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We show that twisting vacuum Rényi entropies by a spatial rotation reveals conformal field the-
ory data governing the asymptotic counting of spinning operators. For a ball in four dimensions,
the logarithmic coefficients of these angular-momentum-twisted Rényi entropies are determined by
rotating-sphere thermal data to all orders in the local derivative expansion, including the Weyl-
anomaly contribution. We test this relation in free theories and in strongly coupled, large-N N = 4
Yang–Mills theory using holography.

INTRODUCTION

Conformal field theories (CFTs) are important in the
study of critical phenomena and quantum gravity, par-
ticularly through the AdS/CFT correspondence [1]. Two
important aspects of a CFT are its spectrum of local
operators and the entanglement structure of its vac-
uum. The former characterizes the spectrum of states on
the sphere through the state–operator correspondence,
whereas the latter probes how the degrees of freedom are
entangled in a spatial subregion. Whether information
about one can be extracted from the other is not immedi-
ately clear. It has been shown that the high-temperature
partition function of rotating CFTs is systematically or-
ganized by a local thermal effective field theory (EFT)
[2–4]. More recently, this framework has been used to
study the asymptotic spectrum of CFT operators, includ-
ing large-spin limits and subleading thermal corrections
[5–8]. For more recent developments along these lines,
see [9–15].

For a spherical region, the Casini–Huerta–Myers
(CHM) map relates the vacuum reduced density matrix
to the thermal density matrix on the Euclidean geometry
S1 × Hd−1 [16]. Using this conformal map, the vacuum
entanglement and Rényi entropies across spherical en-
tangling surfaces have been computed from the thermal
partition function on the hyperbolic cylinder in a variety
of theories, including free fields, gauge and higher-spin
theories, and holographic CFTs [17–22]. More recently,
it has been combined with the thermal EFT to show that
the leading small-n behavior of the untwisted spherical
Rényi entropy is universal and fixed by the equation of
state [23].

These developments raise a natural question: can uni-
versal information about entanglement be extracted from
the high-temperature data that govern the asymptotic
operator spectrum? We show that this is the case for
Rényi entropies twisted by a spatial rotation. In the
local thermal-EFT sector, the twist produces a leading
small-n logarithmic contribution whose coefficients probe
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higher-derivative rotating-sphere thermal data, beyond
the equation of state.

Angular-momentum-twisted Rényi partition function–
We consider a four-dimensional CFT in its vacuum state,
defined on flat spacetime with Euclidean metric

ds2 = dt2E + dr2 + r2dΩ2
2. (1)

We choose a ball-shaped spatial subregion A of radius R,
whose entangling surface is the two-sphere ∂A = S2 at
tE = 0 and r = R. The corresponding vacuum reduced
density matrix is ρA = TrĀ |0⟩⟨0|. Here Ā denotes the
region outside of the ball-shaped region.

We wish to probe the angular-momentum dependence
of the entanglement spectrum by introducing the rota-
tion restricted to A, Uθ = eiθJA , about an axis passing
through the center of the ball, where JA is the corre-
sponding angular-momentum generator. Since both the
vacuum and the spherical subregion are invariant under
this rotation, the reduced density matrix commutes with
JA, namely [ρA, JA] = 0. Consequently, ρA and JA admit
a common eigenbasis,

ρA|λ, j⟩ = λ|λ, j⟩, JA|λ, j⟩ = j|λ, j⟩. (2)

We therefore define the angular-momentum-twisted
Rényi partition function as

Zn(θ) ≡ Tr (ρn
AUθ) =

∑
λ,j

λneiθj . (3)

The eigenvalues of the reduced density matrix are thus
weighted by phases determined by their angular momen-
tum quantum numbers. In this way, the twisted partition
function encodes the angular momentum dependence of
the Rényi partition function.

Since we are considering the vacuum reduced density
matrix of a ball-shaped region, we can employ the con-
formal map of Casini, Huerta, and Myers (CHM) [16],
which maps the causal development of the ball to the hy-
perbolic cylinder S1 × H3. In Euclidean signature, the
conformal transformation is given by

tE = R sin τ
cosh u+ cos τ , r = R sinh u

cosh u+ cos τ . (4)
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Under this transformation, the flat metric (1) takes the
form

ds2
flat = Ω−2 (

dτ2 + du2 + sinh2 u dΩ2
2
)

= Ω−2ds2
S1×H3 ,

(5)

where the conformal factor is

Ω = cosh u+ cos τ
R

. (6)

The conformal transformation leaves the angular coor-
dinates (ϑ, ϕ) of S2 unchanged. Consequently, JA maps
to the spatial rotation generator J = −i∂ϕ on H3. Since
the reduced density matrix is mapped to a thermal den-
sity matrix on H3, the twisted Rényi partition function
becomes

Zn(θ) =
TrH3

(
e−2πnHUθ

)
[TrH3 (e−2πH)]n

, (7)

where H generates hyperbolic time translations. The
insertion of Uθ is implemented by the twisted identifica-
tion of (τ, ϕ) ∼ (τ + 2πn, ϕ+ θ). In the co-rotating angle
ϕ− θτ/2πn, it becomes an untwisted identification with
an off-diagonal, rotating-frame metric.

The ordinary Rényi entropy and a normalized angular-
momentum-twisted Rényi generating functional are de-
fined by, respectively,

Sn(A) = 1
1 − n

log Zn(0),

Sn(θ) = 1
1 − n

log
[

Zn(θ)
Z1(θ)n

]
.

(8)

PRINCIPAL RESULTS

Local logarithmic Rényi coefficients.— We find that,
in the local thermal-EFT regime 2πn ≪ |θ| ≪ 1, the
logarithmic contribution of the twisted Rényi entropy is
governed by high-temperature CFT data. In the leading
small-n limit, the local contribution takes the following
form

lim
n→0

nSn(θ)
∣∣∣
loc,pert

=

 c′

θ2 + 2
∑
q≥1

sphys,loc
q θ2q−2

 log R
ϵ
.

(9)
Here, R and ϵ are the radius of the ball and the UV cutoff,
respectively, and “loc, pert” denotes the local thermal-
EFT contribution, extracted by first taking the leading
small-n limit and then expanding in θ. The coefficients
sphys,loc

q are obtained from the partition function on S1 ×
H3, including its finite Weyl-anomaly contribution. The
coefficient c′ is determined by the flat-space equation of
state, logZR3×S1

β
∼ c′V/β3.

Our main result is that these coefficients are fixed by
the high-temperature data of the rotating sphere,

sphys,loc
q = −

atrace
0,q;0

4π2 , q ≥ 1. (10)

Here atrace
m,k;p are the coefficients of the high-temperature

expansion of the physical thermal trace on the rotating
S3, including the Weyl-anomaly term [8, 24]. We first
establish this relation for the Weyl-invariant local ther-
mal actions and then show that the finite Wess–Zumino
contributions agree under the same leading small-n pro-
jection. Thus, the local logarithmic coefficients of twisted
Rényi entropies are fixed by the same high-temperature
CFT data that govern asymptotic operator counting,
without requiring an independent entanglement calcula-
tion.

GEOMETRIC ORIGIN OF THE RÉNYI
LOGARITHM

To evaluate the thermal EFT on the twisted hyperbolic
cylinder, we introduce cylindrical coordinates adapted to
the rotational fixed axis:

sinh r = sinh u sinϑ, tanh η = tanh u cosϑ. (11)

The Euclidean hyperbolic metric in (5) and thermal iden-
tification vector become

ds2 = dτ2 + dr2 + cosh2 r dη2 + sinh2 r dϕ2,

v = (2πn) ∂τ + θ ∂ϕ,
(12)

At leading order, the local thermal EFT is determined
entirely by the flat-space high-temperature coefficient c′.
Since the proper length of the local thermal cycle is

√
v2,

its leading Weyl-invariant contribution is

logZ(0)
loc = c′

∫
d4x

√
g

(v2)2 . (13)

Since H3 is noncompact, the spatial integral requires a
regulator. For a nonzero angular twist, the transverse in-
tegral is convergent, while the integration along the rota-
tional fixed geodesic remains divergent. We regulate this
divergence using the UV cutoff ϵ of the original spherical
region. Under the CHM map, the corresponding hyper-
bolic cutoff is umax = log(2R/ϵ) + O(ϵ/R). Since u = |η|
along the fixed geodesic r = 0, its regulated length is

L =
∫ umax

−umax

dη = 2 log R
ϵ

+ O(1). (14)

We can now evaluate Eq. (13) by integrating over the
thermal cycle, the angular coordinate ϕ, and the trans-
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verse radial direction. At logarithmic order, we obtain

logZ(0)
loc ≃ (2π)(2πn)c′L

∫ ∞

0
dr

sinh r cosh r
[(2πn)2 + θ2 sinh2 r]2

= c′L

2nθ2 .

(15)
Since the Weyl-invariant integrand depends only on r, the
inherited CHM cutoff restricts the η-interval to length
L − 2 log cosh r + · · · . At fixed n and θ, the second
term contributes only to the cutoff-independent part of
the convergent transverse integral. It therefore does not
affect the coefficient of log(R/ϵ), allowing us to factor
out L from the local partition function when extracting
the logarithmic Rényi coefficient. The radial integral is
dominated by a thin tube r ∼ 2πn/|θ| around the fixed
axis, where the local thermal length

√
v2 ∼ 2πn is small

and the thermal EFT is reliable; the EFT fails only at
|θ| sinh r ≳ 1, a region whose contribution is subleading
at small n. The twist thus replaces the 1/n3 volume scal-
ing of the untwisted case [23] by c′(n/θ)2/n3 ∝ 1/(nθ2),
and at leading order in n the divergence is logarithmic
rather than area-law. Thus, the logarithmic dependence
on the UV cutoff arises from the regulated length of the
fixed geodesic, while its coefficient is determined by the
local thermal EFT. Using Eq. (14), we reproduce the
leading term of Eq. (9).

ALL-ORDER RÉNYI COEFFICIENT RELATIONS
WITH THERMAL CFT DATA

We now establish the relation between the logarithmic
Rényi coefficients and the high-temperature operator-
counting data of the CFT. The key point here is that
both S1 × S3 and S1 × H3 are locally conformally flat.
Consequently, the Weyl-invariant local thermal effective
actions on these backgrounds are built from the same ge-
ometric invariants, evaluated with different thermal iden-
tifications.

The correspondence can be understood geometrically.
The spherical entangling surface has two fixed points, the
north and south poles, under a spatial rotation about the
axis passing through them. A conformal transformation
can map the entangling sphere to a plane by sending ei-
ther of its two poles to infinity. In this description, we
can identify two orthogonal planes of rotation of S3 (em-
bedded in R4): one generates the replica rotation, while
the other generates the angular momentum rotation that
leaves the poles fixed.

The combined identification is therefore generated by

v = 2πnJ⊥ + θ J∥, (16)

with angular displacements (2πn, θ). To make the ge-
ometric correspondence explicit, consider the rotating-

sphere cylinder with metric

ds2
S = dη2 + dψ2 + sin2 ψ dτ2 + cos2 ψ dϕ2, (17)

where η is the thermal coordinate and (τ, ϕ) are the two
angular coordinates. On the formal βS = 0 slice of the
rotating-sphere thermal EFT, the identification vector is
vS = (2πn)∂τ + θ∂ϕ.

Under the coordinate transformation

sinψ = 1
cosh r , cosψ = tanh r, (18)

the rotating-sphere and hyperbolic-cylinder metric–
thermal-vector pairs are locally related by

gS = 1
cosh2 r

gH , vS = vH . (19)

Consequently, the local Weyl-invariant thermal-EFT
densities considered here agree on the two geometries,
independently of derivative order. The relative normal-
ization of the integrated actions follows from their differ-
ent integration ranges and periods, giving the factor nL,
where L = 2 log(R/ϵ) + O(1). The explicit matching of
the thermal-EFT densities and integration measures is
given in Appendix B.

It was shown in Refs. [8] that on conformally flat back-
grounds, the local Weyl-invariant thermal effective ac-
tion can be expressed in terms of a finite set of geo-
metric invariants. Since the twisted hyperbolic cylin-
der is also conformally flat, and the thermal identifi-
cation is generated by a Killing vector vµ, the same
classification applies here. In four dimensions, the rel-
evant scalar invariants are the vorticity scalar Trω2, the
Weyl-covariant Schouten scalar v2S, and the contraction
v2Bµ(ω2)µνBν , where ωµν is the vorticity tensor, Sµν is
the Weyl-covariant Schouten tensor, and Bµ = Sµνv

ν .
We use this basis to evaluate the thermal effective ac-
tion on the hyperbolic cylinder and the rotating sphere.
The conventions and explicit calculations are given in
Appendix A.

The local thermal action on S1 × H3 is

logZloc[g, v] =
∫
d4x

√
g

(v2)2

c′ +
∑
j≥1

I2j [g, v]

 , (20)

where I2j denotes the Weyl-invariant local terms at
derivative order 2j. Their coefficients are intrinsic ther-
mal data of the CFT and are independent of the back-
ground on which the action is evaluated.

Evaluating Eq. (20) on the twisted hyperbolic cylinder,
we obtain

logZ loc
H3 = 2π(2πn)L

∫ ∞

0
dr

sinh r cosh r IH3(r)
[(2πn)2 + θ2 sinh2 r]2

,

(21)
where IH3 denotes the complete local derivative expan-
sion, including c′, the leading coefficient. Let us evaluate
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the Weyl-invariant thermal action on the twisted hyper-
bolic cylinder. Introducing the radial variable

z = (2πn)2θ2 cosh2 r

(2πn)2 + θ2 sinh2 r
, (22)

we find that the three Weyl-invariant scalars introduced
above reduce to

1
8 Trω2 = −z,

v2S = 3z − (2πn)2 − θ2,

v2Bµ(ω2)µνBν = 4z[z − (2πn)2](z − θ2).

(23)

Moreover, the change of variables in Eq. (22) gives the
integral measure

sinh r cosh r dr[
(2πn)2 + θ2 sinh2 r

]2 = dz

2(2πn)2θ2[(2πn)2 − θ2] . (24)

Therefore, the local thermal effective action on the
twisted hyperbolic cylinder takes the form

logZ loc
H3 = π(2πn)L

(2πn)2θ2[(2πn)2 − θ2]

∫ (2πn)2

θ2
dz IH3(z).

(25)
Since the Weyl-invariant scalars are polynomials in z,
(2πn)2, and θ2, the integral at each derivative order re-
duces to a homogeneous polynomial in (2πn)2 and θ2.
Consequently, the complete local derivative expansion
can be organized as

logZ loc
H3 = − L

4π2nθ2

∑
m,k≥0

âm,k(4π2n2)mθ2k, (26)

where âm,k are combinations of the theory-dependent
thermal-EFT Wilson coefficients.

We now identify these combinations with the high-
temperature rotating-S3 data. The Weyl-invariant
rotating-sphere partition function admits the expan-
sion [8, 24]

logZrot
S3

β
= − 1

y1y2

∑
m,k,p≥0

arot
m,k;py

m
1 y

k
2β

2p,

yi = β2 + α2
i ,

(27)

where β is the spherical thermal period and α1,2 are an-
gular displacements along its two commuting rotations.

By explicitly matching the Weyl-invariant generators
and their reduced integration measures on the two ge-
ometries, we find that under the formal continuation

β = 0, α1 = 2πn, α2 = θ, (28)

the coefficients obtained from the hyperbolic action are
precisely those of the rotating-sphere EFT:

âm,k = arot
m,k;0. (29)

In other words, the local partition functions are related
by

logZ loc
H3 (n, θ) = nL

logZrot
S3 (β, α1, α2)

β

∣∣∣∣ β=0
α1=2πn, α2=θ

.

(30)
The matching holds at every order in the Weyl-invariant
local derivative expansion, independently of the underly-
ing CFT. The explicit derivation, including the relative
normalization, is given in Appendix B.

The leading small-n contribution to Eq. (26) comes
from m = 0. Using L = 2 log(R/ϵ) + O(1), we obtain

lim
n→0

nSn(θ)
∣∣∣WI

loc,pert
= − log(R/ϵ)

2π2

∑
k≥0

arot
0,k;0θ

2k−2. (31)

Equation (31) establishes the Weyl-invariant coefficient
relation, with arot

0,0;0 = −2π2c′, at every order in the local
thermal EFT.

Weyl anomaly and physical coefficients.— The relation
(31) shows that the angular-momentum-twisted Rényi
entropy, expanded first in the small replica index and
then in the small rotation angle, is directly related to
the high-temperature CFT data encoded in the rotating
sphere partition function. However, the physical trace on
the rotating-sphere differs from the Weyl-invariant result
by a finite Weyl anomaly, ∆S = logZtrace − logZrot. In
the conventions of Ref. [8],

∆S

βS
= aW

12

(
y1

y2
+ y2

y1
+ 7

)
, yi = β2

S + α2
i . (32)

Similarly, on the hyperbolic cylinder, the physical par-
tition function differs from the Weyl-invariant one by a
Wess–Zumino contribution, ∆H = logZphys

H − logZWI
H .

We work in the b = 0 curvature-counterterm scheme
on both sides, including Eq. (32). Adding a finite∫ √

g R2 counterterm changes the split between the Weyl-
invariant and anomalous pieces (including sWI

2 in the
unit-thermal frame), but not their consistently combined
physical-frame result. Although the two Weyl transfor-
mations are different, we find that their contributions
agree under the same projection as in Eq. (30). In par-
ticular, in the leading small-n limit,

lim
n→0

n

L
∆H

∣∣∣
loc,pert

= lim
n→0

n2 ∆S

βS

∣∣∣∣ βS=0
α1=2πn, α2=θ

= aWθ
2

48π2 . (33)

The hyperbolic Wess–Zumino contribution is computed
independently in Appendix C. Therefore, after including
the anomaly on both sides, the correspondence extends
to the physical coefficients in Eq. (10). This relation
holds for the local perturbative coefficients in the leading
small-n expansion.
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TESTS OF THE RÉNYI COEFFICIENT
RELATIONS

Holographic test.— We first provide a strong-coupling
check using five-dimensional Einstein gravity dual to
large-N N = 4 Yang–Mills theory. We evaluate the lo-
cal action of a Euclidean rotating topological AdS5 so-
lution [25, 26], using standard holographic renormal-
ization [27–29]. Writing r+ for its horizon coordinate
and α for the rotation parameter, its radial function is
∆(r̂) = (r̂2 − α2)(r̂2 − 1) − 2m. Smoothness determines
the physical cycles,

βH =
2π(r2

+ − α2)
r+(2r2

+ − α2 − 1) ,

θ = −
2πα(r2

+ − 1)
r+(2r2

+ − α2 − 1) ,
(34)

where βH = 2πn. We obtain the local renormalized
gravitational action by combining the on-shell Einstein–
Hilbert action, the Gibbons–Hawking–York boundary
term, and the holographic counterterms. Since the in-
duced boundary metric is conformally related to the
physical hyperbolic cylinder,

gb = D−1gH , D = 1 + α2 sinh2 r, (35)

we must also include the corresponding finite Wess–
Zumino contribution to account for the Weyl anomaly
and the associated conformal-frame dependence of the
partition function.

In the leading small-n sector, let Kpert
S (θ) denote the

coefficient defined by limn→0 nSn|loc,pert = LKpert
S (θ).

Combining the renormalized gravitational on-shell action
with the finite Wess–Zumino contribution, we obtain

Kpert
S,N =4(θ) = N2 (1 − q2)3

4q2(2 − q2)2

= N2
[
π2

16θ2 − 1
16 + θ2

32π2 − θ4

64π4 + O(θ6)
]
,

(36)
where q = α/r+ is related to the physical angular twist
by θ = −2πq/(2 − q2) in the leading small-n limit. The
first line determines the complete leading local high-
temperature function, rather than only its small-angle
coefficients.

The Wess–Zumino contribution here relates the nat-
ural black-hole boundary frame to gH , rather than the
unit-thermal-length frame used in Appendix C. The dis-
tinct frame transformations explain its nonzero θ4 term,
as checked explicitly in that appendix.

We independently verify the coefficients using the
renormalized on-shell action of singly rotating Kerr–
AdS5, with the conformal boundary chosen to be the
round S1 × S3 [8, 30]. By symmetry under exchange
of the two rotation planes, am,0;0 = a0,m;0, so the

leading small-n projection selects the one-spin series∑
m≥0 a0,m;0θ

2m−2. Normalizing by the sphere’s fixed-
circle length 2π, rather than the hyperbolic length L,
gives agreement through O(θ4). The details are provided
in the Supplemental Material [31].

Free CFT checks.— We verify the perturbative coeffi-
cient relation for free scalar and Dirac fields using hyper-
bolic heat kernels and spin characters. We obtain

Kpert
S,sc (θ) = π2

180θ2 + 1
144 − θ2

960π2 ,

Kpert
S,D (θ) = 7π2

360θ2 − 1
144 − 7θ2

1920π2 ,

(37)

The θ2 terms agree with the corresponding −atrace
0,2;0/(4π2)

from the physical rotating-sphere traces, without adding
the anomaly shift a second time. It will be interesting to
test this phenomenon in exotic free fields [12] including
gauge theories where edge modes require separate treat-
ment [32–34].

DISCUSSION

In this Letter, we have related an information-theoretic
quantity, the angular-momentum-twisted Rényi entropy
across a spherical entangling surface, to the high-
temperature CFT data on S3 that govern the asymptotic
counting of local operators. The origin of this connec-
tion lies in the locality of the thermal effective action:
the same local Weyl-invariant densities determine both
quantities, while their integration measures establish the
coefficient correspondence. Thus, although the individ-
ual coefficients depend on the underlying CFT, the rela-
tion between them is universal. The leading Rényi coeffi-
cient is determined by the high-temperature equation of
state, whereas the subleading coefficients probe higher-
derivative thermal data. We have independently tested
this relation in free field theories and in strongly coupled,
large-N N = 4 Yang–Mills theory using a local grav-
itational calculation in AdS5. The agreement provides
further evidence for the role of locality in organizing uni-
versal properties of CFT entanglement.

An interesting extension is to include global symme-
tries and study Rényi entropies twisted by both angu-
lar momentum and conserved charges, with connections
to charged and symmetry-resolved entanglement [35–37].
In this case, the thermal effective action also depends on
background gauge fields and chemical potentials [3, 4].
It would be interesting to determine how the additional
thermal data and possible anomalies enter the Rényi co-
efficients.

Another direction is to investigate parity-odd contribu-
tions to the stationary thermal effective action, includ-
ing anomaly-induced terms, and understand how they
modify both the high-temperature rotating-sphere data
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and the corresponding twisted Rényi coefficients. Fi-
nally, locality imposes nontrivial relations among high-
temperature CFT coefficients [8]. By Eq. (10), any such
relations involving atrace

0,q;0 already imply corresponding re-
lations among the local Rényi coefficients. A systematic
classification of these constraints remains of interest.

We have focused on the local thermal-EFT contribu-
tions to twisted Rényi entropies. A systematic treatment
of additional contributions, including rotational winding
sectors [38] and gauge zero and edge modes [32, 33], is
an interesting direction for future work.
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APPENDIX A: WEYL-INVARIANT REDUCTION
ON THE HYPERBOLIC CYLINDER

In this appendix, we explain why the invariant den-
sities entering the local correspondence have the same
functional form on the two geometries. The thermal
identification on the hyperbolic cylinder is generated by
v = 2πn∂τ + θ ∂ϕ. Its norm, which determines the local
proper length of the thermal circle, is

v2 = (2πn)2 + θ2 sinh2 r. (38)

The all-order correspondence has a simple geometric
origin. Let us consider the metric on the rotating-sphere
cylinder, with thermal identification vector evaluated on
the formal βS = 0 slice,

ds2
S = dη2 + dψ2 + sin2 ψ dτ2 + cos2 ψ dϕ2,

vS = (2πn)∂τ + θ∂ϕ.
(39)

Under the coordinate transformation

sinψ = 1
cosh r , cosψ = tanh r, (40)

the rotating-sphere and hyperbolic-cylinder metrics are
locally related by

gS = 1
cosh2 r

gH , vS = vH . (41)

Thus, the two metric–thermal-vector pairs are locally
Weyl equivalent. Consequently, every Weyl-invariant lo-
cal thermal density agrees on the two geometries, in-
dependently of its derivative order. In particular, the
measure √

g/(v2)2 is Weyl invariant in four dimensions.
This establishes the all-order matching of the local Weyl-
invariant bulk sector without requiring an explicit classi-
fication of independent scalar invariants.

The conformal equivalence is local. The relative nor-
malization of the integrated actions is established in
Appendix B, while anomalous Weyl contributions are
treated separately in Appendix C.

To describe the thermal circle as a fibration, we choose
a unit-period coordinate t = τ/(2πn) and φ = ϕ−θt. The
Killing vector becomes ∂t, and the metric can be written
as

ds2 = v2(dt+ A)2 + hijdx
idxj ,

A = θ sinh2 r

v2 dφ, (42)

h = dr2 + cosh2 r dη2 + (2πn)2 sinh2 r

v2 dφ2.

Under a Weyl transformation, h and v2 have the same
weight. Hence the quotient metric h/v2 and the one-form
A encode Weyl-invariant local data. In particular, their
curvature and field strength, written using the variable z
in Eq. (22), obey

R[h/v2] = 20z − 6[(2πn)2 + θ2], (dA)2 = 8z. (43)

Here the last contraction uses the metric h/v2. The
Weyl-covariant combinations used in the main text
consequently take the polynomial form displayed in
Eq. (23). For instance, the two independent scalars at
two-derivative order reduce to −z and 3z − (2πn)2 − θ2.

These expressions illustrate the reduction of local ther-
mal invariants to functions of the radial variable z and
the angular displacements. More generally, the match-
ing of higher-derivative Weyl-invariant densities follows
directly from the local conformal equivalence in Eq. (41),
without assuming that the displayed invariants exhaust
the independent scalar structures at every derivative or-
der.

APPENDIX B: REDUCED MEASURES AND
THE COEFFICIENT RELATION

We now verify the normalization in Eq. (30) directly.
For a fixed local thermal density, let I(z) denote its value
on the hyperbolic cylinder after inserting the invariants
in Eq. (23). Its radial integral is Eq. (21). Differentiating
Eq. (22), we obtain

sinh r cosh r dr
(v2)2 = dz

2(2πn)2θ2[(2πn)2 − θ2] . (44)

At r = 0 and r = ∞, respectively, z = θ2 and z = (2πn)2.
Performing the integrals over the twisted circle and ϕ
gives

logZ loc
H3 = π(2πn)L

(2πn)2θ2[(2πn)2 − θ2] ×
∫ (2πn)2

θ2
dz I(z).

(45)
For the rotating sphere, write the unit-round metric as

ds2
S3 = dψ2+sin2 ψ dϕ2

1+cos2 ψ dϕ2
2. On the formal β = 0

slice, the thermal vector has angular displacements 2πn
and θ. Its squared norm is wS = (2πn)2 sin2 ψ+θ2 cos2 ψ.
The variable zS = (2πn)2θ2/wS gives exactly the same
invariant density I(zS) by conformal covariance. Inte-
grating over both sphere angles and substituting zS yields

logZrot
S3

β

∣∣∣∣ β=0
α1=2πn, α2=θ

= 2π2

(2πn)2θ2[(2πn)2 − θ2]

∫ (2πn)2

θ2
dz I(z).

(46)

The ratio of the prefactors in Eqs. (45) and (46) is
nL: this proves Eq. (30) without using any particular
thermal-EFT coefficient. The equality is understood or-
der by order under the indicated formal continuation.

At derivative order 2j, homogeneity implies
Ij(z; 0, θ2) = θ2jIj(z/θ2; 0, 1). Taking n → 0 in
Eq. (45), we obtain

logZ loc,(2j)
H3

∣∣∣
L/n

= L

2n θ
2j−2

∫ 1

0
dt Ij(t; 0, 1). (47)
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Thus, the local twisted Rényi coefficients are determined
by the corresponding rotating-sphere thermal-EFT cou-
plings. Anomalous Weyl contributions and nonuniform
rotational windings are treated separately.

APPENDIX C: FINITE WEYL ANOMALY IN
THE LOCAL THERMAL FRAME

We derive the anomalous correction appearing in
Eq. (33) directly on the hyperbolic cylinder. The Weyl-
invariant thermal effective action is naturally evaluated
in the unit-thermal-length frame, ĝH = gH/v

2, where
v2 = β2

H + θ2 sinh2 r and βH = 2πn. The corresponding
Weyl factor, up to a constant rescaling, is

σ(r) = 1
2 log

(
1 + θ2

β2
H

sinh2 r

)
. (48)

In the b = 0 counterterm scheme, both frames are confor-
mally flat, so only the type-A anomaly contributes. We
use the finite Wess–Zumino functional [42], whose ex-
plicit form and evaluation are given in the Supplemental
Material [31].

In the leading small-n limit, the local contribution is
concentrated near the rotational fixed axis, r ∼ βH/|θ|.
Introducing w = θ2r2/β2

H , the transverse integral of the
finite Wess–Zumino action reduces to

∆H = − aW

16π2
2πLθ2

βH

∫ ∞

0
dw

w(w − 4)
(1 + w)4 + o(L/βH)

= L

n

aWθ
2

48π2 + o(L/n).
(49)

This reproduces the leading small-n projection of the
rotating-sphere anomaly in Eq. (32), establishing the
correspondence for the physical thermal coefficients in
Eq. (10).

The holographic calculation involves a different Weyl
transformation, relating the natural black-hole boundary
metric gb = D−1gH , with D = 1 + α2 sinh2 r, to gH . In
the leading small-n limit, the horizon relations give

θ = − 2πq
2 − q2 , α = − θ

βH
(1 − q2), q = α

r+
. (50)

The same finite Wess–Zumino functional, now evaluated
with the Weyl factor determined by D, gives

∆b→H logZ|L/n = L

n

aW

48π2 θ
2(1 − q2)2

= L

n
N2

[
θ2

192π2 − θ4

96π4 + O(θ6)
]
,

(51)
where aW = N2/4. Thus, the additional θ4 term
in the holographic calculation arises because the two
Wess–Zumino contributions connect different conformal
frames.
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SUPPLEMENTAL MATERIAL

In this supplemental material, we provide the details of the independent holographic and free-field checks of the
local perturbative coefficient relation described in the Letter.

The angular-momentum twisted Rényi partition function of a conformal field theory across a spherical entangling
surface can be computed using Casini-Huerta-Myers map [1]

Zn(θ) = TrH3
(
e−βHeiθJ

)
, β = 2πn,

ds2
H = dτ2 + dr2 + cosh2 r dη2 + sinh2 r dϕ2, (τ, ϕ) ∼ (τ + β, ϕ+ θ). (S1)

Introducing a UV cutoff ϵ near the spherical entangling surface in the original flat-space geometry induces the following
cutoff on hyperbolic space:

cosh r cosh η ≤ coshU, U = log 2R
ϵ

+ O(ϵ/R), L = 2U = 2 log R
ϵ

+ O(1). (S2)

We develop a thermal effective action on the hyperbolic cylinder and the local expansion of the effective field theory
is organized for β = 2πn ≪ |θ| ≪ 1. We define Kpert(θ) by extracting the coefficient of L/n from the local thermal
effective action, or, in the free-field winding representation, by the corresponding termwise Mellin/ζ-function coefficient
prescription:

logZn(θ)|loc,log,pert = L

n
Kpert(θ) + subleading local terms in n,

nSn(θ)|loc,log,pert = LKpert(θ) + subleading local terms in n. (S3)

Here Sn(θ) = (1 − n)−1 log[Zn(θ)/Z1(θ)n], with Zn(θ) = Zn(θ)/Z1(0)n. The normalization terms do not affect the
leading L/n coefficient. We work throughout in the local thermal-EFT regime 2πn ≪ |θ| ≪ 1, where the perturbative
expansion is organised by first taking the small-n limit of the local contribution and subsequently expanding in small
θ.

All-order correspondence with the rotating-sphere EFT
We write the metric on S1 × H3 in cylindrical coordinates as

ds2 = dτ2 + dr2 + cosh2 r dη2 + sinh2 r dϕ2, (τ, η, ϕ) ∼ (τ + β, η, ϕ+ θ). (S4)

The thermal vector and its norm are

v = β∂τ + θ∂ϕ, v2 = β2 + θ2 sinh2 r. (S5)

We introduce the variable

z = β2θ2 cosh2 r

β2 + θ2 sinh2 r
. (S6)

Using the unit-thermal-norm Weyl frame ĝ = g/v2, the vorticity and Weyl-covariant Schouten tensors give

1
8 Trω2 = −z,

v2S = 3z − β2 − θ2,

v2Bµ(ω2)µνBν = 4z(z − β2)(z − θ2), Bµ = Sµνv
ν . (S7)

The first relation follows from ω = d(v♭/v2) in the unit-norm frame, the second from its scalar curvature, and the
third from the conformal-Killing identity ωµ

νBν = −v2DµS/3.
We now consider the local thermal-EFT integral. The η integral along the CHM-regulated fixed geodesic gives the

logarithmic factor L in Eq. (S2). The remaining transverse integral can be written in terms of z using

sinh r cosh r dr
(v2)2 = dz

2β2θ2(β2 − θ2) . (S8)
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The integration limits are z = θ2 and z = β2, with the orientation understood when β2 < θ2.
We next compare this integral with the rotating-sphere EFT on S1 × S3. We write the round three-sphere metric

as

ds2
S3 = dψ2 + cos2 ψ dϕ2

1 + sin2 ψ dϕ2
2, 0 ≤ ψ ≤ π

2 . (S9)

Taking the two rotational displacements to be (β, θ), the rotational vector and its norm, are

vS = β∂ϕ1 + θ∂ϕ2 ,

v2
S = β2 cos2 ψ + θ2 sin2 ψ. (S10)

Introducing, the variable zS

zS = β2θ2

v2
S

, (S11)

we find that the three scalar quantities in Eq. (S7) take exactly the same form on the rotating sphere, with z replaced
by zS . In particular, if the sphere basis is written using ζ = Trω2/8, our convention gives ζ = −zS , fixing the relative
sign.

The sphere integral also takes the same form, since

sinψ cosψ dψ
(v2

S)2 = dzS

2β2θ2(β2 − θ2) . (S12)

The integration limits are again θ2 and β2. In fact, the change of coordinates

tanψ = sinh r (S13)

identifies zS = z and the two reduced measures.
Since every relevant parity-even Weyl-invariant bulk density can be expressed as a polynomial in these three scalars,

up to total derivatives [2], the two backgrounds give the same reduced local integrals. The transverse angular integrals
give 2π on the hyperbolic cylinder and (2π)2 on the sphere. We therefore obtain the all-order relation

logZWI,loc
H (n, θ) = nL

logZWI,rot
S3 (βS , α1, α2)

βS

∣∣∣∣∣ βS=0
α1=2πn, α2=θ

. (S14)

Here the formal βS = 0 specialization and the n → 0 limit are understood as coefficient extractions in the local
derivative expansion. Neither defines a pointwise angular thermal trace.

Wess–Zumino contribution for a general four-dimensional CFT
The Weyl-invariant thermal effective action is naturally evaluated in the frame where the thermal vector has unit

norm. On the hyperbolic cylinder, this frame is defined by

ĝH = gH

v2 , (S15)

where the thermal vector and its norm are given in Eq. (S5).
In even dimensions, the partition function is not invariant under a Weyl transformation because of the Weyl anomaly.

Under gij → e2ωgij , its variation in d = 4 dimension is given by [3, 4]

δω logZ[g] = 1
16π2

∫
d4x

√
g ω

(
cWijklW

ijkl − aWE4 + b□R
)
, (S16)

where Wijkl is the Weyl tensor and E4 is the four-dimensional Euler density,

E4 = RijklR
ijkl − 4RijR

ij +R2. (S17)

The coefficient b is scheme dependent and can be shifted by a finite local R2 counterterm. We work in the scheme
b = 0 [3, 5].
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Since the hyperbolic cylinder is conformally flat, the Weyl tensor vanishes in both frames. Therefore, only the Euler
anomaly contributes. We write the Weyl transformation as

ĝH = β−2e−2σgH , σ(r) = 1
2 log

(
1 + θ2

β2 sinh2 r

)
. (S18)

The constant rescaling by β−2 does not contribute to the leading local L/β term in the chosen scheme.
The finite Wess–Zumino contribution associated with this transformation is [4]

∆th→H logZ = − aW

16π2

∫
d4x

√
gH

[
σE4[gH ] + 4Gij

H∂iσ∂jσ − 4(∇σ)2∇2σ + 2(∇σ)4]
, (S19)

where Gij
H = Rij

H − gij
HRH/2 is the Einstein tensor of gH .

For S1 × H3, we have

E4[gH ] = 0, Grr
H = 1. (S20)

Since σ depends only on r,

(∇σ)2 = (σ′)2, ∇2σ = σ′′ + (tanh r + coth r)σ′. (S21)

We now evaluate the leading contribution in the limit β = 2πn → 0 at fixed nonzero θ. The dominant local
contribution comes from r ∼ β/|θ|, near the rotational fixed axis. In this region, the metric becomes

ds2
H ≃ dτ2 + dη2 + dr2 + r2dϕ2. (S22)

Introducing the variable

w = θ2r2

β2 , σ = 1
2 log(1 + w), (S23)

we obtain

(∇σ)2 = θ2

β2
w

(1 + w)2 , ∇2σ = 2θ2

β2
1

(1 + w)2 . (S24)

The term involving the Einstein tensor is subleading in the small-β expansion. The leading contribution therefore
comes from the last two terms in Eq. (S19), which give

−4(∇σ)2∇2σ + 2(∇σ)4 = 2θ4

β4
w(w − 4)
(1 + w)4 . (S25)

Using the transverse measure d2x⊥ = r dr dϕ, with r dr = β2

2θ2 dw, we find∫
d2x⊥

[
−4(∇σ)2∇2σ + 2(∇σ)4]

= 2πθ2

β2

∫ ∞

0
dw

w(w − 4)
(1 + w)4 = −2πθ2

3β2 . (S26)

Including the thermal period β and the regulated length L along the fixed geodesic, Eq. (S19) gives

∆th→H logZ = aWLθ
2

24πβ + o(L/β) = L

n

aWθ
2

48π2 + o(L/n). (S27)

Thus, the leading local Weyl-anomaly contribution is determined without expanding in θ. In particular, it con-
tributes only at order θ2,

∆Kth→H(θ) = aWθ
2

48π2 . (S28)

There are no additional analytic θ4, θ6, . . . contributions to this leading local term.
This result concerns the Weyl transformation between the unit-thermal-norm frame and the physical hyperbolic

cylinder. It is distinct from the finite Weyl transformation between the natural conformal boundary of the rotating
AdS5 solution and the hyperbolic cylinder, which is evaluated separately in the holographic calculation.
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Agreement with the spherical anomaly and coefficient map
We now compare the Wess–Zumino contribution obtained above with the anomaly contribution in the rotating-

sphere EFT. In the conventions of Ref. [2], the finite type-A anomaly shift between the trace and Weyl-invariant
frames is

logZtrace
S3 − logZWI,rot

S3

βS
= aW

12

(
y1

y2
+ y2

y1
+ 7

)
, yi = β2

S + α2
i . (S29)

Setting βS = 0, α1 = 2πn and α2 = θ, and multiplying by nL, we obtain

nL
logZtrace

S3 − logZWI,rot
S3

βS

∣∣∣∣∣ βS=0
α1=2πn, α2=θ

= aWnL

12

(
4π2n2

θ2 + θ2

4π2n2 + 7
)

= L

n

aWθ
2

48π2 + O(nL). (S30)

This agrees precisely with the Wess–Zumino contribution obtained on the hyperbolic cylinder in Eq. (S27).
Denoting the operator-counting coefficients in the Weyl-invariant and trace frames by aWI

0,k;0 and atrace
0,k;0, respectively,

the anomaly shifts the coefficients according to

atrace
0,k;0 − aWI

0,k;0 = −aW

12 δk,2, sphys,loc
k − sWI

k = aW

48π2 δk,2. (S31)

Combining these relations with the Weyl-invariant correspondence in Eq. (S14), we obtain

sphys,loc
k = −

atrace
0,k;0

4π2 , k ≥ 1. (S32)

This establishes the all-order correspondence between the local logarithmic coefficients of the twisted Rényi entropy
and the rotating-sphere EFT coefficients, including the Weyl-anomaly contribution.

Independent holographic test at large N

Exact continued topological Kerr–AdS5 geometry.— We work in five-dimensional Einstein gravity, with the AdS
radius set to one,

RMN + 4GMN = 0, G−1
5 = 2N2

π
, aW = c = π

8G5
= N2

4 . (S33)

The bulk dual of the thermal CFT on H3 is the topological AdS5 black hole. We consider its singly rotating gener-
alization [6, 7], analytically continued from the Lorentzian rotation parameter aL = iα. The Euclidean metric takes
the form

ds2
5 = ∆

PD2

(
dτ − α sinh2 r dϕ

)2 + P

∆ dr̂2 + P

D
dr2

+ sinh2 r

PD2

[
α(1 − r̂2)dτ − (r̂2 − α2)dϕ

]2 + r̂2 cosh2 r

D
dη2, (S34)

where

D = 1 + α2 sinh2 r, P = r̂2 − α2 cosh2 r

D
, ∆ = (r̂2 − α2)(r̂2 − 1) − 2m, (S35)

Here r̂ is the radial coordinate in the five-dimensional bulk, while r parametrizes the transverse direction of the
boundary hyperbolic space. The horizon is located at r̂ = r+, where r+ is the largest root of ∆ = 0, with r+ >
max(1, |α|). Thus, the location of the horizon can be found from the following equation

2m = (r2
+ − α2)(r2

+ − 1). (S36)

The determinant of the bulk metric is also given by
√
G = r̂P sinh r cosh r

D2 . (S37)
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The natural conformal boundary metric is obtained by taking r̂ → ∞,

gb = lim
r̂→∞

r̂−2G
∣∣
dr̂=0 = gH

D
, D = 1 + α2 sinh2 r. (S38)

The finite Weyl-anomaly contribution associated with the transformation from gb to the physical hyperbolic metric
gH must therefore be included in the renormalized on-shell action.

Regularity at the horizon determines the thermal period β and angular twist θ. The horizon angular velocity and
the corresponding identifications are

ΩH = −
α(r2

+ − 1)
r2

+ − α2 ,

β =
2π(r2

+ − α2)
r+(2r2

+ − α2 − 1) ,

θ = βΩH = −
2πα(r2

+ − 1)
r+(2r2

+ − α2 − 1) . (S39)

For the high-temperature expansion, we introduce

q = α

r+
, κ = r−2

+ . (S40)

The relations in Eq. (S39) become

βr+ = 2π(1 − q2)
2 − q2 − κ

, θ = −2πq(1 − κ)
2 − q2 − κ

. (S41)

We take the high-temperature limit r+ → ∞ with q fixed, so that α = qr+ and the physical twist θ remains finite. In
this limit,

βr+ = 2π(1 − q2)
2 − q2 + O(β2), q = − θ

π
+ θ3

2π3 + O(θ5). (S42)

We first extract the leading high-temperature contribution at fixed θ and then expand the result at small θ.
The relevant contribution comes from the region r ∼ α−1 ∼ β/|θ| near the rotational axis. We use the exact

continued metric to determine the local high-temperature coefficient, without assuming a smooth global completion
of the twisted boundary geometry. The corresponding cutoff estimate is given after Eq. (S67).

Einstein, boundary, and counterterm actions
We evaluate the renormalized Euclidean action using standard holographic renormalization [5, 8, 9]. The action

consists of the Einstein–Hilbert term, the Gibbons–Hawking boundary term, and the counterterms,

IE = IEH + IGH + Ict, (S43)

where

IEH = − 1
16πG5

∫
M

d5x
√
G (R+ 12),

IGH = − 1
8πG5

∫
∂M

d4x
√
hK,

Ict = 1
8πG5

∫
∂M

d4x
√
h

(
3 + 1

4R[h]
)

+ log(Λ/µ)
64πG5

∫
∂M

d4x
√
h

(
Rab[h]Rab[h] − 1

3R[h]2
)
. (S44)

Here hab is the induced boundary metric, K is the trace of the extrinsic curvature, and Rab[h] is the Ricci tensor of
hab.

We introduce a large radial cutoff r̂ = Λ. On this surface, the induced metric is

ds2
h = ∆Λ

PΛD2

(
dτ − α sinh2 r dϕ

)2 + PΛ

D
dr2 + sinh2 r

PΛD2

[
α(1 − Λ2)dτ − (Λ2 − α2)dϕ

]2 + Λ2 cosh2 r

D
dη2, (S45)
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where PΛ = P |r̂=Λ and ∆Λ = ∆|r̂=Λ. We introduce a regulated length Lη along the fixed geodesic to extract the local
tube contribution. The relation to the CHM cutoff is discussed below.

Using the on-shell relation R = −20 and the bulk determinant in Eq. (S37), the Einstein–Hilbert contribution
becomes

IEH = βLη

8G5α2

[
Λ4 − r4

+ − (α2 + 1)(Λ2 − r2
+)

]
. (S46)

The Gibbons–Hawking term evaluated on the cutoff surface gives

IGH = −βLη

4G5

[
2Λ4

α2 − 5(α2 + 1)Λ2

4α2 −
α4 − 12α2r2

+ + 4α2 + 12r4
+ − 12r2

+ + 1
12α2

]
+ O(Λ−2). (S47)

Similarly, the power counterterms give

Ipower
ct = βLη

G5

[
3Λ4

8α2 − 3(α2 + 1)Λ2

16α2 − α4 − 5α2 + 24m+ 1
64α2

]
+ O(Λ−2). (S48)

The Λ4 and Λ2 divergences cancel upon adding these three contributions. The logarithmic counterterm has vanishing
integrated contribution to the leading local term.

Using the horizon relation 2m = (r2
+ − α2)(r2

+ − 1), we obtain the finite result

Ipower
ren,tube = βLη

192G5α2

[
α4 + 12α2r2

+ − 5α2 − 12r4
+ + 12r2

+ + 1
]
. (S49)

This result includes the Einstein–Hilbert, Gibbons–Hawking, and power counterterm contributions. We will evaluate
the finite Weyl-anomaly contribution associated with the transformation from gb to gH separately.

Natural-frame high-temperature coefficient
We now extract the high-temperature coefficients from the renormalized gravitational action given in (S49) and

compare them with the rotating-sphere EFT. The gravitational action computed above is in the natural boundary
frame gb, whereas the twisted Rényi partition function is defined in the physical hyperbolic frame gH . We first obtain
the coefficients in gb and then include the finite Weyl-anomaly contribution below.

Using Eqs. (S39)–(S41) in Eq. (S49), and taking the high-temperature limit β → 0 at fixed θ, we obtain

logZb

Lη
= π2

48G5β

(1 − q2)2(12 − 12q2 − q4)
q2(2 − q2)2 + O(β). (S50)

Expanding this result at small θ using Eq. (S41), and setting G−1
5 = 2N2/π and β = 2πn, we find

n logZb

Lη

∣∣∣∣
β→0

= N2
[
π2

16θ2 − 1
16 + 5θ2

192π2 − θ4

192π4 − θ6

256π6 + O(θ8)
]
. (S51)

These are the high-temperature coefficients in the natural boundary frame. To obtain the corresponding coefficients
in the physical hyperbolic frame, we must include the finite Weyl-anomaly contribution, which we compute next.

Finite Weyl-anomaly correction
The gravitational action computed above is defined in the natural boundary frame gb as given in (S38). To obtain

the partition function in the physical hyperbolic frame gH , we must include the finite Weyl-anomaly contribution.
The two metrics are related by

gb = e−2σgH , σ(r) = 1
2 log(1 + α2 sinh2 r). (S52)

Since both metrics are conformally flat, only the type-A anomaly contributes in the scheme b = 0. The corresponding
finite Wess–Zumino action is given by [4]

∆b→H logZ = − aW

16π2

∫
d4x

√
gH

[
σE4[gH ] + 4Gij

H∂iσ∂jσ − 4(∇σ)2∇2σ + 2(∇σ)4]
, (S53)
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where Gij
H is the Einstein tensor of gH .

For S1 ×H3, we have E4[gH ] = 0 and Grr
H = 1. In the high-temperature limit, the leading contribution comes from

the region r ∼ α−1 near the rotational axis. Introducing

w = α2r2, σ = 1
2 log(1 + w), (S54)

we obtain

(∇σ)2 = α2w

(1 + w)2 , ∇2σ = 2α2

(1 + w)2 . (S55)

The Einstein-tensor term is subleading. The leading transverse integral becomes∫
d2x⊥

[
−4(∇σ)2∇2σ + 2(∇σ)4]

= 2πα2
∫ ∞

0
dw

w(w − 4)
(1 + w)4 = −2πα2

3 . (S56)

Including the thermal period β and the regulated geodesic length Lη, we find

∆b→H logZ = aWβLηα
2

24π + o(βLηα
2). (S57)

Using α = qr+ and the high-temperature relations in Eq. (S41), this gives

∆b→H logZ
Lη

= π2

48G5β

q2(1 − q2)2

(2 − q2)2 + o(1/β). (S58)

Expanding in the physical angular twist θ, we obtain

n∆b→H logZ
Lη

∣∣∣∣
β→0

= N2
[

θ2

192π2 − θ4

96π4 + θ6

64π6 + O(θ8)
]
. (S59)

This correction must be added to the natural-frame result in Eq. (S51) to obtain the physical hyperbolic partition
function.

Combining the natural-frame result in Eq. (S50) with the finite Weyl-anomaly contribution in Eq. (S58), we obtain

n logZH

L

∣∣∣∣
β→0

= N2
[

(1 − q2)2(12 − 12q2 − q4)
48q2(2 − q2)2 + q2(1 − q2)2

48(2 − q2)2

]
= N2 (1 − q2)3

4q2(2 − q2)2 . (S60)

This relation holds for the full leading local high-temperature function, rather than only for the first few terms in the
small-angle expansion.

Using the relation between q and the physical twist θ in Eq. (S41), and expanding at small θ, we find

Kpert
N =4(θ) = N2

[
π2

16θ2 − 1
16 + θ2

32π2 − θ4

64π4 + 3θ6

256π6 + O(θ8)
]
. (S61)

Independent rotating-sphere calculation
We now compute the rotating-S3 partition function independently using the thermodynamics of the singly rotating

Kerr–AdS5 black hole. Here we consider a physical thermal partition function with one nonzero angular twist.
The Kerr-AdS5 thermodynamic quantities are given by [10]

Ξ = 1 − a2
L, m = 1

2(r2
+ + a2

L)(1 + r2
+),

T =
r+(2r2

+ + 1 + a2
L)

2π(r2
+ + a2

L) , Ω =
aL(1 + r2

+)
r2

+ + a2
L

,

S =
π2r+(r2

+ + a2
L)

2G5Ξ ,

Mstate = πm(2 + Ξ)
4G5Ξ2 , J = πmaL

2G5Ξ2 . (S62)
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Here r+ denotes the horizon radius of the spherical black hole. The corresponding grand-canonical partition function
is

logZstate
S3 = −β(Mstate − TS − ΩJ) =

πβ(r2
+ + a2

L)(r2
+ − 1)

8G5Ξ . (S63)

Continuing aL = iα and taking the high-temperature limit at fixed physical twist θ, we obtain

logZstate
S3 = N2π2

β

(1 − q2)3

q2(2 − q2)2 + O(β), (S64)

where q = α/r+ and its leading relation to θ agrees with Eq. (S41).
The rotational fixed circle on the unit sphere has length 2π. Comparing Eq. (S64) with the hyperbolic result in

Eq. (S60), we find

n logZstate
S3

2π

∣∣∣∣
β→0

= n logZH

L

∣∣∣∣
β→0

= N2 (1 − q2)3

4q2(2 − q2)2 . (S65)

Thus, the two independent gravitational calculations agree as functions of q at leading order in the high-temperature
expansion, rather than only at a few orders in θ. Expanding at small θ also reproduces Eq. (S61).

The Casimir energy in the round-sphere boundary frame is

EESU
C = 3π

32G5
= 3N2

16 . (S66)

Its contribution −βEESU
C is subleading and does not affect the leading high-temperature coefficients.

Cutoff and global regularity
The cutoff inherited from the CHM map gives

2ηmax(r) = 2 arcosh coshU
cosh r = 2U − 2 log cosh r + · · · . (S67)

The leading high-temperature contribution comes from the region r ∼ α−1 near the rotational axis. In this region,
replacing the varying geodesic length by L = 2U does not change the leading L/β coefficient. The remaining
contributions from the outer region are subleading in the local radial calculation.

The logarithmic counterterm also has no contribution to this leading coefficient. In the high-temperature tube, its
transverse integral is proportional to ∫ ∞

0
du

2u− 1
(1 + u)4 = 0, u = α2r2. (S68)

Finally, the continued topological Kerr–AdS5 geometry need not be globally regular for the twisted thermal iden-
tification. In this family, the second shrinking cycle at large r requires

pβ = 2π, pθ + 2πk = 0, p, k ∈ Z. (S69)

Smoothness at the intersection of the shrinking cycles further requires |k| = 1, implying |θ| = β, which is incompatible
with the regime β ≪ |θ|.

For our local thermal-EFT calculation, the near-axis analysis is sufficient to extract the leading tube contribution,
since the L/β enhancement comes from the short thermal cycle near the rotational axis. The construction of a globally
regular solution and the evaluation of its complete on-shell action are left for future work [11].

Conformally coupled scalar: hyperbolic heat kernel
We first consider a conformally coupled scalar on S1 × H3. Using the standard scalar heat kernel on H3 [12], the

spatial heat trace for a nontrivial rotational image is

1
L

∫
H3
d3xKH3(s;x,Rkθx)es = 1√

4πs
1

4 sin2(kθ/2)
. (S70)
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Here Rkθ denotes a rotation by kθ, and the factor es cancels the curvature contribution through the conformal
coupling. Combining this with the thermal heat kernel on S1 gives the scalar partition function.

To regulate the winding sum, we first introduce a transverse cutoff r ≤ rmax. The heat-kernel calculation then gives

logZsc
n (θ; rmax)
L

∣∣∣∣
k ̸=0

= 1
8π2n

∞∑
k=1

Σ2
k

k2s2
k(B2

k + Σ2
k) , (S71)

where

sk =
∣∣∣∣sin kθ2

∣∣∣∣ , Bk = βk, Σk = 2 arsinh(sk sinh rmax). (S72)

This expression is finite and absolutely convergent at every finite cutoff, including the resonant windings with sk = 0.
The transverse cutoff is auxiliary and differs from the inherited CHM cutoff in Eq. (S2).

Removing the cutoff at each fixed nonresonant winding before summing gives the formal series

Kformal
sc (θ) = 1

8π2

∞∑
k=1

1
k2 sin2(kθ/2)

. (S73)

This series is not pointwise convergent. At rational θ/(2π), the exact-return windings are singular, while at irrational
angles Dirichlet approximation gives infinitely many summands that do not approach zero. The finite-cutoff expression
regulates these contributions, which are related to angular fractals [13].

We extract the local perturbative coefficients by expanding in small θ and using the Mellin/zeta prescription,

Kpert
sc (θ) = 1

8π2

[
4ζ(4)
θ2 + ζ(2)

3 + ζ(0)θ2

60

]
= π2

180θ2 + 1
144 − θ2

960π2 . (S74)

All higher analytic terms vanish in this prescription because ζ(−2j) = 0 for positive integers j.

Direct rotating-sphere scalar character
A separate operator-counting route gives the same scalar coefficients without using the hyperbolic heat kernel. The

conformally coupled real scalar one-particle partition function on the unit round S3, with two angular displacements,
is

fsc(βS , α1, α2) = sinh βS

2(cosh βS − cosα1)(cosh βS − cosα2) . (S75)

The bosonic multiparticle trace is logZsc
S3 =

∑∞
k=1 k

−1fsc(kβS , kα1, kα2). In the one-spin specialization α1 = 0,
α2 = θ, taking the leading βS → 0 term for each fixed winding gives

βS logZsc
S3(βS , 0, θ)|formal = 1

2
∑
k≥1

1
k2 sin2(kθ/2)

. (S76)

The geometric fixed-circle length is 2π. Combining this length with β = 2πn, the common local coefficient is
Kpert = βS logZS3 |formal /(4π2). Thus Eq. (S76) reproduces Eq. (S73) in the same coefficient prescription.

Dirac field: hyperbolic and rotating-sphere characters
For a free Dirac fermion, the spinor character on H3, together with the antiperiodic thermal boundary condition,

gives the following formal local contribution:

Kformal
D,H (θ) = 1

2π2

∑
k≥1

(−1)k+1 cos(kθ/2)
k2 sin2(kθ/2)

. (S77)

Here the cosine factor comes from the spinor trace under spatial rotations, while (−1)k+1 accounts for fermionic
statistics. The normalization corresponds to four on-shell Dirac degrees of freedom.
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We now obtain the same expression independently from the rotating-S3 operator character. For a Dirac fermion,
including particle and antiparticle states, the one-particle character at α1 = 0, α2 = θ is

fD(βS , 0, θ) = 8x3/2 cos(θ/2)
(1 − x)(1 − 2x cos θ + x2) , x = e−βS . (S78)

The corresponding thermal partition function is

logZD
S3 =

∑
k≥1

(−1)k+1

k
fD(kβS , 0, kθ). (S79)

Expanding at small βS for each fixed winding number k, we obtain

βS logZD
S3

∣∣
formal = 2

∑
k≥1

(−1)k+1 cos(kθ/2)
k2 sin2(kθ/2)

. (S80)

Thus,

Kformal
D,H (θ) = 1

4π2 βS logZD
S3

∣∣
formal . (S81)

This establishes the agreement of the perturbative local coefficients on the two geometries.
Using

cos(x/2)
sin2(x/2)

= 4
x2 − 1

6 − 7x2

480 + · · · , (S82)

we find

Kpert
D (θ) = 7π2

360θ2 − 1
144 − 7θ2

1920π2 . (S83)

The leading term reproduces the flat-space thermal coefficient c′
D = 7π2/180. All higher even-power terms vanish

because η(−2j) = 0 for j ≥ 1, where η(s) = (1 − 21−s)ζ(s).
The equality holds for the formal perturbative local expansion. The complete fixed-angle partition functions can

contain additional winding contributions, which are not captured by this coefficient extraction.
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