. Woi-
nowsky-Krieger, authors of the book 7heory
of Plates and Shells — 2nd Ed. — 1959, was
utilized. Below are some tables extracted
from the aforementioned reference, based
on the different configurations of the pla-
te edge supports. The analytical results are
derived from these tables by analyzing the
b/a ratio.

Calculation Methods - MDF

The application of FEM in solving
plate deflection problems begins with the
discretization of the plate into elements cal-
led nodes. It becomes evident after solving
the problem using FEM that the number
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MODULE 1

: DATA INPUT :
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’ g
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2
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: IF SUPPORTED C T z
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: VIRTUAL VARIABLES BY : SYMBOLIC) T z
: THEIR RESPECTIVE : ( i 2
H REAL VARIABLES : - £
g . - z
- ¥ - E
: : 2
: RESULTANT MATRIX : 2
: OF VARIABLES : g
- N =
: : B
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S
:
Figure 1 - General analysis method established - Part 1. é
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MODULE 4

LINEAR EQUATION
(SYMBOLIC) TO
MATRIX CONVERSION
PROCESS

v

SEPARATION
PROCESS

¥

COEFFICIENT MATRIX

»  EQUALITIES MATRIX

RESOLUTION OF THE
SYSTEM OF EQUATIONS
(DISPLACEMENTS)

-“"-"n-u-"uu-"uuuuu|uu-u-u-u-u"uuu-“u
T L L L L T T T

i MODULE 5
: SUBSTITUTION OF RESULTS :
: (DISPLACEMENTS) INTO THE g
: VARIABLE MATRIX FOR :
; VISUALIZATION AND :
; POST-PROCESSING :
: MODULE 6
: I |BENDING MOMENT CALCULATION| & %
: : WITH RESPECT TO EACH AXIS P
: SUBSTITUTION OF RESULTS :
E (BENDING MOMENT) INTO A H
: *COPY OF THE VARIABLE MATRIX :
- FOR VISUALIZATION -

Figure 2 - General analysis method established - Part 2.
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MODULE 7

: CREATION OF :
—  COORDINATE MATRIX ! MODULE 8

(XY, 2)

Fl SUBSTITUTION OF ol
> MATRIX DISPLACEMENTS 1| RESULTSINCOORDINATE | :
: MATRICES P
P (Z-AXIS) P8
_| MATRIX BENDING MOMENT - 1 S — L
WITH RESPECT TO THE X-AXIS| | 3 -

MATRIX BENDING MOMENT
WITH RESPECT TO THE Y-AXIS

v

> MODULE 9

PRESENTATION ADJUSTMENTS

FONT

A 4
COLOR MAP AND COLOR BAR

v
GRAPHS AND FINAL RESULTS

SN NN E NN NN EEEEEEIENEENEESEEEEEEEEEEEEEEEEEE

Figure 3 - General analysis method established - Part 3.
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b/a
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0

V=03

(W) x=0, y=0

0.00126qa*/ D
0.00150qa* / D
0.00172qa*/ D
0.00191qa*/ D
0.00207qa* / D
0.00220qa*/ D
0.00230qa*/ D
0.00238qa*/ D
0.00245qa* / D
0.00249qa*/ D
0.00254qa*/ D
0.00260qa*/ D

M) e ye0
-0.0513qa>
-0.0581qa’
-0.0639qa’
-0.0687qa>
-0.0726qa*
-0.0757qa’
-0.078qa’
-0.0799qa’
-0.0812qa’
-0.0822qa*
-0.0829qa>
-0.0833qa’

M, ).,y
-0.0513qa>
-0.0538qa’
-0.0554qa’
-0.0563qa’
-0.0568qa’
-0.0570qa’
-0.0571qa’
-0.0571qa’
-0.0571qa’
-0.0571qa’
-0.0571qa’
-0.0571qa’

(Mx )x:O,y:O
0.0231qa’
0.0264qa’
0.0299ga
0.0327q2’
0.0349qa’
0.0368qa’
0.0381qa’
0.0392qa’
0.0401qa?
0.0407ga’
0.0412qa?
0.0417qa*

(My ) %0, y=0
0.0231qa’
0.0231qa*
0.0228qa?
0.0222qa’
0.0212qa?
0.0203qa>
0.0193ga’
0.0182qa’
0.0174qa*
0.0165qa
0.0158qa*
0.0125qa?

Table 1 - Rectangular plates with fully fixed edges (Timoshenko and Woinowsky-Krieger, 1959).

b/a

1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
3.0
4.0
5.0

woo=a
qa* /D
a
0.00406
0.00485
0.00564
0.00638
0.00705
0.00772
0.00830
0.00883
0.00931
0.00974
0.01013
0.01223
0.01282
0.01297
0.01302

M),
= Bqa’
B
0.0479
0.0554
0.0627
0.0694
0.0755
0.0812
0.0862
0.0908
0.0948
0.0985
0.1017
0.1189
0.1235
0.1246
0.1250

v=03
M) Qe Q) Vo V).
= P, qa° Yqa =Y,q =0, qa 8, qa
B, Y 8 8,
0.0479 0.338 0.388 0.420 0.420
0.0493 0.360 0.347 0.440 0.440
0.0501 0.380 0.353 0.455 0.453
0.0503 0.397 0.357 0.468 0.464
0.0502 0.411 0.361 0.478 0.471
0.0498 0.424 0.363 0.486 0.480
0.0492 0.435 0.365 0.491 0.485
0.0486 0.444 0.367 0.496 0.488
0.0479 0.452 0.368 0.499 0.491
0.0471 0.459 0.369 0.502 0.494
0.0464 0.465 0.370 0.503 0.496
0.0406 0.493 0.372 0.505 0.498
0.0384 0.498 0.372 0.502 0.500
0.0375 0.500 0.372 0.501 0.500
0.0375 0.500 0.372 0.500 0.500

0.065
0.070
0.074
0.079
0.083
0.085
0.086
0.088
0.090
0.091
0.092
0.093
0.094
0.095
0.095

Table 2 - Rectangular plates with fully supported edges (Timoshenko and Woinowsky-Krieger, 1959).
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v=03

bla  (w) x=a/2, y=0 (My ) x=a/2, y=b/2 M, )x:a/2, y=0 (My )x:a/z, y=0
') 0.0130qga*/D -0.125qa? 0.125qa? 0.037qa?
2.0 0.0093ga*/D -0.122qa? 0.094qa’ 0.047qa?
1.5 0.0064ga*/D -0.112ga’ 0.069qa’ 0.048qa?
1.4  0.0058qa*/D -0.109qa? 0.063qa? 0.047 square yards 2
1.3 0.0050qa*/D -0.104qa? 0.056qa? 0.045qa?
1.2 0.0043ga*/D -0.098qa? 0.049qa’ 0.044qa?
1.1 0.0035ga*/D -0.092qa? 0.041qa’ 0.042qa?
1.0 0.0028qa*/D -0.084qa? 0.034qa? 0.039qa?
/1.1 0.0032qa*/D  -0.092qa> 0.033ga>  0.043qa>
1/1.2 0.0035ga*/D -0.098qa* 0.032qga? 0.047qa?
1/1.3 0.0038gb*/D -0.103gb> 0.031gb? 0.050gb?
1/1.4 0.0040gb*/D -0.108qb? 0.030gb? 0.052gb?
1/1.5 0.0042gb*/D  -0.111qb? 0.028qb>  0.054gb?
0.5 0.0049gb*/D -0.122qgb? 0.023qb? 0.060qgb?
0.0 0.0052gb*/D -0.125gb? 0.019gb? 0.062qb?

Table 3 - Rectangular plates with one clamped edge and three supported edges (Timoshenko and Woi-
nowsky-Krieger, 1959).
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=

Z
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5

Z

%

g

v=03 %

a

b<a &

_ -~ _ _ x=a/2,y x=a2,y= Z

x=a/2, y=0 x=a/2, y=0 -0 b2 i

el w_ =agb* /D M =B gb’ M, = B, qb? M, = vqb? §

2

a B, B, Y .

© 0.00260 0.0125 0.0417 -0.0833 §

2.0 0.00260 0.0142 0.0420 -0.0842 E

1.5 0.00247 0.0179 0.0406 -0.0822 g

1.4 0.00240 0.0192 0.0399 -0.0810 3

1.3 0.00234 0.0203 0.0388 -0.0794 2

1.2 0.00223 0.0215 0.0375 -0.0771 E

1.1 0.00209 0.0230 0.0355 -0.0739 §

b>a %

=a/2,y=0 x=a/2,y=0  x=a/2, y=b/2 =

w_=aqgb* /D x 4 * Y X v g

a/b max M_ = B, qa’ M, = B, qa? M, = vqa’ 5

o B, B, Y -
1 0.00192 0.0244 0.0332 -0.0697
1.1 0.00251 0.0307 0.0371 -0.0787
1.2 0.00319 0.0376 0.0400 -0.0868
1.3 0.00388 0.0446 0.0426 -0.0938
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1.4 0.00460 0.0514 0.0448 -0.0998
1.5 0.00531 0.0585 0.0460 -0.1049
1.6 0.00603 0.0650 0.0469 -0.1090
1.7 0.00668 0.0712 0.0475 -0.1122
1.8 0.00732 0.0768 0.0477 -0.1152
1.9 0.00790 0.0821 0.0476 -0.1174
2.0 0.00844 0.0869 0.0474 -0.1191
3.0 0.01168 0.1144 0.0419 -0.1246
o0 0.01302 0.1250 0.0375 -0.1250

Table 4 - Rectangular plates with two clamped edges and two supported edges (Timoshenko and Woi-
nowsky-Krieger, 1959).

Apoio (w=0)

No virtual

o x p

NO real

Figure 4 - Hypothetical plate and template cell for interior nodes.
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of nodes chosen directly affects the results
obtained. That is, a greater number of nodes
reduces the error in the generated results,
but increases computational cost.

After discretization, it is necessary to
analyze the types of supports present in the
plate under study. In general, the resulting
template cell is used for interior nodes in the
discretized mesh, causing it to traverse the
entire mesh via loops, as shown in Figure 4.

It is important to note that virtual no-
des must be created, which will compose the
equations, thereby enabling their solution.
Another important point is the orientation
of the axes, which follows a location format
as presented in the reference matrix in Figu-
re 5. The origin of #he loops is at the upper
left position, serving as the basis for the vir-
tual nodes.

Wij = Wijin

1

Witn,j Witn,j+n

Figure 5 - Reference matrix of node positions.

For a better understanding, here are
two examples of pseudocode for calculating
deflections and then bending moments (x
or y), according to Figures 6 and 7.

Thus, a linear system of possible and
determined equations is created. Using the
obtained displacement results, the templa-
te cell is used to calculate the bending mo-
ments along the x and y axes.

AL RESULTS AND
DISCUSSIONS
Seven examples were addressed,

varying the loads, supports, and dimen-
sions. The implemented routine calculates

DOI https://doi.org/10.22533/at.ed.13176226240211

the deflection, the bending moment about
the x-axis, and the bending moment about
the y-axis. To validate the results, the tables
from Section 2.1 were used.

Problem 1 - Fully pinned square
plate

The following problem involves a fully
clamped square plate with uniformly dis-
tributed loading, as shown in Figure 8. For
this first problem, three values of the time
step » were analyzed to demonstrate the
elapsed times and the convergence of the
displacements.

Figure 8 - Square plate with fully pinned edges.

For step size » = 0.50 m, the elapsed
time was 4 seconds and the maximum dis-
placement was 1.252 mm. Figures 9 and 10
show the displacement plots.
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creation of a one-dimensional vector for equations = equations

For i in the vertical interval of the plate <

For j in the horizontal interval of the plate «

If position i, j == support:

Stop the loop j
Else:

Create an equation of the displacement variables (W 1))

Allocate the created equation in the vector "equations" s

Figure 6 - Pseudocode for calculating deflections.

one-dimensional vetorcontending the resultads of the desplacements = desl result
vetor une-dimensional para alocation of the Bending Moment x axis = mom_x

Pari i in the interval vertical of the plate g—

Pari j in the interval horizontal of the plate «

If position i, j == support:

Stop loop j
Else:

Calculate Bending Moment x axis

Allocate the result of Bending Moment x axis in the vector "mom_x"-

Figure 7 - Pseudocode for calculating bending moment x.
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Figure 9 - Displacements (w) (h = 0.50 m) - View
of the xy plane.

(o - 2)

Figure 10 - Displacements (w) (h = 0.50 m) - 3D
Xyz view.

For a pitch of # = 0.25 m, the elapsed
time was 31 seconds and the maximum dis-
placement was 1.181 mm. Figures 11 and
12 show the displacement graphs.
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Figure 11 - Displacements (w) (h = 0.25m) -
View of the xy plane.
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Figure 12 - Displacements (w) (h = 0.25 m) - 3D
xyz view.

The initial assumptions adopted for
the calculation for # = 0.125 m are presen-
ted in the following table.

The following are the results obtained
for Problem 1 for mesh size /# = 0.125 m:

The elapsed time was 8 minutes and
57 seconds. See section 2.6 for details on the
machine used. In this first example, the al-
gorithm produced satisfactory results and a
reasonable execution time for the step size
= 0.125 m. A considerable increase in time
is observed starting from the last step size
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q L C E esp v h
30 kN/m 5m| 5m 28x10° kPa 20cm | 0.3 0.125m
D= Eesp® = 20512,82051 KN
10— ’ $m
where:
Load = g;
Width = L;
Length = G;

Young’s modulus = E;
Plate thickness = esp;
Poisson’s ratio = v
Mesh size = h;
Bending stiftness = D.

Table 5 - Assumptions adopted.

Results w_ ((mm) M_ . (kN-m) M . (kN-m)
Algorithm 1.163 -38,387 -38.387
Analytical® 1,152 -38,475 -38,475
Error (%) 0.95 0.23 0.23

Table 6 — Results with step size h = 0.125 m.
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1. The analytical solution is obtained from Table 1 for the ratio b/a = 1.
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value adopted, due to the high number of
1,600 nodes. For the step sizes # = 0.50 m, 1600

12.00

there are 100 nodes, and for 4 = 0.25 m, s
there are 400 nodes. Figures 13, 14, 15, .
16, 17, and 18 show the displacements and o
stresses in the plate under study.
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Figure 13 - Displacements (w) - View in the xy
plane.
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Figure 16 - Bending moment about the x-axis
(M, ) - 3D xyz view.
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Figure 14 - Displacements (w) — 3D xyz view.
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Figure 17 - Bending moment about the y-axis
(M, ) - View in the xy plane.
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displacements and stress in the plate under

16.00
1200 study.
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(M,) - 3D xyz view. "
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Problem 2 - Fully supported
square plate

Figure 20 - Displacements (w) - View of the xy
plane.

The following problem involves a fully
supported square plate with uniformly dis-
tributed loading, as shown in Figure 19.

10.00

(s sun - )

2.00

0.00

Figure 19 - Square plate with fully supported Figure 21 - Displacements (w) - 3D xyz view.
edges.

The initial considerations are shown in

Table 7. 120

The following shows the results obtai-
ned for Problem 2:

The elapsed time was 12 minutes and

s w o ow o= o
(v - un: m)
=
3

55 seconds. In this example, the results

showed highly reduced errors and a slightly
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longer time compared to the previous exam- o
ple, thus demonstrating noticeable success
in completing this example. Figures 20, 21,
22, 23, 24, and 25, in turn, represent the

Figure 22 - Bending moment on the x-axis (M__) -
View in the xy plane.
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q L C E esp v h
10 kN/m 5Sm 5m 25x10° kPa 10 cm 0.3 0.125m
D Eesp? 2289,3773 KN
=— " = , .m
12(1 —v?)
Table 7 - Initial assumptions adopted.
Results w_. (mm) M_ . (kN-m) M . (kN-m)
Algorithm 11.089 11.966 11,966
Anallyticall1 11,086 11,975 11,975
Error (%) 0.03 0.08 0.08
Table 8—Results obtained.
q L C E esp ) h
10 kN/m 5m 5 m 25x10° kPa 10 cm 0.3 0.125 m
= Eesp® = 2289,3773 KN
T121-vy) %7 |
Table 9 - Initial assumptions adopted.
Results w,_. (mm) M _ . (kN-m) M. (kKN-m)
Algorithm 7.806 -20.902 8.796
Ana.lytica.lz 7,644 -21,000 8,500
Error (%) 2.12 0.47 3.48
Table 10—Results obtained.
1. The analytical solution is obtained from Table 2 for the ratio b/z = 1.
2. The analytical solution is obtained from Table 3 for the ratio b/z = 1.
ese DOl https://doi.org/10.22533/at.ed.13176226240211 17
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Problem 3 - Square plate with

three simply supported sides and
one clamped side
: Egg The following problem involves a
5 oo square plate with one clamped edge and
20 three simply supported edges under unifor-
ZEE mly distributed loading, as shown in Figure
000 26.

Figure 23 - Bending moment about the x-axis
(M, ) - 3D xyz view.

11.20
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8.00

720 Figure 26 — Square plate with three supported

i edges and one clamped edge.

4.80
4.00
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240

(v - un: m)

160 The assumptions listed in Table 9 were
000 adopted.
The following table shows the results
obtained for Problem 3:
Figure 24 - Bending moment about the y-axis
(M,) - View in the xy plane. In turn, Figures 27 through 32 repre-

sent the displacements and stress in the plate
under study.
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Figure 25 - Bending moment about the y-axis
(M,) - 3D view in the xyz plane. Figure 27 - Displacements (w) - View of the xy
plane.
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Figure 28 - Displacements (w) - 3D xyz view.

Figure 31 - Bending moment about the y-axis
(M, ) - View in the xy plane.
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Figure 29 - Bending moment on the x-axis (M_
) - View in the xy plane. Figure 32 - Bending moment about the y-axis

(My ) - 3D xyz view.

Problem 4 - Square plate with two
simply supported sides and two

o fixed sides
- The following problem involves a
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Figure 30 - Bending moment about the x-axis
(M, ) - 3D xyz view.

eeo DOI https://doi.org/10.22533/at.ed.13176226240211 19 ees



(s sun - 2)

0.00

Figure 35 - Displacements (w) - 3D xyz view.
Figure 33 — Square plate with two su-
pported edges and two clamped edges.

The initial assumptions adopted are o0
shown in Table 11. ' w0

The following table summarizes the re-
sults obtained for Problem 4:

(v - un: m)
S
=
2

The elapsed time was 12 minutes and
47 seconds. In this example, the errors can

be considered satisfactory. As in the se- 400
cond example presented, the error and time
values are acceptable and relatively similar,

allowing us to conclude that this example
Figure 36 - Bending moment on the x-axis (M)

was successful. Finally, Figures 34 through View of the xy plane.

39 represent the displacements and stress in
the plate under study.
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Figure 37 - Bending moment about the x-axis

Figure 34 - Displacements (w) - View of the xy (Mx) - 3D xyz view.

plane.
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q L C E esp v h
10 kN/m 5m 5m 25x10°¢ kPa 10 cm 0.3 0.125m
= Eesp’ = 2289,3773 KN
BETICE R -m
Table 11 — Initial assumptions adopted.
Results w._. (mm) M_ . (kN-m) M . (kN-m)
Algorithm 5.254 6.113 17412
Analyticall 5,242 6,100 -17,425
Error (%) 0.54 0.21 0.075
Table 12—Results obtained.
q L C E esp v h
10 kN/m 4m 8 m 25x10° kPa 10 cm 0.3 0.125 m
D= Eesp’ = 2289,3773 KN
T12(1-vy) 7 m
Table 13 - Initial assumptions
Results w,_. (mm) M_ . (kN-m) M . (kN-m)
Algorithm 11.330 7.453 16.265
Analytical? 11,327 7,424 16,272
Error (%) 0.03 0.39 0.04

Table 14—Results obtained.

1. The analytical solution is obtained from Table 4 for the ratio b/z = 1.
2. The analytical solution is obtained from Table 2 for the ratio b/z = 2, where 2 < b, a = 4 m.

DOI https://doi.org/10.22533/at.ed.13176226240211
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500 The initial assumptions adopted are
shown below:

o The results obtained for Problem 5 are
e presented in the following table:

-6.00

a0 The elapsed time was 23 minutes and
-10.00 .

12 4 seconds. In this example, the errors are

-14.00

o considered satisfactory; however, the long
processing time compared to the previous
examples is due to the geometric shape of
the analyzed plate, which has 2048 nodes.
Figures 41, 42, 43, 44, 45, and 46 graphi-

cally present the results for the displace-

Figure 38 - Bending moment about the y-axis
(My) - View in the xy plane.

ments and stresses in the plate.
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4.00 9.60

2.00
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-16.00 (x - un: mm) 0.80
Figure 39 - Bending moment about the y-axis Figure 41 - Displacements (w) - View of the xy
(My) - 3D xyz view. plane.

Problem 5 - Simply supported
rectangular plate

The following problem involves a fully suppor- .
ted rectangular plate with uniformly distributed
loading.

(ww sun - )

0.00

Figure 42 - Displacements (w) - 3D xyz view.
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Figure 40 — Rectangular plate with fully suppor-
ted edges.
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Figure 43 - Bending moment about the x-axis
(Mx) - View in the xy plane.

(N - 2)

Figure 44 - Bending moment about the x-axis
(Mx) - 3D xyz view.
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Figure 45 - Bending moment about the y-axis
(My) - View in the xy plane.
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Figure 46 - Bending moment about
the y-axis (My) - 3D xyz view.

Problem 6 - Fully clamped
L-shaped plate

The following problem involves a fully
clamped L-shaped plate with uniformly dis-
tributed loading. Only the deflection was
analyzed.

Figure 47 - L-shaped plate with fully fixed edges.

The following are the initial assump-
tions adopted.

The following table shows the results
obtained for Problem 6:

The elapsed time was 9 minutes and
23 seconds. This example differs signifi-
cantly in terms of the plate’s geometry, whi-
ch led to the results being compared with

23
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q L C E esp v h
30 kN/m 5m 6m 28x10° kPa 20cm | 0.3 0.125m
D= Eesp? = 20512,82051 KN
“12(1-v) ’ -m

Table 15 - Initial assumptions adopted.

Results (mm)
Algorithm 6.814
FEMAP with NX Nastran® 6.877
Error (%) 0.92

Table 16—Results obtained.

q L C E esp v h
13,435 1b 12in | 12in 10.3x10°psi 0.127 in 0.3 0.375 in
D= Eesp? = 1932,082866 lb. i
T2 -vy) 0~ i

Table 17 - Initial assumptions adopted.

Results w,_. (in) Error relative to the
Algorithm 0.362 algorithm (%)
Reference? 0.375 3.47

Femap with NX Nastran® 0.362 0

Table 16 - Results obtained
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those of a well-known software package.
The error can be considered acceptable, as 650

6.00

can the elapsed time. Furthermore, Figures 0
48, 49, and 50 highlight the displacements 450
in the plate under study.
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350 Figure 50 - Displacements (w) - 3D view (B) xyz.
3.00
2.50
2.00
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The following problem involves a

Figure 48 - Displacements (w) - View in the xy ~ 9Uar€ plate with one fixed edge and three

plane. free edges, with a point load on the y-axis of
symmetry and at the x-end.
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Figure 51 - Square plate with a point load, one
fixed edge, and three free edges.

The initial assumptions adopted are
presented in the following table.
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The results obtained for Problem 7 are
shown below:
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The elapsed time was 1 minute and
55 seconds. This example requires greater
attention due to the free edges. The displa-
cements for two different step values / are
shown below. The displacements of the pla-
te are shown in Figures 52, 53, 54, and 55.
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Figure 52 - Displacements (w) (h = 0.75in) - xy
plane view.
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Figure 53 - Displacements (w) (h = 0.75in) - 3D
Xyz View.
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Figure 54 - Displacements (w) (h = 0.375 in) -
View of the xy plane.
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Figure 55 - Displacements (w) (h = 0.375 in) -
3D xyz view.

CONCLUSION

This work has allowed for the conso-
lidation of theoretical and computational
knowledge related to numerical structural
analysis, with an emphasis on the applica-
tion of the Finite Element Method (FEM).
The implementation of the matrix formu-
lation of stiffness for truss structures enab-
led not only a deeper understanding of the
mathematical fundamentals involved—
equilibrium, compatibility, and constitutive
relations—but also the translation of these
concepts into a functional computational
tool.
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The results obtained demonstrated
that the developed algorithm was capab-
le of reproducing, with good accuracy, the
expected nodal displacements, showing dis-
crepancies within an acceptable range when
compared to examples from the literature
and established structural analysis software.
Such consistency validates both the adopted
formulation and the strategy for assembling
the global stiffness matrix and applying
boundary conditions.

From a computational standpoint, the
implementation allowed for a deeper mas-
tery of the programming language used,
exploring libraries focused on matrix mani-
pulation, solving linear systems, and algo-
rithmic organization. The development of
the routine highlighted the importance of
the code’s logical structure, the organization
of degrees of freedom, and efficiency in the
process of assembling global matrices.

In addition to technical validation,
the work makes a significant educational
contribution, since the actual construction
of the algorithm provides a more robust
understanding of the internal workings of
the FEM, in contrast to the exclusive use of
commercial software. The integration of ge-
ometric modeling and numerical structural
analysis reinforces the practical applicability
of the proposed methodology.

Overall, it is concluded that the main
objective—to develop and validate an al-
gorithm for linear structural analysis—was
fully achieved, establishing a solid founda-
tion for future extensions involving greater
geometric complexity, numerical refine-
ment, or nonlinear analyses.
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