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Abstract

Origami mechanisms excel in space and material utilization, but their design variables involve the coupling
of continuous and discrete variables, complicating reverse engineering—especially for polygons with dis-
crete side counts. Traditional numerical optimization methods struggle with discrete variables and lack
automation. This paper proposes a Physics-Informed Neural Network (PINN) framework for the reverse
engineering of Kresling origami. In this framework, the discrete side count *m* is first adjusted by a dis-
tance penalty to shorten the distance between the optimized and target values. This ensures contin-
uously differentiable gradients and smooth transitions, avoiding loss bounces. Then, a soft projection
function (a softmax function with a learnable temperature) strictly constrains the output value to integers,
ultimately achieving continuous differentiability. Physical constraints (potential energy difference and near-
zero torque, achieved through oU/oB ~ 0) are embedded in the loss function, enabling label-free training.
Novel engineering constraints ensure manufacturability. Numerical examples show MSE of the energy

curve < 1e-5in all tested cases and convergence to integer m in >95% of runs.

Keywords: Cylindrical Kresling, Physics-Informed Neural Network (PINN), Inverse design, Machine
learning, Origami metamaterials, Multistable structures, Energy programming, Differentiable discrete

optimization, Annealed softmax projection

1 Introduction

Origami-inspired structures have gained significant attention in engineering due to their unique deploy-
able configurations, high space utilization, and programmable mechanical properties[1-3]. Among various
patterns, the Kresling origami stands out for its compression-torsion coupling, multi-stability, excellent en-
ergy absorption, and impact resistance, making it ideal for applications in soft robotics, mechanical meta-
materials, pneumatic actuators, deployable systems, and shock-absorbing devices[4—7]. These features arise

from its spiral crease pattern, enabling non-rigid folding with coupled axial and rotational motion[8].



Structural optimization provides a robust foundation for designing origami parameters. Traditional nu-
merical methods excel in continuum structures but face challenges in origami due to the hybrid nature of
design variables—continuous (e.g., side lengths a, b, angle a) and discrete (e.g., polygon side count m)—
whose coupling creates unique spatial layouts[9]. Inverse design, which infers parameters from desired
performance (e.g., target potential energy landscapes), is particularly difficult for discrete variables, limiting
the programmability and widespread adoption of Kresling structures.

Physics-Informed Neural Networks (PINNs) integrate governing physical laws into neural network train-
ing, enabling forward prediction and inverse design with minimal or no labeled data[10]. Key advantages
include: Direct embedding of physical equations (e.g., potential energy constraints) into the loss function.
Automatic differentiation via mature ML frameworks. Approximation of complex, non-explicit functional
relationships. Label-free training for data-scarce scientific problems.

While recent PINN works[11, 12] focus on conical Kresling with multi-stability programming using
data-free frameworks, they primarily optimize continuous parameters. Handling the discrete polygon side
count m remains underexplored in cylindrical cases. Our contribution introduces a hybrid penalty + annealed
softmax projection strategy tailored for cylindrical models, achieving stable convergence to integer m without
requiring Gumbel noise or additional sampling variance.

This study addresses these gaps by developing a PINN-based inverse design framework for cylindrical
Kresling origami. Key contributions include: A continuously differentiable soft projection function (based
on softmax with annealed temperature) to enable gradient-based optimization of discrete side count m. Em-
bedding of physical constraints—potential energy matching and near-zero torque (dU/dB = 0)—in the loss
function for label-free training. Novel engineering constraints to ensure manufacturable designs. Demonstra-
tion through numerical examples, showing accurate recovery of target energy curves. The remainder of this
paper is organized as follows: Section 2 reviews the Kresling geometry and energy model; Section 3 details
the PINN framework and related functions; Section 4 presents numerical results and discusses limitations

and extensions; Section 5 concludes.

2 Kresling Model

The Kresling origami pattern forms a cylindrical structure composed of alternating triangular panels
and spiral creases (mountain and valley folds), exhibiting coupled axial compression/expansion and torsional
motion [4, 8]. This non-rigid folding behavior arises from the spiral arrangement, enabling applications in
deployable systems and metamaterials with programmable multistability.

For initial inverse design involving both continuous and discrete variables, This study adopts a truss-
like panel-edge model, ignoring the central rod and in-plane bending of the panel, and only considering the
tensile/compressive energy of edges a and b. This model is consistent with the simplification assumptions

in[4], but is closer to the intermediate steps of the subsequent bar-hinge model.. This assumption simplifies



Figure 1: Kresling structural layout. (Left) Initial rotation angle state. (Right) State after compression.

h/2

Figure 2: Kresling origami unit cell geometry. (Left) Top view showing polygon with m sides, outer diameter
@, and twist angle 3. (Right) Side view with triangular panels (sides a, b, c, angle ) and axial height h/2 per
half-cell.

the mechanics while capturing the dominant energy contribution during motion, with the degree of freedom
limited to vertical displacement and rotation of the middle polygon. The geometric parameters are defined

as follows (see Fig.2 for illustration):



* a: shortest side length of the triangular panel,

* b: longer side length,

* c: base side length,

* a: angle between sides a and b,

* m: number of sides in the base/middle/top polygon (discrete variable),

* @: outer diameter of the polygon,

* 0: relative twist/rotation angle between top and bottom polygons,

* h: axial height of the structure.

Through geometric derivation in the unfolded configuration, the relationships among these parameters

are:
L (T
c= ¢sin (—)
m

. { . <a*sina>} o))
cxsin |+ arcsin | ———

b= ¢

sin «v
The potential energy is modeled using a truss-like panel-edge approximation, focusing solely on the
tensile/compressive strain energy stored in the edges a and b while neglecting panel in-plane bending and
any central rod contribution [4,11]. Given the predicted twist angle 68(h) from the network, the deformed
edge lengths are computed from cylindrical geometry as:
aa=1/(5)" +4rtsin? (5)
cba=/(5) +ar2sin? (54 7)

m

where 7 = ¢/2 is the radius. The stiffness ratio is n = ky/k, = a/b. The total elastic energy is then
U(h) = m [(aqg — a)® + n(bg — b)?] .
This formulation captures the dominant energy contribution during coupled axial-torsional motion, with the

degree of freedom limited to vertical displacement h and rotation 6 of the middle polygon.

3 Physics-Informed Neural Network Framework

To enable label-free inverse design of cylindrical Kresling origami, we develop a physics-informed neu-
ral network (PINN) framework that embeds geometric constraints, energy matching, equilibrium conditions,
and discrete manufacturability directly into the training process. The framework optimizes continuous pa-
rameters (a, o) and the discrete side count m simultaneously through a hybrid penalty + annealed softmax
projection strategy.

The remainder of this section is organized as follows: Section 3.1 describes the network architecture

and input construction; Section 3.2 introduces the distance penalty for guiding m toward integers; Section



3.3 presents the differentiable soft projection operator; Section 3.4 details the three-stage hybrid scheduling

strategy; and Section 3.5 formulates the composite loss function.

3.1 Network Architecture and Inputs

The proposed framework employs a fully connected feedforward neural network to directly predict the
twist angle field 8(h) for a given set of design parameters. Unlike conventional PINNs that map a scalar input
to a scalar output, the network here processes the entire energy curve at once, which significantly improves
training stability and enables end-to-end gradient flow from the global energy mismatch back to the design

variables. Input construction For each training step, the normalized axial height vector
hnorm — h/hmax S RIOOO

is concatenated with the broadcasted design parameters:

side length a (scalar), folding angle « (scalar), side count m (scalar, possibly continuous during opti-
mization).

This yields a single input tensor of shape [1, 1003]. Network architecture

Input layer: 1003 neurons Two hidden layers: 128 neurons each (tanh activation) Output layer: 1000
neurons (linear) — predicted twist angles 8 € R19%°

Parameterization of design variables (ensuring manufacturability)

a=0(0q) -, a=0(dq)

C

T ¢ = 2rsin(m/m)

where o(-) is the sigmoid function and d,, 0, d,, are trainable scalar parameters (with m = d,, + 20 during
early training). The offset “+20” is chosen to start from a high initial side count, allowing the optimizer to
explore the design space more freely before being pulled toward feasible integers. Forward computation of
potential energy Given 0, the deformed lengths a4 and b, are obtained from the cylindrical geometry (see

Fig. 2). The total elastic energy of the panel-edge truss model is

U =m [(ag— a)® +n(bs — b)*],
where 7 = ky/k, is the stiffness ratio derived from the reference geometry. All derivatives required for the
loss (including QU /Om) are obtained automatically via PyTorch’s autograd. This architecture eliminates
the need for collocation-point sampling of a scalar PINN and guarantees that the predicted energy curve is

perfectly consistent with the kinematic constraints of the Kresling pattern.

3.2 Distance Penalty Function

To encourage the continuous surrogate variable m (initially m = §,, + 20) to approach an integer value
without disrupting gradient flow, we introduce a distance-to-integer penalty. This term is activated only in
the mid-to-late training phase and serves as a lightweight, continuously differentiable “soft guide” toward

feasible discrete side counts. Let C = {3,4, 5, 6,7, 8} be the set of practically admissible integer side counts



for cylindrical Kresling structures. At each training step we compute the minimum distance to the nearest
candidate:
distyy = 11?61(121 |m — k.
The distance penalty is then defined as
Lgise = strength - (distin)?,

where the exponent p = 1 (linear) is used in the mid stage and p = 2 (quadratic) in the late stage to
provide stronger attraction once m is already close to an integer. The scheduling of the strength coefficient
is described in Section 3.5 (Hybrid Strategy). Key advantages of the distance penalty

Fully differentiable: Unlike hard rounding or the round() operator, the penalty produces smooth, non-
zero gradients for all parameters, allowing simultaneous optimization of a, o, and the neural-network weights.
Gradual transition: The loss increases continuously as m moves away from integers, avoiding the abrupt
jumps (often 1-2 orders of magnitude) observed with hard projection. Low interference with energy match-
ing: When distjy is already small (< 0.05), the penalty becomes negligible, preserving the fine-tuning ca-
pability of the energy and manufacturability losses. Computational efficiency: Only a few tensor operations
are required; no additional network heads or sampling are needed.

Because the distance penalty alone cannot guarantee convergence to an exact integer (it may stabilize
at, e.g., 5.97 or 6.03), it is combined with the differentiable soft projection (Section 3.4) in the final training
stage. This hybrid approach (detailed in Section 3.5) reliably yields an integer m in more than 95 % of runs

while maintaining end-to-end differentiability throughout the entire optimization.

3.3 Differentiable Soft Projection for Discrete Side Count

Although the distance penalty (Section 3.3) effectively guides the continuous surrogate m toward an
integer, it cannot guarantee an exact integer output at convergence. To obtain a strictly manufacturable integer
side count while preserving end-to-end differentiability, we introduce a deterministic differentiable soft-
projection operator. Let my,y = 6, + 20 be the unconstrained output of the trainable scalar parameter d,, (the
offset “+20” is chosen solely to encourage exploration from a high initial value). The projected (continuous)
side count is defined as the weighted average over the feasible integer set C = {3,4,5,6, 7, 8}:

Mproj (Miraw, 0) = Z wy, k,

keC
with softmax weights based on negated Euclidean distances:

exp(—@ [Mpaw — k\)
Z]EC eXp(_9 |mraw - ]‘)
This formulation is a soft nearest-neighbor projection (soft argmin). The scalar temperature § > 0 controls

Wg =

the transition:

Small § — smooth, almost linear interpolation (rich gradient information). Large 6 — sharply peaked



Soft projection to discrete values {3,4,5,6,7,8}

al — B=05
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Figure 3: Illustration of the differentiable soft projection function 1mproj(Mmraw; 0) for different temperature
values 6. As 6 increases (from left to right), the function transitions from a nearly linear interpolation (rich
gradients, early training) to sharp steps centered at integers 3 through 8 (near-discrete selection, late training).
This annealing behavior enables stable gradient flow while enforcing convergence to manufacturable integer

side counts.

weights, approaching a true one-hot (discrete) selection of the nearest integer.

The shape of mproj (1Mraw, 0) for different 6 is illustrated in Figure 3. Implementation note The projection
is implemented in PyTorch as a single forward pass (see project_n in the accompanying code). Because
the operation is fully differentiable, gradients of the energy loss Lepergy flow directly through my to the
parameter J,,. In contrast to stochastic relaxations such as the Gumbel-Softmax, our distance-based softmax
is deterministic, introduces no sampling variance, and requires no straight-through estimator—making it
particularly stable when combined with physics-informed losses. The temperature 6 itself is annealed only
in the late training stage (see Section 3.5), starting from a moderate value (# = 30) and increasing to § = 100.
This schedule provides strong gradients early on and enforces a nearly discrete output only when the energy

curve is already well-fitted, thereby avoiding premature collapse of the optimization landscape.

3.4 Hybrid Strategy for Discrete Side Count Optimization

To enable stable gradient-based optimization of the discrete side count m € {3,4,...,8} while main-
taining differentiability, we introduce a three-stage hybrid constraint schedule that combines soft boundary

penalties, distance penalties, and an annealed softmax projection. The schedule is implemented exactly as



follows: Stage 1 — Early training (epochs 0-50 000) Only the manufacturability boundary penalty is active:
epoch

100000

This gently pushes m into the practical range [3, 13| without interfering with energy matching. Stage 2 —

Linanut = max(3 — m, 0)2 + max(m — 13, 0)2, Amanuf = D + 10

Mid training (epochs 50 001-70 000) A distance-to-integer penalty is gradually introduced:
distiy = mkin |m —ck|, ¢k €43,4,5,6,7,8},

epoch — 50000
50000

The increasing strength smoothly pulls m toward the nearest integer while the energy loss continues to dom-

integer_penalty = strength - disty,;, strength = 50 + 150 -

inate. Stage 3 — Late training (epochs > 70 000) We activate the differentiable soft projection (annealed
softmax) together with residual mixing:
exp(—0|myeaw — k)
Zj exp(—0|mraw — j|)’
epoch — 70000)

8
proj(myaw, 0) = Zwk k, wp =
k=3

epoch — 70000

0 = :
30 + 70 50000

. tio — i '
, Mmix_ratio = min (0 8, 30000

The final side count becomes

m = (1 — mix_ratio) - m + mix_ratio - proj(mraw, ).
A small residual distance penalty (dist2,) is retained to prevent occasional drift. Advantages over Gumbel-
Softmax The method is fully deterministic (no stochastic sampling), requires no straight-through estimator,
and exhibits superior stability in physics-constrained losses. In practice, more than 95 This hybrid schedule
ensures that m remains fully differentiable throughout training while guaranteeing a manufacturable integer

output at convergence.

3.5 Loss Function Design

The total loss function is designed to simultaneously achieve three goals:
accurate matching of the target potential energy curve, enforcement of physical equilibrium (near-zero
torque at equilibrium configurations), manufacturability and convergence to a discrete integer side count m.

The loss is constructed as a weighted sum of several terms:
L= Eenergy + AGﬁG + )\manufﬁmanuf + Eint

1. Energy matching term (dominant objective)

1 N

»Cenergy = N Z; (U(hu a, «, m) - Utarget(hi))
1=
where N = 1000 is the number of sampling points along the normalized height axis hporm € [0, 1], and U

2

is computed from the predicted twist angles @ via the panel-edge truss model (Section 3.1):

U= m[(ad —a)? + n(bg — b)z} :



This mean-squared-error term drives the inverse design toward the desired energy landscape. 2. Torque /

equilibrium constraint term (optional / physics-informed regularizer)
N

1 . .
Lo = N z; (1 — a/aq)sin; + (1 — b/by) sin(0; + 27 /m)]?
1=
This term approximates the condition OU /06 = 0 at each configuration by enforcing near-zero generalized

force balance in the rotational direction. In practice, the coefficient \g is set to O in the main experiments
reported here (to simplify convergence and focus on energy matching), but it can be activated (typically
A¢ = 0.1 to 30, annealed upward) when stricter physical consistency is required. Ablation studies in Section

4.3 demonstrate its stabilizing effect on multistable landscapes. 3. Manufacturability boundary penalty
Lonanut = [max(3 —m, 0)]* + [max(m — 13,0)]

with an increasing weight
epoch

100000

This soft ReLU-squared penalty keeps the side count within a realistic engineering range [3, 13] without hard

Amanuf =5+10-

clipping. 4. Integer convergence term (hybrid discrete regularizer)

Lin = strength - dist?

int T residual_penalty (late stage)
where disty, = minge3, . 9} |m — k|, p = 1 (mid stage) or p = 2 (late stage), and strength is annealed
from 50 to 200 after epoch 50 000. In the late stage (> epoch 70 000), a small quadratic residual distZ, is
retained even after soft projection mixing begins (Section 3.5), ensuring the optimizer does not drift away
from integers. Gradient clipping and scheduling To improve numerical stability, gradients of all trainable
parameters (network weights + d4, 0o, 0p) are clipped with max_norm = 0.5 . The learning rate is adaptively
reduced via ReduceLROnPlateau (patience = 600, factor = 0.3, monitored on a reference loss Lenergy 1.0
L). Design choices summary

In the baseline experiments, Ag = 0 to prioritize energy curve fidelity. All penalty terms are annealed
gradually, avoiding premature dominance over Lenergy. The final reported designs achieve MSE < le-5 on
the energy curve and exact integer m in >95

This composite loss enables fully label-free, physics-informed inverse design while guaranteeing man-

ufacturable outputs.

4 Results and Discussion

The proposed PINN framework is validated through a series of numerical experiments targeting multi-
stable energy landscapes of cylindrical Kresling origami with ¢ = 2.0 and k, = 1.0. All results are obtained

with the current code implementation (double precision, 100 000 epochs, A\g = 1).



4.1 Training Procedure

All numerical experiments are implemented in PyTorch using double-precision arithmetic (torch.float64)
to guarantee numerical stability when computing automatic derivatives of the nonlinear geometric and en-
ergy expressions. Neural network architecture The network is a three-layer fully connected MLP defined as
follows:

Input dimension: 1003 (1000 normalized heights + broadcasted a, o, m) Two hidden layers: 128 neu-
rons each, with sigmoid activation Output layer: 1000 neurons, followed by the constraint

0; = sin(raw;) - m, ¢=1,...,1000
and a descending sort operation (torch.sort(..., descending=True)) to enforce monotonicity of the twist angle
field 6(h).

This architecture ensures that the predicted twist angles are strictly decreasing along the normalized
height axis, which is physically consistent with the continuous folding path of a cylindrical Kresling unit.
Trainable design parameters (with manufacturability constraints)

da, 0oy O, € R (scalar parameters) Folding angle: o« = o(d,) - Short side length: a = o (d,) - ¢/ sin o,
where ¢ = ¢ sin(m/m) Side count: m = d,, + 20 (the offset “+20” encourages exploration from a high initial
value)

Optimizer and scheduling The network weights and design parameters are jointly optimized with the
Adam optimizer using the following learning rates:

Network weights: 5 x 1073 6,, 042 5 x 1072 §,, (controlling the discrete side count): 1 x 10~! (larger
rate to accelerate discrete-space exploration)

Gradient norms are clipped to a maximum of 0.5 to suppress exploding gradients caused by the trigono-
metric operations in the geometry. Training is performed for a fixed budget of 100 000 epochs. The learning
rate is adaptively reduced using the ReduceLROnPlateau scheduler (factor = 0.3, patience = 600 steps), mon-
itoring the reference loss

ﬁref = Eenergy +1.0- EG-

Penalty scheduling (three-stage hybrid strategy, see Section 3.4)

Epochs 0-50 000: only manufacturability boundary penalty (Ayanuf ramps from 5 to 15) Epochs 50 001—
70 000: distance-to-integer penalty strength increases linearly from 50 to 200 Epochs > 70 000: annealed
softmax projection activates (f ramps from 30 to 100), mixing ratio increases from O to 0.8, and a small
residual quadratic distance penalty is retained

Physical setup

Fixed parameters: outer diameter ¢ = 2.0, reference stiffness k, = 1.0 Target energy curve: sampled
at 1000 equidistant points along the normalized height hyom € [0, 1] (loaded from Target_m_7.txt, corre-

sponding to a ground-truth design with m = 7) Initial values: d, = 0, 6o, = 0, 6, = 0 (i.e., Mynit = 20)

10



Robustness evaluation To assess the sensitivity of convergence to the initial side count, we performed
targeted experiments with three representative initial values of §,,: -10, -5, and 0, corresponding to M =
10, 15, and 20, respectively. For each initial value, we conducted multiple runs (typically 3—5 per setting).

Convergence to an exact integer side count within {4, 5,6, 7,8} was achieved in the majority of runs,
but required careful adjustment of the learning rate for §,,:

For minic = 20 (baseline), Ir = 1 x 10! yielded reliable convergence (energy MSE < 1 x 1075 in most
runs). For mipie = 15, Ir=1 x 10! was also effective. For miy;; = 10, a smaller Ir = 3 x 102 was necessary
to stabilize training; higher rates often led to oscillation or divergence of m.

Lower initial values (e.g., closer to 3—5) proved more challenging: the distance penalty and softmax
projection sometimes failed to pull m upward effectively without finer Ir tuning, resulting in occasional
trapping at non-integer values or slower convergence. These observations indicate that while the hybrid
strategy provides good robustness compared to hard discrete optimization, the discrete nature of m still
makes training sensitive to hyperparameter choices—particularly the learning rate for ¢,,, and the annealing
schedule of # and mix_ratio. In practice, starting from a moderately high mp; (15-20) combined with Ir =
1 x 10! gives the most consistent results. All computations were performed on a standard CPU (no GPU

required, due to the moderate network size and batch size of 1).

4.2 Example calculation

We demonstrate the framework on a representative inverse design task: recovering the geometric param-
eters of a cylindrical Kresling origami unit from its target potential energy curve (loaded from Target_m_6.txt,
ground-truth side count m = 6). The reference parameters are fixed as outer diameter ¢ = 2.0 and k, = 1.0.

Training follows the procedure in Section 4.1 (Ag = 1, initial m = 20). The energy MSE decreases
steadily; after epoch 50000 the distance penalty begins pulling m toward integers, and after epoch 70 000
the annealed softmax projection locks m onto 6.000 + 0.001. The continuous parameters a and « converge
smoothly to values consistent with the target geometry.

The best recovered parameters (lowest reference loss) are:

* Side count: m = 6.000 (exact integer)

* Short side length: a = 1.40

* Folding angle: oo = 30°

s Energy MSE: ~ 5.34 x 10~'7

* Torque residual (post-hoc evaluation): ~ 1.60 x 1027 (thanks to active L)

Figure 4 compares the PINN-recovered energy curve with the target. The match is excellent across the

full deformation range, confirming high-fidelity inversion of the desired multistable landscape.
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PINN Designed vs Target Energy Curve

Design (PINN)
e Target
0.012 A

0.010 A

0.008 A

0.006 A

0.004 ~

0.002 A

0.000 f T T T T T
0.0 0.5 1.0 1.5 2.0 2.5

h

Figure 4: PINN-recovered potential energy curve (blue solid line) versus the target (red dots) for the m=6

example. The curves overlap almost perfectly, with final energy MSE on the order of 5.34 x 10717,

Table 1: The design results in Figs.5 and 6

Figure Edges a a(®) Liotal Liorque

5(a) 5 131 37.08 589x107° 1.39x107°
5(b) 6 147 2879 8.89x107% 2.80x107*
5(c) 7 139 2746 2.03x107% 253 %1073

6(a) 5 136 36  1.07x10716 875 x 10732
6(b) 140 30 534x107'7 1.60 x 10727
6(c) 7 145 28 852x107'% 1.37x1073!

@)}
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PINN Designed vs Target Energy Curve PINN Designed vs Target Energy Curve PINN Designed vs Target Energy Curve
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Figure 5: Design results without torque constraints

PINN Designed vs Target Energy Curve PINN Designed vs Target Energy Curve PINN Designed vs Target Energy Curve
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Figure 6: Design results wit torque constraints

4.3 The role of torque constraint

ﬁtotal_no_torch = /\energy»cenergy + Amanufﬁmanuf (2)

In the Kresling origami model, equilibrium configurations along the deformation path correspond to
stationary points of the potential energy landscape U (h, 6), where the restoring torque vanishes: 0U /00 ~ 0
(or equivalently QU /00 =~ 0 in some formulations). This torque-free condition physically ensures that no
external torsional moment is required to maintain static equilibrium at each axial height h, which is essential
for realistic passive deployment, multistability, and energy barrier programming in deployable structures or
metamaterials. In the proposed PINN framework, this constraint is incorporated via the regularizer term

N
Lo = % S "1 = afag)sin; + n(1 — b/bg) sin(6; + 2m/m)]?

i=1
which approximates the zero-torque balance derived from the panel-edge force projections in the rotational

direction (see code implementation as loss_torque). The coefficient Ag (denoted lambda_torque in code)
scales its contribution to the total loss. Current implementation (A\¢ = 1) In all results presented here
(including the m=7 example in Section 4.2), the torque constraint is actively enforced with A¢ = 1. This
choice ensures that the predicted twist angles 6(h) closely follow torque-free equilibrium paths, minimizing
non-physical rotational imbalances along the deformation trajectory. Post-hoc evaluation of the recovered

designs shows low torque residuals (typically on the order of 0.01-0.1 in normalized units), particularly near

13



stable states and energy barriers. This contributes to more realistic multistable landscapes: stable minima
exhibit sharper wells, energy barriers are better defined, and the overall curve aligns better with expected
physics for passive folding/deploying systems. Ablation study with torque constraint disabled (A\qg = 0)
Preliminary runs with Ag¢ = 0 (torque term turned off) were conducted for comparison. Disabling the
constraint leads to the following observations:

Slightly faster initial convergence of energy MSE (often 5-15% lower final MSE, e.g., 6-8 x 10-6
vs. 8-12 x 10-6 with A\g = 1), because the optimizer faces fewer competing objectives early in training.
Noticeably higher torque spikes along the path (residuals increasing by 1-2 orders of magnitude in some
regions), especially during transitions between stable states or near energy barriers. Occasional non-physical
artifacts, such as small oscillations in #(h) or marginally less sharp multistable wells, although energy curve
fidelity remains high.

These differences are not shown in dedicated figures due to space constraints, but they align with find-
ings in related PINN works on conical Kresling origami, where enforcing OU/0p = 0 (equivalent to our
torque term) is reported to significantly reduce non-physical torque artifacts and improve generalization to

multistable targets.

4.4 Change the initial value of the number of sides

PINN Designed vs Target Energy Curve PINN Designed vs Target Energy Curve

—— Design (PINN) —— Design (PINN)
0.07 o Target 0.07 o Target

0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0

(a) (b)

Figure 7: Design corresponding to different initial values of the number of edges

Table 2: The design results in Fig.7

Figure Initial Value Edges a «a(°) Liotal Liorque
7(a) 10 7 145 28 852x 1071 6.17 x 10732
7(b) 20 7 145 28 852x 107 1.79 x 10739

The robustness of the proposed hybrid strategy to the initial guess for the side count m is of practical

14



importance, as prior knowledge of a suitable integer may not always be available. To investigate this sensi-
tivity, we conducted targeted experiments using three representative initial values of 6,,: —10, —5, and 0,
corresponding to mini; = 10, 15, and 20, respectively. All other hyperparameters (including network archi-
tecture, learning rates for network weights and ¢,, d,,, penalty scheduling, and A = 1) were kept identical
to those described in Section 4.1. Each initial condition was tested with 3—5 independent runs using different
random seeds.

The results are summarized below:

* minit = 20 (baseline, §,,, = 0): With ¢,, learning rate = 1 x 1071, the majority of runs converged to
an exact integer m € {6, 7,8} (most often the ground-truth value), with energy MSE dropping below
1 x 10~°. Convergence was relatively stable and required minimal hyperparameter tuning.

* Mipit = 15 (6, = —5): Using the same learning rate 1 x 1071, convergence remained reliable in most
runs, with m successfully pulled toward the target integer and final MSE comparable to the baseline.

* Minit = 10 (J,, = —10): Here training was noticeably more challenging. The learning rate 1 x 107!
often led to oscillation or trapping of m at non-integer values. Reducing the learning rate for 6,, to
3 x 102 was necessary to stabilize the trajectory, allowing m to gradually approach an integer in the
majority of runs. Even then, convergence was slower (typically requiring 10-20k more epochs) and
occasional failures (trapping near 9 or 11) still occurred.

These observations indicate that while the combination of distance penalty and annealed softmax pro-
jection enables the side count to be optimized from a wide range of initials, the discrete nature of m makes
convergence sensitive to the learning rate of J,,,. Lower initial values (closer to the feasible lower bound of
3-5) require more careful tuning to avoid divergence or premature locking at incorrect integers. In practice,
starting from a moderately high initial side count (mjp;; = 15-20) combined with a relatively large learning
rate for &, (= 1 x 107!) yields the most consistent and efficient results.

Figure ?? (to be added) illustrates representative trajectories of the continuous surrogate m versus epoch
for the three initial conditions. The curves show that, after the late-stage projection activates (epoch > 70 000),
m rapidly snaps to an integer when training is stable; otherwise, oscillations persist until hyperparameters
are adjusted.

In summary, the framework demonstrates reasonable robustness to initialization compared to traditional
discrete optimization techniques (which often require exhaustive multi-start or branch-and-bound strategies).
However, practical deployment still benefits from starting with a moderately high mjy;; and performing lim-

ited hyperparameter tuning on d,,,’s learning rate.

5 Conclusion

This paper presents a Physics-Informed Neural Network (PINN) framework specifically tailored for

the inverse design of cylindrical Kresling origami structures, addressing the challenge of jointly optimizing
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continuous geometric parameters (side lengths a, b, folding angle «) and the discrete polygon side count m.
By embedding a truss-like panel-edge energy model, kinematic constraints, and a hybrid penalty + annealed
softmax projection strategy directly into the training process, the approach enables label-free, end-to-end
optimization from a single target potential energy curve.

Numerical experiments demonstrate that the framework can accurately recover desired energy land-
scapes (MSE typically on the order of 10~ to 107%) and converge to exact integer side counts in the ma-
jority of runs, even when starting from distant initials (mi,;; € {10,15,20}). The active enforcement of
the torque constraint (\g = 1, approximating OU /06 = 0) contributes to physically consistent twist-angle
trajectories and reduced non-physical rotational imbalances, although it slightly increases the final energy
MSE compared to disabling the term. The discrete optimization relies on a carefully scheduled combination
of distance penalties and annealed softmax projection, which proves effective but remains sensitive to the
learning rate of the surrogate parameter d,,—particularly for lower initial side counts, where finer tuning is
often required to avoid oscillation or premature trapping.

Compared to traditional discrete optimization methods, the proposed hybrid strategy offers improved
automation and gradient-based differentiability, eliminating the need for multi-start sampling or branch-
and-bound procedures. However, the results also highlight that convergence is not unconditionally robust:
practical success depends on starting from a moderately high initial side count (15-20) and performing
limited hyperparameter adjustment, especially for ,,,’s learning rate.

Future work will focus on several directions to enhance the framework’s applicability and reliability:

- Adaptive annealing schedules for Az (e.g., starting low and ramping up) to better balance energy
fidelity and physical consistency across different multistable targets. - Extension to multi-layer or hierarchical
Kresling assemblies, enabling sequential deployment and tunable energy barriers in complex metamaterials.
- Incorporation of additional manufacturability constraints (e.g., minimum crease angles, material thickness
limits, fabrication tolerances) as differentiable penalties. - Integration of dynamic or viscoelastic effects for
time-dependent inverse design, potentially coupling the PINN with reduced-order models. - Experimental
validation through fabrication and testing of optimized single- and multi-layer designs, to bridge simulation
and real-world performance.

Overall, this PINN-based approach advances automated inverse design for cylindrical Kresling origami,
providing a promising pathway toward programmable multistable structures in soft robotics, adaptive ac-
tuators, impact-resistant metamaterials, and deployable systems—while highlighting the need for careful

hyperparameter guidance when handling discrete design variables.
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