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Abstract

The sign changes of a cyclotomic Littlewood polynomial depend only on the ged of the
index with its length. Divisor inversion gives canonical binary coordinates, in which standard
prime-block products are exactly the divisibility chains. A local rigidity identity forces an
additional correction in an explicit divisor window whenever a first block fails. Together with
the exponential-equation theorem of Scott and Styer, this proves factorization at every length
2t327% with all exponents unrestricted. Further algebraic arguments cover every length 2'pq,
at most three active coordinates other than 1, and a chain below two sufficiently separated
highest coordinates. Reciprocal interpolation inserts a prime block whenever the prime exceeds
its cofactor, with a sharper test based on signed period and rational degree. For at most four
active coordinates, the arguments classify every comparable initial pair, every three-member
highest layer, and every length not divisible by eight. At arbitrary dyadic height, they also
classify a smallest highest coordinate with two odd lower coordinates. Midpoint representation
parity supplies coprimality; runs of additive divisors force the separation needed for period
extraction. Fourth-order traces settle every remaining ordering at length 4M, with M odd. An
internal block change shortens the necessary correction window. The polynomial proofs use no
coefficient enumeration. The unrestricted Borwein—Choi conjecture remains unresolved.

1 The factorization problem

A Littlewood polynomial of length N is a polynomial

N-1
P(z)=)_ apz®, ap € {—1,1}.
k=0

Here cyclotomic means that every root is a root of unity; an overall sign and repeated cyclotomic
factors are allowed. The irreducible mth cyclotomic polynomial is denoted by ®,,. Write

Gum(z)=14z+ - 4+2m L

The elementary identity Ggap(z) = G4(x)Gp(z?) illustrates the problem: a rigid alphabet is preserved
when short coefficient blocks are placed consecutively. The question is whether every cyclotomic
word is built in this way. A factorization would explain the entire coefficient sequence through
shorter sign patterns, rather than only describe its roots.
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1 The factorization problem

Conjecture 1.1 (Borwein—Choi [1]). Every cyclotomic Littlewood polynomial of length N has a
representation

S
P(x) :qu)pj(ejxm"'pj‘l), N =py---ps, (1.1)
j=1

where the p; are primes, repetitions are permitted, and o,¢; € {—1,1}.

Call a polynomial admitting (1.1) standard. Such a product is cyclotomic and Littlewood:
successive factors occupy distinct digits in a mixed-radix expansion, so each coefficient is a product
of signs with exactly one contributing term. The difficult direction is to force a block from the root
condition and then justify the same extraction for its quotient.

Borwein and Choi proved the conjecture for odd N and for powers of two [1]. Akhtari and
Choi proved it for all N = 2!p®, with p odd prime, and for polynomials without repeated roots
[2]. Hong and Cao credit Hong and Li with the case N = 2pq for distinct odd primes [3, p. 66].
Sun also announced a large-prime subfamily of lengths 2¢pg in a 2008 abstract for the 2009 Joint
Mathematics Meetings [7]. The case 2pq therefore has an established classification; the argument
below gives an alternative proof. The divisor obstruction is [2, Lemma 3.1].

The main sufficient condition is especially simple.

Theorem 1.2 (Arithmetic criterion). Suppose that N has no coprime integers 1 < u < v satisfying
uv(u+v) | N. (1.2)
Then every cyclotomic Littlewood polynomial of length N is standard.

The three factors in (1.2) are pairwise coprime. Thus a failure requires three disjoint sets of
prime divisors to support an additive relation. The criterion is sufficient, not necessary: for example,
30 contains 2 - 3 - 5, but the conjecture holds at length 30.

Corollary 1.3. Let N = 2tp®¢P®, where p,q are distinct odd primes. If none of
2" +p’'=q",  2"4+¢"=p", p'+g’=2" (1.3)

holds with 1 <u <t, 1 <v<a, and 1 <w < f, then every cyclotomic Littlewood polynomial of
length N is standard. In particular, if neither p 4+ q nor |p — q| is a power of two, this conclusion
holds for N = 2'pq for every t > 0.

For example, every length 2¢ - 713 is covered. The exceptional equations in (1.3) identify
possible obstructions; their existence does not produce a counterexample.
To state the other results precisely, we introduce the coordinates that will organize the coefficient
word. Normalize ag = 1 and put
1—ag_1a
Sk = % ag=> pld/e)d. (mod2), ag e {0,1}, (1.4)
eld

where 1 < k < N and d is a proper positive divisor of N. Here p is the Mobius function. A divisor
d is active when a4 = 1; their set is denoted by A(P). Section 3 proves that these data recover
every coefficient: an active d contributes a sign reversal at every multiple of d. The coordinate 1
simply records substitution = — —zx.

Theorem 1.4 (Principal factorization results). Every cyclotomic Littlewood polynomial is standard
in each of the following cases:
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(i) its length is 2'pq, with p,q distinct odd primes;
(ii) its length is 2t3%7°, with t,a,b > 0;
(iii) it has at most three active divisor coordinates other than 1;
(iv) its length is 2M, with M odd, and at most one even divisor coordinate is active;
(v) it has at most four active coordinates other than 1, and the first normalized active coordinate
divides the second;
(vi) it has at most four active coordinates other than 1, its length has dyadic valuation at most
two, its highest layer has two members, and the remaining coordinates form a divisor chain;
(vii) it has at most four active coordinates other than 1, and its highest layer has three members;
(viii) its length is 2M, with M odd, and it has at most four active coordinates other than 1;
(ix) its length is AM, with M odd, and it has at most four active coordinates other than 1;
(x) it has at most four active coordinates other than 1, its highest layer has two members including
its smallest normalized active coordinate, and its remaining coordinates are odd.
For a length Aq®, where A,s > 1 and ¢ > A is an odd prime, there is a factorization

P(z) = R(z)®,(52")W (), h| A,

after normalization at zero, with R, W cyclotomic Littlewood polynomials of lengths h and (A/h)q*~1,
respectively, and § € {—1,1}.

These assertions are proved in Theorems 11.1, 12.1, 15.3, 13.5, 17.10, 18.4, 20.3, 21.3, 24.18, 22.5,
and 26.1, respectively. Theorem 15.2 gives a further criterion with arbitrarily many coordinates: a
chain below two separated highest coordinates yields two explicit outer blocks and a standard core.

The four-coordinate frontier admits further analytical classifications. Theorem 17.10 covers every
initial pair a,b with a | b, extending the doubled-scale and even-ratio arguments of Corollary 16.6
and Theorem 17.5. Theorem 18.4 covers lengths 2M and 4M, with M odd, when the two remaining
coordinates below the highest dyadic layer form a divisor chain. No separation assumption is needed
in this class. Theorem 20.3 classifies the entire three-member highest layer, and Theorem 21.3
classifies all supports of at most four coordinates at twice odd length. Theorem 24.18 classifies
every support of at most four coordinates at length 4M. Theorem 22.5 treats a smallest highest
coordinate with two odd lower coordinates at every dyadic height. With one odd lower coordinate,
Theorem 22.6 gives a corresponding coprimality criterion, while Theorem 23.2 covers a comparable
highest pair both divisible by that odd coordinate. The proofs compare short coefficient prefixes
with forced traces, additive divisors, and periods of residue subsequences. The adaptive window in
Theorem 10.1 instead uses the first internal change of the initial blocks to force an earlier correction.

There is one common foundation and three factorization arguments. The multiplicity budgets
give trace identities, and a logarithm modulo four transfers those identities to the sign changes.
Divisor inversion then gives the coordinates above. The canonical criterion is that P is standard
exactly when A(P) is a divisibility chain (Theorem 5.1). This replaces a choice among many prime
factorizations by a property of a unique set of divisors.

The first route is local: the earliest failure of a constant block forces an additive triple of divisors.
Two interacting corrections violate the sign alphabet, so a further correction must occur in an
explicit divisor window. For support {2, 3,7}, a complete list of primitive additive triples reduces
the problem to eleven initial pairs; a common logarithmic identity excludes them. The arithmetic
input is Scott—Styer [8, Theorem 8], whose proof is external to this article. The second route uses
root squaring: the highest dyadic layer determines a cyclotomic divisor, and a period argument
converts that root information into consecutive coefficient blocks. The third route isolates a large
odd prime: reciprocity upgrades a congruence modulo four to exact periodicity, after which a prime
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block can be inserted between two shorter factors. The local argument is in Sections 6-12, the
norm argument in Sections 13-15, and prime insertion in Section 26.

The accompanying Analytical Extensions and Ezxact Certificates proves standardness at lengths
2ip%q, with p, ¢ distinct odd primes and a > 1, in the range 3 - 2! < 2p(p — 1) or t < 2, the full
family 2¢3%5%, and the bound of 47 changes or nonchanges. Its references carry the prefix S. The
three-prime arithmetic classification there uses Scott’s algebraic theorem [4]. It also contains
independent proofs, finite certificates, and examples delimiting stronger assertions. None of the
proofs in this article depends on a finite search. Repeated roots are allowed throughout.

2 From signs to traces

Throughout the article va(k) denotes the exponent of 2 in a positive integer k, and ¢ is Euler’s
totient function. Multiplication by —1 and substitution x — —x preserve both cyclotomicity and
standardness. For N > 1 we may therefore normalize

apg = a1 = 1. (2.1)

If P # Gy, let i > 2 be its first negative coefficient. The boundary polynomial

N
D(z)=(1—xz)P(z) = Z ba” (2.2)
k=0

records sign changes, rather than signs:
bo=1, by=—-an_1, br=a—ar_1 6{0,:|:2} (0<k<N).

In particular by =---=b;_1 =0 and b; = —2.
The following factor budgets are due to Borwein and Choi. We include their short reduction
modulo two because it is the arithmetic input to every subsequent trace assertion.

Lemma 2.1 (Conductor and multiplicity budgets). Let P be cyclotomic Littlewood of length
N = 2'M, with M odd. FEvery cyclotomic factor of P has index dividing 2N. If e,, is the
multiplicity of @, in P, then for every d | M,

+eog+ 2e4g+ -+ 21 -1, d=1, (2.3)
eq+e e e Egtt1g = .
d + €24 + 2e4q 2414 = ot i1
For D = (1 — x)P, the corresponding multiplicities E,, satisfy
t+1
Z ©(2")Egrg = 2 (d| M). (2.4)
r=0

Proof. Over Fy, P = Gy = (™ —1) /(z —1). For odd d, the reduction of ®4 has as roots precisely
the elements of order d in an algebraic closure of Fyo. These roots are simple, and different odd
indices have disjoint root sets. Moreover,

g =3, (r>0),

with the weights 1,1,2,4,.... Thus an occurring odd part must divide M. Its multiplicity cannot
exceed the multiplicity in Gy, so an occurring dyadic level has r < t + 1. Comparison of the
multiplicities of these disjoint root sets proves (2.3). Multiplication by 1 — x adds one ®; factor
and gives (2.4). O
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Let Si be the sum of the kth powers of all N roots of D, with multiplicity. A cyclotomic root
multiset is invariant under inversion, so the constant-term normalization D(0) = 1 gives the formal
identity

xD'(x) _
z)

D > Spat. (2.5)

k>1

Equating coefficients yields Newton’s identities in the useful form

Sk +b1Ske—1+ - +bp_151 + kb, =0 (1 §/€§N) (2.6)
Hence Sl = =041 =0 and SZZQ’L
For a positive integer m, put
Cm(k‘) _ eQmak/m
1<a<m
(a,m)=1

The Ramanujan sum ¢, (k) depends only on ged(m, k), is multiplicative in m, and satisfies
>am ca(k) = M if M | k, and zero otherwise. These facts follow either by grouping all Mth roots
according to their exact orders, or from cm (k) = 3 g,y d(m/d).

Lemma 2.2 (Trace reduction, Akhtari-Choi). For 1 <k < N,

2t+! 1tk = Sp= Sgcd(N,k)7 (2.7)
2k =  Sp=0. (2.8)

In particular, the first negative coefficient index © divides N.

Proof. The factorization of D gives

t+1

Sk == Z Z EQrdCQrd(k).

d|M r=0

If va(k) < t, replacing k by gcd(V, k) preserves its ged with every 2"d | 2N, proving (2.7). If
211 | k, multiplicativity and (2.4) instead give

t+1

Se=>_ca(k)Y 02" )Earg=2") " ca(k) = 0.
r=0

dM M

Indeed M 1t k, since otherwise N | k, contrary to 0 < k < N. Finally S; = 2i # 0. The second
alternative is impossible, and the first would give a smaller nonzero trace unless ged(NV,i) =i. O

3 Sign changes on the divisor lattice

The trace reduction has a global consequence for the coefficient word. In this section only ag = 1 is
assumed; the linear coefficient may have either sign. Recall from (1.4) that d; = 1 precisely when
the word changes sign at k. Trace reduction by itself concerns weighted sums of roots. The useful
observation is that modulo four a boundary coefficient remembers only whether a sign change
occurs: both 2 and —2 give the same residue. The logarithm transfers the trace identities to this
binary information.
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Theorem 3.1 (Ged invariance of sign changes). For every cyclotomic Littlewood polynomial of
length N,

Equivalently, by = bgeq(npy (mod 4).

Proof. Work modulo zV, writing D = 1 4 2F. In the ring Z3) of rational numbers with odd
denominator,

1
5 log(1+2F) = F - F? (mod 2).

Indeed 2" /r € 2Zy) for r > 3. Since F(z)? = F(2?) (mod 2) and [z*]F = by/2 = 6 (mod 2),
the numbers /; = —S,/(2k) lie in Z(,) and satisfy

U, = o + 12\k5k/2 (mod 2). (3.2)

Write N = 2!M with M odd and induct on k. If va(k) < ¢, put d = ged(NV, k). Trace reduction
gives Sy = Sy, while k/d is odd; hence ¢ = ¢4 (mod 2). For odd k, equation (3.2) immediately
gives O = d4. For even k, the induction hypothesis and ged(V, k/2) = d/2 cancel the halved terms
in that equation, with the same conclusion.

If va(k) > ¢, then Sy, = 0, so 6 = dy/2 by (3.2). Now ged(N, k/2) = ged(N, k), and induction
again gives (3.1). In both cases equality modulo two is equality because the quantities are zero or
one. O

Corollary 3.2 (Counting changes and extracting their common block). Let r(P) be the number of
sign changes. Then
r(P) =Y dap(N/d). (3.3)
dN
d<N

If the change set is nonempty, put h = ged{d : d | N, d < N, §; = 1}; otherwise put h = N. Then
P(z) = Gh(z)R(2") (3.4

for a cyclotomic Littlewood polynomial R. Moreover h is the largest positive block length in such a
factorization, and r(R) = r(P).

Proof. There are ¢(N/d) indices k with 1 < k < N and ged(N, k) = d. This proves the count.
Equation (3.1) also shows that h divides every change index. The coefficients are therefore constant
on consecutive blocks of length h, giving (3.4). The quotient is cyclotomic by root lifting, and its
changes are in bijection with those of P. Any positive block length divides N and every change
index, so it divides h. ]

The whole word can consequently be recovered from the binary coordinates oy in (1.4). Divisor
Mobius inversion first separates the contributions of nested divisor classes; summation over the
change indices then gives

Z ag|n/d]
dIN
an = (—1)d<N (0<n<N). (3.5)
Indeed 6 = 3 gjged(n k) @a (mod 2), and each divisor d occurs [n/d| times among 1,...,n. With

a; = 1 one has a; = 0, so the number of possible normalized words is at most 27(N)=2, where 7(N)
counts the positive divisors of N > 1.
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Example 3.3 (Coordinates and visible changes). At length 18, take A = {2,6}. Formula (3.5)
repeats the block (1,1,—1,—1,1,1) three times. At the proper divisors of 18 the two kinds of binary
data are

d|1 236 9
5210 1 00 0
ag |0 1 0 1 0.

There is no visible change at 6: both active coordinates contribute a reversal there, and the reversals
cancel. The polynomial is

P(x) = Go(x)G3(—x?)G3(x").

The nested scales 2 | 6 | 18 produce successive blocks without overlap. The next structural theorem
shows that this relation between divisibility chains and standard products holds at every length.

Gced invariance alone does not imply cyclotomicity. For example,
Qr)=1+z—a®+a23 -zt —2°

has changes at 2, 3,4, exactly the ged classes 2 and 3 at length six. Nevertheless Q(0) = 1 and
Q(—1) = —2, so it has a real zero in (—1,0). Formula (3.5) is a necessary parametrization, not a
sufficient factorization criterion.

4 The first failure of a block

If every sign change occurs at a multiple of 7, the coefficient word is constant on blocks of length 7.
Newton’s identities express the same condition in root traces. The point of passing between the
two descriptions is that a first nonzero trace outside this support must occur at a divisor of the
length. We first make the equivalence precise; the distinction between one block and a complete
recursive factorization remains essential.

Lemma 4.1 (Exact first-block criterion). With the preceding normalization and first negative index
i, the following are equivalent:
(i) Sk =0 whenever 1 <k < N and i {k;
(7i) by = 0 whenever 1 <k < N and itk;
(iii) D(z) € Z[z%];
(iv) P(x) = Gi(z)R(x?) for a cyclotomic Littlewood polynomial R of length N/i.

Proof. Use (2.6) inductively at an index not divisible by 4. In each convolution term, at least one
index is not divisible by i; its factor is zero by the inductive hypothesis. This proves the equivalence
of (i) and (ii). Since ¢ | N, the endpoint is compatible, giving (iii). Condition (ii) says exactly that
the coefficients of P are constant in consecutive blocks of length i. Reading one coefficient from
each block gives R, with coefficients £1, and proves (iv). Every root of R is the ith power of a root
of R(x%), and thus is a root of unity. The reverse implications follow from D = (1 — 2*) R(z?) and

(2.5). O

The next lemma contains the common descent mechanism. At the first trace outside a chosen
support hZ, all earlier off-support terms vanish. At the sum with the first negative index, only two
convolution terms remain. Their magnitude prevents cancellation by a single boundary coefficient.
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Lemma 4.2 (Least defect outside a divisor of the first index). Let P be a normalized cyclotomic
Littlewood polynomial of length N, and let i be its first negative coefficient index. Let h | i. If the
set

{(k:1<k<N, htk, Sp+#0}

is nonempty, let k be its least member. Then

i<k, k|N, i+k]|N, (4.1)

and
b €{-2,2}, Sk =—kby,  Sizx=—(i +k)(2bg +biyx) # 0. (4.2)
Proof. Since S; = ---=8;_1 =0, S; = 2i, and h | i, we have k > i. Also h | N by Lemma 2.2.

That lemma gives k | N: otherwise a smaller index d = ged(V, k) would have Sg; = Si # 0, and
h 1 d because h{ k. The alternative in (2.8) cannot occur at a nonzero trace.

Newton induction shows that by = 0 whenever ¢ < k and h { £. At index k, each convolution
term in (2.6) has either a coefficient index or a trace index not divisible by h, so it vanishes. Hence
Sy = —kby, and b € {—2,2}.

The distinct proper divisors i, k of N satisfy i+k < N. At index i+ k, the only possibly nonzero
convolution terms are b;S; and bx.S;. Indeed, coefficient indices below i give zero. If ¢ < £ < k, then
either h t ¢, giving by = 0, or h | £, in which case i + k — £ is not divisible by h and is smaller than
k, giving a zero trace. Indices above k are paired with traces below ¢. Using b; = —2 and S; = 2i
proves (4.2). Its last expression is nonzero because 2by, = +4 whereas by € {0, £2}.

Put d = ged(N,i + k). Lemma 2.2 gives Sy = Sj1, #0. If d < i+ k, thend < (i + k)/2 < k,
so minimality of k forces h | d. Consequently h | i + k; together with h | 4, this gives h | k, a
contradiction. Thus i+ &k | N. O

Theorem 4.3 (Additive divisor obstruction, Akhtari-Choi [2]). If the equivalent conditions in
Lemma /4.1 fail, there is an index j such that

2<i<j, itj, i|N, j|N, i+j|N. (4.3)

More precisely, take j least with i{j and S; # 0. Then
bj e {-2,2},  Sj=—jb;,  Sigy=—(i+7)(2b; + bir;) #0. (4.4)
Proof. Apply Lemma 4.2 with h =i and k = j. O

Proof of Theorem 1.2. If (4.3) holds, put g = ged(i,7), u =1i/g, and v = j/g. Then 1 < u < v, the
integers u, v, u + v are pairwise coprime, and

guv(u+v) =lem(i, j, i+ 5) | N.

Thus the hypothesis excludes every failure of Lemma 4.1. We obtain P = G;R(2%). The same
arithmetic hypothesis holds for every divisor of N, in particular N/i. Induction on the length
makes R standard. Factoring G; by Gu = G,Gp(z®) gives its prime blocks and completes the
induction. The all-positive polynomial and length one are immediate. O

Proof of Corollary 1.5. If (1.2) holds, the three pairwise coprime integers u, v, u + v, each greater
than one, must allocate the three available primes 2, p, ¢ to three separate factors. Each factor is
therefore a power of one of those primes. Their additive relation is one of (1.3), with exponents
bounded by those in N. The last assertion follows by taking a = 8 = 1. O
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Remark 4.4 (Recursive scope). A first-block criterion for one polynomial is not a proof of the full
conjecture. Its quotient must also be covered. For instance, if R(0) = 1 and [z]R = —1, then
(1 + x)R(x?) has its first negative coefficient at 2 and all boundary traces at odd indices vanish,
irrespective of the internal structure of R. The hereditary hypothesis in Theorem 1.2 supplies
exactly the missing recursive justification.

5 A canonical divisor-chain criterion

The binary coordinates in (3.5) distinguish a standard word without choosing a prime factorization
of its length. Recall that A(P) is the set of active proper divisors. A divisor chain is a set whose
members are pairwise comparable under divisibility; the empty set is included.

Theorem 5.1 (Canonical chain criterion). A Littlewood word with ag = 1 satisfying the ged support
law is standard if and only if A(P) is a divisor chain.

Proof. Length one is immediate, so assume N > 1. Suppose first that P is a standard product.
Write its successive prefix lengths as Dy = 1 and D;j = p; - - - p;, and write ¢; = (—1)%. The jth
mixed-radix digit of an index n is

tj(n) = [n/Dj-1] — pjln/Dj].

Its coefficient therefore has sign (—1)21’ eiti(n), Collecting the floor functions shows that all its
nonzero divisor coordinates occur on the chain Dy | Dy | - -+ | Ds—1. Uniqueness of the coordinates
follows from the divisor Mobius inversion defining .
Conversely, adjoin 1 and N to the proposed chain and list the result as 1 = Dy < D1 <
-+ < Dg=N.Put mj = D;/D;_; and regard unlisted coordinates as zero. Choose binary signs
recursively by
e1 = ap,, ej+1 = ap, + mje; (mod 2) (1 <j<s).

The same digit identity shows that

P(z) = [] G, (=1)9aPi-1).

i=1

Each composite geometric block splits into prime blocks by Gy (2) = Gy(2)Gy(2%). This is a
standard factorization. O

The chain criterion describes a finite word by its successive blocks. For trace calculations it
is useful to describe the same construction by rational functions. Each added coordinate reverses
alternate blocks; the next identity records exactly that operation.

Lemma 5.2 (The boundary of a chain). Let dy | do | --- | d; be distinct positive integers, and
extend their sign word to alln >0 by

B = (~)ZmlL = ()R

Then, as a formal rational identity,

r _ fL‘dj €j
(1-2) Z B = H (W) . (5.1)

Nej
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If o}, denotes its logarithmic trace, then

o =2 Z gjd;. (5.2)

1<j<r
d;|k, k/d; odd

In particular, this trace is zero whenever va(k) > max;va(d;). The empty chain gives the constant
boundary series 1, whose positive traces all vanish.

Proof. Before the coordinate d; is introduced, the sequence has signed period d; with sign ;.
If B; is its first block of length dj, its generating series is Bj(x)/(1 — ej2%). Introducing d;
reverses the signs of alternate blocks, replacing the denominator by 1 + €ja:df. The quotient of
the two series is (1 — %)% /(1 + 2%)%. Start with 1/(1 — z) and multiply these quotients. For
Ry(z) = (1 — 2%)/(1 + %) one has

zRy(x)
_ —92d $(28+1)d.
Ry(x) Z

s>0
Logarithmic differentiation proves (5.2) and its support assertion. O

Corollary 5.3 (Counting standard words). Let F'(N) be the number of ordered factorizations of
N into integers greater than one, with F(1) =1 for the empty factorization. Thus

F(N)=>Y F() (N>1).
d|N
d<N
For N > 1, there are exactly 2F (N) standard Littlewood polynomials of length N with constant
coefficient one, and exactly F(N) with ag = a; = 1.

Proof. The proper cumulative products of an ordered factorization form a chain of divisors strictly
between 1 and N. Successive ratios give the inverse correspondence. By Theorem 5.1, these chains
are precisely the possible active coordinates other than 1. The coordinate «; may independently
be zero or one; normalization a; = 1 selects zero. Uniqueness of the divisor coordinates prevents
double counting. O

Two reductions are visible directly in these coordinates. The following observation will also
justify coordinate inheritance whenever a later argument extracts a shorter initial block.

Lemma 5.4 (Coordinates of an initial block). Let @ and P be sign words with constant coefficient
one, of lengths L | N, respectively, both satisfying ged invariance. Suppose the coefficients of Q are
the first L coefficients of P. Then

Q) =aa(P) (d|L, d<L), AQ) ={deAP):d|L, d<L}.

Proof. For a proper divisor d of L, every e | d lies below L. The two words have the same changes
at these indices, so their Mobius sums in (1.4) agree. Both coordinate sets are supported on the
proper divisors of their lengths, which gives the second assertion. O

Proposition 5.5 (Common divisor and common multiple). If A(P) # @, put

h = ged A(P), H =1lecm A(P), n= (—1)ZdeA(P) H/d

10
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Then
P(z) = Gu(z)Q(z") = R(z)G/m(na'), (5.3)

where @ and R are Littlewood polynomials of lengths N/h and H. If P is cyclotomic, so are both
quotients.

Proof. All changes occur at multiples of h, giving the first factorization. For the second, the
floor-function formula gives a,+ g = na, whenever both indices lie in the word. Thus the successive
blocks of length H are signed copies of the first block. The root argument of Lemma 4.1 applies to
Q); the roots of R are roots of P. O

The first factorization replaces each active divisor d by d/h. The second retains the active
divisors smaller than H and discards H itself if it is active. Substitution z — —x toggles only «;.
Consequently these reductions preserve any upper bound on the number of active divisors other
than 1.

Theorem 5.6 (Two active divisor coordinates). A cyclotomic Littlewood polynomial with |A(P) \
{1}| <2 is standard.

Proof. Constants are immediate. Normalize ag = a1 = 1, so that a; = 0. A chain is already
covered by Theorem 5.1. Otherwise the two active divisors a, b are incomparable. Remove their
common divisor and then their common multiple by Proposition 5.5. This produces a cyclotomic
Littlewood polynomial of length wv whose only active divisors are coprime integers 1 < u < v. Its
first negative coefficient occurs at u. Below v the word changes only at multiples of u, whereas
it changes at v. Newton’s identities therefore make v its first off-block trace defect. The additive
obstruction gives u + v | uv, impossible because u + v > 1 is coprime to uv. ]

The unrestricted conjecture therefore has a canonical equivalent form: the active divisor coordi-
nates of every cyclotomic Littlewood polynomial must form a chain. A least-length counterexample,
normalized by a; = 1, would have gcd one and lem equal to its length. The three-coordinate
theorem in Section 15 further requires at least four active coordinates. Excluding all remaining
non-chain words is necessary for unrestricted factorization.

Real-axis positivity does not supply this exclusion. For example,

Q(I):1+$+$2—$3+$4+$5+$6+x7—x8+$9+x10+x11

has gcd-invariant changes, with active coordinates {3,4,6}. For 0 < z < 1, pairing 1 — 2% and
x — 28 shows Q(z) > 0. For 0 <y < 1,

Ql—y) =0—-ynA+v*>+2° +3 +2° + 35 + 20" + 8+ 4'0) > 0.

Nevertheless its first negative index is 3 and its first off-block defect is 4, so cyclotomicity would
force 7 | 12 by Theorem 4.3. Thus ged invariance and positivity on (—1,1) together are still
insufficient.

6 Removing a common dyadic scale from an obstruction

The least-defect lemma applies simultaneously to every divisor of the first negative index. At a
length with two odd primes, this forces a common scale for the first additive obstruction.

11



6 Removing a common dyadic scale from an obstruction

Theorem 6.1 (Common-scale descent at length 2'pq). Let p < q be distinct odd primes and let
P be a normalized cyclotomic Littlewood polynomial of length N = 2'pq. Let i be its first negative
coefficient index. Suppose a first block at i fails, and let j be the least index with i{j and S; # 0.
Put g = ged(i, j). Then

D(z) € Z[x7], P(z) = Gg(x)Po(x), (6.1)

where Py is cyclotomic Littlewood of length N/g. The first negative index and first off-block defect
of Py are respectively i/g and j/g.

Proof. By Theorem 4.3, the indices i, 7,7 + j divide N. The integers

i/g, Jlg, (i+3j)/g

are pairwise coprime, exceed one, and satisfy

9(i/g)(i/g)((i +3)/g) = lem(i, j,i + j) [ N.

There are exactly three available prime supports. Thus the primitive triple consists of H, p, ¢, where
H = 2" for some u > 1. Both odd primes are used to their first powers, so g = 2" is dyadic. The
additive relation is either

g=p+H or H=p+gq.

In the first relation the smaller original index is i = gH when H < p, and ¢ = gp when p < H. In
the second relation it is ¢ = gp. These exhaust the possibilities, including the sum case.

For g = 1 the conclusion about D is immediate. Suppose g > 1 and, seeking a contradiction,
let £ < N be the least index with g 1 £ and Sy # 0. Lemma 4.2, with h = g, gives i < k and
i,k,i+ k| N. Write a = va(k) < v and d = ged(i, k).

First suppose i = gH = 2V7%. Here d = 2%. The primitive triple

ifd, k/d, (i+Fk)/d

again consists of three pairwise coprime integers greater than one. Its first member is 2°T%~%, The
other two are odd and in increasing order, so they must be p and ¢, respectively. Hence

qg—p= 2v+ufa.

But the original obstruction has ¢ — p = H = 2%. This would force a = v, contrary to the choice of
k.

Now suppose i = gp. If p | k, then p | d, and N/d has at most the two prime supports 2, q.
Nevertheless,

(¢/d)(k/d)((i+ k)/d) | N/d
is a product of three pairwise coprime integers greater than one, which requires three distinct prime
supports. This is impossible. If p { k, then d = 2% and

i/d=2""

already uses both the 2 and p supports. The two remaining pairwise coprime integers k/d and
(i + k)/d, both greater than one, would each have to use the sole remaining prime ¢. This is again
impossible.

Thus every trace below N at an index not divisible by g vanishes. Newton induction gives
the same support statement for the coefficients of D; its endpoint is compatible because g | N.

12



7 Dpyadic factors and the two-prime decomposition

Therefore D € Z[z9)]. Equivalently, the coefficients of P are constant on consecutive blocks of
length ¢g. Reading those blocks gives (6.1); the quotient has coefficients +1 and is cyclotomic by
the root-lifting argument in Lemma 4.1.

Put Dy = (1 — 2)Py. Then D(x) = Dy(z9), so

Sge(D) = gSe(Do),  Sk(D)=0 (g1k).
The asserted first indices therefore scale by g. O

Corollary 6.2 (Primitive obstruction reduction). Any counterexample to the Borwein—Choi
conjecture among lengths 2'pq can be reduced, by removing initial positive dyadic blocks, to one
whose first negative index © and first off-block defect j are coprime. The only remaining types are

(173):(H7p)a q:p+H7 H<p7
(4,5) = (p, H), qg=p+H, p<H,
(4,5) = (p, 9), H=p+yq,

where H is a power of two.

Proof. First remove any full first block whose quotient remains a counterexample; this strictly
reduces the length and must stop at a first-block failure. A quotient losing either odd prime has
at most two prime supports and is standard by Theorem 1.2; hence a surviving counterexample
retains both odd primes, and each removed block has dyadic length. If the resulting obstruction
has g > 1, Theorem 6.1 gives a shorter quotient with coprime obstruction indices. A standard
quotient would make the original polynomial standard, since G is a positive prime chain. Thus a
counterexample quotient persists. The list is the primitive-triple classification in the theorem. [

Remark 6.3. This descent does not exclude the three primitive types. It justifies restricting further
proofs or exact searches to coprime obstruction indices, without assuming that a finite initial trace
interval remains supported at all later indices.

7 Dyadic factors and the two-prime decomposition

A dyadic rational function is a product of integer powers of 1 — x and the polynomials 1 + iL'Qk,
with negative powers permitted. It has an integral formal expansion and constant term one. Its
special feature is an exact binary recursion: a linear coefficient equal to a sign can be extracted as
a factor 1+ .

We first record a rigidity fact for ratios of dyadic cyclotomic factors. The degree of a nonzero
rational function means its numerator degree minus its denominator degree, which is unchanged by
cancellation.

Lemma 7.1 (Binary rigidity of a dyadic rational function). Let T' = 2' and let

t
R(w) = (1—2)° [T +a)%, e, e €2,
k=0

have degree —1. If e, = [12"|R € {—1,1} for 0 < k <t, then

Tl + )
- 1— 22T

R(x) (7.1)

In particular every coefficient of R is a sign, and its coefficient sequence is periodic with period 2T .

13



7 Dpyadic factors and the two-prime decomposition

Proof. The coefficient of x is e; — eg. If this coefficient is 1, then
(1—2)°(1+2)% = (14 z)(1 — 22)°;

if it is —1, the same expression is (1 — z)(1 — 22)**. Thus in either case R(z) = (1 + eox) Ry (2?),
where Ry has a dyadic factor expression with one fewer level and integer exponents.

After k steps, write
k—1

R(z) = J] (1 + ena® ) Ry(a?).
h=0
The displayed polynomial prefix has degree 2% — 1 and constant term one. Hence [xzk]R = [y|Ri(y).
The same two-factor identity therefore applies at the next step. After ¢ + 1 steps this gives

R(z) = [[ (1 + exa®)(1 — 22Ty

k=0
for an integer m. Taking rational degrees gives —1 = (27" — 1) + 2T'm, so m = —1. The numerator
in (7.1) has exactly one signed monomial at every degree from zero to 27" — 1, by uniqueness of
binary expansion. Its repetition by the denominator proves the final assertion. O

For the remainder of this section let N = Tpq, where T' = 2! and p < ¢ are distinct odd primes.
Normalize P(0) =1, put D = (1 — )P, and let E,, be the cyclotomic multiplicities of D.
For 0 < a <t+1 define constant-term-one dyadic factors

Coly)=1-y, Cily)=1+y, Culy)=1+y*"

Using the multiplicities F,, of D, set

1

(a >2).

t+1
Ua(y) = [[ Caly)™ ¢ (d € {1,p,q,pa}).
a=0

Each Uy has degree T by (2.4) and constant term one. Also Fj > 1, since 1 — x divides D. For an
odd prime r, the normalized factor of conductor 2%r is C,(z")/C,(x); at odd part pq it is

Co(xP)Cy ()
Co(zP)Cy(27)
These identities give the exact rational factorization
P(z) = B(x)Fy(2) Fo(2)Upg (z"), (7.2)
where
z) = Ui (2)Upq() _ Up(y) _ Uq(y)
SR AT e M o L (73

Every series here has integer coefficients and constant term one, since its denominator does.

In particular B has rational degree —1, while F},, F; have rational degree zero. The decomposition
isolates the dyadic baseline from corrections beginning at p, ¢, and pq. It is valid for every ¢t > 0,
without a relative-size condition on the primes.

For a rational function R with R(0) = 1, define its formal traces by

CURG) g
7 = 2 o (7.4)

For R = D these are Si. For a ratio of dyadic cyclotomic factors they are integer linear combinations
of the Ramanujan sums cga (k). In particular they depend only on vy(k) at every index.
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8 A local rigidity lemma for two corrections

8 A local rigidity lemma for two corrections

The coefficient obstruction below applies to an arbitrary formal block series. In particular, factors
whose arguments are multiples of the block length may be absorbed into that series without changing
the argument. No cyclotomic or dyadic hypothesis is required in this lemma. Its mechanism is a
forced alternation. The first correction makes a second correction necessary at the sum of the two
initial indices. Requiring their subsequent boundary contributions to remain in {0, £2} forces the
baseline blocks to alternate. At the last tested block the coefficient condition forces a repetition
instead, and the two requirements give a boundary coefficient of —4.

Lemma 8.1 (Two-correction rigidity). Let 2 < i < j with i 1 j, and write j = mi+r, where m > 1
and 0 <r <i. Put
ne=j+(m+1)i=2j+i—r<3j.

Let C, J, K, L be formal power series over R with
Cly)=1-y+0@*), Jy =1+ +0@"), KO0)=1,  Lz)=1+0@™*),
where X\ € {—2,2}. Then in
P(x) = Gi(2)C(a')J (9 K (27 L(z) (8.1)
some coefficient [z"] P, with 0 < n < n,, does not belong to {—1,1}.

Proof. Suppose all coefficients through n, are signs. We first derive the boundary recurrence and
then use the sign condition to determine its terms. Write C(y) = >_.507sy°, where 79 = 1 and
y1 = —1, and put 7_; = 0. Before degree j, the coefficients are constant on blocks of length i, so
Y0, - - -y Ym are signs. At degree j,

[P =ym +A€{-1,1}, A= —27y,.

Let D = (1 —x)P =Y byz", and write u = [y]K. Every b, with 1 < n < n, belongs to {0, £2}.
The baseline boundary series is

B(z) = (1 - «)C(a') = 3 (3 — 71)a™.

s>0
Since j + ¢ < 27, comparison at j + ¢ gives
bj+i =u—2\€ {O, :|:2}, n e {A, 2], 3)\} (82)

Thus g is even, has the sign of A\, and has absolute value at least two; these are consequences of the
sign hypothesis.

For 2 < s <'m, the index j + st is less than 2j and is not divisible by ¢. Only the first terms of
J and K can contribute to its boundary coefficient. Hence

bitsi = AMVs — Ys—1) + p(Vs—1 — Vs—2)- (8.3)

At the final index n, = j 4+ (m + 1)i the same identity remains true:

b, = A(¥m+1 = ¥m) + #(¥m = Ym—1)- (84)
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8 A local rigidity lemma for two corrections

Indeed, n, < 2j 4+ 7 excludes the mixed term from J and K, and also excludes the second term of
K. The inequality n, < 3j excludes the third term of J. Its second term, at degree 25, is multiplied
by [z ~%/|E = [2'""]E = 0. The baseline itself has zero coefficient at n., since i { j. The stated
order of L — 1 excludes every tail contribution.

Suppose first that m > 2. At s = 2, equation (8.3) gives

bjy2i = AMy2 +1) — 2p.

The value 79 = —1 would give absolute value at least four. Thus v = 1, and the bound
|2(A — u)| < 2, together with the evenness of A, u, gives p = A. For 3 < s < m, equation (8.3)
becomes bj s = A(7s — 7s—2). The two terms in parentheses are signs, so their difference must
vanish. Consequently

’VS:(_l)S (OSSSm), A=y = (_1)m7 A=p=-2A

At degree (m + 1)i, which is below j + i and 2j, the coefficient of P is v,,+1 + A. Therefore
Ym+1 € {A,3A}. At j + i, the two corrections cancel, since Ay; + puyy = 0; its coefficient is v,41.
The sign condition forces v,,+1 = A. Equation (8.4) now yields

bn, = 0+ (—2A4)(24) = —4,

a contradiction.
Finally let m = 1. Then A = 2 and u > 2. At degree 2i < j + ¢ < 27, the sign condition gives
v2 +2 € {—1,1}, hence y» € {—1,—3}. Equation (8.4) gives

bn, =2(y2 +1) —2p < —4,
again impossible. O

In particular the lemma applies whenever L = 1 + O(2%). Appendix SA gives a separate
binary-carry proof under the additional assumption that C' is dyadic rational.

Lemma 8.2 (Residue protection). Lemma 8.1 remains valid if its tail is

L(z) = Lo(z) [] Rs(®),  Lo=1+0(™""), Rs0)=1,
dEA

where every § € A satisfies
0>7+1, d+j > Ny, d# 7 (mod 1).

Proof. The proof of Lemma 8.1 uses coefficients of P before j, at (m 4+ 1)i, and at j + ¢, together
with boundary coefficients at j + si for 1 < s < m + 1. The first set precedes every §. Up to n,, an
additional factor can contribute only its linear term times the baseline: its products with either
correction or another additional term start later. The baseline boundary is supported on iZ, so
the residue condition makes every such contribution vanish at the specified boundary indices. All
equations in the original proof therefore remain unchanged. O
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9 A necessary third correction

9 A necessary third correction

The local rigidity lemma can be applied without isolating prime factors. Cyclotomicity confines
every binomial factor to a divisor of twice the length. A failed first block therefore requires a third
correction in a short, explicitly prescribed part of this divisor set.

Lemma 9.1 (Integral binomial coordinates). Let P be cyclotomic Littlewood of length N, with
P(0) =1, and put D = (1 — x)P. There are integers cq, indexed by d | 2N, such that

D@) = [[-ah,  Si= ¥ de
d|2N d|ged(2N,k)
Ifi,j are its first negative and first off-block trace indices, then cq = 0 whenever d < j and itd.

Proof. The conductor bound puts every cyclotomic index among the divisors of 2IN. Writing
®; =1—z and &, = ®,, for m > 1, the identity b,,(z) = [ L (1 = x®)Hm/d) therefore gives
the first formula, with integer exponents; constant terms fix the normalization. Logarithmic
differentiation gives the trace formula. Set ¢y = 0 also for indices not dividing 2N. For d < j with
i1 d, the trace Sy is zero. Induction on d in the trace formula shows ¢4 = 0: every divisor of an
index outside iZ is itself outside iZ, so all the proper-divisor exponents have already vanished. [

For 2 <i < j,itj, write j =mi+r, with 0 <r < 7, and set
ne =7+ (m+1)i.

Define the divisor window

(9.1)

WN(”)_{C”?N: j<dsn., ifd d#iJrj’}.

d<i+jord=j (mod i)
Thus the window consists of off-block divisors strictly between j and i + j, together with divisors
at j+2i,...,5+ (m+ 1)i.

Theorem 9.2 (The third-correction obstruction). If a normalized cyclotomic Littlewood polynomial
has first indices i, j, then cq # 0 for some d € Wy (i,j). In particular Wy (i, j) is nonempty.

Proof. Suppose every exponent in the window is zero. Collect all binomial factors whose arguments
are multiples of i into E(z%), and put C(y) = E(y)/(1 — y). Since b; = —2, one has C(y) =
1 —y+ O(y?). Keep the factors at j and i + j separately:

P(z) = Gy(x)C(a)J (@)K («" ) L(x), J(y) = (1—y)9, K(y)=(1—y)".

The preceding lemma removes every remaining off-block argument below j, and [y]J = b; € {-2,2}.
Every remaining nonzero binomial argument d < n, satisfies

d>i+ 7, d#j (mod i).

Moreover d 4+ j > 25 + i > n,. The factors at these arguments satisfy Lemma 8.2; all factors with
arguments above n, form its ordinary tail. Lemma 8.1 gives a coefficient outside {—1,1} by degree
Ny

All tested coefficients are interior. Indeed, if g = ged (4, j), u =i/g, and v = j/g, then 2 < u < v
and the additive obstruction implies

N >lem(i, j, i+ j) = guv(u+v) > 3gv = 35 > n.

This contradicts the Littlewood hypothesis. O
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10 An earlier correction from an internal block change

Corollary 9.3 (A divisor-window factorization criterion). Suppose that for every pair 2 <i < j
with it j and i,5,i+ j | N, the window Wx(i,j) is empty. Then every cyclotomic Littlewood
polynomial of length N is standard.

Proof. The condition is hereditary: if n | N, every additive pair for n is one for N, and W, (i,j) C
Wh (i, 7). Theorem 9.2 therefore excludes every first-block failure at every divisor length. Extract
a positive first block and induct on the length, as in the arithmetic criterion. ]

10 An earlier correction from an internal block change

The third-correction window can be shortened when the coefficient word changes its alternating
block pattern before the first off-block index. The relevant scale is the first such internal change,
rather than the size of the entire first off-block index.

Theorem 10.1 (An adaptive third-correction window). Let P be a cyclotomic Littlewood polynomial
of length N, normalized by ag = a1 = 1. Let i be its first active divisor coordinate and j the first
active coordinate not divisible by i. Suppose that there is an active coordinate strictly between i and
j, and let b be the least such coordinate. Thusi|b, i <b<j, and i{j. Write ¢ =b/i and define

Wi (i, j;0) ={d|2N: j<d<j+b, itd, d#i+j, (d<i+jord=j (modi))}.

In the integral binomial factorization (1 — )P = J]gon(1 — x%)% , at least one exponent cq with
d € Wy (i,7;b) is nonzero. In particular, this window is nonempty. Its upper endpoint satisfies
Jj+b< 24, and is strictly smaller than the endpoint j + (|j/i] + 1)i of the general third-correction
window.

Proof. Assume all the displayed exponents vanish. Put K, = j + b. As in Lemma 9.1, every off-i
binomial exponent below j is zero. Absorb all arguments divisible by ¢ into a formal series, and
separate the factors at j and j + 4:

P(z) = Gi(x)C(x")J (27 ) K (¢77") L(x),
Cly) =D sy’
s>0
Jy) =1+ y+0%), Ky =1+pum+O0E).

Here v9 =1, v1 = —1, and A = b; € {—2,2}. Before j, the only active coordinates are multiples
of 7. Before b, the sole active coordinate is ¢, whereas the coordinate b reverses the sign at b.
Consequently

Ys=(=1)° (0<s<q), v=—-(D% 2<q<|j/i]

These are coeflicients before 7, so none of the other factors affects their values.

Every remaining binomial argument d < K, is greater than j 4+ ¢ and is not congruent to j
modulo ¢. Such a factor cannot affect any coefficient used below: its products with a correction or
another remaining factor begin above K, < 2j; its linear contribution to the boundary is supported
on d + iZ, disjoint from j + iZ. All larger arguments are ordinary tail factors. Thus the following

boundary comparisons are unchanged by L.
Write D = (1 — x)P =Y b,a™. Its baseline is

E(@) = (1 - 2)C(a") = 3 (9 — e1)a™, -1 =0.
s>0
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11 The two-prime factorization theorem

At j + 4, only the two linear corrections contribute. Hence
bj+i =pu—2X\€ {0, :|:2}, ne {)\, 2, 3)\}.
For 2 < s < ¢, one has j 4+ si < K, < 2j, so

bjtsi = A(Vs = Vs—1) + W(Ys—1 — Vs—2)- (10.1)

If ¢ = 2, then 9 = —1 and this boundary coefficient is —2u, of absolute value at least four. If ¢ > 3,
then 72 = 1, so the same comparison at s = 2 gives bj;2; = 2(A — p). Since both X and p are even
and this coefficient has absolute value at most two, one has u = A. Equation (10.1) then becomes

bj-f—si = )‘(78 - 75—2)'

Both terms in parentheses are signs. The boundary bound therefore forces 75 = y5—2 for 3 < s < g,
contradicting v, = —(—1)%.

All the compared boundary coefficients are interior. Indeed the additive obstruction gives
i,7,i+ 7| N, and its usual coprime reduction yields N > 3j > K,. This proves the theorem. [

Example 10.2 (Strict refinement of the divisor window). At length 630, the primitive coordinate
word with active set {2,6,7,45} has first negative index i = 2, first internal change b = 6, and first
off-block index j7 = 7. The general window contains the divisor 15 of 1260, whereas the adaptive
window is empty: its only possible integers are 11 and 13. Thus the adaptive criterion excludes
this word even though its general correction window is nonempty.

11 The two-prime factorization theorem

The common-scale descent and the local rigidity lemma together remove the restriction on the
dyadic exponent.

Theorem 11.1. Let p < q be distinct odd primes and let t > 0. FEvery cyclotomic Littlewood
polynomial of length 2'pq is standard.

Proof. We first exclude every primitive first-block obstruction. Set T' = 2! and use the exact
factorization (7.2)—(7.3):

P(a) = B(x)Fp(a?) Fy(a)Upg(a™),  A(x) = (1 - 2)B(a).

Here B, A, F},, I, are ratios of dyadic cyclotomic factors, and every factor is regular at zero with
constant term one. The primitive possibilities in Corollary 6.2 are

(i,7) = (H,p), q=p+H, H<p;

(i,5) = (p,H), q=p+H, p<H; or  (4,7)=(p,q), H=p+gq,

where H is a power of two. We will put each case in the exact form of Lemma 8.1.
First suppose i« = H < j = p. Before degree p, the coefficients of B equal those of P. Thus
they are 1 below H and —1 at H. The first logy H steps of the binary recursion in Lemma 7.1

consequently give
B(z) = Gu(x)C(z™),
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11 The two-prime factorization theorem

where C' is a dyadic rational function and [y]C = —1. It also has rational degree —1: the degree of
Bis —1,s0 =1 =(H — 1) + HdegC. Take

J =1, K = Fy, L(z) = Upg(a??).

Since ¢ = j + 14, this is exactly (8.1).
Now suppose ¢ = p, encompassing both remaining primitive types. We claim that

A(z) = Ag(z™) (11.1)

for a formal series Ay with integer coefficients and constant term one. Every power of two strictly
below H is smaller than j: in the difference case j = H, while in the sum case j = ¢ > H/2. Such
an index is not divisible by p, so its trace for D vanishes by the definition of the first off-block
index. At this index the logarithmic derivatives of the three factors with odd arguments xP, 9, xP¢
contribute zero. Thus

09a(A) =0 (2* < H).

For a dyadic cyclotomic ratio, the trace at any index with ve(k) = a equals its trace at 2. Hence
all formal traces of A at indices not divisible by H vanish. Formal integration of the logarithmic
derivative proves (11.1). The coefficients of Ay are integral because those of A are.
Because p < H, g, the coefficient of P in D comes only from Fj,(zP). Since b, = —2, we have
[y]F, = —2. Consequently
C — p(y)
W=7 "
is a dyadic rational function with [y]C' = —1. Its rational degree is —1, since F}, = U,/Up, is a ratio
of polynomials of equal degree T. Moreover,

Fp(aP)
1—=x

= Gp(z)C(aP).
In the difference case take

j=H, J = Ay, K =F,,
since ¢ = H + p = j +¢. In the sum case take

j=a¢ J=F, K=A,

since H = g+ p = j +i. In both cases set L(x) = Upq(2P?). These are again exact factorizations of
the form (8.1).

It remains to verify the coefficient and cutoff hypotheses of that lemma uniformly. Write
J(y) = 14 Ay + O(y?). The baseline boundary series is

(1 —2)Gi(z)C(z%) = (1 — 29)C(xh).

It is supported on multiples of i, has constant term one, and has coefficient —2 at . Since i 1 j,
comparison at the first off-block index gives

A= bj S {—2,2}.

No separate hypothesis on the linear coefficient of K is needed: the boundary comparison at j + ¢
in Lemma 8.1 forces its required sign and size.
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12 The prime support {2,3,7}

In the first primitive type j = p and pq > 3j. In the second j = H < q, so pqg > 3q > 3j. In the
sum type j = ¢ and again pq > 3j. It follows in every case that L(x) = 1+ O(z*). Finally the
primitive integers i, j, i + j are pairwise coprime and their product divides N = Tpq. Therefore

N > ij(i+j) > 3j.

All coefficients at indices below 3j are consequently interior coefficients of P and are signs. Lemma 8.1
gives a contradiction. No primitive first-block obstruction exists.

For completeness, pass from this assertion to the full standard factorization. The odd-length
case is covered by Theorem 1.2. For an even length, a first-block failure would, by Theorem 6.1,
descend to one of the primitive obstructions just excluded. Thus every normalized polynomial has
a first block, unless it is already all positive. Induct on the length after extracting that block. A
quotient retaining both odd primes has length 2t pg with ¢’ < t; a quotient losing either odd prime
is covered by Theorem 1.2. The quotient is standard in either case, and a positive prime-chain
factorization of the extracted G; completes the factorization of P. The usual overall sign and
substitution x — —x restore the initial normalization. O

This theorem allows arbitrary powers of two and the first powers of two distinct odd primes.
Section S4 extends the method to unbounded odd exponents in specified ranges. General lengths
2tp?q® and unrestricted additional prime supports are not settled by these results. Section S7
separately treats all exponents for {p, ¢} = {3,5}.

12 The prime support {2,3,7}

A complete arithmetic classification of signed prime-power equations makes it possible to settle
a second three-prime support with all exponents unrestricted. The coefficient argument has
one mechanism: a zero logarithmic coefficient removes an intervening boundary, after which the
first-return identity gives a contradiction.

Theorem 12.1. For all integers t,a,b > 0, every cyclotomic Littlewood polynomial of length 2t3%7°
1s standard.

Lemma 12.2 (The four primitive relations). For lengths supported on {2,3,7}, the complete set
of primitive additive pairs is

B=1{(27),(3,4),(7,9), (32,49)}.

Proof. The three pairwise coprime members of a primitive triple exceed one, so they are powers
of 2,3,7, one prime for each member. Scott and Styer [8, Theorem 8] classify the signed positive-
exponent solutions for the prime triple (7,3,2) and give exactly four. The four identities

24+7=09, 3+4=1, 7+9 =16, 32449 =81
therefore exhaust the possibilities. Sorting the two summands gives the asserted list. O

The cited equation classification is an external input. The finite arithmetic reduction and
the coefficient exclusions below are proved here; they do not require a search over Littlewood
coefficients.
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12 The prime support {2,3,7}

Lemma 12.3 (The eleven possible first pairs). A least-length nonstandard cyclotomic Littlewood
polynomial supported on {2,3,7} would have first indices in the following list:

(2,7), (3,4), (6,8), (7,9), (14,18), (21,27), (32,49),
(42,54), (96,128), (224,288), (672,864).

Proof. For the first pair i, j, let U consist of the first entries u of primitive pairs (u,v) € B such that
w| ¢ and v/u > j/i. This set is nonempty. Put h = i/lem U. Every possible first off-h trace index
k would be at least j, since A | i, and Lemma 4.2 would give k | N and i 4+ k | N. Its primitive pair
belongs to B, so k = iv/u for some u € U, and hence h | k, a contradiction. Thus every off-h trace
below N vanishes. Newton induction gives D € Z[2"], and the block argument yields P = G,Q(z")
with @ cyclotomic Littlewood. Minimality forces h = 1, since otherwise () is a shorter standard
polynomial. Consequently ¢ = lem U, in particular i | 672.
For any subset of available primitive pairs, equivalently,

ged (i, {iv/u}) = i/ lem{u},

by prime valuations and ged(u,v) = 1. For a fixed slope j/i, retain only primitive slopes at least
that large. The joint gcd condition says exactly that ¢ is the lem of their available first entries. In
decreasing slope order this gives

j/i ‘ available first entries ‘ possible ¢
7/2 2 2

49/32 32,2 32
4/3 3, 2if 2|4, 32if 32 |4 3,6,96

9/7 |7, 2if2]¢, 3if 3|4, 32if 32| | 7,14,21,42,224,672.

In the second row 32 | i automatically makes 2 available. Multiplying each first entry by its slope
gives the eleven pairs. O

Write p(k) = 2v2(R)3vsR)7vr(k) " and call k smooth when p(k) = k. Trace reduction and ged
invariance of sign changes give

p(k) <i = Sp,=b=0 (k < N) (12.1)

Indeed ged (N, k) < p(k) < i gives a zero initial boundary; Theorem 3.1 and Lemma 2.2 give the
boundary and trace conclusions, respectively. In particular every nonsmooth boundary below 5¢
vanishes, because five is the least prime outside {2, 3,7}.

Lemma 12.4 (Excluding the ten short slopes). None of the ten pairs in Lemma 12.3 with j < 2i
can occur.

Proof. Set n = 2i + j. Before 2i, the only possibly nonzero boundaries are b; = —2, b; = 2, and
those at smooth indices in (j,2i). Indeed there is no multiple of i strictly between i and j, and
every nonsmooth boundary in this range vanishes by (12.1).

For an intervening smooth index d, choose k =i+ d or k = j + d with k < 3¢ and p(k) <. If
the chosen pair is the unique unordered representation of k by possibly nonzero boundary indices,
then S; = by = 0, cubic logarithmic terms start at 3i, and

0= [z"log D = —bibg or — bjb,.
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13 Dyadic norms and the highest divisor layer

Thus b4 = 0.

The following table lists every intervening smooth index. An entry in A uses kK =i+ d, and an
entry in B uses k = j + d. Every indicated pair is already unique in the original set of possible
boundaries; no previous elimination is needed. The last column records the smooth part of the
first-return index.

i j A B p(2i + §)

3 4 o @ 2

6 8 9 @ 4
709 12 o 1
14 18 21,24,27 @ 2
21 27 32,36 28 3
32 49 54,56,63 @ 1
42 54 63,64,72,81 56 6
96 128 144,162,168, 189 147 64
224 288 294,324,336, 378, 384, 392, 432, 441 343 32
672 864 882,972,1008,1024,1134,1152,1176,1296, 1323 896, 1029 96

The assertions in the table are finite integer identities: list the numbers 237" between j and 24,
then test the sums in {7, 7} U AU B. For example, in the last row the boundary at 896 is isolated
by 1760 = 864 + 896, while the boundary at 1029 is isolated by 1893 = 864 + 1029. Both witnesses
lie below 3¢ = 2016 and have smooth part smaller than 672.

All boundaries strictly between j and 2i have now vanished. The last column and (12.1) give
Sn = b, = 0. The only surviving quadratic products in [2"]log D are b;b;y; and b;by;; the sole
cubic product is b?bj, and higher products start at 4¢ > n. Thus

0 = [2"]1log D = 2b;y; — 2by; + 8, boi — biyj =4

But ag;—1 = 1, so by; <0, while b;y; > —2. Their difference is at most two, a contradiction. This
is the first-return identity in its present form. Every tested index is interior: if g = ged(7, j) and
(u,v) = (i/g,7/g), then N > guv(u+v) > 35 > 2i + j. O

Lemma 12.5 (Excluding the remaining slope). The pair (i,7) = (2,7) cannot occur.

Proof. For this pair the divisor-window cutoff is n, = 15. The only odd positive integers at most
15 supported on {2,3,7} are 1,3,7,9. The window requires d > 7 and excludes d =i + j = 9; even
divisors are multiples of . Thus Wy (2,7) = &, contradicting Theorem 9.2. O

Proof of Theorem 12.1. A least counterexample would have one of the eleven first pairs. Lem-
mas 12.4 and 12.5 exclude all of them. O

13 Dyadic norms and the highest divisor layer

Root squaring separates the dyadic levels of the factor budgets. The construction is classical [1];
its relation to the binary divisor coordinates gives an exact way to read the last level from the
coefficient word. The intervening polynomials have odd coefficients, which need not be signs. There
are three steps. First construct the norm without assuming that its coefficients remain Littlewood.
Next identify what happens to the sign coordinates modulo four. Finally recover the terminal
cyclotomic factors from those coordinates. This order keeps the coefficient information separate
from any unproved flatness assertion.
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13 Dyadic norms and the highest divisor layer

Proposition 13.1 (The normalized norm sequence). Let P be cyclotomic with odd coefficients,
P(0) =1, and length N = 2! M, where M is odd and t > 1. There are unique constant-term-one
polynomials Py = P, Py, ..., P; such that

Po(z)P(—z) = (1 —2H) Py (2?)?  (0<r < t). (13.1)

Each P, is cyclotomic, has odd coefficients, and has length N/2". If ey, is the multiplicity of @, in
P, then
Py(y) = [[ ®aly)" > ®2a(y)™, sq = eqrr1g € {0,1}. (13.2)

d|M
d>1

Proof. 1t suffices to describe one step. For an odd d > 1, the new multiplicities at d and 2"d are

respectively
ed + €ad

5
At d = 1, the first expression is replaced by (e; + ez — 1)/2. The budgets make these nonnegative
integers: eq + eaq is even for d > 1 and is odd for d = 1. The identities ®4(z)®Poq(7) = P4(x?) and
Pyri14(x) = Porg(2?) prove (13.1), including the factor 1 — 2% at d = 1. The new multiplicities
satisfy the budget at half the length, so their product is congruent to the corresponding geometric
polynomial modulo two. Its degree is one less than that length. Uniqueness follows by taking the
square root with constant term one.

After t steps, the length is M. The budget there chooses exactly one of ®4, ®o4 for every d > 1
dividing M. Its second choice is the original highest-level multiplicity, giving (13.2). O

€or+1yg (T Z 1)

For any polynomial @ with odd coefficients and Q(0) = 1, let @ be the sign word whose
coefficients are congruent to those of () modulo four. The proof of Theorem 3.1 applies to this
word whenever () is cyclotomic: its boundary coefficients are even, and their halves determine
the changes of @ modulo two. Thus @ has binary divisor coordinates even when (@ itself is not
Littlewood.

Lemma 13.2 (Coordinates under a norm step). In (13.1), the divisor coordinates satisfy

~ ~

aa(Pr1) = asa(By)  (d| N/2' d < N/2 1)

Proof. Write D, = (1 — z)P,, and let S.(k) denote its root trace. Equation (13.1) gives
Dr(x)Dr(_x) = Dr+1(x2)27 whence

Srt1(k) = %Sr(Qk).
If 0,.(k) records a change in 13T, the logarithmic congruence (3.2) therefore gives
Org1(k) + Lopbr11(k/2) = 6,(2k) + ,(k)  (mod 2).

Insert 6, (k) = Xap aq(Py), with coordinates supported on divisors of the length. To see the
cancellation explicitly, write k& = 2°m with m odd. In the sum of the expressions for ¢,(2k) and
5 (k), each divisor of k occurs twice. Only the new dyadic level remains:

8,:(2k) + 6,(k) = agsr1g(P;)  (mod 2).
dlm

~

Now set y(k) = 3 g, a2a(F;) modulo two. The same cancellation shows that (k) + v(k/2) equals
the last display when k is even; for odd k the equation is (k) = d,(2k) + d,(k). These recurrences
determine the values uniquely by successive halving. Thus 6,41(k) = (k). Divisor Mébius inversion
proves the claim. Every index used is strictly below the appropriate length. O
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13 Dyadic norms and the highest divisor layer

For a Littlewood polynomial of length 2! M, define its highest divisor layer by
B={h:h|M, h <M, ay,(P)=1}.

After ¢ norm steps these, and only these, are the active coordinates of B, Every lower dyadic
coordinate has disappeared. At odd length each remaining multiplicity budget is one, so determining
the factors of P, amounts to deciding between ®; and ®o4 for each odd d > 1 dividing M.

Theorem 13.3 (The highest-layer identity). For every d > 1 dividing M, the multiplicity in (13.2)
s exactly
sq= (#{h € B:d{h}) mod 2. (13.3)

The terminal norm Py is Littlewood if and only if B is a divisor chain.

Proof. Put H = P, and R.(y) = (1 —v°)/(1+y¢). The product formula for cyclotomic polynomials
rewrites (13.2) as

H(y) = Gu(y) [[ Re(y)™,  me=— > uld/e)sa.
e|M d|M
eld, d>1
These integers satisfy > . me = 0, since 3, p(d/e) = 0 for each d > 1. For any integer exponent
Me,
Re(y)™ =1+ 2m, Z y“  (mod 4).

Jz1

Cross-products of two nonconstant terms vanish modulo four. Since (1 —y)Gy = 1 —y™, every
interior boundary coefficient therefore gives

SW(H)=Y me (mod2)  (1<k< M),

~

where only e | M enter the sum. Divisor inversion yields me. = a.(H) (mod 2) for e < M. The
preceding lemma identifies these coordinates with ast,(P). M&bius inversion on multiples gives
S84 = — Zd|e\ o Me. Eliminating m s by the zero-sum identity proves (13.3), because s, is either zero
or one. The same calculation shows that an odd-length cyclotomic polynomial with odd coefficients
is uniquely determined by the divisor coordinates of its reduction to signs modulo four.

If B is a chain, Theorem 5.1 makes H standard. It is therefore an odd-length cyclotomic
Littlewood polynomial. The uniqueness just proved gives H = H. Conversely, if H is Littlewood,
the established odd-length theorem makes it standard; its active coordinates B must form a chain.
The case M =1 is immediate. O

The highest multiplicities exhaust a whole budget whenever they are one. This converts the
parity identity into a block extraction. The degree of the proposed factor is essential: after it is
removed, the quotient has exactly the length of one coefficient block. Its coefficients can then be
read directly from P.

Corollary 13.4 (An outer block from the highest layer). Suppose |B| is odd and h =lem B < M.
Then

t

P(z) = Q(2)Grn(—2*"), (13.4)

where Q s cyclotomic Littlewood of length 2th. Consequently a least-length counterezample cannot
have a highest layer of odd cardinality and lem smaller than M ; in particular, that layer cannot be
a singleton.
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13 Dyadic norms and the highest divisor layer

Proof. If d | M but d 1 h, then d divides no member of B. Equation (13.3) gives sq = 1. Its weight
2! exhausts the budget, so every other multiplicity with odd part d is zero. Hence P has the factor

GM(—th) 2th
) t4+1 (ac) = = 5. — G (—33 )
dl I 2 d Gh(—l‘z ) M/h
dth

The quotient has degree 2th — 1 and is cyclotomic. Its coefficients are the initial block of P, because
consecutive shifts by 2'h do not overlap. They are therefore signs. Minimality makes Q standard,
and the geometric factor splits into prime blocks. O

Theorem 13.5 (At most one active even divisor at twice odd length). Let N = 2M with M odd.
If a cyclotomic Littlewood polynomial has at most one active even divisor coordinate, it is standard.
There is no restriction on its active odd coordinates or on the number of prime divisors of M.

Proof. First suppose the even layer is empty. The highest-layer identity gives P, = Gy, so
D(z)D(—z) = (1 — 2?™)2. Every even interior trace of D is zero. Normalize ag = a; = 1. If
P # Gy, its first negative index 7 is odd. A first off-block defect j would also be odd, whereas the
additive obstruction forces the even trace S;i; to be nonzero. Thus P = G;R(z"). Here i | M, and
the norm identity gives

R(2)R(=2) = (1 — 3)Garp(z)7.

Induction proves standardness. This includes the known case with no factors ®44 [3, Corol-
lary 3.12(e)].

If the unique active even divisor is 2h, then h < M. Corollary 13.4 extracts G M/h(—x2h). The
quotient of length 2h has no active even coordinate by Lemma 5.4: its proper-divisor coordinates
are inherited, and 2h is now the endpoint. The empty-layer case applies to it. ]

Proposition 13.6 (Three-coordinate reduction). If there is a nonstandard cyclotomic Littlewood
polynomial with at most three active coordinates other than 1, a least-length such polynomial,
normalized by ag = a1 = 1, has

A(P) ={a,b,c}, 1<a<b<e ged(a,b)=1, a+blc, N =lem(a,b,c).

Within the subfamily vo(N) = 1, the same conclusion holds for a least-length counterezample, and
exactly two coordinates are even. In that case a,b have opposite parity and ¢ = 2(a + b)w for an
odd positive integer w.

Proof. The two-coordinate theorem gives exactly three coordinates. Coordinate block extraction
and minimality give ged(a,b,c¢) =1 and lem(a, b, ¢) = N. These reductions preserve the coordinate
bound. In the twice-odd subfamily, any quotient of odd length is already standard, so the same
minimality argument applies.

If a | b, the first off-a defect is ¢. Now ged(a, c) = 1, and the additive obstruction gives a+c¢ | N.
Since a + ¢ is coprime to ac, it must divide b, contrary to b < c¢. Thus the first off-block defect is b.

We next show that the first two coordinates cannot retain a common factor. The obstruction
at b puts the coprime sum of their primitive parts into ¢. A second obstruction, now outside that
common factor, would put an even larger coprime sum back into b.

Put g = ged(a, b) and suppose g > 1. Write a = gu, b = gv. Then ged(g, ¢) = 1. The divisibility
a+b | N forces u+v | c. More precisely, for a prime p | u+v, coprimality gives p { uv. The exponent
of pin a+ b = g(u + v) exceeds its exponent in lem(a,b) = guv. Since N = lem(a, b, ¢), the full

26



14 A geometric divisor forces a common period

required exponent must come from c. The first off-g defect is ¢, so Lemma 4.2 gives a+c¢ | N as well.
Let h = ged(a, ¢) = ged(u, ¢). Then ged(h,b) = 1. Writing a = hA, ¢ = hC, with ged(A,C) =1,
each prime power in A 4+ C must be supplied by b in h(A + C) | lem(a,b,c¢). Thus (a +c¢)/h | b.
This quotient is coprime to g, so it divides v. But ¢ = (u + v)w gives h = ged(u, w) < w, whence

are > > utv>v
h h — ’
a contradiction. Hence g = 1, and a + b | ¢ follows.
At twice odd length, Theorem 13.5 requires at least two even coordinates. All three cannot be
even. Since a, b are coprime, exactly one of them is even and c is the other even coordinate. Now
a+ b is odd and vy(c) = 1, which gives the asserted form of c. O

The configuration in Proposition 13.6 is excluded in Section 15. The norm identities alone
do not show that the intermediate norms P, are Littlewood, nor that a standard terminal norm
forces P to be standard. The highest layer controls only the highest cyclotomic multiplicities.
The remaining layers and their orientations must still be related to one another for unrestricted
factorization.

14 A geometric divisor forces a common period

The highest layer can also constrain the layers below it. The mechanism has two parts. A two-
member highest layer determines a short norm identity. When those two members are comparable,
their cyclotomic factors give a signed geometric divisor. Reduction modulo 1 + x¢ then turns that
divisor into a period of the remaining coefficient sequence. Together these observations exclude
every non-chain support with three active coordinates.

Lemma 14.1 (A two-member highest layer). Let P be cyclotomic Littlewood of length N = TM,
with P(0) =1, T =2 > 2, and M odd. Suppose its highest layer is B = {u,v}, with u < v. Put
g9 = ged(u,v), H = P, and Rq(y) = (1 —y*)/(1 4+ y?). Then

Ry(y)?
H(y) =G ! . 14.1
If g < u, the boundary trace of H at g is 4g. If u | v, then
Gypu(—2™™) | P(x). (14.2)

Proof. The highest-layer identity says that sq = 1 precisely when d divides exactly one of u,v. Thus
Sd = 1d\u + ]-d\v - 21d\g‘

For odd A,

I Poa(y) _ Gu(=y) _ Ri(y)

an alw)  Guly)  Raly)

d>1
Substitution into (13.2) proves (14.1). If g < u, then (1 —y)H(y) = 1 — 4y9 + O(y9*!), because
g<u<wv< M. Its trace at g is consequently 4g.
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14 A geometric divisor forces a common period

When u | v, the selected odd parts are exactly d | v with d 1 u. Each corresponding highest
factor occurs in P, and their product is

—T
y@sz(x) = gZE_xT; = Gv/u(—xT’u)'
diu

O

Lemma 14.2 (A lower chain orders the highest pair). Suppose a cyclotomic Littlewood polynomial
of length N =TM, T = 2! > 2, with P(0) = 1, has exactly two highest active coordinates e < c. If
all its other active coordinates form a divisor chain, then e | c.

Proof. Put u=¢/T, v =1¢/T, and g = ged(u,v). If g < u, Lemma 14.1 and the norm trace identity
give S74((1 — x)P) = 4Tg. Up to this index, however, neither highest coordinate has entered the
word. Its coefficients agree with the infinite word of the lower chain. Every member of that chain
has dyadic valuation less than ¢, so Lemma 5.2 gives S7, = 0, a contradiction. Thus g = u. O

The exact interval is the classical Fine-Wilf threshold [6, Theorem 1]: agreement of sequences
of periods e and £ on e + ¢ — ged(e, ) consecutive terms forces agreement everywhere. Here the
geometric divisor first supplies ¢ — e local equalities between entries a distance e apart. A graph on
residues modulo £ measures when these equalities join an entire period, and also gives the dimension
of the solution space below the threshold.

Theorem 14.3 (Exact rank of the period constraint). Let e | ¢ | N, with ¢/e and N/c odd, and let
¢ | N. For an {-periodic real sequence (3, put

Pofe) = Y (el g g, PGy - HE
= 1+ z°

Write g = ged(e, ) and m = ¢ —e. The real vector space of sequences [ for which F' | Pz has
dimension
max{g,{ — m}. (14.3)

FEvery such sequence has period e if and only if
c—e>{l—ged(e,l). (14.4)
When this inequality holds, Ps = Q(7)G n/.(z¢) with degQ < c.

Proof. The proof separates the algebra of divisibility from the combinatorics of periods. We first
replace the divisor condition by equalities in an invertibly transformed sequence. We then count
the independent equalities.
Set ¢ = N/c and
q—1
A = Z(_l)JﬁH—jC‘

§=0

The sign multiplier in Py has period c. Its remainder modulo 1 + z¢ is therefore

C(x) = cf(—w/ﬂ Apx”. (14.5)
r=0
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15 Highest-layer traces and further block extractions

Since F' | 1 + z¢, divisibility of Pg is equivalent to C' = FQy with deg Qo < e. The nonzero
coefficients of F' are alternating signs at multiples of e; comparison of these disjoint blocks gives

F|P3 < A=A (0<r<m). (14.6)

This includes the reverse implication: under the equalities, the remainder is F' times its initial block
of length e. Since ¢ is odd and 3 has period N, adjacent sums telescope:

Ar + Ar+c = Br + 6T+N = 257"-

This identity proves that the linear map 5 — A on the ¢-dimensional space of periodic sequences is
injective, and hence invertible. It commutes with every shift, so it carries the subspace of e-periodic
sequences onto itself.

Consider residues modulo ¢, joining r to r + e for 0 < r < m. With all starting residues present,
the graph consists of g cycles, one for each residue modulo g. If m < ¢ — g, the starting residues
are distinct and no cycle is complete: the largest representative in the class r (mod g), 0 <r < g,
is £ — g 4+ r, which is missing. The selected edges therefore form a forest of m edges and £ — m
components. Their equality constraints have rank m.

At m = £— g, exactly one edge is missing from each cycle. Each class modulo g is then connected,
and further edges add no equality constraint. The rank is consequently ¢ — g for every m > £ — g.
When g = ¢, the full graph consists of loops; the same conclusion has rank zero. Thus the rank in
all cases is min{m, ¢ — g}, proving (14.3).

The e-periodic subspace has dimension g and is always contained in the solution space. These
spaces coincide exactly under (14.4). Otherwise the solution space has larger dimension, so there
are real sequences satisfying the divisibility without having period e. Finally, an e-periodic 8 makes
the full coefficient sequence c-periodic, giving the stated factorization. O

The sharpness here concerns all real periodic sequences. It is not a claim that a cyclotomic
Littlewood counterexample exists below the bound.

For example, take e = 2 and ¢ = 10. With m = ¢ — e = 4, the equalities join the residue sets
{0,2,4} and {1, 3,5}, leaving 6,7, 8,9 isolated. There are six independent component values, as
predicted by max (2,10 — 4) = 6. With m = 8, each parity class is connected, leaving just two
values. The sequence then has period two. Both cases fit the theorem with N = 30, using ¢ =6
and ¢ = 10, respectively. The transformed sequence A and the original sequence 5 have the same
period constraint because the transformation commutes with shifts and is invertible.

The length hypothesis cannot simply be omitted. For e = 2, ¢ = 6, N = 30, let § have period
ten, with 85 = —1 and all its other entries equal to 1. Then

P)=(1—-z)(1—-2*+2Y) (mod 1+ %),

Thus G3(—2?) divides P, but 3 does not have period two. Here ¢ — e = 4 < 10. This P is not
cyclotomic: it changes sign at 6 but not at 12, contrary to ged invariance at length 30. The example
concerns the period lemma without its length condition, rather than the cyclotomic factorization
conjecture.

15 Highest-layer traces and further block extractions

The period theorem has a direct consequence for any two comparable highest coordinates. When
the lower coordinates form a chain, it gives a complete factorization.
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15 Highest-layer traces and further block extractions

Corollary 15.1 (A sharpened outer-block criterion). Let P be cyclotomic Littlewood of length
N =2'M, with P(0) =1 and M odd, with t > 1. Suppose its only highest coordinates are e < c,
with e | c. Let C = A(P) \ {e, c}, and put

L, n=1,

L=lemC,  n5=(-1)2actd 7=
2L, n=-1,

where L = 1 for the empty set. If
c—e>/{l—gecd(e, ),

then P = Q(x)Gnyc(x°) for a cyclotomic Littlewood polynomial Q of length c. A least-length
counterexample with such a highest pair must satisfy the strict reverse inequality.

Proof. The sequence f3,, = (—1)Zd€C In/d] satisfies BntL = NP, so £ is a period. Every coordinate
in C has dyadic valuation less than ¢; thus 2L | N when C is nonempty, and ¢ | N also in the empty
case. Lemma 14.1 supplies F' = G./.(—¢) as a divisor of P. Theorem 14.3 applies. The quotient
is the first coefficient block and its roots are roots of P, proving the last assertions. ]

Theorem 15.2 (A chain below two highest coordinates). Let P be cyclotomic Littlewood, with
P(0) =1 and length N = 2! M, where M is odd and t > 1. Suppose its highest active coordinates
are exactly e < ¢, and the remaining coordinates C form a divisor chain. Define L,n, ¢ as in
Corollary 15.1. Then e | c. If

c—e>{l—ged(e,l), (15.1)

there is a standard polynomial R of length e such that
P(:B) = R(x)Gc/e(_xe)GN/c(xc)' (152)
In particular P is standard, with no bound on |C|.

Proof. Lemma 14.2 gives e | c. The period criterion gives P = QG y/.(¢) with @ cyclotomic
Littlewood of length c. Since c¢/e is odd, @ has the same dyadic height, and its only highest active
coordinate is e, by Lemma 5.4. Corollary 13.4 now gives Q = RG./.(—2°) with R cyclotomic
Littlewood of length e. The same inheritance lemma makes the active coordinates of R a subset of
C, so Theorem 5.1 makes R standard. Both displayed geometric factors split into prime blocks. [

The factorization separates the roles of the three arguments: the chain boundary forces
comparability, the geometric divisor forces a period, and the saturated highest budget removes the
remaining highest coordinate.

Theorem 15.3 (Three active divisor coordinates). Every cyclotomic Littlewood polynomial with at
most three active divisor coordinates other than 1 is standard.

Proof. Suppose otherwise and choose a least-length counterexample within this class, normalized
by agp = a1 = 1. Proposition 13.6 gives

A(P) ={a,b,c}, l<a<b<eg, ged(a,b) =1, a+b]ec, N =lem(a, b, c).

Odd length is already classified, so write N = TM with T' = 2! > 2 and M odd. The highest layer
is nonempty because the active coordinates have lem N. It cannot be a singleton, by Corollary 13.4;
that extraction preserves the coordinate bound. All three coordinates cannot be even. If a,b were
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15 Highest-layer traces and further block extractions

both odd, the highest layer would again be a singleton. Thus exactly one of a,b is even. Denote it
by e, and denote the odd member by o. The highest layer must consist of e, ¢, so

va(e) = va(c) =t, ged(e,0) = 1.

The remaining support is the singleton {0}, a chain. Lemma 14.2 therefore gives e | c.
Now both e and e + o divide ¢, and they are coprime. Hence

c>e(e+o), c—e> 2o,

the latter inequality following from e > 2. The lower sequence has period 20. Theorem 15.2
therefore gives a standard factorization, contradicting the choice of P. O

Consequently a normalized counterexample must have at least four active divisor coordinates.
The separation criterion also applies when there are arbitrarily many lower coordinates. It does
not exclude general incomparable highest coordinates, a comparable two-member layer below the
threshold ¢ — ged(e, ), or all layers with more members. The subset-ged formula below supplies
further trace constraints. Compatibility of all dyadic layers remains unproved.

Even ged invariance does not remove the short-interval difficulty. Take N = 18 and active
coordinates {2,3,6,9}. The corresponding word is

(1,1,-1,1,-1,-1,1,1,—1,—1,1,1,—1,-1,1,-1,1,1).

Its changes are gcd-invariant by the divisor-coordinate formula. For e = 2, ¢ = 6, the remaining
sequence has period nine, with one period (1,1,1,—1,—1,—1,1,1,1). Direct multiplication gives

P(z) = (1 —2* +2")Q(x),
Q(z) =14z +22° — 22" — 2% — 27 — 229 4+ 2210 + 212 4 213,

Nevertheless P is not 6-periodic, and the remaining sequence is not 2-periodic. Here ¢ —e =4 <
9 — gcd(2,9) = 8. The word is not cyclotomic: its first negative index is 2 and its first off-block
defect is 3, which would require 5 | 18. Thus the geometric divisor, the sign alphabet, and ged
invariance together are still insufficient for unrestricted outer extraction.

Theorem 15.4 (Subset-ged formula for the highest traces). Let P be cyclotomic Littlewood with
P(0) = 1 and length N = TM, where T = 2t > 2 and M is odd. Write B for its highest layer,
b=|B|, H=P;, and R,(y) = (1 —y") /(1 +y"). For a nonempty subset U C B, define

gu=gedU,  wy= (1)t~
Then, as a rational identity,

A-yHy) =1-=D%") I Re®™. (15.3)
oAUCRB

In particular, for 1 <k < M,

Sre(L—2)P(z))=2T Y wygu. (15.4)
@#£UCB
gulk, k/gu odd

Empty products and sums give the corresponding formulas when B is empty.
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16 Four active coordinates

Proof. Put ¢ = (=1)°, and for d | M, d > 1, write 2z, = 1g,- The highest-layer identity is
equivalently

1—¢ 1—-2z2 1—¢ _
84 = Hheg( h): 5 +e Z (—2)lYl 11d|gU.

oAUCB
Substitute this expression in H/Gn = []gar,a1(P24/Pa)*?, using

Do _ Fa
il ®; Ry
d>1
The powers of R cancel. The remaining power of Rys is —(1 — €)/2, and the power at gy is
—e(=2)lUI=1 = . Since
(=g Ry = 1= e,

this proves (15.3). The logarithmic derivative of R;, contributes 2h at positive odd multiples of
h and zero elsewhere. The endpoint factor has no contribution below M. Finally the norm trace
relation gives Sti((1 — z)P) = T'Sk((1 — y)H), proving (15.4). O

Corollary 15.5 (Three highest coordinates and one lower coordinate). Under the hypotheses of
Theorem 15.4, suppose P has exactly four active coordinates, of which exactly three are highest.
Write their odd parts as u < v < w, and put g = ged(u, v, w). If g < u, exactly two of

ng(“’a U)a ng(u7 w)v ng(Uu U})
equal g, and the remaining one is at least u.

Proof. Let o be the remaining coordinate. Before index T'u, the coefficient word is (—1)"/°), whose
boundary series is R,(z). Since v2(0) < t, its trace at every multiple of T is zero. Equation (15.4)
therefore forces the total exponent of each Ry, h < u, to vanish: induct on h, observing that every
proper divisor contributing to the trace at h is smaller.

For a three-member layer the exponent below wu is

—2#{pairs with ged h} + 41;,—,,.

At h = g < u this is zero only when exactly two pair geds equal g. The third pair ged is larger
than g; if it were below u, its exponent would be —2, again impossible. O

These identities constrain all highest layers without making their compatibility with the lower
layers automatic. The supplement, Section SG, records a complete finite exclusion of primitive four-
coordinate words through length 3000. No universal four-coordinate classification, or unrestricted
factorization theorem, follows from that finite range.

16 Four active coordinates

The three-coordinate theorem permits a precise reduction of the next case. The two exclusions
below hold at arbitrary length within their stated hypotheses; the remaining configurations require
further arguments.

Proposition 16.1 (The two possible highest-layer sizes). If a nonstandard cyclotomic Littlewood
polynomial with at most four active coordinates other than 1 exists, a least-length such polynomial,
normalized by ag = a1 = 1, has exactly four active coordinates, gcd one, and lcm equal to its length.
Its highest dyadic layer has two or three members.
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16 Four active coordinates

Proof. The three-coordinate theorem gives exactly four coordinates. The common-divisor and
common-multiple factorizations preserve the coordinate bound, and a coordinate becoming 1 can
be removed by substitution z — —z. Minimality therefore gives ged one and full lem. Odd length
is already classified. At even length the highest layer is nonempty by full lem. A singleton admits
the highest-layer outer extraction, leaving at most three coordinates in the initial quotient. All four
coordinates cannot be highest, since they would have a common even divisor. This leaves exactly
two or three members. O

A nested initial pair forces a second additive divisor. This constraint uses only three terms of a
formal logarithm, regardless of the later coordinates.

Proposition 16.2 (The prefix a,2a). Let P be a normalized cyclotomic Littlewood polynomial
whose first two active coordinates are a,2a, where a > 2. If an active coordinate not divisible by a
exists, let j be the least one. Then j > 2a and

JIN, j+al|N,  j+2a|N.

Proof. Below j, all boundary indices are multiples of a. The first coordinate gives b, = —2, while
the coordinate 2a cancels the reversal there, giving bs, = 0. Every boundary coefficient and trace
at an index below j not divisible by a vanishes. At j, b; € {—2,2}. The first two divisibilities are
the additive obstruction.

The formal logarithm at j + 2a has the exact identity

(2712 log D = bj 124 + 2bj4q + 4b;.

Indeed every contributing monomial has an index not divisible by a, necessarily at least j; two such
indices already exceed j 4 2a < 2j. The other indices are multiples of a with total at most 2a. The
only possibilities are the linear term, the pair (a,j + a), and the multiset (a,a,j); a term using 2a
vanishes because by, = 0. Since |4b;| = 8 while |bj 12, +2bj14| < 6, the trace Sji 2, is nonzero. This
index is interior: the additive obstruction gives N > 3j. If j 4+ 2a 1 N, trace reduction either makes
this trace zero, or identifies it with Sy for d = ged(V,j + 2a) < (j + 2a)/2 < j. Since d | j + 2a
and a { j, one has a t d. Thus Sy = 0, again a contradiction. O

Theorem 16.3 (A coprime odd third coordinate). Every cyclotomic Littlewood polynomial with
at most four active divisor coordinates other than 1 is standard if its first three normalized active
coordinates are

a, 2a, 7, j>2a, jodd, ged(a,j)=1.

Proof. The three-coordinate theorem disposes of at most three coordinates. Otherwise write the
support as a, 2a, j,c. The common-multiple block extraction reduces to length H = lem(a, 2a, j, ¢).
If it discards an endpoint coordinate, its quotient has at most three coordinates and is standard.
Otherwise it retains the same support. Thus it suffices to work with N = H; the support already
has ged one. Write 7' = 2v2(V)  Since j is odd, a singleton highest layer would extract a polynomial
with at most three active coordinates, and hence prove standardness. Thus vo(c) = v2(2a), and the
highest layer is exactly {2a,c}.

Put e = 2a. If h = ged(e,c) < e, the highest two-coordinate norm requires Sy, = 4h. Yet
h < e < j, so the coefficient prefix through h is that of the single active lower coordinate a.
Moreover va(h) = v2(e) > wva(a), so the chain-boundary formula gives S, = 0, a contradiction.
Hence 2a | ¢, and N = lem(j, ¢).
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16 Four active coordinates

The additive obstruction gives a + j | N. Since ged(a + j,7) = 1, we obtain a + j | ¢, and

therefore '
2a(a + j)

ged(2,a + j)
Proposition 16.2 applies. Since ged(j + 2a,j) = 1, it gives j + 2a | ¢. Since ged(a + j, 7 + 2a) = 1,
these divisibilities imply

c¢>lem(2a,a +j) = > j+ 2a.

- 2a(a+7)(j +2a), a even,
c
“ lala+7)(j+2a), aodd.

In either case ¢ — 2a > 2aj.

The lower-coordinate sign sequence 3, = (—1)*/@*17/i] has period ¢ = 2aj. The comparable
highest pair supplies the geometric divisor. The period criterion applies because ¢ — 2a > £ —
ged(2a, ¢), and extracts an outer block of length c. Its initial quotient has at most three active
coordinates, hence is standard. The outer geometric block splits into prime blocks, a contradiction.

O

Lemma 16.4 (Coprimality after the doubled first coordinate). Suppose a normalized cyclotomic
Littlewood word has exactly four active coordinates a,2a, j,c, where 2a < j < ¢ and a tj, and has
primitive support (ged one and lem equal to its length N ). Then ged(a,j) = 1.

Proof. Suppose a = gu, j = gv, with g > 1 and ged(u,v) = 1. Primitivity gives ged(g,c) = 1. The
first defect outside aZ occurs at j, so a + j | N. In particular j + 2a < N: the proper divisor a + j
is at most N /2. Proposition 16.2 therefore gives j 4+ 2a | N. Dividing these relations by g and using

N/g = lem(2u, v, ¢)

shows that (u +v)/ged(u + v,2) and (v + 2u)/ ged(v + 2u, 2) divide c. To justify this step prime
by prime, each sum is coprime to u, and its ged with lem(2u, v) is at most two. The two sums are
coprime and at most one is even. Consequently

(u+v)(v+2u)

> > 2uw.
c> 5 uUv

On the other hand, c¢ is the first defect outside gZ, so the generalized additive obstruction gives
a+c|N. Put h = ged(a,c) = ged(u, ¢) and z = (a + ¢)/h. The coprime integers a/h,c/h show
prime by prime that

hz |lem(2a,j,c) = z]|2j.

Indeed a prime in z cannot occur in either of the two reduced coprime summands, so any valuation
beyond h must be supplied by j, except for one possible factor two from 2a. Moreover ged(z,g) = 1,
since ged(e, g) = ged(h, g) = 1. Thus z | 2v, giving

c=hz—a < 2hv < 2uv,
a contradiction. O

Theorem 16.5 (An off-block third coordinate). Every cyclotomic Littlewood polynomial with at
most four active divisor coordinates other than 1 is standard if its first three normalized active
coordinates are

a, 2a, j, j>2a, atjy.
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17 Even ratios between the first two coordinates

Proof. First extract the common divisor of the active coordinates. If the first coordinate becomes
1, changing z to —z removes it and leaves at most three coordinates other than 1. Otherwise the
initial scales retain their doubled relation, with a > 1. Next use the common-multiple extraction.
If a coordinate becomes the endpoint, the quotient has at most three coordinates. Otherwise retain
the primitive support {a,2a, j, ¢} with N =lem(2a, j,¢). Lemma 16.4 gives ged(a,j) = 1. Odd j is
covered by the preceding theorem, so assume j even; then a is odd.

If v2(j) > 1, a singleton highest layer would reduce to at most three coordinates, so va(c) = va(j)
and the highest pair is j,c. Its lower coordinates a,2a form a chain, and hence j | ¢. The two
additive divisors a + j, j + 2a divide N = lem(2a, ¢). The first is odd and coprime to 2a, and the
second has dyadic valuation one and ged two with 2a. Since 4 | ¢, both divide ¢. Their pairwise
geds with j imply

c>lem(j,a+ 7,5+ 2a) = ila +])2(‘] + 2a).
Thus ¢ — j > 4a. The lower-chain word has period 4a, so the period criterion extracts an outer
block of length ¢; its quotient has at most three active coordinates and is standard.

It remains that vo(j) = 1. Since a is odd, j + 2a is then divisible by four. The second additive
divisor forces 4 | N. Thus c¢ has strictly larger dyadic valuation than the other three coordinates
and is the unique highest coordinate. Its outer extraction gives a quotient with at most three active
coordinates, which is standard. This concludes every parity case. O

Corollary 16.6 (The doubled-initial-scale classification). Every cyclotomic Littlewood polynomial
with at most four active divisor coordinates other than 1 is standard if its first two normalized
active coordinates are a,2a.

Proof. Extract the common coordinate divisor and the common multiple. If the first coordinate
becomes 1, toggle it by x — —x; if a coordinate becomes the length, discard that endpoint. In either
case at most three coordinates remain, and the known theorem applies. Otherwise the support is
primitive and its first two coordinates still have the form a, 2a, with a > 1. The cases of at most
three coordinates are already known, so write its support as a, 2a, b, c.

If a 1 b, the preceding theorem applies. If a | b, write b = ka, where k > 3. Primitivity forces
a{c and ged(a,c) = 1. Thus c is the first defect outside aZ, and the additive obstruction gives
a+c|N. But

N =lem(2a, ka,c) | alem(2, k)c, ged(a+ ¢, ac) = 1.

Hence a + ¢ | lem(2, k) < 2k, whereas a + ¢ > ¢ > b = ka > 2k, a contradiction. ]

17 Even ratios between the first two coordinates

A comparable initial pair supplies more than its first additive obstruction. When its ratio is even,
the reciprocal boundary has a strictly dominant coefficient at the second scale. This forces a run of
additive divisors; the least common multiple of that run makes the highest coordinates far enough
apart for period extraction.

Lemma 17.1 (Least common multiple of an arithmetic progression). Let u,v be coprime positive

integers and let r > 1. Then
(v +su
lemy<s<p(v + su) > 8(7"1(—1)')

If ¢ > 4 and v > qu, then

lemy <s<q(v + su) > ¢?uv®.
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17 Even ratios between the first two coordinates

Proof. A prime dividing u divides none of the progression. For every other prime p, remove a
progression member of largest p-adic valuation. For each k, among the remaining » — 1 members
the number divisible by p* is at most |[(r — 1)/p*]. Thus the product of all members divided by
their lem divides (r — 1)L

For the second assertion put F(v) = v=2[[!_; (v + su), viewing v as a real variable. For v > qu,
Fllv) & 1 2
= - —->0,
F(v) ; v+su v

since every denominator is at most 2v, and ¢ > 4. Since v > qu, comparison with F(qu) and the

first bound gives
LI (o) <2q) >
q

v (g—1)! q

The last inequality follows from (2qq) > ¢ for ¢ > 4: it holds at ¢ = 4, and the ratio of successive
central binomial coefficients is 2(2¢ + 1)/(q + 1) > 3, exceeding the successive cubic ratio. Also
ud™3 > 1. ]

Lemma 17.2 (A forced additive run). Suppose a normalized cyclotomic Littlewood polynomial has
at most four active coordinates, with first two a,qa, where a > 1 and q > 4 is even. Let j be its
first coordinate outside aZ. Then j+ qa | N. If the first off-a coordinate is the fourth, all j + sa
(1 < s <q) divide N. If it is the third, write its fourth coordinate as c. Unless

c=j+ra forsomel <r<g,

all those q divisibilities hold. In the exceptional case they hold at least for 1 < s <r.

Proof. The usual additive obstruction gives a4 j | N and a+ j < N; hence j+ qa < 2j < N. Split
D= (1—-2x)P=U+V into its terms on and off aZ. Before 2j, the off-support part has only the
term bjx? and, if it exists and is off-support, b.z¢. All b’s are in {0, £2} and b; = £2. Up to degree
qa, U is the boundary of the two-coordinate chain, so

_142%1+ 29

U=
1—221— g9

(mod z9¢t1h).

Its coefficients at sa are 2 for 1 < s < ¢, and 4 at ga; at degree zero it is one, and all other
degrees vanish. Since V? starts at degree 25, the off-support logarithmic coefficient at j + sa is the
coefficient of V/U. Without the fourth term this is 2b; (s < ¢) or 4b; (s = ¢q). A fourth term can
contribute only if ¢ = j + ra with r < s. At s = r < ¢ its contribution is b., which cannot cancel
2bj; at s = ¢ it has absolute value at most four, which cannot cancel 4b;. All asserted traces are
therefore nonzero. For any such index n < 2j, a proper ged d = ged(n, N) lies below j and outside
aZ. Its trace is zero, contradicting trace reduction. Thus n | N. O

Lemma 17.3 (Coprimality of the first defect). Suppose the primitive four-coordinate support is
{a,qa,j,c} with ¢ >4 even, qa < j < c, and atj. Then ged(a,j) = 1.

Proof. Suppose a = gu,j = gv, where g > 1 and ged(u,v) = 1. Primitivity gives ged(g,c) = 1, so ¢
is not congruent to j modulo a. The forced run gives g(v + su) | N for every 1 < s < ¢q. Since

N/g = lem(qu, v, c), ged (u, lemy<s<q(v + su)) =1,

the progression lem divides lem(q, v, ¢) < que. Its strict lower bound yields ¢ > quv.
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17 Even ratios between the first two coordinates

The first defect outside ¢gZ is ¢, so a + ¢ | N. For h = ged(a, ¢) = ged(u, ¢), put z = (a + ¢)/h.
Prime-by-prime comparison in hz | lem(qa, j, ¢) gives z | ¢j. As ged(z,g) = 1, it follows that z | qu.
Consequently ¢ = hz — a < ghv < quv, a contradiction. O

Lemma 17.4 (The short resonance is impossible). Under the preceding primitive hypotheses, the
fourth coordinate cannot satisfy ¢ = j +ra with 1 <r <gq.

Proof. Coprimality gives ged(a,j) = 1. The support is not a divisor chain, since a and j are
incomparable. Thus any reduction establishing standardness contradicts Theorem 5.1. Suppose
first r = 1. If a is even, both j and ¢ are odd, so qa is the unique highest coordinate. Its outer
extraction leaves at most three active coordinates and proves standardness. If a is odd, exactly one
of j,cis even. A singleton highest layer has the same consequence. Otherwise the highest layer
is the pair ga,d, where d is that even coordinate, and both have the same dyadic valuation. If
h = ged(qa, d) < qa, its highest-layer trace is 4h, whereas before ga the only active coordinate is a
and its trace at h vanishes. Thus qga | d, contradicting ged(a,d) = 1. Hence this case also supplies
no nonstandard word.

For r = 2, the additive divisor m = j + a is coprime to aj. Since m | N | gajc and ¢ = m + a, it
follows that m | ¢, impossible because m > j > qa.

For 3 < r < ¢, the forced run gives

Ly =lemy<s<r(j + sa) | lem(q, j,c) < gjc.
The progression estimate and ¢ = j + ra therefore imply

r—1/,

5:1(] + SCL)
—o—2w 0 K

-y =%

But j > qa > 2q, and (r — 1)! < 2772¢"3 for ¢ > r > 3. Thus 5”2 > q(r — 1)!, contradicting the
displayed inequality. O

Theorem 17.5 (An even ratio between the first two coordinates). FEvery cyclotomic Littlewood
polynomial with at most four active divisor coordinates other than 1 is standard if its first two
normalized active coordinates are a,qa, with q even.

Proof. The case ¢ = 2 is Corollary 16.6. Assume ¢ > 4. Remove the common divisor and common
multiple of the support. If the first coordinate becomes 1, toggle it by x — —x; if an active
coordinate becomes the length, discard that endpoint. Either event leaves at most three active
coordinates and is settled. Otherwise the same first-pair ratio remains, with primitive support and
a > 1. A primitive non-chain support must have a coordinate outside aZ.

Suppose its first such coordinate j is fourth, so its support is {a, ga,ra,j}, where r > ¢ and
j > ra. Primitivity gives ged(a,j) = 1. The full forced run gives

Lq = lcmlgsﬁq(j + Sa) | lcm(q,r,j) < qrj‘

Its strict lower bound gives r > gaj, contradicting r < j/a.
It remains that the support is {a, qa, j, c}, with ga < j < ¢ and a 1 j. The coprimality and
resonance lemmas reduce a nonstandard word to the full forced run, and hence

Lq | lcm(q,j, C) < Qjc, c> qa]

Write t = va(qa). If va(j) = t, the forced divisor j + ga has dyadic valuation greater than ¢; thus ¢
is the unique highest coordinate, whose extraction leaves at most three. If va(j) < ¢, absence of a
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17 Even ratios between the first two coordinates

singleton highest layer forces va(c) = t. The highest pair is ga, c¢. Its ged cannot be smaller than ga:
the ghost trace would occur before ga, where the prefix contains only a and has zero trace at that
dyadic level. Thus ga | ¢. The lower word on a, j has period 2aj, and ¢ — ga > gaj — qa > 2aj. The
period criterion extracts an outer block of length c. If v2(j) > ¢, absence of a singleton similarly
gives highest pair j, ¢, whose lower coordinates a, ga form a chain. Hence j | ¢. That lower word
has period 2qa, and ¢ — 5 > qaj — j > 2qa, so the same period criterion applies. In both cases the
initial quotient has at most three active coordinates and is standard. The geometric outer block
splits into prime blocks. ]

17.1 The remaining odd-ratio configuration

An odd ratio leaves a different boundary coefficient. Its possible highest layers can nevertheless be
reduced to one precise arrangement.

Proposition 17.6 (Highest-layer reduction for an odd initial ratio). Let P be normalized cyclotomic
Littlewood with at most four active coordinates other than 1, and suppose its first two are a, qa,
with ¢ > 1 odd. If a is odd, then P is standard. More generally, after the common-divisor and
common-multiple reductions, a nonstandard word in this class must have even a, exactly four active
coordinates, and highest layer exactly {a,qa}. Its other two coordinates exceed qa and have strictly
smaller dyadic valuation than a.

Proof. The three-coordinate theorem and the common block extractions reduce to a primitive
four-coordinate support {a,qa,j,c} with ga < j < ¢. An extraction producing coordinate 1 is
followed by x +— —z; this leaves at most three coordinates. Otherwise the odd initial ratio is
preserved. A singleton highest layer likewise extracts a quotient with at most three coordinates.

Suppose the highest dyadic valuation exceeds va(a). Its only possible non-singleton layer is
{j,c}. The lower coordinates a, ga form a chain, so the lower-chain ordering lemma gives j | ¢. The
common dyadic valuation makes ¢/j odd, and therefore at least three. The lower coefficient word
has period qa, because ¢ is odd. Consequently ¢ — j > 2j > qa, and the period criterion gives an
outer block with a quotient having at most three coordinates. Thus P is standard. If a is odd, this
settles every even length, while odd length is already classified.

It remains to consider a highest layer containing a, ga. Primitivity excludes a four-member
highest layer, since a is now even. Suppose it has three members a, qa, d, and write T = 2%2(2) Put
u=a/T,v=qa/T, w=4d/T, and

g = ged(u, w), h = ged(v, w).

Here u | v, and the triple ged is g. If g < u, the subset-ged identity at Tg < a forces h = g:
otherwise its nonzero exponent is —2 + 4 = 2, whereas the actual trace is zero before the first active
coordinate. At a, the two ged terms at g then cancel the triple term, leaving highest-layer exponent
1 — 2 = —1. The required trace is —2a, but the actual first trace is 2a, a contradiction. Thus u | w,
orald.

Set H = ged(ga, d). The highest-layer trace at qa is

2a + 2qa — 4H.

The actual prefix has only coordinates a, ga, whose chain boundary is R,/Ryq. Its trace at ga
is 2a — 2qa. Equality forces H = qa, so ga | d. The three highest coordinates are therefore a
chain. Their lcm is d, a proper divisor of the length, and their cardinality is odd. Highest-layer
outer extraction again leaves at most three coordinates. Thus the only possible highest layer of a
nonstandard word is {a, ga}, as asserted. O
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17 Even ratios between the first two coordinates

17.2 Closing the odd initial ratio

Lemma 17.7 (The second lower reversal is nearby). Suppose a primitive cyclotomic Littlewood
polynomial has active support {a,qa,j,c}, with a > 1, ¢ > 3 odd, and qa < j < c. Suppose its
highest coordinates are exactly a,qa. Then

c<j+2a.

Proof. Put d = qa and

Yo = (D) Gy = S e, G = 3 e

n>0 n>0

For a series F'(0) = 1, put ox(F) = —k[2*]log((1 — 2)F(x)). The highest-layer formula requires
Sk = or(G) at every positive multiple of a below N. The common required value is

2014k, k/a odd — 2d1qk, k/d odd-

Here the boundary of G is R,/Rg, where Ry, = (1 — z)/(1 + z").
The lower coordinate j is not divisible by a. Set kg = a[j/a]. Choose k = kg if d t ko, and
k = ko 4+ a otherwise. Then
J<k<j+2a<2j.

Suppose ¢ > k. Below degree 2j, the reversal at j occurs only once, and no reversal at ¢ has
occurred through degree k. Consequently, through that degree,

Gl

P=G-2GV, S —op(G) = 2k[z" ] -

Since q > 3,
é = (1 —2)(1 4 22 + O(x)).

Writing Av, = v — Yn—1, the required coefficient is A~ in the first case, and Avy, + 2A7v;_ in
the second. In the second case the latter difference vanishes, since k — a = kg is a multiple of d
and both highest reversals cancel there. In either case the remaining difference has absolute value
two. Thus the trace discrepancy has absolute value 4k, a contradiction. The tested index is interior
because k < ¢ < N under the assumed inequality. Therefore ¢ < k < j + 2a. O

Lemma 17.8 (Coprimality for an odd initial ratio). Under the hypotheses of Lemma 17.7, one has
ged(a, j) = 1.

Proof. Suppose a = gu,j = gv, where g > 1 and ged(u,v) = 1. Primitivity gives ged(g,c) = 1.
Since j has smaller dyadic valuation than a, u is even and v is odd. In particular v > 2 and v > qu.

For 1 < s < ¢, the off-support logarithmic coefficient at j + sa is nonzero. Indeed the reciprocal
boundary of the initial chain is

1 R e A
(1-2)G(z) 1—az%1+ x99’

whose coefficient at sa is two for 1 < s < ¢. A contribution from the fourth coordinate would
require ¢ = j (mod a), impossible because ged(g,c) = 1. All tested indices lie below 27, so at most
one off-support boundary term occurs in each logarithmic monomial. Thus these coefficients equal
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17 Even ratios between the first two coordinates

2b; # 0. Trace reduction then forces j + sa | N: a proper ged index is below j and outside aZ,
where its trace vanishes. It follows that

L =lemi<s<q(v + su) | lem(q, v, ¢), ged(L,u) = 1.

Here N/g = lem(qu, v, c) and the coprimality with u removes its factor from the divisor assertion.

The first coordinate outside gZ is ¢, so the additive obstruction gives a +¢ | N. Put h =
ged(a,c) = ged(u,c) and z = (a + ¢)/h. Comparison of prime valuations gives z | ¢j; since
ged(z,g) = 1, one has z | gu. Hence

c¢/h=z—a/h < qu.
Since h | u and ged(L,w) = 1, the relation L | guc therefore gives
L | qu(c/h), L < ¢*v*.
For ¢ > 5, Lemma 17.1 with ¢ — 1 > 4 terms gives
L> (q—1)%uw?>2(q - 1)%0* > ¢%?,

a contradiction.
If ¢ = 3, the two terms v + u, v 4+ 2u are coprime to one another and, because v is odd, both are
coprime to v. Thus their product L divides lem(3, ¢), and consequently L | 3(¢/h) and L < 9v. But

L=w+u)(v+2u) > (v+2)(v+4) >,
since v2 — 3v 4+ 8 > 0. This is again a contradiction. O

Lemma 17.9 (Exclusion of the odd-ratio highest pair). There is no primitive cyclotomic Littlewood
polynomial with active support {a,qa, j,c}, where a > 1, ¢ > 3 is odd, ga < j < ¢, and the highest
coordinates are exactly a, qa.

Proof. The preceding lemmas give ged(a,j) = 1 and ¢ < j + 2a. The highest coordinate a is even,
so j is odd. Let m; = j 4+ a and mg = j + 2a. Both are coprime to a and j, and they are coprime
to one another.

Unless ¢ = j+a, the reciprocal-boundary argument in the preceding proof gives both mq, mg | N.
Indeed its first two coefficients are two because ¢ > 3, and the only possible intervening resonance
would be ¢ = j + a; the alternative ¢ = j + 2a is excluded by nearness. Thus

mymsa | lem(q, c), mimz < gc < gma,

which would imply m; < g, contrary to j > qa.

It remains to consider ¢ = j + a. If b. = b;, the same nonzero trace at my supplies the same
contradiction. Thus suppose b, = —b;. The high-chain signs at j and j + a show that this equality
holds only when an endpoint of a ga-block is crossed: writing m = |j/a], one has m = ¢ — 1
(mod g). Since j > qa, it follows that j > (2¢ — 1)a. The reciprocal boundary has coefficients zero
at ga and minus two at (¢ + 1)a. Its convolution with the two off-support terms bjxj — bjxj+“
therefore has nonzero coefficients at

n=j+qa, p=j+(¢+1)a.

Both indices are below 27, so trace reduction gives n,p | N.
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18 Two highest coordinates at low dyadic height

Since ged(a,j) = 1, n is coprime to a. The relation n | lem(q,j,¢) can be sharpened to
n | lem(g, ¢): at any prime, if the valuation in j exceeds that in ¢, the valuation in n = j + ga equals
that in ¢; otherwise j contributes no valuation beyond g. Moreover ged(n,c) | ¢ — 1, so n | g(g — 1).
Similarly p = ¢+ ga | lem(q, j) and ged(p,j) | ¢+ 1, giving p | g(g + 1). Put
_alg—1) q(g +1)

R=—— S ="
n n-—+a

These are positive integers, and subtraction gives
2¢= (S - R)n+ Sa.

But n > 2qa > 4q, while Sa < (¢+1)/2 < 2¢q. If S— R > 1, the right side exceeds 2¢; if S— R < —1,
it is negative. Thus S = R, giving Sa = 2q and n = a(q — 1)/2, again contradicting n > 2ga. This
excludes the final case. O

Theorem 17.10 (Comparable first coordinates). Every cyclotomic Littlewood polynomial with at
most four active coordinates other than 1 is standard if its first two normalized active coordinates
are comparable by divisibility.

Proof. Write the first two coordinates as a, qa, with ¢ > 2. An even ratio is covered by Theorem 17.5.
For odd ¢, Proposition 17.6 reduces any counterexample to the primitive highest-pair configuration
excluded by Lemma 17.9. ]

Consequently, the first two coordinates of any least-length four-coordinate counterexample must
be incomparable. This conclusion does not classify all such incomparable supports.

18 Two highest coordinates at low dyadic height

A different exclusion applies to a lower divisor chain. The separation bound in Theorem 15.2 can
be removed at lengths 2M and 4M, with M odd, when the lower layer is a chain. The additional
input is local: the first reversal across an incompatible scale creates a trace which the highest layer
cannot supply.

Lemma 18.1 (Ordering the lower chain). Let P be a normalized primitive cyclotomic Littlewood
polynomial of length N = 2'M , with M odd and t > 1. Suppose its active coordinates are {a,b, e, c},
where a | b are the lower coordinates and e < ¢ are the highest coordinates. Here primitive means
that the active coordinates have gcd one and lem N. Then a < e.

Proof. Lemma 14.2 gives e | ¢. Thus c¢/e is odd and at least three. Moreover ged(a,e) =
ged(a,b,e,c) =1, so a is odd and a # e. Write T' = 2! and set

Yo = (DA Gy = Y et Gl (@) = Y aena™

n>0 n>0
The chain-boundary identity gives
Re(ZL') 1— 4
1—2)G(x) = R = .

The highest-layer trace formula therefore requires

Sk = ok(G) = 2eLeji k/e odd — 2€Lefk, k/c odds

18.1
T|k, 0<k<N. (18.1)
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18 Two highest coordinates at low dyadic height

where o1,(F) = —k[z*]log((1 — z)F(x)) for a series F(0) = 1.
Suppose a > e. Since b > 2a, only the first lower reversal has entered before degree 2a.
Consequently

Glal
e

Put ng = e[a/e]. Coprimality gives a < ng < a +e. If ¢ { ng, choose k = ng; otherwise choose
k =ng+ e. In both cases T' | k and k < 2a. For the second choice, ng is a positive multiple of ¢, so
a>c—e>2e, whence k < a+ 2e < 2a.

To evaluate the ratio, note that ¢ > 3e gives

1
G(x)

P=G-2:°G + 022, S —on(G) = 2k[zF ] (a < k < 2a).

= (1 —2)(1 + 22° 4+ O(z%)).

Write Ay, = v — Yn—1. For the first choice, 0 < k — a < e, so the required coefficient is Ay, of
absolute value two. For the second, e < k — a < 2¢, and it is

A")/k + 2A7kfe-

The second term vanishes because k — e = ng is a multiple of ¢: the reversals at e and ¢ cancel
there. The first term again has absolute value two. Thus |S; — ok (G)| = 4k, contradicting (18.1).
All tested indices are interior because k < 2a < b < N. Hence a < e. O

Theorem 18.2 (A lower chain at twice odd length). Let P be cyclotomic Littlewood of length 2M ,
with M odd, and with at most four active coordinates other than 1. If its highest layer has two
members and its remaining coordinates form a divisibility chain, then P is standard.

Proof. Normalize ag = a1 = 1. The theorem for at most three coordinates leaves exactly four.
Suppose a counterexample exists and choose one of least length within the stated class. The
common-divisor and common-multiple factorizations preserve the two-member highest layer and
the lower chain unless a coordinate disappears; in that event the quotient has at most three active
coordinates and is standard. A coordinate becoming 1 can likewise be removed by z — —z. Thus
minimality gives a primitive support

A(P) ={a,b,e,c}, alb, elc, a<b e<e, ged(a,e)=1.

Here a, b are odd and e, ¢ have dyadic valuation one. The preceding lemma gives a < e.
The lower-chain sequence has period b, since b/a is odd. If ¢ — e > b — ged(e, b), Theorem 15.2
already gives standardness. Otherwise

b>c—e+ged(e,b) > 2e.
Write e = 2u and e = ga + r, with 0 < r < a. Put
k=2alu/al.

Coprimality and a < 2u give e < k < 2e and et k. Indeed, if a < u, then aju/a] < u+ a < 2u; if
u < a < 2u, the ceiling is one. Also [u/a] < u, so u | k/2 would contradict ged(a,u) = 1.
Both b and ¢ exceed 2¢, so below that degree only the coordinates a, e affect the word. Define

- Go()
14’

fulz) = S0 (~pllermralyn,

n>0

/()
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18 Two highest coordinates at low dyadic height

The shifted square wave gives the exact identity

fole) _ L= 2" b at
f(x) 1—z0
The reversal at e therefore gives
J

log((1 —x)P) =log R, — 2m676 + O(x*).

For d =k — e, one has d > 0, atd, and d = —r (mod a). Hence [z9](f./f) = —2(—1)9. Since k/a
is even, the trace of R, at k vanishes, leaving

Sp = —4k(—1)7 £ 0.
But (18.1) gives zero: e { k and k < c¢. This contradiction proves the theorem. O

The same local trace argument reaches the second dyadic level. The only additional point is
that the second lower coordinate may enter before the tested trace. Its contribution can be retained
explicitly, and has the wrong dyadic valuation to affect that trace.

Lemma 18.3 (A lower-chain trace below the second highest reversal). Let P be a primitive
cyclotomic Littlewood polynomial with active coordinates {a,b,e,c}, where a | b are the lower
coordinates and e < ¢ are highest. Write T = 2°2(N) and e = Tu. If the separation criterion does

not apply, then
2e

a<e, b>e, LLJ:O (mod 2), az?.
Proof. Lemma 18.1 gives a < e; Lemma 14.2 gives e | ¢, with ¢/e > 3 odd. Primitivity gives
ged(a,e) = 1, so a is odd. The lower-chain sequence has period at most 2b. If b < e, the inequality
¢ — e > 2e > 2b would imply the separation criterion. Thus b > e.
Set f(z) = Go(z)/(1 + 2%) and f.(z) = ,s0(—1)Et/algn Writing e = ga + r, with
0<r<a, gives -

k= -

Since b > e and ¢ > 3e, comparison at the first highest coordinate gives S, = 2e(—1)?. The
highest-layer identity requires S, = 2e, so g is even.

Suppose a < 2u. Define k = Ta[u/a]. Coprimality gives e < k < 2e and e 1 k. The same ceiling
inequalities used in the twice-odd proof apply, with 2 replaced by T in the definition of k. Indeed
alu/a] < 2u, and the ceiling is smaller than w, while ged(a,u) = 1. The lower coordinate b may lie
below k, so it must be retained explicitly. Put s = b/a and fy(z) = 3,50(—1)LE+™/al 7 One has
fo=(=1)°f. Up to degree 2e — 1, the reversal at e occurs once, and, if b < 2e, its reversal occurs
once after it. Thus

P Je

7 =1-22% +2(=1)°2" + 0(™),

where the displayed b-term may be omitted when b > 2e. Every product of two correction terms
has degree at least 2e. Taking the logarithm therefore gives

log((1 —x)P) =log R, — 2:36{:5 +2(=1)*zb 4+ O(z%).

q1—2x“*’”+xa
1 —x@
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18 Two highest coordinates at low dyadic height

At the chosen index k, the b-term vanishes because va(b) < va(k). The trace of R, vanishes because
k/a =T[u/a] is even. As k — e is positive, not divisible by a, and congruent to —r modulo a,

Sy = —4k(—1)7 = —4k #£ 0.

The highest-layer trace at k is zero, since e { k and k < ¢. This contradiction proves a > 2u = 2¢/T.
All indices are interior because k < 2e < ¢ < N. O

Theorem 18.4 (A lower chain through the second dyadic level). Let P be cyclotomic Littlewood
with at most four active coordinates other than 1. Suppose its length has dyadic valuation at most
two. If its highest layer has two members and the remaining coordinates form a divisibility chain,
then P is standard.

Proof. Odd length and at most three active coordinates are already classified. Assume otherwise
and use the common-divisor and common-multiple factorizations to choose a primitive least-length
counterexample. These reductions preserve the lower-chain configuration unless a coordinate
disappears or becomes 1, in which case at most three coordinates remain after normalization. They
do not increase the dyadic valuation of the length.

Write the primitive support as {a, b, e, ¢} in the preceding lemma’s notation. If the separation
criterion applies, the standard factorization is already known. Otherwise that lemma gives a < e

and an even positive integer |e/a|. Hence e/a > 2 and a < e/2. But T is either two or four, so
a < £< 2e
2 T’
contradicting the same lemma. This proves the theorem. O

Proposition 18.5 (Additive divisors in the lower-chain sector). In the primitive lower-chain
configuration of Lemma 18.3, suppose the separation criterion fails. Write e = Tu, b = as, and
¢ = ev. For every integer j with 1 < j < |e/a],

e+ja| N.
If T'> 4, then s > T, and therefore b > Ta.

Proof. The preceding lemma gives b > e, a < ¢/2, and even q = |e/a|. Its expansion modulo z%¢

applies even if b lies in that interval. At n = e + ja < 2e, the b-term vanishes since a t n, and the

shifted-ratio coefficient is 2(—1)? = 2. Hence S, = 4n # 0. If n{ N, trace reduction either gives

zero or identifies this trace with Sy, where d = ged(IN,n) < n/2 < e. But a { d, since a  n. Before e,

only the coordinate a has entered, so Sy = 0. This contradiction proves every displayed divisibility.
In particular e + a and e + 2a divide N. They are coprime, and, since T > 4, the integer

_ (e+a)e+20)
0=

is coprime to ae. Consequently @ | lem(s,v) and @ < sv. Failure of separation also gives
e(v—1) <2b=2as. If s <T, then

2 P
Qgsv<s<(w+1>§T((V+Q.
e u

This is impossible. If v > 3, the term 3ae/2 in @Q alone exceeds 2aT /u, while €2/2 > T. If u = 1,
use a < T'/2 to obtain

T? —aT T2
Q—(zaT+T)=Ta+a2—T>Z—T20.

Thus s > T. O
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19 A three-member highest layer with one small odd coordinate

A primitive four-coordinate counterexample at dyadic valuation one or two must therefore have
either two incomparable lower coordinates or three highest coordinates and one lower coordinate.
At greater dyadic height, the lower-chain case is confined to

e e e

—<a< =, b>Ta, —1 =0 (mod 2),

T — 2 LZJ ( )

with the separation criterion still failing. The unrestricted four-coordinate classification remains
open.

19 A three-member highest layer with one small odd coordinate

The first few highest-layer traces can exclude a whole non-chain configuration, rather than only
impose a divisibility condition.

Theorem 19.1 (The odd coordinate 3 and a dyadic highest coordinate). There is no normalized
cyclotomic Littlewood polynomial whose active coordinates are exactly

{3,T,Tv, Tw}, T=2>2, 1<v<w, v, w odd.
The length and the odd integers v,w are unrestricted.

Proof. Proposition 5.5 reduces the common multiple to length N = T'lem(3, v, w). If this extraction
removes an endpoint coordinate, at most three coordinates remain. The three-coordinate theorem
and the canonical chain criterion then contradict the incomparable coordinates 3,7 in the original
support. We may therefore suppose that all four coordinates remain and N = T lem(3, v, w). The
highest dyadic layer has odd parts 1, v, w.

We first calculate the requisite traces from the coefficient word. Put

1+ + 22

Bla) =3 ()t = =

n>0

Let B,(z) be the generating series of the shifted sequence (—1)L"+")/3] and write Q, = B, /B.
Only r modulo six matters. In particular,

1—x—a? 2(1 —2)
:1 = —-————— = —_—
QO 5 QQ 1+.’E+£L'2 + 1—.%‘3’
—1—x+ 22 2(1 — z2
l+z+zx 1—=x

Before the next highest coordinate enters, multiplying the coefficient sequence by (—1)L”/ T] reverses
it at 1,27, 3T. Thus its generating series Py satisfies

Po(x)

B@) 1= 22" Qr(@) + 20%" Qor(z) — 20% Qar () + O™ ),

Here Py denotes the infinite word with coordinates 3,7'; the displayed coefficient calculation does
not assume it cyclotomic. Since the boundary of B is R3(x), all its traces at positive even indices
vanish.

If ¢ is odd, then T'=2 (mod 6). At degree 2T, the logarithm of the last display gives

[22T]1og(Py/B) = —2[27]Q2 + 2Q4(0) — 2Q2(0)* = —4.
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20 Three highest coordinates

Indeed T =2 (mod 3) gives [#7]Q = 0. Hence Sor = 8T. The other two highest coordinates are
at least 3T, so they do not change this trace. The cyclotomic zero-trace identity instead requires
Sor = 0, a contradiction.

Now let t be even, so T = 4 (mod 6) and T > 4. At degree T the same calculation gives
St = —2T. Write h = ged(v, w). Theorem 15.4 simplifies the highest-layer product identity to

Ri(y) Ry (y) R (y)
Rp(y)? ’

where H is the terminal norm. Its trace at one, multiplied by T, is —27 if h =1 and 27T if b > 1.
Therefore h = 1.
It remains to compare the trace at 37. The logarithmic expansion is

(1—y)H(y) = 1+y") M = N/T,

(%] log(Po/B) = — 2[2*"]Qa4 + 2[2"]Q2 — 2[z7]Q}

8
= 2Q0(0) +4Q4(0)Q2(0) — 5Q4(0)".
The rational forms above give

AT -1)

T PR S

The last identity follows by squaring Q4 = 1 — 2(1 — 2?)/(1 — 2®) and using T =1 (mod 3). Since
Q4(0) = =1, Q2(0) = Qo(0) = 1, the logarithmic coefficient is — (8T + 26)/3. Consequently

Ssr(Py) = T(8T + 26).

If v > 3, neither remaining coordinate has entered by 37', and this is the trace of P. The highest-
layer identity with h = 1 instead requires Ssy = —2T. If v = 3, the coordinate 3T reverses its
coefficient from —1 to 1; no earlier coefficient changes. It therefore decreases S3r by 67, giving
Ssp = T(8T + 20). The highest-layer identity instead requires S = 47. Both comparisons are
impossible. All tested indices are interior, because M > w > 5. This completes the proof. O

Remark 19.2 (Scope). This is a classification of an infinite three-highest-coordinate sector. It does
not classify a general odd coordinate, nor a smallest highest coordinate Tu with odd u > 1. In
those cases another highest coordinate can enter before 27'u, and its boundary reversal can alter
the trace used here.

20 Three highest coordinates

Lemma 20.1 (Rotation of an odd conductor). For odd positive integers o,d, put D = lem(o, d).
FEvery primitive 2dth root is an oth-root rotation of a primitive 2Dth root.

Proof. After removing a minus sign, start with a primitive dth root n and seek an oth root £ such
that n¢ has order D. At each prime, write b = v,(d) and ¢ = vp,(0). If b > ¢, a component of order
at most p¢ cannot cancel the primitive p? component of . If b = ¢, choose the component of £ to
be one. If b < ¢, choose that component to have exact order p¢. These choices combine into an
oth root by the Chinese remainder theorem. Restoring the minus sign gives the assertion, since all
these orders are odd. O
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20 Three highest coordinates

Lemma 20.2 (The period of a square-wave quotient). Let q be odd, let ged(a,q) = 1, and put

Ay = (_1)(J+a£) mod q7

where residues are taken in {0,...,q — 1}. For an integer p, the sequence Apyp/Aq is constant if
q | p, and otherwise has least positive period q.

Proof. Put b = ap mod ¢q. If b = 0, the quotient is one. Otherwise, with z = (J + af) mod ¢, it

equals
(~1) (- 1)z,

This is the sign of a nonempty proper cyclic interval, up to a constant sign and an invertible
reindexing. A nonempty proper cyclic interval has exactly two transitions on the cycle. If its period
were a proper divisor s of the odd integer ¢, these transitions would consist of /s > 3 identical
copies, which is impossible. Every period can be reduced to its ged with ¢, so its least period is gq.
An invertible affine reindexing preserves this property. O

Theorem 20.3 (Classification of a three-member highest layer). Every cyclotomic Littlewood
polynomial with at most four active divisor coordinates other than 1, of which exactly three are
highest, is standard.

Proof. Suppose otherwise and choose a least-length counterexample in this class. Theorem 15.3
and Proposition 5.5 give primitive support. Thus

N=TM, T=2>2, A(P) = {o,Tu,Tv, Tw},

where 0 > 1 is odd, u, v, w are distinct odd proper divisors of M, and ged(o, u,v,w) = 1. Indeed
an even remaining coordinate would give a common factor two; a coordinate becoming 1 may be
toggled away, leaving at most three coordinates. Corollary 13.4 also gives

M =lem(u, v, w), o| M.

To justify this last reduction, its smaller initial quotient either loses a coordinate, and is classified,
or retains the same three highest coordinates and the odd coordinate. If the odd coordinate lies
inside that quotient, its change at the odd index o and gcd invariance force o to divide the quotient
length. Thus the reduction preserves this class whenever four coordinates remain.

Define the odd-length sign word

M-1
B = ()W By = ST ek, o) = (1),
k=0

The residue polynomials of P modulo T are

M-1 T—1
P(z) =Y Bro(Tk+1)z",  Px)=> a"P(a").
k=0 r=0

For the selected highest multiplicities put

K(2)= H Doy(2), sqa = (#{h € {u,v,w} : dth}) mod 2.
d|];/2,:d1>1
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20 Three highest coordinates

Theorem 13.3 and ®94(zT) = ®ory(z) give K (zT) | P(z), hence K | P, for every r. In particular,

Pi(z) — Py(z) = €2Cj(2), Cji(z) = Z Bpz*, j=-T"' (modo), ee{-1,1}.

0<k<M
k=j (mod o)

The square wave changes exactly when o | Tk + 1. Its change has constant sign on this residue class,
since T is even. Therefore K | C;. If a is a root of K and £° = 1, then C;(a) = &/Cj(a) = 0.

If s, = 1, a primitive 2oth root and an oth-root rotation would force C;j(—1) = 0. But this value
is a sum of the odd number M /o of signs. Thus s, = 0. Exactly one of u, v, w is divisible by o: an
odd number must be divisible, and all three would contradict primitivity. Rename this member .

For any d | M with d t u, put D = lem(o,d). None of u,v,w is divisible by D, so sp = 1.
Lemma 20.1 and the rotation property of C; imply ®94 | C;. Hence

F(z) = [T ®2a(2) = Gaggul ") | C5(2). (20.1)
i

Since o | u, this divisor is a polynomial in 2°. The quotient in (20.1) is supported on the residue j
modulo o and has degree u — o+ j < u. The nonoverlapping shifts by u therefore force the sampled
sequence f3j1, to reverse sign after u/o steps. The assertion extends to all integer ¢, because
Br+m = — Bk and M /u is odd. Removing the coordinate u, we find that

Yo = (—1) L(G+o0b) /v]+[(j+0l)/w]

has period p = u/o.
Set
r =ged(o,v), s=ged(o,w), q=v/r, ¢ =w/s.

For the first factor, put J = |j/r| and a = o/r. Then ged(a,q) =1, and

(_1)|_(j+0€)/vj _ (_1)|_(J+a€)/qj _ (_1)J(_1)£(_1>(J+a€) mod q

The analogous identity for w shows that v is a constant sign times a product A;A4) of the two
sequences in Lemma 20.2. Since this product has period p, their quotients under shift p agree.
If these quotients are constant, then ¢,q¢' | p. It follows that v = rq | op = v and w = sq¢’ | u,
contradicting M = lem(u, v, w) > u.

Otherwise both quotient sequences are nonconstant. Their least periods are ¢ and ¢/, so the
equality of the quotients forces ¢ = ¢’ = h. Thus v = rh and w = sh. Primitivity, together with
o | u, gives

ged(r,s) =1, ged(h,0) = 1.

Put g = ged(u, h). If h | u, both v, w divide u and the same contradiction follows. Hence g < h.
Since o | u and ged(h,0) = 1, also g < u. The three pairwise gcds of the highest odd parts are
exactly

ged(u,v) = rg, ged(u, w) = sg, ged(v,w) = h,

and their common ged is g < min(u,v,w). As r # s, at most one of these pairwise gcds equals
g. But Corollary 15.5 requires exactly two pairwise geds to equal the common ged. This final
contradiction completes the classification. ]
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21 Completion at twice odd length

21 Completion at twice odd length

21.1 When the smallest coordinate is highest

Theorem 21.1 (A smallest highest coordinate at twice odd length). Let P be cyclotomic Littlewood
of length 2M , with M odd, and with at most four active coordinates other than 1. If its highest
layer has two members and contains its smallest normalized active coordinate, then P is standard.

Proof. Choose a least-length counterexample within the stated class. Common-divisor and common-
multiple extraction preserve the ordering and the two-member highest layer unless a coordinate
disappears or becomes 1; either event leaves at most three coordinates after normalization. Thus
the support is primitive. Write its highest coordinates as a < d, and the remaining coordinates as
b < c. Here a is even, b, c are odd, and a < b. If h = ged(a,d) < a, the highest-pair trace at h is
4h, whereas the actual trace before the first coordinate is zero. Consequently a | d; write d = qa
with ¢ > 3 odd.
Define the high-chain series

Rq(z)
= (=D)/al+/d ) = Wz, B(z)=(1-12)G(z) = ==
= (1) 0=35 (@) = (1= 2)G(a) = 2
Since a, d are even, B is even. For a formal series F'(0) = 1, write oy (F) = —k[2z*]log((1 — ) F(z)).

The highest-layer identity requires S; = 0% (G) at every positive even interior index.

Put ko = a[b/a]. If d 1 ko, set k = ko; otherwise set k = ko+a. Then b < k < 2b: for the second
case, b > ko —a > (¢ —1)a > 2a,s0 k < b+ 2a < 2b. If ¢ > k, the calculation of Lemma 17.7, with
j =0, gives a trace discrepancy of absolute value 4k. Its proof uses only b < k < 2b and remains
valid whether b < d or b > d. Therefore ¢ < k; equality is impossible because ¢ is odd and k is even.
In particular

b<c<k<b+2a, c < 2b.

The high-chain signs are constant from b through c: the first noncancelled high boundary after b is
exactly k. Write that common sign as o € {—1,1}.
Let D = (1 —x)P = D¢+ D, be its even and odd parts. Up to degree b+ ¢ < 3b, its odd part is

Dy = =202 + 202° + O(z).

The even difference £ = D, — B begins at degree 2b. Through degree b+ ¢, its support consists only
of 2b and multiples of a: the second reversal at b is the only even lower reversal before b + ¢ < 2¢,
and every high boundary is an a-multiple. All series identities here are understood below the length,
whenever a tested index is interior.

Set n = b+ c¢. This is an interior index, since b, ¢ are distinct proper divisors of N and hence
b+ ¢ < N. The even part of the logarithm, through degree n < 3b, gives

2
["](log D — log B) = [z"] <§ - 2%3) :

If neither a | n nor a | (¢ —b), the first term is zero, because B! is supported on aZ. In the second
term the 22° contribution also vanishes for the same reason, while the cross term contributes 4.
This contradicts equality of the even traces. Therefore

alb+c or c=b+a,
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21 Completion at twice odd length

where the second alternative uses 0 < ¢ — b < 2a. Either alternative and primitivity imply
ged(a, b) = 1.

Suppose first that ¢ # b+ a. Put m1 = b+ a and ms = b+ 2a. Both are odd and less than 3b.
The odd part of log D at these indices is D,/D., because cubic odd terms begin at 3b. Since E
begins at 2b > 2a, the required reciprocal coefficients equal those of B~!, namely two at a and 2a.
No c-term contributes: ¢ < b+ 2a and ¢ # b 4 a. Thus both traces are nonzero. They are interior
since the additive obstruction gives N > 3b. Trace reduction forces mj,mo | N: a proper ged of
either odd index is at most one third of it, thus below b, and odd, where the trace is zero. The two
divisors are coprime to each other and to ab, so

mims | lem(q, ¢), mims < gc < gme.

Consequently ¢ > b+ a. In particular d = ga > b+ c. There is no cancelled high boundary before c,
so b, ¢ lie in one open a-cell. We already know a | b + ¢; hence n = b + ¢ is the unique odd multiple
of a between 2b and 2¢. Since n < d, its baseline boundary coefficient is —2. The lower signs reverse
it to 2, so E, = 4. There are no earlier a-multiples in [2b,n), and a { (¢ — b), so

[z"](log D —log B) =4 +4 =8,

again contradicting equality of even traces.
It remains that ¢ = b+ a. Nearness now forces kg to be a cancelled boundary, hence a positive
multiple of d. Thus b > (¢ — 1)a. Set

u=>b+qa, v=>b+ (q¢+ 1)a.

These odd indices are less than 3b. The reciprocal B~! has coefficients two at (¢ — 1)a, zero at qa,
and minus two at (¢ + 1)a. The two odd boundary terms have opposite signs. The odd logarithmic
coeflicients at u, v are consequently both 4o, and their traces are nonzero. Their indices are interior
because N > 3b, and their proper ged indices would be odd and below b. Thus u,v | N.

For completeness, the resulting arithmetic is impossible. Since ged(a,b) = 1, prime valuations
in u = b+ ga | lem(qa, b, ¢) remove both a and b, giving u | lem(q, ¢). As ged(u,c) | ¢ — 1, one has
u | g(g—1). Similarly v = ¢+ ga divides lem(q, b), and ged(v,b) | ¢+ 1, so v | g(¢+1). The positive
integers

A== o _datl)
U U+ a
satisfy 2g = (C' — A)u+ Ca. But u > qga>2qand u+a=b+ (¢+1)a> (¢+ 1)a,so Ca < q. A
positive, zero, or negative value of C' — A makes the right side respectively greater than 2¢, less

than ¢, or negative. Every possibility is contradictory. This completes the proof. ]

21.2 Comparability of the highest pair

Proposition 21.2 (Highest-pair comparability at twice odd length). Let P be cyclotomic Littlewood
of length 2M , with M odd, and at most four active coordinates other than 1. If its highest layer
has exactly two members e < ¢, then e | c.

Proof. If the remaining lower coordinates form a chain, the assertion is Lemma 14.2. Otherwise
there are exactly two lower coordinates a < b, both odd, with a t b. Normalize away coordinate 1
and suppose h = ged(e, ¢) < e. All of h, e, c have dyadic valuation one, so

e > 3h.
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21 Completion at twice odd length

The highest-layer trace formula has first nonzero even trace 4h at h and zero even traces at every
index strictly between h and 3h.

Before the first highest coordinate e, the coefficient word is that of the two odd coordinates
a,b. Write b = qa + r, where ¢ > 1 and 0 < r < a. Let f(z) = Gqo(x)/(1 + 2%) and fp(z) =
S so( =1Lt /algn  The shifted square-wave identity gives

B _
f

Consequently, below degree 2b, the boundary logarithm of the word with coordinates a, b equals

q1—2x“*”—|—xa
1—x°

(=1)

1—22%7" 4 2°
b
log Ra — 2(—1)q$ W

Since a is odd, log R, has no even coefficients. The first two nonzero even traces in this expansion

are
Sk, = 4k1, Sy = —4ka,

where
((g+1)a, b+a), qodd,

(b+a, (¢g+2)a), q even.

(K1, ko) = {

In both cases k1 < kg < 2k; and kg < 2b. These assertions follow directly by expanding (1 — z%)~!:
the two displayed progressions have opposite signs, and their first even members interlace in the
stated order.

If e < kq, then h < e < kq and the actual trace at h is zero, a contradiction. Thus e > k.
Comparison of the first nonzero even actual and required traces below e forces h = k1. But then

ko < 2h < 3h < e,

so its actual trace is —4kso, while the highest-layer formula requires zero. This contradiction proves
elec. O

21.3 The complete twice-odd classification

Theorem 21.3 (Four active coordinates at twice odd length). Ewvery cyclotomic Littlewood
polynomial of length 2M , with M odd, and at most four active divisor coordinates other than 1 is
standard.

Proof. Choose a least-length counterexample within the stated class. The three-coordinate theorem
and common block extractions reduce it to primitive support with exactly four coordinates. An
odd-length quotient, or an extraction leaving at most three coordinates after normalization, is
already classified. Proposition 16.1 leaves two or three highest coordinates. Theorem 20.3 excludes
the three-member layer. Write the two highest coordinates as e < ¢, and the two lower coordinates
as a < b. The lower coordinates are odd and the highest coordinates have dyadic valuation one.
Proposition 21.2 gives e | ¢, so ¢ > 3e. Theorem 21.1 excludes e < a. Hence a < e.

Suppose first that a < b < e. The first two coordinates cannot be comparable, by Theorem 17.10,
so write b = ga + r with 0 < r < a. Put n = a + b. The additive trace identity gives

Sp = —n(2bb + bn), by = —2(—1)q.
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21 Completion at twice odd length

Here n < 2b < 2e < ¢, and n is divisible by neither a nor b. If n # e, no active coordinate divides
n, so b, = 0. The actual trace is then 4n(—1)9, while the comparable-highest formula gives zero:
n < 2e and n # e. If n = e, its boundary comes only from the high reversal. The lower signs
immediately after that index, without the high reversal, have sign

(—1)l/al+ln/bl — (1yat2 = (—1)9.

Consequently b, = by, so S, = 6n(—1)9, whereas the highest formula requires 2n. Both alternatives
are impossible. The tested index is interior because a, b are distinct proper divisors of N and hence
a+b<N.

It remains that a < e < b. The first two coordinates are incomparable, so write

e=qa+r, 0<r<a.

At e, only the lower coordinate a has already entered. Its boundary R, has no even traces, so the

new reversal gives S, = 2e(—1)?. The highest formula requires Se = 2e. Thus ¢ is even and at least

two; in particular e > 2a. The lower coordinates cannot form a chain, by Theorem 18.2; so a 1 b.
Put k = (¢ + 2)a. Then k is even and

e<k<e+2a<2e<ec.

Define .
flx) = ﬂ fo(@) = Z(_l)\_(s+n)/aj$n.

Y
1+ x@ 250
For s = ta + u with 0 < u < a, the shifted-series identity is

fs
7

If b > k, then through degree k < 2e,

1 —=2207% 4 2@
1—x@

~(-1)

fe
5

The coefficient at k is 4, so its even trace is nonzero, contrary to the highest formula because
e < k < 2e. Thus b < k, since b is odd and k is even.
Both first reversals now occur before 2e, while their second reversals and the coordinate ¢ do
not. Therefore
Je

log((1 —x)P) =log R, — 21‘67 + me? + O(z2°).

If (g+1)a<b<(q+2)a, then |b/a| =g+ 1is odd. At k the two displayed correction terms each
contribute 4, again contradicting the zero required trace. The equality b = (¢ + 1)a is excluded by
a tb. Consequently

log((1 — x)P) = log R, — 2z°¢

ga<e<b<(qg+1)a.

Finally set n = b+ a. This is even and lies strictly between e and 2e. In the same logarithmic
expansion, the b-term contributes 4 at n. The e-term contributes zero:

n—e=a+ (b—e), O<b—e<a-—r,

so this degree is neither an a-multiple nor congruent to —r modulo a, the only two possible
supports of f./f. The baseline log R, has no even coefficients. Hence S,, = —4n # 0, whereas the
highest-layer trace is zero for e < n < 2e < ¢. This final contradiction proves the theorem. O
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22  Two lower coordinates after a highest coordinate

22 Two lower coordinates after a highest coordinate

The next argument uses a parity identity for representations by two odd integers. It supplies
coprimality at every dyadic height. A short run of forced additive divisors then gives enough
separation for period extraction. With one odd and one even lower coordinate, the same separation
follows under the stated coprimality hypothesis.

Lemma 22.1 (Incompatible adjacent translated divisors). Let a > 1, ¢ > 1, and j > 0 be integers
with ged(a,j) = 1. Put ¢ = j+ a and N = lem(qa, j,c). The two integers j + qa and j + (¢ + 1)a
cannot both divide N.

Proof. Put x = j 4 qa, y = x + a = ¢+ ga. Suppose both divide N. We first remove the translated
summand from each lem condition:

z | lem(q, c), y | lem(q, 7).

For example, ged(xz,a) = 1. At a prime p, if the valuation of z = j 4 ga exceeds that of ¢, the
valuation of j equals that of ¢, so ¢ must supply the full valuation of z in N. Otherwise ¢ already
supplies it. This proves the first divisibility, and the second follows by interchanging j, c. Since
c=x—(¢q—1)aand j =y — (¢ + 1)a, these relations give

rlqlg—1),  ylalg+1).

Here coprimality with a removes its factor.

The positive integers
—1 +1
R q(q ) S q(q )

)

T T+ a
therefore satisfy
2¢=(S - R)x+ Sa.
But x > qa > 2¢ and
1
glg+Da _
T+ a

0< Sa=

If S — R is positive, the right side exceeds 2q; if negative, it is negative; and if zero, it is smaller
than 2¢. All three possibilities contradict the identity. O

Lemma 22.2 (Parity of two midpoint representation counts). Let b < ¢ be positive odd integers
and let T > 2 be a power of two. Forn > 0, let f(n) count positive integer solutions of ib+ jc = n.
Then

f(g(b—kc)) —i—f(z;(c— b)) =1 (mod 2).

Proof. Divide by h = ged(b, ¢), so the two coefficients become coprime odd integers p < r. Put
ny =T (p+r)/2 and n_ = T(r — p)/2. Every positive solution of ip + jr = ny has j < T. No such
solution has ¢ = T": that would imply r | (T'/2)p, impossible because r > 1 is odd and coprime to p.
Solutions with ¢ > T correspond bijectively to positive solutions at n_ by replacing ¢ with ¢ — T'.
The remaining solutions lie in 1 <4, j < T and are paired by (i,7) — (T —¢,T — j). The unique
fixed solution is (7'/2,7/2). Thus their number is odd, proving the congruence. O
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22  Two lower coordinates after a highest coordinate

Theorem 22.3 (Coprimality with two odd lower coordinates). Let P be a normalized cyclotomic
Littlewood polynomial with primitive four-coordinate support

A(P) ={a,qa,b,c},  alqa,
where a, qa are its two highest coordinates, b < c are odd, and T = 2v2(@) > 4 Then
ged(a,b) = 1.

Proof. Suppose first that g = ged(a,b) > 1. Primitivity implies ged(g, ¢) = 1; also g is odd. Set

ny = z(c +0b).
2
Both indices are positive multiples of T', strictly below T'¢c < N, and neither is divisible by g. The
preceding lemma supplies one of these indices, denoted n, at which the number f(n) of positive
representations ¢b + jc = n is odd.
Write D = (1 — x)P = 1+ 2F. In the ring of rational numbers with odd denominator, the
formal logarithm satisfies

log(1+ 2F) = 2F —2F? + 4F* (mod 8).

We claim that
Fn = n/2 :Fn/4:O

None of these indices is divisible by g, so none is a multiple of a, ga, or b. If n/2% = ¢, for s =0, 1,2,
then oddness of ¢ and T | n imply 7'/2° | £. But n < T'c implies £ < T/2°, a contradiction. There is
therefore no active-coordinate reversal at these indices.

Consider unordered pairs of positive indices u < v with v + v =n and F,F, odd. The support
of I consists of reversals at multiples of the four active coordinates. Pairs drawn from a, qa, b are
impossible because both indices would be divisible by g. A pair of c-multiples would make n a
multiple of ¢, already excluded. A pair consisting of an a-multiple and a c-multiple would force the
latter to be a positive multiple of T'c, exceeding n. Thus the only possible pairs are u = ib, v = jc,
in either order. Such indices cannot simultaneously be multiples of another active coordinate:
that would make n a b- or c-multiple, or create the excluded a-and-c pair. Consequently each
representation contributes exactly one unordered pair, with odd product. There is no diagonal
contribution because F;, 5 = 0. Hence

[z"|F?=2f(n) =2 (mod 4).

Frobenius modulo two also gives [z"|F* = F, /4 =0 (mod 2). The logarithmic congruence therefore
yields
[z"]log D =4 (mod 8),

so its trace is nonzero.
The comparable highest-pair identity, however, supports all highest traces on multiples of a.
Since g { n, this trace must be zero. This contradiction proves ged(a,b) = 1. O

Corollary 22.4 (Coprimality at both ends of a close odd pair). Under the preceding hypotheses,
suppose additionally ¢ < 2b. Then ged(a,c) =1 as well.
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22  Two lower coordinates after a highest coordinate

Proof. If g = ged(a,c¢) > 1, primitivity gives ged(g,b) = 1. The same midpoint indices ny =
T(c+b)/2 are off g. For s =0, 1,2, an equality ny /2° = ¢b would require ¢ to be a multiple of 7'/2°,
strictly between one and one-and-a-half such multiples. For n_ the multiplier would be smaller
than half of 7//2°. Thus no such equality is possible; the multiples of a, ga, ¢ are excluded by g.
Hence Fy,, = F,, /o =F,, /4 =0.

At n_, a pair formed from an a-multiple and a b-multiple is impossible because n_ < Th. At
n4, its only possible b-multiple is Tb, but the complementary index is n_, which is off g and so
cannot be an a-multiple. All pairs from a, qa, ¢ are off-g impossible, and a pair of b-multiples would
make the tested index a b-multiple, already excluded. Thus only mixed b, ¢ pairs remain, exactly as
before. The odd representation count again gives logarithmic coefficient four modulo eight at one
midpoint, contradicting the highest trace identity. O

Theorem 22.5 (A smallest highest coordinate with two odd lower coordinates). Let P be cyclotomic
Littlewood of length N = TM, where M is odd and T > 4 is a power of two, with at most four
active coordinates other than 1. Suppose its highest layer has two members, includes its smallest
normalized active coordinate, and both other coordinates are odd. Then P is standard.

Proof. The three-coordinate theorem and common block extractions reduce to primitive support
{a,H,b,c}, with a < b < ¢, where a, H are highest. The gcd of the highest pair cannot lie before a,
since its required nonzero trace would precede the first coefficient change. Thus H = ga for an odd
integer ¢ > 3. In particular a > T > 4.

Let v be the word on a,qa and B = R,/Rg, its boundary. The first noncancelled a-grid
boundary k after b satisfies b < k < 2b: use k = a[b/a], skipping it once if it is an ga-multiple. In
that exceptional case b > (¢ — 1)a > 2a. If ¢ > k, the one-reversal calculation at k gives a nonzero
highest-trace discrepancy. Therefore

b<c<k<b+2a, c < 2b,

and v is constant throughout [b, ¢|. Since b, ¢ are odd divisors of M with ¢ > b, the odd integer M /b
is at least three. Hence N > 376 > 12b. All short indices used below are interior. The uniform
coprimality theorem gives ged(a, b) = 1.

Suppose first ¢ # b+a. As in the odd logarithmic comparison, the even difference of D = (1—x)P
from B starts at 2b, while its odd boundary terms below 3b occur only at b,c. The reciprocal
coefficients of B at a and 2a are both two. Nearness and ¢ # b + a therefore give nonzero traces at

m1 =b—+ a, my = b+ 2a.

Each is odd and below 3b. A proper ged index would be odd and below b, where its trace is zero.
Thus mq,my | N. They are coprime to each other and to ab, so

> b+ a.

(b+a)(b+2a) | lem(g,c),  ¢> (b+a)(cb+2a)

Consequently ga > a(b+ a) > b+ ¢ and ga > 3b. There is no cancelled high boundary before c,
and b, ¢ lie in the same open a-cell.

We now force enough separation for period extraction, rather than an additional highest-trace
calculation. If b < 2a, the common cell is (a,2a) and ¢ < 2a. Hence

(b+a)(b+ 2a)

5 —a > 2ab > be;

qa —a >
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22  Two lower coordinates after a highest coordinate

the middle inequality follows from b* — ab + 2a® — 2a > 0. If b > 2a, put m3 = b+ 3a < 3b. The
same odd logarithmic comparison applies: ga > 3b, its relevant reciprocal coefficient is two, and
c¢—0b € (0,a) cannot contribute. Thus ms | N. The three m; are pairwise coprime; their ged with b
is at most three, and they are coprime to a. It follows that

(b+a)(b+ 2a)(b+ 3a) < 3qc.
Using ¢ < b+ a gives

qa—a>%(b+2a)(b+3a)—a>b(b+a)>bc.

For a > 4, the second inequality follows by expansion: its difference is ((a — 3)b? + a(5a — 3)b +
6a® — 3a)/3 > 0.

The lower word on b, ¢ has period ¢ = lem(b, ¢): both ¢/b and ¢/c are odd, so their two sign
reversals cancel. We have qa — a > bc > £. The comparable-highest-pair period criterion therefore
extracts an outer block of length ga. Its initial quotient has at most three active coordinates and is
standard, as is the geometric outer block.

It remains that ¢ = b + a. Nearness forces the next a-boundary after b to be cancelled, so
b > (¢ — 1)a. The odd logarithmic coefficients at w = b+ ga and v = b+ (¢ + 1)a are both 4-;
the reciprocal of B has coefficients two, zero, and minus two at (¢ — 1)a, qa, (¢ + 1)a. These odd
indices are below 3b. Their traces are nonzero, and a proper ged index would be odd and below b.
Thus u,v | N, contradicting Lemma 22.1. O

Theorem 22.6 (Separation from one odd lower coordinate). Let P be normalized cyclotomic
Littlewood with primitive four-coordinate support {a,qa, j, h}, where a is the smallest coordinate,
{a,qa} is its two-member highest layer, vo(a) > 2, j is odd, and h is even of lower dyadic valuation.
If ged(a, j) = 1, then P is standard.

Proof. Here q > 3 is odd. The usual first noncancelled high-boundary comparison puts the two
lower coordinates before the first such boundary after their smaller member. Thus |h — j| < 2a,
and the high-chain signs are constant between them.

Write D = (1 — )P = D. + D,. The first odd boundary is at j, with coefficient O; € {2, 2}.
Below 37, it is the only odd boundary. Let Cy = [#¥]D;!. Since D, =1 (mod 2),

Cr = —Dj (mod 4) (k > 0 even).

The coordinate formula for sign changes shows C, = 2 and Cy, = 2 (mod 4): neither j nor h
divides 2a. Consequently the odd traces at j 4+ a, j + 2a are nonzero. Their proper gcd indices are
odd and below j, where all traces vanish. Hence both indices divide N. They are pairwise coprime
and coprime to aj, so

(j+a)(j+2a) | lem(q, h).

Since h < j + 2a, this gives ¢ > j + a. In particular ga > h, j, no cancelled high boundary lies
between the lower coordinates, and h, j lie in one open a-cell. Thus h < j + a.

We next force j + 3a | N. Because ¢ > j 4 a > 3, the coordinate formula gives Cs3, =2 (mod 4)
unless h = 3a/2. Indeed the only lower coordinate other than a that could divide 3a is that even
coordinate: coprimality excludes j. In the exceptional case both lower coordinates belong to the
cell (a,2a), and direct coefficient comparison gives

Da:_27 DQ(Z:27 Dh::l:27 D3a:07 C3a:4'
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23 One odd coordinate and two highest coordinates

Thus Cs, is always nonzero. At j + 3a, a cubic odd logarithmic term or the boundary at 3j would
require a reciprocal shift 3a — 2§ < a. That shift is either negative or is a nonzero index below a; it
cannot be zero because j is odd and 4 | a. Those contributions vanish. Hence the odd logarithmic
coefficient is O;C3, # 0.

This index is interior: j | N, j is odd, and 4 | N, so N > 45 > j + 3a. A proper ged index is
below (j + 3a)/3 < j + a. In this range the only possible nonzero odd trace is the one at j; but
J |7+ 3a would imply j | 3, contrary to j > a > 4. Trace reduction therefore gives j + 3a | N.

Put P, =T]._,(j + sa). The first three additive divisors are pairwise coprime, and their ged
with j is at most three. It follows that P3 < 3gh. If j < 2a, the common cell gives h < 2a, so

P
qa—a>f—a>4aj>2jh.

The middle inequality follows by expanding the cubic; every coefficient of P3/6 — a — 4aj is positive
when a > 4.

If j > 2a, also force j + 4a | N. Its index is below 3j. The reciprocal coefficient Cy, is two
modulo four: no even lower coordinate h > a with va(h) < va(a) can divide 4a, and coprimality
again excludes j. Thus the odd trace is nonzero, and its proper ged index is below j. Among the
four additive divisors the only possible common factor between a pair is three, from the first and
fourth. Their lem is at least Py/3, and its ged with j is at most three. Consequently Py < 9¢h, and

(4 +2a)(j + 3a)(j + 4a)
9

The middle inequality is immediate after expansion for ¢ > 4. The equality case j = 2a is impossible
because j is odd.

The lower-coordinate word has period £ = 21lcm(j, h) < 2jh, with £ | N. The resulting separation
ga — a > ¢ lets the geometric divisor of the comparable highest pair invoke the period criterion. It
extracts an outer block of length ga whose initial quotient has at most three active coordinates.
That quotient and the outer block are standard, proving the assertion. ]

ga—a>"2 —a>2j(j+a) > 2jh.

23 One odd coordinate and two highest coordinates

Theorem 23.1 (A rotated divisor on three odd periods). Let P be a normalized primitive cyclotomic
Littlewood polynomial with active coordinates

{0,a,Tu,Tv}, N =TM, T=2, o>1o0dd, a=Sz S=2° 1<s<t,
where z,u,v are odd and uw < v. Then
h := ged(o,u) = ged(o,v).

o U=u/h, V=uv/h, G=gcdUV), qg=o0/h, r=gecdlo,z), Z=z/r

One has ged(q,UV) =1 and ged(h, z) = 1. For every even b with 0 < b < T, put
jp=—0b+1DTt (mod o), 0<7 <o,

and define

M/o—1
Dy(y) = Z (=1)LTGorot)+b)/al+[Gotol) [ul+1Gotol) /o] L

=0
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23 One odd coordinate and two highest coordinates

Then the squarefree polynomial
L+y)A+y")
(1+y9)?
divides every Dy. In particular, Dy is, up to a constant sign, a product of three permuted alternating
words of periods Z,U,V, and its length is lem(Z,U, V).

Ko(y) =

Proof. For each d > 1 dividing M, let

sd = Lgp, +1g, (mod 2), K(x) = H Doy(z).

sq=1

The saturated highest factors imply K (z7) | P(z). Write P(z) = Y1) 2" Py(2”). For even b < T,
the other three coordinates give the same signs at Tk + b and Tk + b + 1. Therefore

Poy1(z) = Py(x) =, 2Ch(z), Chlx)= Y,  Bopz’, e e{-1,1},
k=jp (mod o)

where each 8, is a sign and 0 < & < M. The multiplier is constant on the residue class because T’
is even. Thus K | Cy. The zero set of Cj, is closed under multiplication by oth roots of unity, and
Cy(—1) is a nonzero odd integer, since it is a sum of M /o signs.

If a selected conductor d divided o, a primitive 2dth root of K could be rotated to —1 by an
oth root, a contradiction. Consequently sy = 0 for every d | o. This says precisely that u,v have
the same ged h with o. Primitivity gives ged(h,a) = 1, hence ged(h, z) = 1. The equality of geds
gives ged(q,U) = ged(q, V) = 1.

With g = ged(u,v) = hG, one has

(I+2*)(1+ zv)
(14 29)2

K(x) =
The ged of each of u, v, g with o is h. Hence

xoU xoV h
<1+(1+)§J)2 >] — Ko(a*)".

I () =

go=1

Both K and Kj are squarefree: their cyclotomic roots are the symmetric differences of two divisor
sets. It follows that the union of all oth-root rotations of the roots of K is exactly the root set of
Ko(x°). Since Cj, vanishes at this union, Ko(2°) | Cy(x) = 20 Dy(x°). Its constant term is one, so
Ky | Dy.

For the final assertion let b = 0, j = jo, and put

o[22

J = 1i/hl], = (T/5)(ofr).

Then c is even, ged(c, Z) = 1, and the coefficient of y* in Dy, up to the constant sign (—1)70, is

(_1)(Jo+c£) mod Z(_l)(J—I—qE) mod U(_l)(J—‘rqK) mod v

The two factors (—1)6 from the odd slope ¢ cancel; the lower slope c¢ is even. Finally
M/o =lem(z/ ged(o, z), u/ged(o,u), v/ ged(o,v)) =lem(Z,U, V),

by the primitive full-lem hypothesis. O
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24 Completion at length four times odd

Theorem 23.2 (A common odd coordinate in a comparable highest pair). Let P be cyclotomic
Littlewood with at most four nontrivial active coordinates and exactly one odd active coordinate o.
Suppose its highest pair is comparable and both highest coordinates are divisible by o. Then P is
standard.

Proof. Take a least-length counterexample in this class. Common-divisor and common-multiple
extraction either preserve the class or leave at most three coordinates after normalization. Write its
primitive support as {o,a, ToU,ToV'}, with U | V and V/U > 3 odd. Primitivity gives ged(o,a) = 1.
The odd coordinate precedes both highest coordinates. If the even lower coordinate a did not
precede the first highest coordinate, the first two active coordinates would be comparable, and
Theorem 17.10 would apply. Thus o, a are the first two coordinates. Their additive obstruction
gives o+a | N.

Write a = Sz as above. Since o + a is odd and coprime to aT'o, its prime powers must all come
from V in N =lem(a,ToV). Thus o+ a | V, so V > 2z. The previous reduction has h =0, ¢ = 1,
Z = z, and

L-1
Do(y) =Y Ag(—)UIHLEVIGE L = lem(z, V),
=0

where Ay = (—1)(otef) mod 2 hag exact period z. The selected divisor is GV/U(—yU). Because
U <V/3, one has V —U > 2V/3 > z. The period constraint theorem therefore forces A to have
period U, and its exact period gives z | U. It follows that o,a,ToU all divide the last active
coordinate 1oV, contradicting the primitive full-lem condition. ]

Remark 23.3 (The unresolved part). The rotated-divisor reduction does not assert that h is a
unitary divisor of o, or that o/h divides a. The odd coordinate itself can supply missing prime
powers in the length. In particular these additional arithmetic conclusions cannot be used in the
remaining case. The reduction alone does not classify three arbitrary permuted alternating words
with the displayed cyclotomic divisor.

24 Completion at length four times odd

At the next dyadic level, fourth-order traces distinguish the possible orderings of the two lower
coordinates. Throughout this section the length is 4M, with M odd. The first comparisons treat
two odd lower coordinates; the subsequent arguments classify mixed lower parity and complete
every ordering.

Lemma 24.1 (The first fourth-order traces of two odd coordinates). Let 1 < a < b be odd and
atb. Let W be the infinite sign series with coordinates a,b, and define Sy, = —k[z*]log((1 — 2)W).
At its first nonzero trace whose index is divisible by four, one of the following holds: the trace is
negative; its value divided by the index belongs to {8,16,20}; or its value is four times the index h,
and another nonzero trace occurs at an index divisible by four strictly between h and 2h.

Proof. Write b = qa + r with 0 < r < a. Below degree 2b, the shifted-series identity gives

a0 1—229" 4 2@
1—xz@

log((1 — )W) =log R, — 2(—1)
The first two candidate progressions of indices divisible by four are

M + 4GZ20, H+ 4GZZO7
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24 Completion at length four times odd

where

M b+a, 4|b+a, H:4a[bw.
b+3a, 41b+a, 4a

Their trace-to-index ratios are respectively 4(—1)? and —4(—1)%. The progressions are disjoint,
since equality would imply a | b.

If ¢ > 4, both M, H < 2b, and their difference has absolute value less than 4a < b. Thus a
positive first trace is followed by the opposite-sign trace before twice its index. If ¢ = 3, then
H = 4a < M < 2b; the first ratio is four and the next is minus four, with M < 2H. If ¢ = 2
and 4 | a+0b, then M =b+a < H = 4a < 2b, with ratios four and minus four. If ¢ = 2 and
4+ a+b, the first trace is at H = 4a < 2b and is negative. If ¢ = 1 and 4 | a + b, the first trace is at
M = b+ a < 2b and is negative.

It remains that a < b < 2a and @ = b (mod 4). Every boundary index is a positive multiple of
a or b. A logarithmic monomial at an index divisible by four therefore has index ua + vb, where
u,v > 0and u+ v =0 (mod 4). No such positive index is below 4a. At 4a, only u = 4,v =0 is
possible. Thus only the boundary coefficients d; = [27](1 — x)W for 1 < j < 4 contribute. They
satisfy

—92. b<3a/2 —92. b < 4a/3
di=dy = -2,  dg=1{ © E R a/3,
2, b>3a/2 2, b>da/3.

The excluded equalities are impossible for odd a,b. The logarithmic coefficient is

d2
dy — dyds — 52

4
+ﬁ@—%:@+myq4

It equals —8, —16, —20 in the three respective intervals b > 3a/2, 4a/3 < b < 3a/2, and b < 4a/3.
This proves the stated alternatives. O

Proposition 24.2 (Two odd lower coordinates at dyadic height two). Let P be cyclotomic Littlewood
of length 4M , with M odd, and with at most four active coordinates other than 1. If its highest
layer has two members e < ¢ and its other coordinates are odd, then e | c.

Proof. A lower chain is already covered by Lemma 14.2. Otherwise the lower coordinates are odd
a < b, with a1 b. Suppose g = ged(e, ¢) < e. The highest-layer formula has first nonzero trace on
the grid 4Z at g, of value 4¢g, and no other such trace strictly between g and 3g. Moreover e > 3g.

Let A be the first nonzero fourth-order trace index of the word on a,b. If e < h, the actual trace
at g < e < his zero, a contradiction. Thus e > h, and comparison of first nonzero traces forces g = h
and S, = 4h. The preceding lemma then supplies another nonzero trace at h < k < 2h < 3h <,
contradicting the required zero trace there. Hence e | c. O

Lemma 24.3 (A fourth-order mixed trace detects a common divisor). Let 4 | a, let ¢ > 3 be odd,
and let b < ¢ be odd integers with a < b, ¢ < 2b. Put

Yy = (—1)l/al+n/ ()] B=(1-uz) Z V2" = Ra/Rya-
n>0

Suppose 7 is constant on [b,c|], and let D be the boundary series of the coefficient word with
coordinates a, qa,b,c. If g = ged(a,b) > 1 and ged(g, c) = 1, some index in 47 not exceeding 3b+ ¢
has a trace different from B.
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24 Completion at length four times odd

Proof. Write D = B+ E + O, where O is odd and FE is even. With o = «, the first odd coefficients
are
Oy = —20, O, = 20, Osp € {—2,2}.

The even difference E starts at 2b. Up to degree 3b+ ¢ < 5b, its support lies on aZ and at 2b, 2¢, 4b.
In particular Fop = —279, € {—2,2}. These facts follow directly from the first four reversals of the
two lower coordinates. The condition ¢ < 2b ensures that both first reversals have occurred before
the second reversal at b.

If b+ ¢ =0 (mod 4), the quadratic calculation at b+ ¢ gives coefficient 4 in log D — log B: the
common divisor g excludes both a | b+ ¢ and a | ¢ — b, leaving only the cross term —O0,0, = 4.

Otherwise b, ¢ have the same odd residue modulo four. Put n = 3b + ¢. Since g divides a,b and
is coprime to ¢, none of

b+c¢, 3b—c, c—0b, 3b+c

is divisible by a. Also a t 2b, because 4 | a and b is odd. Through degree n < 5b, the even logarithm
is
E E* 0* EO* Of
logD —logB = B 95l a2 + 55 15d at even degrees.
All powers of B! are supported on aZ. The displayed divisibility exclusions remove every
contribution at n except, respectively, zero, zero, —O.O3p, 2FE9,0,0,. = —8 E9,, and —OgOc = 16.
Hence

["](log D — log B) = 16 — 89, — 0,03, € {—4,4,28,36},
which is nonzero. O

Lemma 24.4 (Two odd reversals in one cell at fourth dyadic height). Let 4 | a, and let odd b < ¢
belong to one open a-cell:
ma <b<c<(m+1)a, m > 1.

Let D be the boundary series of the sign word with coordinates a,b,c, and put B = R,. There is an
index in 47, no larger than 3b+ c, at which its logarithmic trace differs from that of B.

Proof. Write b =ma + 1, c = ma+ s, where 0 < r < s < a. If b+ ¢ =0 (mod 4), the quadratic
mixed calculation at b+ ¢ gives coefficient four in log D — log B when a 1 b + ¢, and eight when
a | b+ c. In the latter case b+ c is the odd a-multiple between 2b and 2¢; its boundary difference is
four. Thus assume b, ¢ have the same odd residue modulo four, and set n = 3b + c.

Let De, O be the even and odd parts of D, and put A, = [z"](log De — log B). The same
even-log expansion as in the preceding lemma gives

[z"](log D — log B) = A,, + 16 — 8 B9, — O.Os3p, Eop = —2(—1)@7"/‘”.

Here O.O3, € {—4,4}. If a { n, then A,, = 0: the even off-grid terms occur only at 2b, 2¢, 4b; neither
their linear contributions nor their possible square at 4b can reach n after a shift by a multiple of a.
The resulting coefficient is one of {—4,4,28,36}.

It remains that a | n. Write 3r + s = ka, where k € {1,2,3}. The possible grid contributions
are recorded below:

k| rla | Ay | 16 — 8Ey | 0,03
1] (0,1/4) |{-4,0,4,12,20} 32 {—4,4}
2] (1/3,1/2) | {-12,—4,4} 32 —4
31 (2/3,3/4) 4 0 4
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24 Completion at length four times odd

Each row has a strictly positive total.

For clarity, the table is an elementary grid count, not an enumeration of coefficient words.
Before n < 5b, negative lower intervals are [2b,2c), [3b,3c), and [4b, 4c), with overlaps counted
modulo two. The first contains only the possible grid point (2m + 1)a, with boundary difference
four; the second contains only (3m + 1)a, (3m + 2)a; and the third contains only the final grid point
n. A double overlap can occur only at m = 1,k = 1,n = 5a. In the logarithm, the only quadratic
grid contribution is the square of the difference at (2m + 1)a, and it occurs only when k = 2, with
value minus eight. Substituting s = ka — 3r gives exactly the three displayed sets. All endpoint
equalities are excluded by oddness of r, s, divisibility of a by four, or the strict ordering r < s. The
final cross-term sign is positive for k¥ = 3 and negative for k = 2, directly from the third reversal at
b. This proves nonvanishing in every case. O

Theorem 24.5 (A smallest highest coordinate with two odd lower coordinates). Let P be cyclotomic
Littlewood of length 4AM, M odd, with at most four active coordinates other than 1. If its highest
layer has two members, contains its smallest normalized active coordinate, and its other two
coordinates are odd, then P is standard.

Proof. The three-coordinate theorem and common block extractions reduce to primitive support
{a,qa,b,c}, with a < b < ¢, a the smallest coordinate, and a,ga the highest pair. Indeed, an
incomparable highest pair would have a nonzero ged trace before a. Here va(a) =2, ¢ > 3 is odd,
and b, ¢ are odd.

Let 7, B be the high-chain word and boundary from Lemma 24.3. Put ky = a[b/a] and let
k = ko unless ga | ko, in which case take k = ko + a. The first noncancelled high boundary after b
is k. If ¢ > k, the one-reversal comparison produces a trace discrepancy of absolute value 4k at this
multiple of four. Here b < k < 2b: in the skipped-boundary case b > (¢ — 1)a > 2a. Hence

b<c<k<b+2a, c < 2b,

and ~y is constant throughout [b, c|.

Both odd lower coordinates divide M, so M/b is an odd integer at least three (otherwise
¢ < M =b). Consequently N > 12b; all indices below 5b used here are interior. If ged(a,b) > 1,
primitivity makes ¢ coprime to that gcd, and Lemma 24.3 contradicts the highest trace formula.
Thus ged(a,b) = 1.

Suppose ¢ # b+ a. Write D = D, + D,. The odd part of log D below 3b is D,/ D,; the even
difference from B starts at 2b. The reciprocal coefficients of B at a and 2a are both two. The only
odd boundaries below 3b that can contribute at b 4+ a,b + 2a are the one at b and possibly the one
at c¢. The latter contributes to neither index, by nearness and ¢ # b 4 a. Both traces are therefore
nonzero. Their proper gcd indices would be odd and below b, hence have zero trace. Thus

b+al N, b+2a | N.

These two integers are coprime to each other and to ab. They consequently have product dividing
lem(g, ), so
(b+a)(b+ 2a) < qc < q(b+ 2a), qg>b+a.

It follows that ga > 3b + ¢. No cancelled high boundary lies before ¢, and b, ¢ lie in one open a-cell.
Lemma 24.4 now contradicts the highest trace formula.

Finally suppose ¢ = b 4 a. Nearness forces the next a-boundary after b to be cancelled, so
b > (¢ — 1)a. The odd logarithmic coefficients at

u="b+ qa, v=b+(¢+1)a
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24 Completion at length four times odd

are both 4+,: the reciprocal of B has coefficients two, zero, and minus two at (¢ — 1)a, qa, (¢ + 1)a,
respectively. Both indices are odd and below 3b. The same gcd argument forces w,v | N. This
contradicts Lemma 22.1, applied with j = b. O

Lemma 24.6 (One odd coordinate before the first highest coordinate). There is no primitive
cyclotomic Littlewood polynomial of length AM, M odd, with active support {a,b,e,c} satisfying

a,b odd, a<e<hb, ele, va(e) = va(c) = 2.

Proof. The comparable-first theorem excludes a | e, and the lower-chain classification through
dyadic height two excludes a | b. Write e = ga + r, with 0 < r < a. At the first highest coordinate,
Se = 2e(—1)%, while the highest-layer formula requires 2e. Thus ¢ > 2 is even, and r is even. Also
c > 3e.

Let k be the least multiple of 4a strictly greater than e. If ¢ =0 (mod 4), then k = (q + 4)a; if
¢ =2 (mod 4), then k = (¢ + 2)a. In both cases

e<k<2e<ec.

Put f = G,/(1 + z%) and, for s > 0, let fs denote the shifted square-wave series. For s = ta + u,
0<u<a,

L
Hyi= 5= (1)

If b > k, the coefficient at k of log R, — 22¢H, is 4, contradicting the required zero trace. Hence
b < k, since b is odd. Before degree 2e,

1 —=2297% 4 2@
1—2x2

log((1 — x)P) = log Ry — 22°H, + 22" H,,.

At k, the two corrections have coefficients 4 and —4(—1), where ¢t = |b/a|. Thus t is even. Write
b=ta+ s with 0 < s < a; then s is odd. The possible cells are t = ¢, and additionally ¢t = ¢ + 2
when ¢ =0 (mod 4).

Let

b+a, 4|a+b,
b+3a, 4fa-+b.

The b-correction has coefficient 4 at n. The e-correction has coefficient zero: its possible residues
modulo a are 0 and —r, whereas n — e = s — r; equality would require respectively s =r or s =0,
both impossible. The baseline log R, has no coefficients at indices divisible by four. Therefore
n < 2e immediately gives a contradiction.

The bounds on ¢, t leave only two possibilities with n > 2e:

g[t]| n
2121 b+ 3a
416 |b+ 3a.

In both cases e < b < 2e < 2b, and n < 3e < ¢. Through degree n, the successive lower/high
reversals therefore give

P
7= 1 — 22°H, + 22" Hy, — 22%¢ Hoo + 20%° Hyy,.
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24 Completion at length four times odd

Terms above degree n may be omitted. Its logarithm, through that degree, is
log((1 — x)P) = log Ry — 22°H,, + 22" H), — 22%¢(Hy. + H?)
+ 22 (Hoy — HE) + 42°H H,,.

There are no cubic correction terms because their degrees are at least 3e.
Forg=4,t=6,putd=n—2e=a+s—2r. If d < 0, the second-high contribution is absent.
Otherwise
(2] (Hae + H?) = 0.

To verify this directly, the possible residues of H2 are 0, —7, —2r modulo a, and those of Hs. are

0, —2r. Since r is even and s is odd, the only possible coincidence within 0 < d < 2a is d = 0,

equivalently s = 2r — a. In that event |2e/a| is odd, so the two constant coefficients are —1 and 1

and cancel. The 2b and e 4+ b terms exceed n in this case. Hence the total coefficient at n remains 4.
For ¢ =t =2, one has r < s and

n—2e=a+s—2r, n—2b=a—s, n—e—b=a-—r.

The first of these again gives zero from Ho. + H2. At the other two degrees, direct use of the
displayed shifted series gives

(297 %|Hy =0, [z °|HE = —4, [2*"|H.H, = —2.
Thus the total coefficient at n is
44042(0—(—4))+4(-2) =4.

In every case S,, = —4n # 0, whereas e < n < 3e < ¢ and 4 | n require zero, including the case
n = 2e. This final contradiction proves the lemma. O

Lemma 24.7 (Two odd coordinates before a comparable highest pair). There is no primitive
normalized cyclotomic Littlewood polynomial of dyadic length valuation two with active support

{a,b,e,c}, a<b<ec<ec,
where a,b are odd and the highest coordinates satisfy e | c.

Proof. The comparable-first-coordinate theorem excludes a | b; otherwise standardness would make
the primitive support a chain. Write ¢ = Qe, with Q > 3 odd. Set

Yy = (—1)lr/al+1n/b]
For every interior index divisible by four, the highest-layer trace formula requires
Sk = 2€Lepk, kje odd — 2¢1ejk, k/c 0dd-
Suppose first that 4 | a +b. Put n =a+ b and ¢ = |b/a]. The additive trace identity gives
Sp = —n(2by + by), by = —2(—1)4.

Since n < 2b < 2e < ¢, its boundary coefficient is zero unless n = e. If n # e, the actual trace
is 4n(—1)?, whereas the required trace is zero. If n = e, the boundary comes only from the high
reversal and b, = by, giving 6n(—1)? instead of 2n. Thus this case is impossible.
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24 Completion at length four times odd

Henceforth a = b (mod 4). If b > 3a, put n = b+ 3a. This is divisible by four and lies below 2b.
Before b, the reciprocal boundary is ) .
_ +x
R’ = 1—a’
whose coefficient at 3a is two. At degree n, the off-support logarithm is linear, since n < 2b. A
high boundary could contribute only at e = b+ a, b + 2a, or b + 3a; the first two are not divisible
by four. Thus only e = n is possible. As in the preceding argument, its boundary is b,, = by, and
the actual trace is either 4n(—1)%/%) or 6n(—1)L/%). Neither agrees with the required zero or 2n.
This excludes b > 3a.
We use a simple support observation for the remaining ranges. Every boundary index is a
multiple of a, b, or e, since ¢ is a multiple of e. In a logarithmic monomial, write the total index as

ra + sb + te, r,s,t > 0.

If it is divisible by four, then » + s = 0 (mod 4). A nonzero lower contribution therefore has
r 4+ s > 4 and degree at least 4a. In particular, the two-odd-coordinate word has no nonzero trace
at a multiple of four below 4a. At 4a, its only possible logarithmic monomials use a-boundaries
alone. For boundary coefficients d; = [#79]D with d; = —2, their contribution at degree 4a is

d2
dy + 2d3 — 52 + 4dy — 4. (24.1)

Suppose 2a < b < 3a. Without either highest coordinate, the boundary coefficients at
a,2a,3a,4a are —2,2,2, —2, respectively. Thus its logarithmic coefficient at 4a is 4. If e > 4a, this
already contradicts the required zero trace. If e = 4a, adding its reversal changes that logarith-
mic coefficient by at most two, and cannot produce the required coefficient —2. Consequently
b < e < 4a. At e, the low word has zero trace, so the new reversal gives S, = 2e7.. Thus 7, = 1.
Since b < e < 4a < 2b, this forces 3a < e < 4a. The boundary coefficients at a, 2a, 3a,4a are
now —2,2,2 2. There is no pure high monomial at 4a, because e { 4a, and no mixed high—lower
monomial by the support observation. Expression (24.1) is therefore 8, whereas the highest-layer
formula requires zero. This excludes the range.

It remains that a < b < 2a and a = b (mod 4). For the low word alone, the logarithmic
coefficient at 4a is

-8, 3a/2 < b< 2a,
—16, 4a/3 <b < 3a/2,
—20, a<b<4a/3.

Indeed its boundary coefficients satisfy d; = do = —2; d3 is 2 or —2 according as b > 3a/2 or
b < 3a/2; and d4 is 2 or —2 according as b > 4a/3 or b < 4a/3. The stated values follow from (24.1).
The endpoints cannot occur because a, b are odd. As before, these values exclude e > 4a, including
equality, since a reversal at that index changes the coefficient by at most two. Thus b < e < 4a and
Yo = 1. If 2e < 4a, the support observation applied at 2e gives

[2%]log D = 279, — 2.

The required trace there is zero, so y2. = 1 as well.
We claim that e < 3a/2. To see this, suppose otherwise. The sign conditions just obtained leave
precisely the ranges in the table below. In every row ¢ > 4a, e { 4a, and the support observation
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24 Completion at length four times odd

reduces the logarithmic coefficient at 4a to (24.1).

range of e | necessary range of b ‘ (do,ds, dy) ‘ [z%%]log D

30/2 < ¢ < 2a b < da/3 (2,2,-2) 4
2b<e<3a b<3a/2 (—2,2,£2) | =8 or — 12
3a < e < 2b b > 3a,/2 (—2,2, -2) 12
3b < e < da b < 4a/3 (—2,-2,2) ~16

For the first row, 72, = 1 requires e > 3b/2. For e > 2a, the other three rows are exactly the
intervals on which |e/a] and |e/b| have the same parity. Each displayed coefficient is nonzero,
while the required trace is zero. The claim follows.

We are left with a < b < e < 3a/2. Put n = b+ 3a. This index is divisible by four. A mixed
high—lower logarithmic monomial cannot occur at n, because its lower part has degree at least 4a,
whereas n — e < 3a. A pure lower monomial must have r + s = 4, and the equality ra + sb = b+ 3a
then gives r = 3, s = 1. The relevant boundary coefficients are

(29D = -2, [¢*D=2, [¢*)D=-2, [2"]D=2.

The coefficient of degree 3a in the reciprocal of their a-part is 8 — 8 + 2 = 2. Thus the pure lower
contribution to [z"]log D is 4.

The inequalities e > b and e < 3a/2 show that the only possible positive integer value of n/e is
three. If n # 3e, there is no pure high monomial, so S;,, = —4n, contradicting the required zero. If
n = 3e, the previous sign conditions give boundary coefficients —2, 2 at e, 2e. Moreover

o = (DL (= g,

If ¢ > n, the coefficient at 3e is 2, so the pure high logarithmic contribution is 2 +4 — 8/3 = 10/3.
Adding the lower contribution gives S,, = —22e, instead of 2e. If ¢ = n = 3e, the two high reversals
cancel there and its boundary coefficient is zero. The pure high contribution is then 4/3, giving
S, = —16e instead of 2e — 2¢c = —4e. These contradictions exhaust the final range. All tested
indices are interior. Since c is a proper divisor of N with the same dyadic valuation, N/c is odd
and at least three. Thus N > 3¢ > 9e > 9b, while every index used above is at most b+ 3a < 4b or
4da < 4b. O

Theorem 24.8 (Two odd lower coordinates at length four times odd). Let P be cyclotomic
Littlewood of length 4M , with M odd, and with at most four active coordinates other than 1. If
its highest layer has exactly two members and all its other active coordinates are odd, then P is
standard.

Proof. A least-length counterexample reduces to primitive four-coordinate support by the three-
coordinate theorem and the common block extractions. An extraction producing coordinate 1 or an
endpoint leaves at most three coordinates after normalization. Write the lower coordinates as a < b
and the highest coordinates as e < c¢. Proposition 24.2 gives e | ¢. Theorem 24.5 excludes e < a.
Lemma 24.6 excludes a < e < b. Lemma 24.7 excludes a < b < e. These exhaust the possible
orderings, proving the theorem. O

24.1 Comparability with mixed lower valuations

The same highest-pair conclusion holds when one lower coordinate is odd and the other has dyadic
valuation one. This comparison alone does not classify that remaining case.
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Lemma 24.9 (Fourth-order traces for mixed lower parity). Let o > 1 be odd and let a have dyadic
valuation one, with o1 a. For the infinite sign word with active coordinates o,a, its first nonzero
trace on 47 is either negative, or has value 4h at its index h and is followed by another nonzero
trace on that grid at an index strictly between h and 3h.

Proof. Suppose first that o < a, and write a = go+r, 0 < r < 0. Below degree 2a, the shifted-series
expansion relative to R, gives the two fourth-order progressions

M +40Zso,  H+40Zsg, M=a+20, H=4o Lm .
Their trace-to-index ratios are respectively 4(—1)¢ and —4(—1)9. If ¢ > 4, both initial indices
are below 2a and their distance is less than 40 < a, so a positive first trace has an opposite-sign
successor before twice its index. If ¢ = 3, H = 40 < M < 2a gives a positive trace followed by a
negative one, with M < 2H. If ¢ = 2, the first trace at H = 40 < 2a is negative.
For ¢ = 1, one has 0 < a < 20. Every boundary index is a multiple of o or a. As o is odd and
a =2 (mod 4), the first possible positive fourth-order monomial indices are 2a and M = a + 2o,
followed by 4o0; here 2a < M < 4o. Let f = G,/(1 + 2°) and Hg = fs/f be its shifted quotient.
The exact expansion through degree M < 3a is

log((1 — )W) = log R, — 22°H, + 22°%(Ha, — H2).

It gives
0, < 30/2,
S2a = @ < 3o/ Sy = —12M.
4(2a), a > 30/2,
Indeed H, = —3=2 42" 50 its coefficient at 20 is —2, [x°""|HZ = —4, and [2°"]Hyq = 0. At

degree 2a, the coefficient is 2((—1)12%/°) — 1). These identities prove the assertion in this case as
well.

Now suppose a < o and write 0o = qa +r, 0 < r < a. The baseline R, has no traces on 4Z. The
unshifted progression from the first reversal at o has odd indices and does not meet this grid. Its
shifted progression has first grid index

H=2a BW <2,  Sy=—4(-1)H.
a

For even ¢ this is negative. For odd ¢ > 3, the next grid index H + 2a < 20 has the same nonzero
ratio, and H < H + 2a < 2H.

It remains that a < 0 < 2a, so H = 2a and S = 4H. We show Sy, # 0. A logarithmic
monomial at 4a has index ua + vo. Its odd-coordinate count v must be even. Since o > a, one has
v < 2, and v = 2 is possible only when o = 3a/2 and v = 1. Away from that exceptional equality,
only the a-boundary coefficients contribute. They satisfy

0 < 3a/2, {—2, 0 < 4a/3,
2,

—2
dy =dy=-2, d3= ’ dy =
2, 0>3a/2, o> 4a/3.

Thus [2%%]log D = dy+2d3 — 14 is —8, —16, or —20, all nonzero. The equality o = 4a/3 is impossible
because o is odd and va(a) = 1. If 0o = 3a/2, the simultaneous reversals at 3a = 20 give d3 = 0,
while d4 = 2. The pure a contribution is then —12. The only additional monomial is the cubic

product using one boundary at a and two at o, with contribution (—2)-2? = —8. Hence the
logarithmic coefficient is —20 in this case too. The nonzero trace at 4a = 2H lies strictly before
3H, completing the proof. ]
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24 Completion at length four times odd

Proposition 24.10 (Mixed lower parity forces highest comparability). Let P be cyclotomic
Littlewood of length 4M, with M odd, and with at most four active coordinates other than 1.
Suppose its highest layer has exactly two members e < ¢ and the remaining two coordinates consist
of an odd coordinate o and a coordinate a of dyadic valuation one. Then e | c.

Proof. 1f o | a, the lower-chain theorem already gives comparability. Otherwise apply the preceding
lemma to the lower word. If g = ged(e, ¢) < e, the highest-layer formula has first nonzero fourth-
order trace 4¢g at g, and zero on that grid strictly between g and 3¢g. Also e > 3g. Let h be the first
nonzero fourth-order trace of the lower word. The case e < h contradicts the nonzero required trace
at g < e. Otherwise the first-trace comparison gives h = g and S = 4h. The lemma supplies a
nonzero trace at h < k < 3h < e, again contradicting the highest-layer identity. Therefore e | c. [

24.2 The odd coordinate first

With mixed lower valuations, the following comparisons settle both orderings in which the odd
lower coordinate is the first active coordinate.

Theorem 24.11 (An odd smallest coordinate below a mixed lower layer). There is no primitive
four-coordinate cyclotomic Littlewood polynomial with active support {o,a,e,c} satisfying

o> 1 odd, va(a) =1, o<a<e<ce, va(e) = va(c) =2, ele.

Proof. Write a = 2z with z odd. If o | a, the first two coordinates are comparable, and the
established classification applies. Thus assume o { a. Put n = 20 + a, a multiple of four. Since
e >a > o0 and ¢ > 3e, one has n < 3e < ¢. The highest-layer identity therefore requires

) —
S, = { o= (24.2)
0, e#n.

Indeed the only possible odd multiple of e below 3e is e itself; its even multiple 2e has zero required
trace.

Let v; = (—1)b/el+li/al p(z) = 22j>0 vz, and FiM(z) = 22550 Vil Write Qp, = FIM/F
and oy (F) = —k[z*]log((1 — z)F). The first highest reversal, and its possible second occurrence,
give through degree n

Sp = 0n(F) + 2n[z"¢)Qc — 2n[z"2¢)Q2c + 2n[z" %] Q? (24.3)

e

where negative-degree coefficients are zero. Terms of third order begin at 3e > n.
First suppose a > 20. For the one-coordinate series f = G,(z)/(1 + x°), write a = go + r, with
0 < r < o. The shifted ratio is

f[a] B
7 —

Since n = a + 20 < 2a, the reversal at a gives 0,(F) =4n(—1)?. If a<e <n,put d=n —e < 2o0.
The reciprocal boundary of F is 1 4 2x° + O(22°). Therefore [z%]Q, is zero: the only relevant
shifted boundaries are at n and n — 0 = 0 + a, which are multiples of neither lower coordinate. A
possible shifted constant at d = o would require e = 0 + a, an odd integer. Also 2e > n. If e > n,
no correction occurs at all. Consequently (24.2) forces e = n. At this index the correction is just
2n7yy, with v, = —(—1)%, so equality additionally requires g even. Only the relation e = a + 20 will
be needed below.

q1—2x"*r+x°
1—x°

(=1)
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24 Completion at length four times odd

It remains that o < a < 20; equality a = 20 was excluded at the start. In this interval a direct
two-reversal calculation gives
on(F) = —12n. (24.4)

For completeness, use the one-coordinate f above. The first correction at a contributes 4 to
[2"]log(F/f). Put dy = 20 — a, with 0 < dy < 0. The ratio fl9/f has constant term —1 and
coefficient 2 at do; its square has coefficient —4 there. The ratio f2% /f has zero coefficient at dp.
Thus the second-reversal and quadratic terms contribute 0 and 8, respectively. The logarithmic
coefficient is 12, which proves (24.4).

If e > n, equation (24.2) is already contradicted. If e = n, then v, = —1 and (24.3) gives
S, = —14n, also impossible. Suppose therefore that a < e < n. Below degree 20,

1

m =1 + ZZEO — 217a + 0(3320).

For d =n — e < 20, this gives

[xd]Qe _ {4, e < 2o,

0, e>2o.

Indeed the boundaries at n and n — o vanish, whereas the boundary at n — a = 20 equals —2, and
its multiplier is —2. The two possible shifted constants would require e = o + a or e = 20, which
have dyadic valuations zero and one, respectively.

If 2¢ < n, set d =n —2e. Then 0 < d’ < 20— a < o. The shifted boundary of FI2¢ at this
degree is the vanishing boundary at n, and the reciprocal boundary of F' has no positive term below
0. Thus [29]Q2. = 0. Also d’ < 20 — e, the first boundary after the shift e; hence [z%]Q? = 0. It
follows that, unless n = 2e,

S, — {—4n, e < 2o,

—12n, e > 2o,

contradicting (24.2). At n = 2e, the constant terms are Q.(0) = 1 and Q2.(0) = v, = —1, and the
corrections sum to 12n. This is the sole remaining possibility, with e = 0 + z.

In both ranges the only surviving relation is therefore e = 2(0 + z) or e = 0 + z. Primitivity
forces ged(o, z) = 1, since a common divisor would divide a, e, ¢ as well. The first additive divisor
m = o0+ a = o0+ 2z is coprime to oa and to e. Since m | N = lem(o, a, ¢), it follows that m | c/e.
The lower-coordinate word has period ¢ = 40z, while

c—e>e(m—1)>(o+2)(0+2z—1) > 4oz.
The strict inequality follows from
(0+2)(0+22—1)—4doz=(0—2)>+(0—1)(z—1) +22—1>0.

The highest-pair period criterion now extracts an outer block of length ¢, leaving at most three
active coordinates. Its quotient is standard, and so is P, contradicting its nonchain support. [

Lemma 24.12 (An odd lower coordinate before the highest pair). There is no primitive nonstandard
cyclotomic Littlewood polynomial of length AM, M odd, with active support {o,b,e,c}, where

o<e<hb, oodd, wva(b)=1, el|c, wvae)=r12(c)=2.
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24 Completion at length four times odd

Proof. The comparable-first theorem excludes o | e, and the lower-chain theorem through dyadic
height two excludes o | b. Write e = go+r, with 0 < r < o. Its first highest trace gives 2e(—1)7 = 2e,
so q¢ > 2 is even and r is even. Let k be the next multiple of 40 after e. Then k = (¢ + 2)o or
(¢ + 4)o according as ¢ =2 or 0 (mod 4), and e < k < 2e < c.

Put f =G,/(1+z°) and let Hs = f/f denote its shifted quotient. For s =to+u, 0 < u < o,

1 =227 + 2°

Hy = (=1) 1—x°

If b > k, the coefficient at k in log R, — 2z°H. is four, contradicting the required zero trace. Thus
b < k. Before degree 2¢ the full logarithm is

log((1 — x)P) = log R, — 22°H, + 22" H,,.

At k, the corrections have coefficients 4 and —4(—1)!, where ¢t = |b/o]. Hence t is even. Write
b=to+ s, 0 < s < o; then s is even. The possibilities are t = ¢, and additionally t = ¢ 4+ 2 when
¢g=0 (mod 4).

Set n = b + 20, which is divisible by four. The b-term contributes four at n. The e-term can
contribute only when s = r: its possible residues modulo o are 0, —r, while n —e = s — r. The
other possibility s = 0 is excluded. Since b > e, the equality s = r gives

b=e+ 2o, t=gq+2, ¢=0 (mod 4).

In this resonance, primitivity forces ged(o,e) = 1. The additive divisor m = e + o is coprime to
o0,€,b, so from m | N = lem(o, b, ¢), with ¢ = ve, it follows that m | v. Consequently

c—e>e(et+o—1)> 20b,

since e > 40 and b = e + 20. The lower word has period 20b, so the comparable-highest period
criterion extracts a quotient with at most three active coordinates. This gives standardness, a
contradiction.

Assume now that s # r. If n < 2e, its logarithmic coefficient is four, already contradicting the
zero required trace. Only the cases

(Q7t) - (272) or (q7t) - (476)

can have n > 2e. Here 2b > n, e+ b > n, and n < 3e < c¢. The second reversal at e is the only
additional correction, giving

log((1 — z)P) = log R, — 22°H, + 22" Hy — 22%¢(Ho. + H?) through degree n.

In both cases n —2e = s — 2r. If this number is positive, then 2r < s < o, and it is smaller than the
first positive degree o — 2r in Ha. and the first positive degree o — r in H2. Thus the second-high
correction vanishes. If it is negative the correction is absent. Either case leaves the impossible
coefficient four. The only surviving possibility is

n = 2e, b = 2e — 2o.

At zero degree Ho. + H? = 2, because 2r = s < o, so this is precisely the case in which the added
coefficient is minus four.
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24 Completion at length four times odd

The new relation again makes ged(o,e) = 1 by primitivity. Now m = e + o is coprime to o, e
and also to b = 2e — 20, since m is odd and ged(m, 40) = 1. Therefore m | v = ¢/e and

c—e>e(le+o—1)> 20b.
For the last inequality write e = 20 + d, d > 0; its difference is
e? —3e0+40* — e =20(0 — 1) +d(o— 1) +d* > 0.

The same period extraction and three-coordinate classification now complete the contradiction. [J

24.3 An even lower coordinate first

The next comparison treats the tight placement of the first highest coordinate after both lower
coordinates.

Lemma 24.13 (The tight even-first lower layer). There is no cyclotomic Littlewood polynomial
whose active coordinates are exactly {a,o,e,c} with

va(a) =1, o odd, a<o<e<2aq, va(e) = va(c) = 2, el e

Proof. Putr=0—a,s=e—a,and n=a+ 20=3a+ 2r. Thus 0 < r < s < a, and n is divisible
by four. Also e < n < 3e < c¢. The highest-layer identity therefore requires S,, = 0, since the only
possible multiple of e in this interval is its even multiple 2e.

Let v; = (—=1)l/a+b/el P =3 y5a9, and Qn = 350 Yn+j27 /F. As 3e > n, the highest
reversal gives the exact identity

S F
Sn _ onlF) + 2[2" ) Qe — 22" %] Qae + 2[2" Q2 (24.5)
n n

where oy (F) = —k[z*]log((1 — ) F) and a negative-degree coefficient is zero. We compute its four

terms.
First suppose 2r # a, and put B =1 if 2r < a, and B = —1 if 2r > a. The lower trace is

on(F)

n

=8—-4B.

To verify it, start from f = G,(z)/(1 + x*). The shifted ratio is

flb 11— 22977 4 g0

f 11—z

Before 30 > n, only the first two reversals at o occur. In the logarithm at n, their linear and
quadratic contributions are 0, 4B, and —8, respectively. The baseline R, has zero trace at n. Thus
the logarithmic coefficient is 4B — 8.

For the highest correction note that, below degree a + o,

m = ]. + 2:17& - 2:170 + 6x2a + O($a+o).

The boundary at n is zero; the boundary at n — a = 20 is 2B; the boundary at n —o =a 4+ 0 is
zero; and the boundary at n — 2a = 20 — a is zero. The only possible shifted constant occurs when
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24 Completion at length four times odd

n — e = 2a, that is, when s = 2r; its contribution is six. The other two possible constants would
require e = 20 or e = a + o, whose dyadic valuations are one and zero. Consequently, with

I = 13:2r, J = 1n:2ea

we have
(2" °)Qe =4B+6I,  [2"*]Qe=—BJ, [2"*|Q}=J -4l

Here is the coefficient check for the last two formulas. If n — 2e > 0, then it is less than a, so the
reciprocal boundary contributes only its constant term. The boundary of FI2¢ is the zero boundary
at n. In @2, a nonzero contribution below a can occur only at the first shifted boundary 2a — e or
twice that boundary. The first equality n — 2e = 2a — e is exactly s = 2r, where the contribution
is 27.(—2) = —4. The second equality would give 2r = a, excluded in this case. If n = 2e, the

constants are 7, = —B and 72 = 1. These observations also cover negative degrees.
Substitution in (24.5) gives
S,
L =8+4+4B+4I+2(B+1)J > 0.
n
Indeed it is four when B = —1, and is at least twelve when B = 1. This contradicts the required
zero trace.

It remains that 2r = a. Then o = 3a/2 and n = 4a. The same lower calculation gives
on(F') = 20n: the exceptional linear coefficient contributes —4, the second linear contribution is
zero, and the quadratic contribution is —16 to the logarithm. If e < 2a, the reciprocal-boundary
calculation gives

[2"7€)Qe = —10,  [2"7F]Q2e =2,  [2"%]Q2 = 4.

For the first value, the boundary at n is 2, the boundary at 20 = 3a is zero, and the boundary
at n — 2a = 2a is —2. For the latter two, n — 2e = 2(2a — e) < a; this is twice the first shifted
boundary, which has value —2. Thus S,,/n =20 — 20 — 4 4+ 8 = 4. If e = 2a, the three coefficients
are —4,1,1, and S, /n =20 — 8 — 2+ 2 = 12. Both values again contradict S,, = 0. This exhausts
the interval. O

Lemma 24.14 (An even lower coordinate first). There is no cyclotomic Littlewood polynomial
with active support {a,o,e,c} satisfying

vala) =1, oodd, a<o<e<c wve)=uwv(c)=2, elec

Proof. Write o = qa 4+ r with ¢ > 1 and 0 < r < a; the remainder is nonzero because o is odd and
a is even. Let H = 2aJo/(2a)]. The word on the two lower coordinates has first nonzero trace on
AZ at H, with value —4(—1)9H. This follows from the shifted-series calculation in Lemma 24.9; in
every case H < 20. If e > H, its nonzero actual trace contradicts the required zero. Hence e < H.

At e = H, the low word has sign —1, since H/a is even and |H/o| = 1. The new high reversal
changes its trace by —2H. Thus e = H is impossible for even ¢, giving —6H instead of 2H; for odd
q, it gives the required 2H.

Suppose e < H. The lower word has zero trace at e, so the first high trace forces

(—1)le/al+l = 1,

Consequently ¢ = |e/a] is odd. Let f = G,/(1 + %) and write Hy; = f5/f for the shifted quotient.
Before degree 20,
log((1 — x)P) =log R, — 22°H, + 2x°H..
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24 Completion at length four times odd

At H, its two correction coefficients are 4(—1)? and 4. If ¢ is even, their sum is eight, again
contradicting the zero required trace at e < H < 2e. Thus ¢ is odd.
For odd ¢ > 3, put k = € + 2a. Since e < H = (¢ + 1)a,

e<k<(g+3)a<20<2e<ec.

If e < H, it lies in the same a-cell as o, with odd cell number. The index k is not an a-multiple, so
the odd-coordinate correction has zero coefficient there: its even support consists only of a-multiples.
The high correction contributes minus four, because [¢2¢]H, = —2. If e = H, the quotient H, is
identically one, and the next term of the odd-coordinate correction instead contributes minus four
at k = H + 2a. In both cases Sy = 4k # 0, whereas the highest-layer formula requires zero for
e<k<2<ec.

The only remaining possibility is ¢ = 1 and e < H = 2a. This is precisely the tight configuration
excluded by Lemma 24.13. All tested indices are interior: H < 20 < 2e < cand k <2e <c< N. O

Lemma 24.15 (An even lower coordinate before the highest pair). There is no primitive non-
standard cyclotomic Littlewood polynomial of length 4M, M odd, with active support {a,o,e,c}
satisfying

a<e<o, ve(a) =1, o odd, elc, wvale)=uwv2c)=2.

Proof. The comparable-first theorem excludes a | e. Write e = ga + r, 0 < r < a. The first highest
trace gives 2e(—1)7 = 2e, so ¢ > 2 is even. Set k = (¢+2)a. Then 4 | k and e < k < 2e < ¢. With
f=G,/(14+ 2% and Hy = fs/f, one has

1 —=2207% 4 2@
1—2z°

H; = (-1) ifs=tat+u, 0<u<a.
If 0o > k, the coefficient at k of log R, — 22°H, is four, contradicting the zero required trace. Thus
0 < k, since o is odd. Before degree 2e the logarithm is

log((1 —x)P) =log R, — 22°H, + 22°H,.

At k the two correction coefficients are 4 and —4(—1)L°/%/. The required zero trace forces |o/a] = g,
hence
e=gqa-+r, 0=qa+ s, 0<r<s<a.

We claim ged(a,0) = 1. Suppose g = ged(a,0) > 1. Since o is odd, g > 3 is odd. Primitivity
and e | ¢ give ged(g,e) = 1. Every boundary index below c¢ is a multiple of a, 0, or e. At degree
2e < ¢, a logarithmic monomial containing a lower boundary has index L + te, where g | L and
0 <t < 2. The equality L + te = 2e and coprimality force ¢t = 2, L = 0. Thus only the boundaries
at e, 2e contribute. One has b = —2 and

bae = —2(—1)12/e),

because the odd coordinate has reversed once, while the highest coordinate has reversed twice.
Neither boundary coincides with a lower boundary, by ged(g, e) = 1. The zero required trace at 2e

therefore gives
2

b
0= [x%}logD:bge—?&, r>a/2.

In particular s > r > a/2.
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24 Completion at length four times odd

Put a = gu, o = gv, where ged(u,v) = 1, u is even and v is odd. The case u = 2 would make
the fractional part of o/a = v/2 equal one half, giving s = a/2, impossible. Hence u > 2. Set
n =a+ 20. Then 4 | n, g | n, and

2e<n<3de<ec

Indeed 3¢ —n = (¢ — 1)a + 3r — 2s > 0. The same residue argument now excludes every high-
boundary monomial at n: its total high multiplicity is at most two and must be divisible by g > 3.
A lower-only monomial has index Ra + So = n. Since n < 30, one has S < 2. Coprimality of u, v
and u > 2 exclude S = 0,1, leaving only R =1,5 = 2.

The relevant boundary coefficients are

by = —2,  bo=2,  ba=—2.

For the last one, |20/a| = 2¢ + 1 and 2e < 20 < 3e, while the odd coordinate has reversed twice.
There are no coincident boundaries at 20, since v > 2. Consequently

(2" log D = ~babao + bob? = —4 — 8 = —12.

This contradicts the zero required trace for 2e < n < 3e < ¢. The claim ged(a, 0) = 1 follows.
Finally, before the odd coordinate enters, all boundary indices are even. The odd part of the
logarithm below 3o is linear in its odd part, whose first term is b,z°. Since e > 2a, the reciprocal
even boundary has coefficient two at both a and 2a. Thus the odd traces at o + a,0 + 2a are
nonzero. They are interior and their proper ged indices would be odd and below o, where all traces
vanish. Hence
o+al|N, 0+ 2a| N.

These two divisors are coprime to each other and to ao. Since N = lem(a,o,c), their product

divides ¢. Therefore 5 5 5
e 2¢ > (0+a)(o+ 2a)

3 3
The lower word has period 2ao, so the comparable-highest period criterion extracts a quotient with
at most three active coordinates. The three-coordinate theorem makes that quotient standard,
completing the contradiction. O

> 2ao0.

24.4 Completion at length four times odd

The last ordering has a highest coordinate first. Coprimality with the odd lower coordinate permits
the uniform separation argument above.

Lemma 24.16 (Coprimality of an odd lower coordinate at fourth dyadic height). Let P be
normalized cyclotomic Littlewood of length 4M, M odd, with primitive four-coordinate support
{a,qa,j,h}. Suppose a is the smallest coordinate, {a,qa} is its highest layer, j is odd, and h = 2
(mod 4). Then ged(a,j) = 1.

Proof. Here va(a) =2 and ¢ > 3 is odd. Let B = R,/R,, be the boundary of the high-chain word
~. The first noncancelled high boundary after the smaller lower coordinate puts the larger before
that boundary. Thus ~ is constant between j, h, and

max(j,h) < 2min(j, h), |7 — h| < 2a.

Suppose g = ged(a,j) > 1. It is odd, and primitivity gives ged(g,h) = 1. Put n = 25 + h € 4Z.
This index is interior: if j < h, then n < 45 < N; if h < j, then n < 3j < N. At n the high-chain
trace vanishes, because g { n.
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24 Completion at length four times odd

Write D = (1 —x) P, with boundary coefficients bx. Expand log D —log B in the lower-coordinate
boundary differences. All inverse powers of B are supported on aZ. Any surviving off-grid monomial
must contain total A-multiplicity congruent to one modulo g. The cubic mixed terms give exactly

by (b7 — baj).

Here by, b; € {—2,2}. Apart from the exceptions treated below, by; € {—2,2}, so this is one of
{—12,—4,4,12}.

If j < h, the expansion stops before degree 4j and no further monomial can contribute. A term
involving the even reversal 2j and h is the displayed quadratic term; three first reversals give the
displayed cubic term. All other residual shifts are either nonzero modulo g or are j, 2j, h, whose
dyadic valuations are smaller than that of a. Thus the coefficient is nonzero.

Suppose h < j. Since n < 5h, the only additional possible total h-multiplicity is four, and this
requires g = 3. Such a contribution can survive only if

2j —3h =ma (m >0).

Nearness gives
m < min{h/a,4 — h/a} < 2,

som =0 or m = 1. The even boundary differences at grid points start at degree 2h; they cannot
alter this fourth-order contribution, whose remaining shift is smaller than h.

If m = 0, then j = 3h/2 and the two reversals at 3h = 2j cancel, so bg, = by; = 0. The
common divisor is exactly three, and primitivity implies that neither 2h nor 4h is a high grid point.
Consequently bap,, by, € {—2,2}. The pure fourth coefficient is

2 4
bap, — b27h + b%bzh — % = by, — 6 4 4byy, € {4,0,—12,—16}.
The mixed coefficient is 4b, € {—8,8}. None of the possible sums is zero.

Finally suppose m = 1, so 25 = 3h + a. Nearness first gives a < h < 3a. If h < 2a, the interval
from h to j crosses the noncancelled boundary 2a, which is impossible. Thus h > 2a, and the
crossed boundary 3a must be cancelled. This forces ¢ = 3; the next noncancelled boundary gives
2a < h < Ta/3 and j < 4a. Also g = 3. Write a = 3w, j = 3v; then

ged(w,v) =1, h=2v—w, 31th.

The first odd trace is at j. The usual support-defect argument, or the nonzero odd logarithmic
coefficient at j + a, forces j +a =3(v+w) | N. But

N = lem(9w, h, 3v), ged(v + w, 9wh 3v) = 1.

Indeed ged(v+w,wv) =1, ged(v+w, h) = ged(v+w,3) =1, and 3 (v+w) because h = —(v+ w)
(mod 3). The forced divisor is therefore impossible. Every case contradicts g > 1, proving the
lemma. O

Theorem 24.17 (A smallest highest coordinate with mixed lower parity). Let P be cyclotomic
Littlewood of length 4M, M odd, with at most four active coordinates other than 1. Suppose
its two-member highest layer contains its smallest normalized active coordinate, and its other
coordinates have different parity. Then P is standard.
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25 A lower chain and an integer-chain trace

Proof. Common block extraction either reduces to at most three coordinates or preserves the
stated class and makes the support primitive. The highest pair is comparable: otherwise its ged
trace would occur before the smallest coordinate. The preceding lemma gives coprimality with the
odd lower coordinate. Theorem 22.6 then supplies the required period separation and standard
factorization. O

Theorem 24.18 (Complete four-coordinate classification at length four times odd). FEvery cy-
clotomic Littlewood polynomial of length 4M , with M odd, and with at most four active divisor
coordinates other than 1 is standard.

Proof. Normalize the first two coefficients. The three-coordinate theorem handles any loss of a
coordinate. A common inner block with even length reduces to odd or twice-odd length, where
the assertion is already proved. A common odd inner block preserves the present dyadic valuation
unless an active coordinate disappears. A proper outer block either preserves that valuation,
decreases it to an already classified odd or twice-odd length, or deletes a coordinate. Thus a least
counterexample has primitive support of exactly four coordinates.

The highest-layer split and the complete three-member-highest theorem leave exactly two highest
coordinates e < c. If both lower coordinates are odd, Theorem 24.8 applies. They cannot both
be even, since that would give a common inner block. The remaining case has one odd lower
coordinate o and one lower coordinate a of dyadic valuation one. Proposition 24.10 gives e | c.

If e is the smallest coordinate, Theorem 24.17 applies. Otherwise exactly one of the following
orderings holds:

o0<a<e, o<e<a, a<o<e, a<e<o.

These are excluded, respectively, by Theorem 24.11, Lemma 24.12, Lemma 24.14, and Lemma 24.15.
This exhausts the primitive support and proves the theorem. ]

Corollary 24.19. Every cyclotomic Littlewood polynomial whose length is not divisible by eight
and whose active support has at most four coordinates other than 1 is standard.

Proof. Combine the odd-length theorem with Theorems 21.3 and 24.18. O

25 A lower chain and an integer-chain trace

Consider the remaining primitive lower-chain configuration {a, b, e, c} at length N = T'M, where
T=2'>8 Misodd, alb,e|c,and e,c are the highest coordinates. The preceding reductions
allow us to write e = Tu, ¢ = ev, with u,v odd, v > 3, a odd, and ged(a,e) = 1. The lower-chain
short-trace and additive-barrier arguments give

2u<a<e/2, b>Ta, q=le/a| even.

Thus 2 < ¢ < T/2, and the fourth coordinate does not affect any trace through T'a. As before, put
Rg= (1 —2%/(1 4 %), with the variable indicated by its argument when needed.

Lemma 25.1 (Separation of the two boundary grids). Let T' > 2 be even, let a > 1 be odd with
ged(a,T) =1, and let e = T'u, ¢ = ev, where u,v are odd and v > 3. Assume ged(a,e) = 1. Let
P, be the infinite sign series with active coordinates a,e,c. If its boundary traces agree with those
of Re/ R at every positive multiple of T' strictly below Ta, then

1
{eJ =0 (mod2) wheneverfu <a andv{dl.

a
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25 A lower chain and an integer-chain trace

Proof. Below Ta, boundary indices lie in the disjoint sets aZ and TZ. A logarithmic monomial of
degree Tk < Ta containing any a-grid boundary has total a-grid degree am with m > 0. Reduction
modulo T forces T' | m, so that its degree is already at least T'a, a contradiction. Thus the traces
below T'a depend only on the T-grid boundary series. Trace agreement identifies this series with
Ry /Ry, through degree a — 1 in y = z7. At the noncancelled boundary /e, the actual coefficient
is the high-chain boundary coefficient multiplied by (—1)l%/e). Equality forces the displayed
parity. [

Proposition 25.2 (The pure-power highest scale). In the unresolved primitive lower-chain con-
figuration, if the smaller highest coordinate is e = T, then a highest-trace discrepancy occurs at a
positive multiple of T below Ta. In particular that configuration cannot be cyclotomic.

Proof. The existing short-trace lemma and additive barrier give 2 < a < T/2, ¢ = |T/a] even, and
b > Ta. Hence the fourth coordinate b cannot affect this prefix. Put § =7/a — q. Since T and ¢
are even and a is odd, § = r/a for an even integer r > 2. Suppose no earlier discrepancy exists.
The preceding lemma requires [ 6| even for 1 < ¢ < a, except when v | £. In particular ¢ = 2 gives
6 < 1/2. For a = 3 this contradicts r > 2 directly. For a > 5, put o = [1/6]. Then

Eog[a/ﬂ:(a—kl)/?, bo+1<a-—1.

Both |£pf] and [ (fo + 1)0] equal one, since £pf < 1+ 6 and 26 < 1. At least one of two consecutive
indices is not divisible by v > 3, contradicting the required parity. O

Lemma 25.3 (An integer-chain reduction of the local target). Suppose w > 1 in the same
configuration, and put o = e/a = q + 0, where q is even and 0 < 6 < 1. If no highest-trace
discrepancy occurs below Ta, then for 1 <m < T,

(—1)lma/el+lma/e] — (_q)Lom=1)/al+m=1)/(av)]

Consequently the only remaining discrepancy at Ta is the T'th boundary trace of

22 Ry(2)
14+ 2z Ryy(2)

Byo(2) =1 .
Proof. Put L = |a/u|. Coprimality and v > 1 make a/u nonintegral. The parity lemma requires
|40| even for 1 < ¢ < L, except when v | . As a > 2u, the index two is available and is not
cancelled; therefore # < 1/2. The first odd value occurs at £y = [1/6]. Its successor also has odd
floor, because £y < 1+ 6 and 26 < 1. Thus ¢y > L, and equality is possible only if v | L. All
noncancelled boundaries before T' consequently occur at

m = [la] = Lg+ 1.

There are no extra boundaries of this integer-chain word before T'. Indeed (L 4+ 1) < 2. If
(L+1)g+1<T,evenness of T" and ¢ would imply 7" > (L +1)g+ 2, contrary to T' < (L +1)(q+6).
This identifies the two sampled sign sequences through 7. At degree Ta, no mixed logarithmic
monomial between the two grids is possible either; moreover no T-grid boundary occurs there, since
u t a. The top-only logarithmic contribution therefore still agrees with the required trace. The
remaining contribution is the logarithm of

142 Z (=1)™(=1)Lm=D/a]+Lm=1)/(qu)] ;m.

m>1

The chain-boundary formula evaluates this rational series as the stated B, ,,. O
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26 Large prime powers with an arbitrary fixed cofactor

The proposition excludes a pure power of two as the smaller highest coordinate in this remaining
lower-chain class. For u > 1, the lemma reduces the local obstruction to the precise assertion

22 Ry(2)
14+ 2 Ryy(2)

—T[2"]log (1 ) £0, T=2, 2<q<T/2, qeven, v>3odd.

A uniform proof of this nonvanishing is not supplied here. In particular, the reduction does not
establish the full lower-chain classification at arbitrary dyadic height.

26 Large prime powers with an arbitrary fixed cofactor

The local rigidity argument treats two odd prime supports. A different periodicity argument permits
any number of prime supports in the cofactor. Its conclusion inserts a prime block between two
shorter cyclotomic Littlewood polynomials; it need not place that block at either end.

Theorem 26.1 (Large-prime insertion). Let A > 1 and let ¢ be an odd prime satisfying
q> A (26.1)

For every s > 1, every cyclotomic Littlewood polynomial P of length Aq®, normalized by P(0) =1,
has a factorization

P(z) = R(x)®,(3z")W (z7), (26.2)

where h | A, § € {—1,1}, and R,W are cyclotomic Littlewood polynomials of lengths h and
(A/h)q* 1, respectively, both with constant term one.

The decisive observation is that a reciprocal rational function cannot hide its first coefficient
discrepancy near the middle. A congruence modulo four first determines a signed period; reversal
then turns that congruence into an identity.

Lemma 26.2 (Signed rational interpolation). Let U,V € Z|x], with U(0) = V(0) =1, degU = L,
and degV = L + 1, where L > 1. Suppose

V*z) =0V (z), B(l/z)=rzB(z), B=U/YV,

where o,k € {=1,1} and V*(x) = 22TV (1/2). Write B(z) = 3,50 Baz™. If, for a sign é,
Bntr =0Bp (modd) (n>0),  fne{-1,1} (0<n<L),

then

L-1
B(z) = 1?(;’&, R(z) = z::oﬁnx".

Proof. Write U* = 2LU(1/x) and R* = 271 R(1/z). The assumed reciprocity gives U* = koU.
The signed congruence says that the polynomial

F=(1-6"U—-RV

has every coefficient divisible by four. Reversing this congruence at degree 2L and using (1 —dz%)* =
—6(1 — ozt) gives
R*'V = —0xkRV  (mod 4).
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26 Large prime powers with an arbitrary fixed cofactor

Since V' (0) = 1, cancellation in (Z/4Z)[[z]] yields R* = —6xR (mod 4). Both sides have sign
coefficients, so they are equal over Z. Consequently x?*F(1/x) = —6koF(z). By construction,
F vanishes to order at least L at zero. Reversal leaves only the possibility F' = ca’. Its middle
coefficient is

c= Br — 0po.

This is a difference of signs divisible by four, hence zero. O

The next finite-prefix lemma gives a second periodicity criterion. It is useful for more general
rational functions for which the numerator and denominator degrees do not meet the preceding
lemma’s hypotheses. Its properness assumption removes exceptional initial indices.

Lemma 26.3 (Periodic signs from a reciprocal finite prefix). Let B be a proper rational function
reqular at zero, whose poles lie among the Lth roots of unity and have multiplicity at most m, and
suppose B(1/x) = kxB(z) for a sign k. Suppose its Taylor coefficients are integers and satisfy

Br+r = Bn (mod 4) (n>0).

If they also satisfy
ﬁne {_1’1} (OSH<Q), QQZLmv

then all its Taylor coefficients are signs and Bpyr = Bn for every n > 0.

Proof. Partial fractions express the coefficients as sums of terms

—1
C<n+r1 )C", 1<r<m, (F=1.
r—

There is no polynomial part because B is proper. The displayed expression extends [, to every
integer n by treating the binomial coefficient as a polynomial. On each residue class n = a + Lk,
this extension is a polynomial f,(k) of degree at most m — 1, valid for all integer k.

For n > 0, the coefficient of 27"~! in the Laurent expansion of B at infinity is —8_,_1. Indeed,
for a single partial fraction this follows from

r—mn-—2 _ n
(5= h)

and expansion of ¢(1 — x/¢)~" in powers of 1.

kx~1B(1/x), so the same coefficient is x/3,. Hence

6—7@—1 = _E/Bn-

The hypothesis therefore supplies signs at every integer —Q < n < Q.

The congruence hypothesis also extends to all integer indices of the polynomial continuation.
Indeed, for a residue representative 0 < a < L, put gq(k) = fo(k + 1) — fo(k). This polynomial
takes values in 47 for all integers k > 0. Its finite-difference expansion is

Ga(k) = 3 A7g,(0) (’“)

>0 "

T

On the other hand, reciprocity gives B(z) =

with only finitely many nonzero terms. Every coefficient A”g,(0) is divisible by four, and (’:) is an
integer for every integer k, including negative k. Hence g,(k) € 4Z for every integer k. All values
of f, at integer arguments are consequently congruent modulo four.
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26 Large prime powers with an arbitrary fixed cofactor

The 2@ consecutive signed indices contain at least m representatives of each residue modulo L.
In a fixed residue, their signs are congruent modulo four and therefore all equal to some sign 7,.
Thus fu(k) — 14, of degree at most m — 1, has at least m distinct zeros. It vanishes identically, and
fa is the constant 7. O

Remark 26.4. Without the congruence hypothesis, the same periodic-sign conclusion follows from
the stronger bound 2Q > L(2m — 1). The reflected prefix then gives 2m — 1 zeros of f2 — 1, whose
degree is at most 2m — 2, on each residue. This version does not require integral Taylor coefficients.
The modulo-four information is what reduces the required sample count from 2m — 1 to m.

Proof of Theorem 26.1. We isolate the g-free rational factor first. Its degrees and its initial sign
coefficients will force a signed period. The remaining factor can then change a whole period only
by preserving it or reversing every sign; this is the source of the inserted block.

Write A = TM, where T = 2"2(41) and M is odd, and put D = (1 — z)P. Let E,, denote the
multiplicity of ®,, in D. To keep constant terms equal to one, write ¥y (z) = 1—z and ¥y(z) = P4(x)
for d > 1. Every conductor divides 24¢* and is uniquely ¢/d with d | 24 and 0 < j < s.

For j = 0,1, define

Vily) = T Waly)“oe.
24

The dyadic budgets for D give, for every r | M and 0 < j < s,

vg(A)—i—l
> (2" Eaagi, = T. (26.3)
=0

a

Multiplying by ¢(r) and summing shows that deg Vp = deg V4 = A. Reduction of the same budgets
modulo two gives
Volz)=Vi(z) =1 -2 (mod 2). (26.4)

Indeed, modulo two the factors at conductors 2%r contribute i34 (%)

gives (1 — 2M)T =1 — 24 in characteristic two.
For ¢ 1 d, the cyclotomic identities are

; taking the product over r | M

. \I/d<l'q)

Vga(z) = Uy(z) Dig(x) = @pi-rg(x?) (5 > 2).
Consequently o
= q B (1 C)
P(z) = B()C(").  B@) = g— oy, (26.5)
where

S
E .
Cly) =Vi(y) [T TI ®gi-raly)".
j=2d|24
The empty product is one when s = 1. This polynomial has constant term one, only roots of unity

as zeros, and degree
s—1

K= AZ o(q’) = Ag" L (26.6)
j=0

The numerator and denominator in (26.5) have degrees A and A + 1, respectively. They are

reciprocal up to sign, so B(1/x) = kxB(x) for a sign k. Its Taylor coefficients (,, are integers, and
they agree with those of P for n < ¢. In particular, 8, ..., 54 are signs because ¢ > A.

80



26 Large prime powers with an arbitrary fixed cofactor

Put J =1 — 2% and use (26.4) to write V; = J + 2H;, with H; € Z[r] and deg H; < A. Set
H = Hy — H;. Formal inversion gives
1 2H(x)

B(x) = 1—1‘+(1—x)(1—x’4) (mod 4).

In particular every £, is odd. Multiplying by 1 — z4 and comparing coefficients of degree at least
A yields
Brnta — Bn =2H(1) (mod 4) (n>0).

For 6y = (—1)#(, oddness makes this equivalent to 44 = o8, (mod 4). Apply Lemma 26.2
with U =V, V = (1 —x)V1, and L = A. Tt follows that

/Bn S {_17 1}7 Bn—‘rA - 50671 (n > O)' (26'7)

Thus 8 has period L = 2A. Extend it periodically to all integers. Although ¢ need not reach L,
every interval of ¢ > A consecutive indices meets every residue modulo A; the signed period then
determines all residues modulo L. Also ged(q, L) = 1.

Write C(y) = Zszo cpy®, where ¢g = 1. For 0 < j < K define a function on the absolute residue
n (mod L) by

J
Fj(n) =Y ciBniq- (26.8)
k=0

The function F} records the coefficient contributions once the first j 4+ 1 terms of C(x?) have
entered. Keeping the global index n fixed makes consecutive such functions comparable on the
same residues; using an offset within a block would shift that comparison. For jqg <n < (j + 1)g,
equation (26.5) says that [¢"|P = Fj(n). Each F} inherits the signed period Fj(n + A) = 6oF};(n).
Every such interval contains every residue modulo A, so Fj is sign-valued on all residues modulo L
for 0 < j < K. Since deg P = Kq — 1, the next block gives Fx = 0.

Now Fy = 3, and the recurrence in these absolute coordinates is

Fj(n) — Fj-1(n) = ¢jBn—jq- (26.9)

For 1 < j < K, either ¢; = 0 and the functions agree, or their difference is nonzero at every residue.
The nonzero difference of two signs has absolute value two. Hence in the latter case |¢j| = 2 and
F; = —F;_; pointwise. Inductively, every F; with j < K is 8 or —f. At every nonzero internal
coefficient, (26.9) then shows that shifting 3 by jq gives 5 or —5. The terminal equation

CKﬂn—Kq = _FK—l(n)

gives the same assertion for K¢, and also gives |cx| = 1.
Consider the subgroup

S={u€Z/LZ: Bpiyu= Pn for all n, or iy = —F, for all n}.

It is a subgroup because composing signed shifts adds their indices and multiplies their signs. Let
h | L be its least positive generator, taking h = L if S = {0}. The signed period A already belongs
to S, so h | A. There is a sign 0 with 8,44 = 05, for every n. If ¢; # 0, then jq € S, so h | jq.
Since ged(q, L) = 1, this implies A | j. Thus the signed symmetry of the baseline forces the entire
correction polynomial onto multiples of the same h. We have obtained

R(x)

Cly) = Co(yh)a B(z) = 1_ozh’

h—1
R(z) =Y Ba" (26.10)
r=0
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26 Large prime powers with an arbitrary fixed cofactor

Thus R is Littlewood of length h.
Put m = K/h and write Co(z) = S 7 di2*. Because ¢ is odd,

anqhk = 6kﬂn .

For 0 < ¢ < m, equation (26.8) at j = hf shows that Zi:o do" is a sign. The equation Fx = 0
gives Cp(d) = 0. Hence

Co(z) = (1—=02)W(z), []W=4¢" XE: did* e {=1,1} (0< L <m).
k=0

This proves that W is Littlewood of length m = (A/h)¢*~!.

Both shorter polynomials are cyclotomic. For R, this follows from R = (1 — dz")B: every zero
and pole of B, and every zero of the multiplying binomial, is a root of unity. For W, every hth root
of a zero of W is a zero of C, hence a root of unity. Finally, substituting (26.10) into (26.5) yields

1-— 6th h h h
P(z) = R(Cﬂ)mw(iq ) = R(z)®q(0z" )W (z"),
where the last equality again uses that ¢ is odd. This proves the theorem. O

Remark 26.5 (A pole-multiplicity alternative). Lemma 26.3 gives a separate proof of periodicity
under the sufficient bound ¢ > Amax{2,T}, with T = 2v2(4)  Tndeed, B is proper, all its poles are
(2A)th roots of unity, and each pole has order at most 7" by (26.3). At 1, the extra factor 1 — z in
the denominator is offset by £ > 1. Moreover,

(1 —2*B(z) = Goa(x) + 2H (x)Ga(z) (mod 4),

a polynomial of degree less than 2A. Thus its coefficients are periodic modulo four with period 2A.
Reciprocity and the first ¢ sign coefficients allow Lemma 26.3 with L = 2A, m =T, and Q = gq.
The signed interpolation argument above uses the numerator and denominator degrees instead of
this pole-order bound.

Corollary 26.6 (Inheritance from the cofactor). Suppose every cyclotomic Littlewood polynomial
whose length divides A is standard. If g1 A is an odd prime satisfying (26.1), then every cyclotomic
Littlewood polynomial of length Aq® is standard for every s > 1.

Proof. Induct on s, simultaneously for all cofactors a | A. The case s = 0 is the hypothesis. Since
q > A > a, Theorem 26.1 applies at length aq®. Its factor R has length dividing A, and its factor W
has length (a/h)q*~1. These are standard by the hypothesis and induction, respectively. Inserting
the displayed g¢-block between their standard products proves the claim. O

For example, all divisor lengths of 30 are covered by the established odd-length and length-2pq
results. Thus every length 30¢° is covered for primes ¢ > 30 and all s > 1. This illustrates an
arbitrary-power family with three odd prime supports.

Corollary 26.7 (A necessary balance condition). If N is the least length of a counterexample to
the Borwein—Choi conjecture, then every odd prime q | N, with A = N/q”‘J(N), satisfies

q< A (26.11)
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27 Prime insertion from reduced rational complexity

Proof. Since gt A, equality ¢ = A is impossible. If the displayed inequality failed, Theorem 26.1
would express the counterexample using a prime block and two cyclotomic Littlewood polynomials
of strictly smaller lengths. Both shorter polynomials are standard by minimality, which makes the
original polynomial standard as well. O

The bound compares ¢ to its entire g-free cofactor. It does not show that a prime larger
merely than the dyadic part can always be removed. Nor does (26.11) bound the number or size of
mutually comparable odd prime factors. Thus this insertion theorem gives a uniform reduction for
unrestricted cofactors and prime powers, while leaving the balanced cases unresolved.

27 Prime insertion from reduced rational complexity

The size of the cofactor is a uniform bound for two different quantities: the degree of a rational
function and the signed period of its coefficients modulo four. Keeping those quantities separate
gives a more flexible test.

Lemma 27.1 (Reciprocal interpolation with a prescribed period). Let U,V € Z[z]| have constant
term one and degrees d,d + 1, respectively, where d > 0. Suppose that

V*(x) = oV (x), B(1/x) = kxB(x), B=U/V,

with o,k € {=1,1}. Write B =}, 5 Bn2". Suppose that all 3, are odd and, for some h > 1 and
sign 6,
Bnin =90Bn  (mod 4) (n>0).

If the first Q coefficients are signs and 2Q) > h + d, then

R(z)

h—1
B(J?) = m, R(I’) = E:OTnxn, T'n € {—1, 1}

Here r,, is the unique sign congruent to 3, modulo four.
Proof. The congruence says that
F=(1-0z"YU—-RV=0 (mod4).

Reverse this congruence at degree h 4+ d. The reciprocity assumptions give U* = koU, and
cancellation of the invertible series V' over Z/4Z yields

R* = —-0kR (mod 4).
Both polynomials have sign coefficients, so this is an equality over Z. Consequently
e"F(1/x) = —0ko F(x).

The series R/(1 — §x") consists entirely of signs and is coefficientwise congruent to B modulo
four. Their first Q coefficients therefore agree. Hence 2@ | F, and reversal also annuls the last
Q positions among degrees 0, ..., h + d. The inequality 2Q) > h + d leaves no nonzero coefficient.
Thus F = 0. O
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27 Prime insertion from reduced rational complexity

Theorem 27.2 (An effective prime-insertion test). Let g be an odd prime not dividing A, and
let P be a cyclotomic Littlewood polynomial of length Aq®, where s > 1 and P(0) = 1. For the
multiplicities E,, of D = (1 — x)P, put

Vi) = [] Wal@)®e (j=0,1),  G=gd(Vp,V1), do=A—degC,
24
where Uy =1—x, Ug = ®4 ford > 1, and G(0) = 1. Let 3, be the coefficients of B = Vp/((1—x)V7),
and let r,, be their representatives in {—1,1} modulo four. Extend (ry) to all integers using its
period 2A. Let h be its least positive signed period: rpip = 0ry, for all integers n and some sign §.
Then h | A. If
q > h, 2q > h + dp,

there are cyclotomic Littlewood polynomials R, W, with constant term one and respective lengths
h, (A/h)g*~!, such that
P(z) = R(z)®,(5z")W (7).

Proof. The multiplicity budgets and the g-adic factorization in the proof of Theorem 26.1 do not
require ¢ > A. They give

deg Vo = deg V1 = 4, P(z) = B(x)C(x?), degC = Ag*™ .

They also show that every 3, is odd and that 5,14 = dof, (mod 4) for a sign §y. Thus the
sign representatives have period 24 and signed period A. Their signed shifts form a subgroup of
7./ (2A)Z; its least positive generator h therefore divides A.

Cancel G in B and write

U=V/G V=(1-2)W/G.

These integer polynomials have degrees dg, dg + 1 and constant term one. Their cyclotomic factors
give the reciprocity hypotheses of Lemma 27.1. The first ¢ coefficients of B agree with those of P,
since C'(0) = 1 and all nonconstant terms of C'(x?) have degree at least q. Apply that lemma with
Q = q and the signed period h. It follows that

h—1
B(z) = R(z)/(1 — §z"), R(z) = Z rpx’.
n=0

In particular B is an exact sign series, and h is still its least signed period.

Write C(y) = Zfzo cjy?, K = Ag® !, and set

J
Fj(n) = Z Ckﬁn—kq
k=0

These functions inherit the signed period h. On each interval jqg < n < (j + 1)g, Fj(n) is the
coefficient of P at n. Because ¢ > h, this interval meets every residue modulo h. Therefore F} is
sign-valued everywhere for j < K, and Fx = 0. The recurrence

Fj —Fj1=¢jB—jq

now has precisely the same consequences as in the proof of Theorem 26.1: a nonzero internal c; has
absolute value two and reverses every sign. Hence jq is a signed period whenever ¢; # 0, including
the terminal index K. Since ¢t A and h | A, this forces h | j. Thus C(y) = Co(y"). Its terminal
cancellation gives Cp(d) = 0, and the signed partial sums show that Cy(z) = (1 — dz)W(z) with W
Littlewood of length K/h. Substitution gives the displayed prime block. Every zero of R or W is a
root of unity, by the same root-lifting argument as in Theorem 26.1. O
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28 The remaining assertion

The original cofactor bound is recovered from h < A and dg < A. The new test can also apply
below that bound, when the rational factors have a large common divisor or the signs modulo four
have a shorter signed period. It is a test on the multiplicity array of an individual polynomial; it
does not assert that all balanced cofactors satisfy it.

For example, take P = (1 4 z)®5(—22)®3(x'Y), with N = 30, ¢ = 5, and A = 6. Its baseline is
B = (1+x)/(14+2?%),s0 h = 2 and dy = 2. The effective test applies although ¢ < A. This illustrates
a strictly less restrictive test on multiplicities; length 30 is already covered by Theorem 11.1.

28 The remaining assertion

The chain criterion gives a precise form of the unrestricted question: must the active divisor
coordinates of every cyclotomic Littlewood polynomial form a chain? Gcd invariance alone is
insufficient, as is ged invariance together with positivity on (—1,1).

A least counterexample has no common inner block and no proper outer block, so its active
coordinates have gcd one and lem equal to its length. The three-coordinate theorem requires at
least four active coordinates after normalizing ag = a; = 1. Prime insertion requires ¢ < N/ g'e V)
at each odd prime ¢ | N. An odd highest layer must have full lem. A comparable highest pair e < ¢
must satisfy ¢ — e < £ — ged(e, £), with £ as in Corollary 15.1.

Theorem 12.1 excludes every length supported on {2,3,7}. Theorem 9.2 requires an additional
nonzero binomial exponent in its divisor window at every first-block failure. The effective insertion
test also requires, for each odd prime, ¢ < h or 2q < h 4 dy, with h,dy defined in Theorem 27.2.
For four coordinates, Proposition 16.1 leaves only highest layers of size two or three. Theorem 20.3
excludes the latter, so exactly two highest coordinates remain. Theorems 17.10 and 18.4 exclude the
stated infinite subfamilies. The first two active coordinates must be incomparable under divisibility.
Theorems 21.3 and 24.18 exclude all lengths whose dyadic valuation is at most two. Hence a
remaining four-coordinate counterexample has length divisible by eight. Theorem 22.5 excludes a
smallest highest coordinate with two odd lower coordinates. If there is instead one odd and one
even lower coordinate, such a smallest-highest configuration must fail the coprimality hypothesis
of Theorem 22.6. A comparable highest pair cannot both contain the unique odd coordinate, by
Theorem 23.2.

A lower-chain candidate is restricted further by Lemma 18.3 and Section 25. Its smaller highest
coordinate cannot be a power of two. The remaining local trace is reduced exactly to a rational
integer-chain ghost, whose uniform nonvanishing remains unproved. The general two-member
highest layer at greater dyadic height remains unclassified. These necessary conditions have not
been proved incompatible in general. The intermediate norms need not be assumed Littlewood, and
neither a flat terminal norm nor a geometric divisor alone has been shown to force all remaining
blocks. The supplement gives exact examples that invalidate stronger local inferences. Its finite
four-coordinate classification through length 3000 remains a separate certificate result; no assertion
at arbitrary length is inferred from it.

Usage of Al

Al tools assisted with literature searches, algebraic exploration, proof drafting, code generation,
and consistency checks. The author is responsible for the mathematical claims, proofs, and final
text. This assistance does not constitute independent mathematical validation or formal proof
verification.

85



References

References

1]

P. Borwein and K.-K. S. Choi, On cyclotomic polynomials with +1 coefficients, Experimental Mathematics
8 (1999), no. 4, 399-407. doi:10.1080,/10586458.1999.10504628.

S. Akhtari and S. K. Choi, On the Littlewood cyclotomic polynomials, Journal of Number Theory 128
(2008), no. 4, 884-894. doi:10.1016/j.jnt.2007.02.010.

S. F. Hong and W. Cao, Notes on the Borwein—Choi conjecture of Littlewood cyclotomic polynomials,
Acta Mathematica Sinica, English Series 25 (2009), no. 1, 65-76. do0i:10.1007/s10114-008-6444-5.

R. Scott, On the equations p* — b¥ = ¢ and a® + bY = ¢*, Journal of Number Theory 44 (1993), no. 2,
153-165. doi:10.1006/jnth.1993.1041. Author-hosted article, Theorem 6.

T. Miyazaki and I. Pink, Number of solutions to a special type of unit equations in two unknowns,
American Journal of Mathematics 146 (2024), no. 2, 295-369. doi:10.1353/ajm.2024.a923236. Accepted
manuscript, Theorem 1.

N. J. Fine and H. S. Wilf, Uniqueness theorems for periodic functions, Proceedings of the American
Mathematical Society 16 (1965), 109-114. Original article.

Y. Sun, On the cyclotomic Littlewood polynomials, Joint Mathematics Meetings, 2009, abstract 1046-11-
762, received September 11, 2008. AMS meeting abstract.

R. Scott and R. Styer, On p* —q¥ = ¢ and related three term exponential Diophantine equations with prime
bases, Journal of Number Theory 105 (2004), no. 2, 212-234. doi:10.1016/j.jnt.2003.11.008. Author-hosted
revision, 26 April 2011, Theorem 8.

86


https://doi.org/10.1080/10586458.1999.10504628
https://doi.org/10.1016/j.jnt.2007.02.010
https://doi.org/10.1007/s10114-008-6444-5
https://doi.org/10.1006/jnth.1993.1041
https://homepage.villanova.edu/robert.styer/ReeseScott/Reese1993Paper.pdf
https://doi.org/10.1353/ajm.2024.a923236
https://preprint.press.jhu.edu/ajm/sites/default/files/AJM-miyazaki-pink-FINAL.pdf
https://preprint.press.jhu.edu/ajm/sites/default/files/AJM-miyazaki-pink-FINAL.pdf
https://www.karlin.mff.cuni.cz/~holub/soubory/FineWilf.pdf
https://jointmathematicsmeetings.org/meetings/national/jmm-archive/2110_abstracts/1046-11-762.pdf
https://doi.org/10.1016/j.jnt.2003.11.008
https://homepage.villanova.edu/robert.styer/ReeseScott/2004JNTPaper/reesepapJNTversionpostreferee26April2011.pdf
https://homepage.villanova.edu/robert.styer/ReeseScott/2004JNTPaper/reesepapJNTversionpostreferee26April2011.pdf

	The factorization problem
	From signs to traces
	Sign changes on the divisor lattice
	The first failure of a block
	A canonical divisor-chain criterion
	Removing a common dyadic scale from an obstruction
	Dyadic factors and the two-prime decomposition
	A local rigidity lemma for two corrections
	A necessary third correction
	An earlier correction from an internal block change
	The two-prime factorization theorem
	The prime support 2, 3, 7
	Dyadic norms and the highest divisor layer
	A geometric divisor forces a common period
	Highest-layer traces and further block extractions
	Four active coordinates
	Even ratios between the first two coordinates
	The remaining odd-ratio configuration
	Closing the odd initial ratio

	Two highest coordinates at low dyadic height
	A three-member highest layer with one small odd coordinate
	Three highest coordinates
	Completion at twice odd length
	When the smallest coordinate is highest
	Comparability of the highest pair
	The complete twice-odd classification

	Two lower coordinates after a highest coordinate
	One odd coordinate and two highest coordinates
	Completion at length four times odd
	Comparability with mixed lower valuations
	The odd coordinate first
	An even lower coordinate first
	Completion at length four times odd

	A lower chain and an integer-chain trace
	Large prime powers with an arbitrary fixed cofactor
	Prime insertion from reduced rational complexity
	The remaining assertion


