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Abstract
We construct a Hadamard matrix of order n = 64 whose sixtieth pivot under complete pivoting is equal to
n. This disproves a conjecture of Day and Peterson that every pivot except the last one is bounded by n/2. The
same matrix provides a counterexample to two other conjectures concerning the fifth-last and sixth-last pivots.
We also determine the possible pairs of fifth and sixth pivot magnitudes under complete pivoting for arbitrary
Hadamard matrices.

A matrix H € R"*" is a Hadamard matrix of order n if it has entries =1 and satisfies HH " = nl, where I is
the identity matrix. Suppose Gaussian elimination (GE) on H proceeds without row or column interchanges and

with nonzero pivots. Write Hy. 1., for the submatrix in the first k£ rows and columns, and set A(k) := | det Hy.x,1:%],
with A(0) := 1. The magnitude of the k-th pivot is then
A(k)
= —" k=1,...,n.
pk A(k o 1)’ ) 7n

The current Schur complement is the matrix remaining after the preceding elimination steps. We say that H is
completely pivoted (CP) if, at every step of GE without interchanges, the top-left entry of this matrix has largest
absolute value among all its entries (ties are allowed). The growth factor is the largest entry magnitude encountered
during elimination divided by the largest entry magnitude of the original matrix. For a CP Hadamard matrix, it
is therefore g(H) = maxy, px. For background on this problem, complete pivoting, and GE, see [I}, 2], and for more
recent results on growth under complete pivoting, see [3].

It is conjectured that g(H) = n for every CP Hadamard matrix [I, 2]. This is known for n = 1,2,4,8 [2],
n =12 [4], and n = 16 [5], but remains open in general. For a CP Hadamard matrix of order n > 8, the growth
factor conjecture is stated alongside five assertions about individual pivots in [6]:

(i) The growth factor is g(H) = n.

The last four pivots satisfy p,—3 € {n/4,n/2} and (pn—2,Pn—1,0n) = (n/2,n/2,n).
The fifth-last pivot belongs to {n/3,n/2}.

The sixth-last pivot belongs to {n/4,3n/10,3n/8}.

Every pivot before the last satisfies py < n/2.

(vi) The first four pivots are 1,2, 2,4, followed by ps € {2,3} and pg € {8/3,10/3,4}.

Day and Peterson prove in [2 Proposition 5.5]. The bound in was posed as a conjecture by Day and
Peterson [2] and was later reiterated by Edelman and Friedman [7]. Day and Peterson also prove the pattern in
for the first five pivots [2, Proposition 5.8] and Lardas and Mitrouli [8] study the first six pivots for Hadamard
matrices of order 20. In Appendix [A] we prove a sharper version of the sixth pivot assertion.
In this note, we give a counterexample to , 7 and . The matrix in Figure [1|is a CP Hadamard matrix
of order n = 64 with pivot magnitudes
(p17 ce ap64) - (1a252747274a456747474a 1376767 %58787
47 676787 47 %7 ?787 4747 47 87 87 878787
8,8,8,8,8,8,8,8,8,8,12, %,8,87 8,16,

12,32,8,16,16,16, 16, 16, 16, 32, 32, 64, 16, 32, 32, 64).
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In particular, pgg = pr—a = 64 = n and psg = pn—5 = 32 = n/2. The former contradicts and , while the
latter contradicts ((iv). Thus a pivot can reach n before the final step. The growth-factor conjecture in ({ij) remains
open.

Construction. The idea is to reach a Schur complement containing a scaled 4 x 4 Hadamard block whose elimi-
nation produces a pivot of magnitude 64 before the final step. We use the Sylvester Hadamard matrix Wg of order

64, defined recursively by
_ 1 1 _ Wi, Wi,
Wi = (1 —1>’ Wit = (Wk —Wk>'

A computational search chose among tied maximal entries at each elimination step. After 56 steps, the remaining
8 x 8 Schur complement, written in the order used for the final eight pivots, is S = 16 K, where

-1 -1 1 -1 1 1 1 -1
1 -1 -1 -1 1 1 1 -1
1 1 1 -1{-1 -1 -1 1
1 -1 1 1]-1 -1 -1 1
1 -1 1 -1 1 1 1 1

-1 1 -1 1 1 -1 -1 1

-1 1 -1 1 1 -1 1 -1

-1 1 -1 1 1 1 -1 -1

The leading 4 x 4 block of K is Hadamard and has pivot magnitudes 1, 2, 2,4. Hence the next four pivot magnitudes
for .S are

(p577p58ap597p60) = 16(1a 27 27 4) = (167 327 327 64)
The matrix H is obtained by permuting the rows and columns of Wy into this elimination order.

Verification. To make the matrix in Figure [1| easier to reproduce, the following Python program constructs H
from Wy using explicit row and column permutations, indexed from zero. Thus H is Hadamard by construction.
The program then performs Gaussian elimination in exact rational arithmetic, verifying complete pivoting at every
step and the final eight pivot magnitudes.

from fractions import Fraction

n = 64

rows = [int(x) for x imn """
56 45 43 62 59 50 14 40 58 47 48 37 60 35 22 57
33 31 12 29 49 7 20 61 10 52 28 53 15 38 3 41
556 5 23 11 44 21 27 17 9 24 6 30 13 26 51 36
54 25 39 19 42 18 46 34 816 3263 0 1 2 4

nun Spllt()]

cols = [int(x) for x in """
43 34 49 33 29 40 55 52 50 30 36 45 27 46 24 39
54 53 51 48 42 47 44 41 18 23 35 7 38 2 1 37
4 32 16 13 21 8 5 6 20 28 19 31 63 15 12 58
14 10 56 3 26 11 60 22 9 25 17 57 0 59 61 62

e split ()]

# H is the Sylvester matrix W_6 with its rows and columns permuted.
assert sorted(rows) == sorted(cols) == list(range(n))
H = [[(-1) ** (x & y).bit_count() for y in cols] for x in rows]

# Gaussian elimination without interchanges, in exact arithmetic.
S = [[Fraction(h) for h in row] for row in H]
pivots = []
for k in range(n):
pivot = S[0][0]
assert abs(pivot) == max(abs(s) for row in S for s in row) # complete pivoting
pivots.append (abs(pivot))
S = [[S[i1[j1 - S[il[0] * S[01[j] / pivot for j in range(l, len(S))]
for i in range(l, len(S))]

assert pivots[-8:] == [16, 32, 32, 64, 16, 32, 32, 64]
print("H is CP, with p_59 = 32 and p_60 = 64")

The code is made available at https://github.com/matias-ma/hadamard_cp.


https://github.com/matias-ma/hadamard_cp
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Figure 1: The completely pivoted Hadamard matrix H of order 64. Each sign 4+ or — denotes +1 or —1, respectively.
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A The sixth pivot

The first five pivots of a CP Hadamard matrix H of order n > 8 are known to be 1,2, 2,4, ps with ps € {2,3} [2]
Proposition 5.8]. With A(k) = |det Hy.x 1.x|, Kravvaritis and Mitrouli [9, Table 1 and Corollary 3] give

A(4) = 16, A(5) € {32,48}, A(6) € {64,96, 128,160}, ps < 4.
Since p = A(k)/A(k — 1), the remaining candidates are

ps | possible values of pg
2 2.3, 4
3| 4/3, 2, 8/3, 10/3

Below we will write H; . and H. ; for the i-th row and j-th column of H, respectively.

Proposition A.1. For every real Hadamard matrix H of order n > 8, complete pivoting, with arbitrary choices
among maximizing ties, gives pivot magnitudes satisfying

(p57p6) € {(274)a (37 8/3)7 (37 10/3)}

Remark. The conclusion is sharp, since all three pairs (ps,ps) are attained by Hadamard matrices of order 16
under complete pivoting [6, Table 4].

Proof. By the preceding table, it suffices to exclude pg < 3 when ps = 2, and pg < 2 when ps = 3. Fix an arbitrary
complete pivoting run, with pivot magnitudes p1,...,p,, and order the rows and columns of H according to this
run. In this ordering, H is CP. Let

B
B=Hyy1.4, F=His515= (rT §> .

Equality in Hadamard’s determinant bound, |det B| = 1-2-2-4 = 16 = 2%, gives BB' =4I and B~! = BT /4.
Thus B is Hadamard.
We use three observations throughout this proof.

1. Operations preserving Schur complement bounds. For k = 4,5, write the Schur complements
Sk: - Hk+1:n,k+1:n - Hk+1:n,1:l<:(Hl:k,lzk)_lHl:k,k+1:n7 HSk:”max = H}%X |(Sk:)13|

Complete pivoting gives
||S4Hmax:p5 = |5_TTB_1C|7 H85||max:p6~

We may negate any full row or column of H, permute its first four rows or columns, or transpose H without
changing its Hadamard property or the above equalities. The transformed matrix need not remain completely
pivoted, but this will not cause problems because we will only use the above Schur complement identities.

Below, we will use these equalities to study ps,ps. These numbers remain fixed as we simplify H using the
operations above, so we retain the notation H, B, F' for the resulting matrices.

2. Eliminated rows. For ¢ > 4, let h = H; . be a row of H, and set

up =h—h1.4B"'Hy.4 ., l|un || oo ijaX\(uh)j|~

The second term agrees with h in its first four entries, so uy has four leading zeros followed by row i — 4 of
S4. Further, letting 2z = Hs . and h = H; . with ¢ > 5, we have that

(un)s
up —
(UZ)B ?
has zeros in its first five entries and its 6, ..., n entries form row i — 5 of Sj.



3. Splitting a sum by signs. If w € R™ is orthogonal to the all-ones vector 1 and to a vector s € {—1,1}", then

ij:O, Z ’ijO.
1

Jisj= jisj=—
Indeed, w1 = 0 says that these two sums add to zero, while w's = 0 says that they are equal.

Using Observation [1| we can make the first row and column of H positive by sign changes. Each remaining row
of B then has one additional 41, in a different column for each row. Reordering rows 2, 3,4 gives

1 1 1

1
B= } DR 0 H.=1", H,=1
1

)

1 -1 -1 ’
-1 -1 1

Case 1: ps = 2.

Suppose, for contradiction, pg < 3. We first make ¢ = 1 while retaining the displayed form of B.

We call a sign vector even or odd according to its number of minus signs. The rows and columns of this B are
precisely the even sign vectors starting with 4+1, and are closed under entrywise multiplication.

If ¢ is odd, its inner product with each even row of B is +2. Thus Be¢/2 is a sign vector whose entries sum to
2c; = 2, s0 it too is odd. If r were also odd, then 7' (Bc/2) € {0,44}, giving r' B~lc = r"(Bc/2)/2 € {0,£2}
and ps € {1, 3}, a contradiction. Transposing H if necessary, take ¢ to be even so that it equals a column ¢ of B.
Multiply each full row ¢ by H;¢, making ¢ and column ¢ the ones vectors. Further, this simply permutes the columns
of B, so we can reorder them to recover the displayed B, giving

c=1, H.=1", H,=1, B le=e; =(1,0,0,0)7.

Consequently (up)s = hs — h1.4B~'c = hs — 1. For row z = Hj ., |(u,)s| = p5 = 2, so z5 = —1.
Let R = {i: H;5 = —1} and note that since H is Hadamard, columns 2, 3,4 are all orthogonal to both column
1, which is all ones, and column 5. Consequently, by Observation

ZHiQ = ZHiB = ZHM =0 = Z(Hi222 + Hiszs + Hiuzg) = 0.
i€R i€R i€R i€R

Because 5 € R, noting Hs, = 2, for k = 2,3, 4, the sum includes the term 23 + 23 + 27 = 3. Therefore, some other
row x = H;. with ¢ € R must satisfy x229 + 2323 + 2424 < 0. Each product is 1 when the entries agree and —1
when they differ, so  and z differ in d = 2 or 3 of the columns 2, 3, 4.

The first four entries of column 5 are all 1, and & # 2, so ¢ > 5. Since x5 = H;5 = —1 = z5, we have
(uz)s = (uz)s = —2. Eliminating column 5 therefore replaces u, by u, — u,. Here u,,u, are rows of Sy preceded
by four zeros, while u, — u, is a row of S5 preceded by five zeros. Observation [I] therefore gives

Hum”oov ”Uz”oo < ||S4||max =DpD5 = 27 Huz - quoo < ||S5Hmax =ps < 3. (1)

If d = 2, the vector x1.4 — 21.4 has exactly two nonzero entries, each £2. Since B~! = B/4, multiplying by B~!
gives the average of two distinct rows of B, each with a possible sign change. These two signed rows are orthogonal,
so they agree in two positions and differ in the other two. Their average therefore has two zero entries and two
entries equal to +1. Consequently, for some «, 3 € {—1,1} and distinct &, ¢ € {1, 2, 3,4},

Uy — Uy =2 — 2 — (¥1.4 — 214) B ' Hyy, =2 — 2 — aHy, — BHy,..

Since z and z lie outside the first four rows of H, the four rows on the right are distinct and hence orthogonal.
Each has squared Euclidean norm n, so |Ju, — u.||3 = 4n.

Each entry of this four-row sum belongs to {—4,—2,0,2,4}. The bound ||u; — u,||c < 3 in excludes +4, so
every entry has magnitude at most 2. Since the first five entries vanish,

dn = ||lug, — qug <4(n-15),

a contradiction.



If d = 3, exchange the names z, z if necessary so that z;.4 is even. Choose k < 4 with Hj 1.4 = 21.4, multiply
each column j by Hj;j, and reorder the first four rows to recover B. This changes signs in the same positions in u,
and u,, preserving their bounds, and gives

21:4 = (1a 1) 17 1)7 T1:4 = (17 _15 _17 _1)7 Hl,: = 1T7 H:,l =1
Wlth Lj = ng + ng —+ H4j, multiplication by Bi1 = B/4 then giVGS
1-L;
5
For z; =1, (1) implies L; > —1 and L; 4+ 2z; > —1. Averaging gives L; + z; > —1. Since L; and z; are odd, their
sum is even and hence L; + z; > 0.

Each of the rows Hy ., H3 ., Hy ., z is distinct from both H; . = 17 and z, so it is orthogonal to both. Applying
Observation [3]| to these four rows with s = 2 and adding gives

(uz)j =25 — 1, (uz)j =zj +

Z (Lij+2;)=0 = Li+2z =0,

jixj=1
since 1 = 1 and every summand is nonnegative. But the first column of H is all ones, so
Ly + 21 =Ho1 + H31 + Hyy +21 =4 #0,

a contradiction. Thus pg = 4.
Case 2: ps = 3.

Suppose, for contradiction, pg < 2. We now change the form of B by further sign changes in the first four full
rows and columns of H, making » = ¢ = 1 as permitted by Observation [l] If € = 1, negate the first four rows and

column 5 to make ¢ = —1 while keeping r =c = 1.
Since ||[B~!¢||3 = ¢" BB "¢/16 = 1, the fifth-pivot identity and Cauchy-Schwarz give

ps=3=|—1—r"Ble|<14|r"B | <14 |r|2]|B |2 = 3.

Thus " B~'c = 2, and equality in Cauchy-Schwarz gives

2 2
HB’IC - fH B =B e 2 gy et
212 4 2
Hence, using r =c=1 and B~! = BT /4, we obtain B1 = B'1 = 21.
Every row and column of B therefore sums to 2 and contains exactly one minus sign. Permuting the first four
full columns of H puts these minuses on the diagonal, giving

1 1
F = Js—2I;, Fl= 6J5 — 515, (2)

where J5 is the all-ones matrix and the inverse follows by multiplication using JZ = 5.J5.

Negate rows ¢ > 5 and columns j > 5 of H with more than two minus signs in their first five entries. Afterwards,
every row and column has at most two such minus signs.

Let N; count rows with ¢ minus signs in their first five entries for ¢t = 0,1,2. Then Ny + N1 + Ny = n. These
entries sum to 5, 3, 1, respectively, so

2 2
n

5 5
25Ny + 9Ny + No = > Y Hy; | =D H,| =5n,
i=1 \j=1 =1 )

where the last equality uses column orthogonality. Together with Ny + Ny + Ny = n, this gives Ny =n/2 + 2Ny >
n/2>0.

We will show that each pair of minus positions occurs in at most one row, and that any such row requires n > 36.
Since there are only (‘2’) = 10 pairs, this will give n < 20, a contradiction.

Let = H;. and y = H,., not necessarily distinct, have the same two minus positions A C {1,...,5} in their
first five entries. Each of the first five rows has exactly one minus sign in its first five entries, so i,/ > 5. Set

aj; = ZHU, bj = Z Htj~

teA te{1,....51\A



The entries of x1.5 sum to 1, and x.5 is negative on A and positive elsewhere. Hence

_ 1 1 a;j+b;, b;—a; 2a; — b; _
21:5F 1H1:5,j = élTH1:5,j - §$1:5H1:5,j = 6 - B) . = JS ! =y1.5F 1H1:5,j7

where the final equality follows from x1.5 = y1.5. For j > 5, as in Case 1, ||S5||max = ps < 2 gives

_ 2aj — bj Qaj — bj
3 3

[(S5)i—s,j—sl [(S5)e—5,5—5l

Yj — < HSE)Hmax = D6 <2 (3)

)

Now, we bound zy " from below by defining

2 b —1 5 by +1
Py = (x5 +aj = b;)(y; +aj —by) = 2a5 +dajb; — —5— =2y + (¥ +y;)(a; = bj) — aj +2a;0; + ~5—,

whose sum is 2y . Indeed, since x,y are orthogonal to the first five rows, which are mutually orthogonal and have
squared Euclidean norm n, we have

j r -

J

Consequently,

n
3
ij =zy' —2n+ n;—n =ay'.
j=1
Because each column has at most two minus signs in its first five entries, the following lists all possible (a;, b;), the
signs allowed by , and the minimum of P;:

(aj’bj) ‘ (273) (073) (23 1) (—2,3) (Oa 1) (27*1)
allowed z;,y; +1 +1 +1 -1 +1 1
min P; 12 0 0 0 0 0

Thus P; > 0 for j > 5.
For j € A, the expression for F given in gives that two of the columns satisfy (a;,b;) = (0,3) and z; = y; =
—1, so P; = 12. For the other three columns j < 5, we have (a;,b;) = (2,1) and z; = y; =1, so P; = 4. Hence

oy’ =) P;>2-1243-4=36.
j=1

Distinct rows would give 2y = 0, so = vy, implying 2y " =n > 36.
Further, since Ny > 0, such a row exists. On the other hand, n/2 < Ny < (g) = 10, so n < 20, a contradiction.
This excludes pg < 2, leaving pg € {8/3,10/3}. O
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